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The paper is devoted to the study of the solvability of a singular initial value problem for systems of ordinary differential equations.
The main results give sufficient conditions for the existence of solutions in the right-hand neighbourhood of a singular point. In
addition, the dimension of the set of initial data generating such solutions is estimated. An asymptotic behavior of solutions is
determined as well and relevant asymptotic formulas are derived. The method of functions defined implicitly and the topological
method (Wazewski’s method) are used in the proofs. The results generalize some previous ones on singular initial value problems

for differential equations.

1. Introduction

Let x, > 0 and y, > 0 be given constants. Define auxiliary set
of points

D, = (0,x,] x 1_[ (0, yoi] » 1
i=1

where y; = y,.
In the paper, we consider a system of ordinary differential
equations in the form

9 (69) i = (x,y), 2)
where i = 1,...,n and functions g;,; : D, — (0,00) can
satisfy

9,(0%,0) =, (07,0) =0 (3)
for some indices r € {1,2,...,n} or
1 1

5000 a0 ° (4)

for some indices s € {1,2,...,n}, where 8 = (0,0,...,0) is
the n-dimensional zero vector. Together with system (2) we
consider the initial problem

y:(07)=0, i=1,...,n (5)

Because of the above properties, the initial problem (2), (5) is
called a singular initial problem.

Definition 1. Denote by M(x,, y,) a class of vector-functions
¢ :(0,x,] — R"having the following properties:

(1) @ is continuously differentiable on (0, x;];

(2) @i(0") = 0,i=1,...,;

(3) 0 < ¢ (x) for x € (0,x), j=0,1,i = 1,...,m;
(4) @i(xp) < ypri=1,...,n

For ¢ € M(x,, y,), define an auxiliary vector-function

G(x,9(x) = (G, (x,0(x)),....G,(x,0(x))), (6)



where

G; (%9 (x) = = (%) g; (%9 (1)) + & (x,9 (1)), -

i=1,...,n

In the paper, sufficient conditions which guarantee the
existence of a parametric class of solutions of initial value
problem (2), (5) are given and asymptotic formulas

y; (%) =¢; (x) (L+0(1)), x— 0", i=1,...,n (8
are derived, where ¢; are the coordinates of a function ¢ €
M(xy, yy) and the symbol o(1) is the well-known Landau
order symbol.

There are numerous papers and books dealing with
singular initial value problems (see, e.g., [1-16] and the
references therein). Among others, we should mention pio-
neering results on the solvability of singular problems for
ordinary differential equations achieved by Chechyk [15] and
Kiguradze [13]. The results of the paper generalize previous
investigation of the first author on the solvability of singular
problems [5-7]. The main differences are as follows. In [5],
a scalar singular differential equation was studied for the
case that a function similar to the function G above does
not change the sign for x — 0%. In [6], system (2) is
investigated under the assumption that the ith right-hand
side of the system is bounded by the product of two functions,
with the first depending only on the variable x while the
second one only depends on the variable y;,i = 1,...,n. In
comparison with the results of [7], we cannot expect that a
first approximation of system (2) consists of equations with
separable variables.

The structure of the paper is the following. In Section 2,
auxiliary results on implicit functions are given. We refer to
Corollary 4 where formula (27) is crucial for the proofs of
the asymptotic behavior of solutions. The main results of the
paper are formulated in Section 3. New results are proved and
a progress is achieved by implicit construction of funnels,
where solutions of the singular problem are expected. To
prove the existence of such solutions, the topological method
of Wazewski (see, e.g., [17-19]) is used. A simple illustrative
example is shown here as well. A generalization of the results
derived is discussed in Section 4.

2. Auxiliary Results on Implicit Functions

First, we give some properties of implicit functions used in
the following proofs.

Lemma 2. Assume that a function w : D; — R satisfies the
following conditions:

(1) w(x, y) is continuously differentiable with respect to x
and y;

(2) w(0%,0%) = 0;

(3) forevery y € (0, y,], there exists a finite limit 0(0", y),

for every x € (0, x,], there exists a finite limit w(x,0"),
and w(0%, y)w(x,0") < 0;
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(4) w;(x, y)w'y(x, y) <0, where (x, y) € D;.
Then,
w(x,y)=0 )

defines a unique implicit function y = y(x) on some interval
(0, x00], 0 < x99 < X, such that y(x) € M(xq0, ¥o)-

Proof. Analysing assumptions (1)-(4), we deduce that only
the following two cases can occur: either

w(07,y) <0, w; (x,y) <0,
(10)
w(x,07) >0, w. (%,9)>0
or
w(0%,y) >0, w)’, (x,y) >0,
(11)
w(x0") <0, W (xy)<0
while the remaining two cases
w(07,y) <0, w'y (x,y) >0, w(x,07) >0,
w. (x,y) <0, w(0%y)>0, @, (xy)<0, (12)
w(x,0") <0, Wl (x,9)>0

are in contradiction with assumptions (1) and (2). The
rest of the proof is analogous to the proofs of the well-
known implicit-function theorems and, therefore, we leave it
out. O

To formulate the second lemma, we need some auxiliary
notions. Define, for a given y,, > 0 and &* > 0 satisfying the
inequality 0 < y,o(1 + €") < y,, the set

D" (yoore") = {(108) : y € [0, o] e € (=", €7)}. (13)
Moreover, for a given continuously differentiable function R :
(O) )’0) - (0) OO)) let
R(y(1+9)

R(y)

where argument y(1+¢) is assumed to be positive. In addition,
we define

F(y,¢):= , (14)

F(0,¢) := lim F(y,¢),
y—0°
(15)
El(0,¢) := lin(l) Fl (y,¢)
y—0

provided that the limits exist and are finite.
Lemma 3. Assume that functions

R:(0,y,) — (0,00), F:D" (yy0.€") — [0,00)

(16)

satisfy the following conditions:
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(1) R(y) is continuously differentiable and R'(y) < 0;

(2) F(y, ) is continuous with respect to y and continuously
differentiable with respect to &;

(3) F,(y,0) #0.

Then, for an arbitrary y € [0, yy,] and e, € (=&, &), where
g, is a positive and sufficiently small constant, there exists a
unique continuous solution

el = (ye) (17)
of the equation
1+& —F(y.e)=0, (18)
where

5(1) (&) : [0, Yool X (=81, )

(-£.0) fec08). a9
— 40 if ¢ =0,
(0,8)) if & €(-5,0),

and & is a sufficiently small positive constant, & < €.

Proof. Define an auxiliary function

w:D" (Y. €7) x (-5,8) — R (20)
as
w(y,s?,sl):: 1+81—F(y,8?) (21)
and consider implicit equation (18) in the form
w(y,e(l),sl) =0 (22)

with respect to e(l). In what follows, we will assume that y €
[0, ¥go] is @ parameter. Since

w(y,0,0) =0, (23)

w(y, &Y, &) is continuous with respect to all y, &, and ¢, and
continuously differentiable with respect to &, and

(s (3,0,0) = =Fls (,0) > 0 (24)

for arbitrary y € [0, y,0]. Hence we can apply the classical
implicit-function theorem. As a result, we state that (18) is
uniquely solvable with respect to €. Thus

& =g (1), (25)

where 8(1) : [0, ¥gol % (—£,,&) — R isa continuous function
with respect to both y and ¢, and g is a sufficiently small
positive number. The sign of the function €(y,¢;) can be
specified. In particular, since R is a decreasing function, the
function F is decreasing with respect to &,

S(1) = 5? (&) : [0, yoo] % (=51, )

(-&0,0) ife € (0,5), (26)
— {0 if e, =0,
( if ¢ € (-§,,0),

0,)

and & is a sufficiently small positive constant satisfying & <

*

E .

Corollary 4. It is possible to reformulate the statement of
Lemma 3 as follows. Since (18) is uniquely solvable, one can use
the definition of F(y, ) given by (14) to get

R(y)(1+&)=R(y(1-"(e))), @7

where e?o(y, &) = —e?(y, £).

3. Main Results

In this part, the main results related to the solvability of
problem (2), (5) are proved. We will discuss the dimension
of the set of initial conditions generating solutions of this
problem as well.

Using ¢ € M(x,, ¥,), define the sets

N? = {(xy): (x,¥) € Dy p; (x) < y; < 91 (x0)}»
Ny, ={(%.5) : (%, y) € Dy yi < 9; (%)},

where i = 1,2,...
auxiliary functions

W;:N*UN, — R" (29)

(28)

,n. To formulate the results we need

defined as follows:
o (x, y)
g:(x%y) (30

Wi (% 9) =g (o7 ()0 (07" (00))

-0 (%9 (x))

fori=1,2,...,n.

Theorem 5. Let g; : D, — R"andwa; : D, — R",i =
1,...,n, be continuous functions. Let, moreovet, for a function
@ € M(xy, ¥,), the following conditions be true:

(1)

0<gi(x%p(x), 0<a(xex), xe(0,x],

(1)
i=1,...,m
@
| arp@)edx=] a(npw)dx=e,
o o (32)
i=1,...,m
3)
[ ceooa<|[ " aooyd mar, o

where xy, € (0,x,) is a sufficiently small constant, x €
(0, X0l X = @, (W), and yy, k = 1,2,0 = 1,...,n, are
constants such that

Vi < @i (X00) < Wi < Yoo X < X3 (34)

(4) there is an integer n; € {0, 1,...,n} such that



(@) Wi(x,y) >0if (x,y) e N andi=1,...,n;;
(b) Wi(x, y) < 0if (x, y) € N, andi=1,...,n
() Wi(x,y) <0if(x,y) e NP andi=n, +1,...,1;
(d) Wix,y) > 0if (x,y) € N, andi=n; +1,...,n.

Here, if n; = 0, conditions (a), (b) are omitted and, ifn; =
n, conditions (c), (d) are omitted.

Then, problem (2), (5) has at least »n,-parametric class of
solutions y(x) = (y,(x),..., y,(x)) such that (x, y(x)) € D,
forx — 0.

Proof. The proof is divided into two parts. First, implicit
curves are constructed and their properties are derived. Then,
Wazewski’s method is applied to special domains having
the shape of funnels with sides constructed using implicitly
defined hypersurfaces. In this construction, we use implicit
curves from the first part of the proof.

Implicitly Defined Curves and Their Properties. Let ¢ €
M(x,, ¥,) be fixed. Define auxiliary functions

Zii Zhi - (0, x00] X (0, 9] R, k=1,2,i=1,...,n

(35)
as
Yki 1 1
2k (% i) = L g (o @), 9o @))dt
ki
—J o (tet))dt,
00 1 (36)
~ ki -1 -1 B
Zii (%, i) = [L 9i (‘Pi )¢ (ﬁ"i (t)))dt]
ki
x -1
- “ o (t,q)(t))dt] .
We prove that
zii (6 7)) =0, k=12,i=1,...,n, (37)
define unique implicit functions
Vi = Vii (_x) =Yy (x) eM (XO(), y()) (38)

on the interval (0, xy,]. Observe that the function y;(x) is a
solution of

Zk (6 y) =0, k=12,i=1,...,n (39)
on the interval (0, xy,) as well. Therefore, we consider the

latter equation and investigate its solvability using Lemma 2.
Set

w(xy) =24 (%), (40)

where k € {1,2} andi € {1,...,n}. We show that the function
w(x, y) satisfies all assumptions (1)-(4) of Lemma 2, where,
instead of the region D,, we assume the region (0, x,,] x
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(0, y, ] with sufficiently small x,, y; such that 0 < x5, < x¢,

0<yy < ¥
(a) It is easy to see (in view of the above assumptions) that
the function

w:(0,x50] x(0,y,] R (41)

defined by (39) is continuously differentiable with respect to
x and y and assumption (1) of Lemma 2, holds.
(b) Compute the limit w(0", 0"). We get

w(0%,0%)

=72, (0%,0")

= lim
x—0"y—0"

[H: ACHOR IS (t)))dt]_1

—H;m@mmw]q

-1
ACHORICO))) dt]

. y
= lim J
.
y—0 Vi

x -1
- lim+[J oci(t,(p(t))dt]

x—0 Xo0

i

(42)

if the last two limits exist and are finite. Substituting t =
@;(x) into the first integral of the last expression and using
condition (2), we get

w(07,0") =%, (0%,0")
-1

= lim[

y—0*

9 .
j %mwwmum4
@ (i)

x -1
- Lni()“ il <p(t))dt]

|

o -1
—[J oci(x,(p(x))dx] =0

X00

!

0+
I g: (%9 (x)) ¢ (x) dx]

Xki

(43)

and assumption (2) of Lemma 2 holds.
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(c) Now we consider the existence of the product
w(0%, y)w(x,0%) for y € (0, y51, x € (0,xy,] and determine
its sign. We get

@ (0%, y) @ (x,0)

=724 (07, y) 2 (x,07)
[ sttt

—“ A1) dtH “y
x lim HL:( 9i ((Pi_l )¢ (‘Pi_l (t)))dt]l

_“x (x,. (t,go(t))dt]_l] .

X00

Substituting ¢t = ¢;(x) into the first integrals in the square
brackets, using conditions (1) and (2) of Theorem 5 and the

,,,,,

we have

@ (0%, y)w(x,0")
=%, (0", )2, (x,07)

:“

-1

o' () /
j (% e() e () dx]
P l(‘l’ki)

—“0 & (%9 (x)) dx]_ljl

o -1
x Hj 0100 f ) x|

o7 (vii)

- [ JX o (x, 9 (x)) dx]_1 ]

X00

(45)

-1

o) ,
= “ 9: (%9 (x)) ; (x) dx]
x -1
X [J oci(x,go(x))dx] -(-1)<0.
(d) Determine the sign of w;(x, y)w'y(x, y). We get

w, (%) - @, (x,)

= (2 (59)), - (Z (5.9),

5
. -2
= (-1)- o (%9 (x) “ o (t»<P(f))dt]
-2
<[ 0o @00 @) at]
Vii
< g: (o' ()0 (07" ().
(46)

From condition (1), it follows that

% (69x) >0, g (o7 ()0 (e (¥))>0. (47)

Hence
W, (%) - @), (%) = (B (5.)); - Bii (%, 9)), < 0. (48)

Because of (a)-(d) all assumptions (1)-(4) of Lemma 2 on
(0, x40] % (0, y, ] hold and (39) defines an implicit function

V(%) = i (X) =y (x) (49)

on some interval (0, x,, ], where x;; < xg,.

Now we turn to (37) and show that its solution given by
formula (49) can be extended beyond x, .

We show that x5 = xg. On the contrary, assume x5, <
Xgo- Then, (after a proper transformation of variables) we
can apply Lemma 2 to the point (x,, , ¥4;(x5, )) again and, by
well-known procedure, implicit function can be continued up
to the boundary of the region (0, xy,] % (0, y,].

If yyi(xg0) = yoo then Z;(xo0, ¥9) = Z1i(xg0> ¥0) = 0.
Moreover, we have

e Yo
Zi (xoo Vo) = L
ki

a9 (97" ©), 9 (0" ®)) dt
, (50)
- J " o (to(t)dt >0

X00

since x5 < X0 and y; < y, by condition (3). This is a
contradiction and x;; = x,. Therefore, the implicit function
Vi = Yii(x) can be continued on the whole interval (0, x,].
Similarly we will show that the inequality

Vi (X00) < Yo (51)
holds. We have

2 (X00> Y0)

= Jyo g (9" 0,9 (¢ 1)) dt

Yki

_ JXOO o (tg(t))dt

X00

(52)

=g.(07 .0 (¢ ®)) dt >0,

because, by condition (3), y;; < y, holds. It is obvious that

2g; (%00 Wii (Xg0)) = 0,
’ 1 ) (53)
(zi(x00 1)), = g: (97" (1) 0 (9 (1)) > 0.



Because the function z;;(x, ¥) is monotonously increasing
and

0 = 25; (xo0> Wi (%00)) < Zki (X00» Y0) » (54)
we get Y;(xo) < ¥,- Hence inequality (51) is proved.

Now we will investigate the behavior of implicit curves in
a neighborhood of the function ¢. Since

Vi < 9; (Xg0) < Wais (55)

we have (by condition (8))

@i (x1;) < @; (%00) < @i (%)

X1i < Xgo < Xy

(56)

Thus, (in the first integral we substitute t = ¢;(s))

Zi (x, i (x))

i(x)
= r) g (o7 )0 (o ®))dt

Vi

- Jx o (t, (1)) dt

X00

[, ale©e©ds
(Pi 1(V’ki)

- J &; (t’ ¢ (t)) dt (57)

X00

- [ oo ®)el © - (o) d

Xo0

+ J g (bo )¢ () dt
G; (t,p (1)) dt

- J g (o) ¢! () dt,

X00

wherek = 1,2andi = 1,...,n. Consequently, we deduce that
21 (%9 (%)) >0, 2y (x,9;(x)) <0, x€(0,xp]. (58)

Since functions z,;, z,; increase with respect to their second
co-ordinates and

z3; (%, 9y; (%)) =0, 25 (%, 95 (x)) = 0 (59)
on (0, x,,], we get
Vi (%) < @ (X) <y (%), x € (0, x0] (60)

for eachi € {1,...,n}. Finally, we recall that

¥ (07) = ¢, (07) = 0, i=1,...,n (61)
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Application of Wazewskis Method to an Implicitly Defined
Domain. In the next part of the proof we will apply the topo-
logical method of Wazewski. We use the above mentioned
functions given implicitly to define an open set

0" :={(xy): (x.y) € Dyw(x,y) <0,
(62)
k=0,...,n,u;(x,y) <0,j=mn +1,...,n},
where
Vo (%, ¥) = vy (x):==x—X, 0<X<xp, Xisa constant,

vie (%, 3) = i (36 31) = (e = v (%)) (0 = i (%))
k=1,...,n,
Uj (x,y) =u; (x>)’j) = (J’j — Vi (x)) (}’j — V2 (x)),

j=n +1,...,n
(63)

Now we start to investigate the behavior of the integral curves

of system (2) with respect to the boundary of the set Q°, that
is, on the sets

Vs ={(x7): (x,y) € Dyvg (x, ) = 0, (x, ) <0,
k=0,...,n, k#ﬁ,uj(x,y) sO,j=n1+l,...,n},
B=0,...,n,

Ua = {(%.7) : (5, 7) € Dy ttg (. y) = 0, (%, y) <0,
k=0,....,n,u;(x ) SO,j=n1+1,...,n,j¢(x},

a=n+1,...,n
(64)

First, we calculate the full derivative i/ﬁ(x, y) of the
function v4(x, y) along trajectories of system (2) on the set
B
Vi, B = 0,...,n. Itis clear that ¥(x) = 1 > 0. Further, for
B=1,...,n,wehave

g (x,y) = % [(J’/s ~Yig (X)) ()’;; — Vg (X))]
= [ d (J’/s - Vg (x))] (;V/s ~ Y (x))

dx
d
+ (75— vip ) [a (75— vap (x))] (65)
[
g (%)

N [ ag(x,y)
g (%, y)

-V (x)] (75— v ()

- ‘/’;ﬁ (x)] ()’ﬁ — Vi (x)) .

On the set Vg, as it follows from the condition vﬁ(x, y) =0,
we have either yz = y,5(x) or yg = y,5(x).
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(1) Let yg = y;5(x). Then, we can see that

g (%915 (%))

B “ﬁ(x)yli--.’yﬁ—l)WIﬂ(x),yﬁ+1,...,yn)
gﬁ (X,ylw..>y,8—1’1//1/3(x)a)/ﬁ+1,...,yn)

- 1//;;3 (x)

X (1 () = ¥ ().
(66)

The derivative 1//{ ﬁ(x) of the function v, ﬁ(x) can be calculated

using the well-known rules for differentiation of implicit
functions given by identities

215 (%15 (x)) = 0. (67)

l o ag (x, ¢ (x))
9p [%1 (1//1;; (x)) O (‘/’é1 (Vllﬁ (X))>] ‘

(68)

Using that relation, we have

g (% ¥ ()

| (x, Yoo Yp-1 ¥ (x) ,yﬁﬂ,...,yn)
gﬁ (-x) yl)~ . .)yﬁ—la IP]ﬁ (x)ayﬁ+1,. . .,yn)

95 (95" (15 )9 (95" (v15 ) )]
x (1 (x) = ¥ (%)

Y1 (x) = Yap (x)
95 [95" (s )0 (95" (115 )]

x [gﬁ [(pl_;l (vip (), (‘Pﬁ1 (vip )]

» V-1V (x) s Vpe1s e ,yn)
ayﬁ—liv/lﬁ (-x) 7yﬁ+1,. . "y?l)

(Xﬁ (x,yl,...
9p (x,yl,...

X

~a (x, 9 (x)) :| .
(69)

Since, by (60), y5(x) < Y,5(x) and ¥ 5(x) < Pp(x) < Yyp(x),
assumption (1) of the theorem yields

95 195" (V15 (), 9 (95" (w1 ()))] >0, (70)

In view of assumption (4b) (Wﬁ(x, y) < Owhen (x, y) € N(PB),
we get

9595 (Vip )0 (95" (vip )]

" o (x))/p---’yﬁ—l)‘/’lﬁ (x)>)’ﬁ+1’~-->)’n) (71)

gﬁ (x)y1)~ ~-)yﬁ_1, l/jlﬁ (x) ,yﬁ+1,. . .,yn)

- a (%, @(x)) <0

and, consequently,

(2) Let Vg = wzﬁ(x). Then, by similar calculations and
using assumption (4a) (Wﬁ(x, y) > 0 when (x, y) € N%), we
obtain

v (6, Y55 (%)) > 0. (73)

Hence v4(x, y) > Oforall f=1,...,n,.

Now we will calculate the full derivative i1, (x, y) of the
function u,(x, y) along trajectories of system (2) on the set
U, where & = n; + 1,...,n. As above, we get

o (59) = 2 (30~ Y120 09) (0~ ¥ ()]

X
d
= [a (yvc “Yia (x)):| (y(x ~Vou (x))

d
AN ] T CA e ] I

_ [(X“ (XJ/) _wi(x (x)] (ya ~ VYaou (X))
Yu (x,)/)
N |:(Xa (x))’) _1//;06 (X):| ()/a —Yiq (X))
g(x (x,}’)

On the set U,, as it follows from the condition u,(x, y) = 0,
we have either y, = y,,(x) or y, = ¥,,(x).

(1) Let y, = y,(x). Then, we get (proceeding like in the
previous part of the proof)

aoc (X, l//loc (X))

— Xy (x’yl""’yoc—l’wloc (x)’yoﬁl""’yn)
Yo (x’}’1>-~-’)’a—1>‘l’1a (x)’yoc+1>""yn)
e , (5,9 ()

9o [0 (W10 (%)) 9 (95 (¥14 ()]
X (Y14 (%) = Y (%))



— Vi (.X) ~ Yau (X)
9o (03" (V10 () 0 (07" (Y14 ()))]

x [ga [0 (V1e ()5 0 (0, (W10 ()]

» Va1 Vi (x) > Yoyl - -:yn)
a1 Vi (X) s Vet -+ V)

oy (% ¥

9o (6715

—a, (% ¢(x)) ] )
(75)

Since, by (60), y,,(x) < Wlp(x) and y,,(x) < @u(x) <
Y, (x), applying assumption (1) of the theorem, we have

9[22 (W10 ()50 (05 (W10 ()))] > 0. (76)

In view of assumption (4d) (W, (x, ¥) > Owhen (x, y) € N, )
we have

9o [Px (W1a ()59 (05 (W14 ()]

Xy (x’yl""’ya—l’l//hx (x)’yaﬂ""’yn) (77)
g(x (x’yl"' '>y(x—1’l//10c (.X) >)’a+1’~- . ’yn)

—a, (% 9(x)>0
and, consequently
iy (2,97, (%)) < 0. (78)

(2) Let y, = y,,(x). Then, by similar calculations and
using assumption (4)-(c) (W, (x, y) < 0 when (x, y) € N%),
we obtain

ity (2,95, (%)) < 0. (79)

Thus, t1,(x, y) < Oforalla =n; +1,...,n.

By [18, Lemma 3.1, page 281], for decreasing values of the
variable x, the set of all egress points Q2, Q0 ¢ Q°, from the
set Q° equals the set of all strict egress points Q7 , Q% ¢ Q°
from the set Q° (for definitions of Q° and Q7. see, for example,
[18, page 37 and page 278]); that is,

Q=0.= Ua\LlJVﬁ- (80)
=0

a=n;+1

Let S be a subset of Q° U QS defined as

S={(Z 3 s Yo Ynrroe o> V) 114 (% 3) <0,
j=n1+1,...,n,vo(55)<0,vk(5c',y£)<0, (81)
k= 1,...,n1},

where yp, k = 1,...,n,, are fixed. Then,

SHQZ = {(i’y?""’ygl’yn1+1""’yn):uoc (56',)/0‘)
=O,uj(5c',yj) <0, j=n+1,...,n, (82)

ocqu,vk(i,y,g) <0,k = 1,...,n1}.
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We can see that the set SN Q2 is a subset of the boundary 0S of
the set S, but it is not a retract of S. The explanation is simple
and is based on the well-known fact that the boundary of an
(n — n;)-dimensional ball is not its retract [20], and the set S
is topologically equivalent to an (n — #, )-dimensional ball.
We show that S N Q¥ is a retract of Q. Define a mapping

J,) €SNQY,
(83)

m:003 (x,y) — (E,y?,...,y31>}7n1+1,---

where
¥, (%) =y (X)

V= (%) + ()’j — Vi (x)) vs, (-1, x) (34)

j=n +1,...,n

With respect to the behavior of functions y;;(x), k = 1,2, j =
n,+1,...,n,the mapping 7 is continuous. From the definition
of the mapping 7, we get that S N Q is a retract of Q_ and,
furthermore, Sis a compact set.

By seeing Corollary 3.1, [18, page 282] of Wazewski’s
theorem [18, Theorem 3.1, page 282] there exists a solution
of system (2) with the initial conditions in the set SN Qg and
it is contained in Q° for x € (0, X]. This solution satisfies (5)
since the set QO is contracted to the initial point for x — 0"

As we can change the constants y{, k = 1,...,n
within the inequality v¢(%, y{) < 0, we can repeat the
above-mentioned construction for every admissible fixed set
O, ygl ). Then, there exists a class of solutions depending
on n, parameters and lying in Q° for x € (0,X]. If n, = n,
the assertion of theorem remains true as well. The proof is
complete. O

Remark 6. If ¢ € M(x,, y,) is a solution of initial problem
(2), (5), then

G; (%9 (%)) = =¢; (x) g; (x, 9 (x)) + &; (x, 9 (x)) = 0, (85)
where x € (0,x,] andi=1,...

G(x,9(x)) =6,

, 1, and
x € (0, xp] - (86)

Then, condition (3) of Theorem 5 is satisfied and, in this case,
we obtain the result on the dimension of the set of initial data
generating solutions of initial problem (2), (5).

Denote
_ Yo 1 1
R (y):= L 9 (97" 0,9 (97" ®)))dt,

E; (}’>8) = M

>

R (y) (87)
F;(0,¢) := lim F;(y,¢),

y—0"
(F,); (0,8) := yli_)n}(F,-)L (y.€),

i=1,...,n, provided that the limits exist and are finite.



Abstract and Applied Analysis

Theorem 7. Let all assumptions of Theorem 5 hold and,
moreover, the functions

F,:D" (yppo€") — [0,00), i=1,...,n, (88)

satisfy the following:

(1) Fi(y,¢) is continuous with respect to y and continu-
ously differentiable with respect to &;

(2) (E)!(y,0) #0.

Then arbitrary solution y(x) = (y,(x),..., ¥,(x)) of initial
problem (2), (5) mentioned in Theorem 5 has the asymptotic
form

yi(x) =@ (x)(1+0(1), x—0,i=1,...,n. (89)

Proof. From the proof of Theorem 5, it follows that, for
coordinates y;(x), i = 1,...,n, of the solution y(x) of initial
problem (2), (5), the inequalities

Y () <y (%) <yy(x), i=1,...,n (90)

are valid on an interval (0,X] and we can assume that the
inequalities

Vi (%) <@ (X) <y (), i=1,....n (91

are valid on (0, X] as well. Thus, to prove (89), it is sufficient
to prove that

m ¥y (x)
x =0t Yy, (x)

=1, i=1...,n (92)

Applying LHospital’s rule to the limits (92), we do not
obtain the desired result. Therefore we will apply LHospital’s
rule to the limits

R; (Y (%))

, i=1,...,n. 93
Rl ) " ©y

x—0*

This is possible because, in view of condition (2) of the
theorem, we obviously have

lim R; (y; (x)) =00, i=1...,m k=12 (94)
x—0*

Then, we use the auxiliary results for implicit functions.
Applying the above-mentioned procedure, we get (for i €

{1,...,n})

1 R; (v (%))
im —=——<
x=0° R; (y; (%))
im [R; ( (x))]’
x=0"[R; (yy; (x))]’
N [ (w2 (), 9 (0 (¥ ()] w3 (%)
x=0" =g; (o7 (y; (%)), @ (7 (y1; (2)))] wy; (%)

g [0 (v ()5 0 (97" (v ()]
x=0° g; [o7 (yy; (%)), 9 (97 (v (x)))]
o; (2,9 (%)) /g; @7 (2 () 0 (97" (v ()]
o (%, () /9; (97" (v1; (%)), 9 (97" (w; ()))]
g [o7" (w2i (), 9 (97" (v (1)))]
20" g; (@7 (v (%)), 9 (97 (y (%)))]
N [0 (v (), 0 (97" (w1 ()]
9i [(Pi_l (v (), 9 (‘Pi_1 (y; ()]

o (x, ¢ (x)) _
X — 7 =
a; (x, ¢ (x))

(95)

Hence it follows that there exists a sufficiently small
constant ¢ > 0 such that the inequalities

R; (yy; (%) (1 - &) < R (y; (x)) < R (yy; (%)) (1 + ),

i=1,...,n,
(96)

hold on some interval (0,x"], 0 < x" < X, where
x* is a sufficiently small constant. Applying Lemma 3 and
Corollary 4 (formula (27)) we show that inequalities (96) can
be written as

R; [Wli (x) (1 + 5,'2 (1 () ’si))]

<R (v (0)) <R [‘l’u (x) (1 - (yy (x)’si))] >
i=1,...,n

(97)

where sij (v;(x), &), j = 1,2, are constants depending on

y,;(x) and ¢ such that

0< s{ (y1; (x),€), s,lif(lysg (y; (x),&) =0, j=1,2.

(98)



10

In Lemma 3 we set, for every fixed indexi = 1,...,n,

Yo
R(y)=R;(y) = L ACHORICRO)ER

(99)
R (y(1+e)

R (y)

Then, we have R : (0,y,) — (0,00), F : D*(yyp.€") —
[0, 00) and we have the following:

F(y.e):=F (y.¢) =

(a) R(y) is continuously differentiable, R'(y) =
-9 (), 997" (1)) < 03

(b) F(y,¢) is continuous with respect to y and continu-
ously differentiable with respect to &;

(c) Fel(y, 0) # 0 by condition (2) of the theorem.

Hence, Lemma 3 holds. By Corollary 4, we can write
inequalities (96) in the form of (97). From (97), we get

v (%) (1 — & (1 (%), 81‘))

(100)
<Yy (%) <y (%) (1 + & (yy; (x) ’si))
for (0, x*]. The last inequalities are equivalent to
Yy (x) .
lim =——=1, i=1,...,n 101
x=+0Y; (x) (10)
The proof is complete. O

Example 8. Consider the following simple particular case of
initial problem (2), (5):

x2(1+x2y6)y' =y (1 +xy7), (102)
y(0%)=o.

This problem is a singular one. To apply Theorem 5, we
rewrite (102), (103) as

(103)

1, 1+ xy7

—y =

¥ K2 (1+x2y0) (104)
y(07) =o0.

Setn = 1 (below we omit this index since we deal with a scalar
problem), ¢(x) = x, and

1+xy7

1
g(xy)=—=, aluy)=
Y
Without loss of generality, we assume that x, and y, in
definition of D, are positive and sufficiently small (from
Definition (1), property (4), it follows x;, < y,). Condition
(1), obviously holds. Condition (2), is valid as well because

’ _ i _
L+ g(x9(x) e (x)dx = Jm 2 dx = oo,

1+x8
s x2(1+x%)

,[0+ a(x,¢(x))dx = L

dx=J izdx=oo.
0t X

(106)
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Since ¢ is a solution of (104), we have G(x,¢(x)) = 0 and
Condition (3) holds (see Remark 6 as well). Next,

W (x, y)

=g(e ()0 (e7" (1)) ;Ei’y) ~a(x e (x)

=9(».y) (x’y)—tx(x,x)
(x.7)

1 (1+xy7)/(x2(1+x2y6)) 1
2)7 1/y? X
At

x (1 +x%y°)

(107)

Set n; = 1 (ie., conditions (4c) and (4d) are omitted).
For x and y sufficiently small and positive, it is easy to
see that W(x,y) > 0if y > x and W(x,y) < 0 if
y < x. Hence, conditions (4a) and (4b) hold. According to
Theorem 5, problem (102), (103) has at least one-parametric
class of solutions.

Now we apply Theorem 7. We get

R(y) = Jyy 9(e7 ,9(p7' ®))at

Yo Yo 1 1 1
= t)ydt=| —dt=—-—-—,
Jy A L t2 Y Y (108)
_R(y(+e) 1/y(1+e)—1/y,
Flre)= R(y)  1ly-1/y

Now we see that condition (1) holds since F is continuous
with respect to y and continuously differentiable with respect
to e for (y,€) € D* (g, ") The values F(0, €) and Fé(O, €) are
computed by above given formulas. Moreover, as
a_F y )_ —1/y(1+£)2 Yo
d Uy=1/% lees ¥~ X0
for y € (0, yool with yo, < ¥, and

OF . OF . 1/y
- 0,0 = l -— )O = — [ A—
as( ) yl—»mo+as (.0) y1—>mo+l/y—l/y0

#0 (109)

(110)
= lim Yo
y=0"y = Yo
condition (2) holds too. Theorem 7 is valid and every solution
of problem (102), (103) mentioned in Theorem 5 satisfies (89);
that is,

=-1+0.

y(x)=x(1+0(1)) (111)

forx — 0%,
Finally, we remark that, instead of (102), the same inves-
tigation can be performed, for example, for

x° (1 + xzyé)y' = y2 (1 + xy7 + yzo), (112)
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where the function ¢ is no longer a solution and condition
(3) of Theorem 5 holds (the moment x,, can be sufficiently
small).

4. Generalization

The following theorem improves Theorems 5 and 7. In
particular, comparing assumptions of Theorems 5 and 7 with
Theorem 9, we see that the corresponding assumptions in
Theorem 9 are assumed to be valid on some sets that are
reductions of sets used in Theorems 5 and 7.

For given constants C;’ > 1and0 < C/* < 1,i=1,...,n,
and for ¢ € M(x,, y,), define sets

N?(C) :={(x.y): (x, ) € D, ; (x) < y; < C] 9; (x)} ,
N, (C/") ={(x.y) : (x,y) € D, C;"9; (x) < y; < ¢; (¥},

N:={(xy): (%) €D,

Cliei(x) <y, <Clo;(x),i=1,...,n}.
(113)

Theorem 9. Let, for some constants C;, C;*, C; > 1,0 <
C'* < 1,i=1,...,n and some function ¢ € M(x,, y,), the

1

following conditions be fulfilled.

(a) Consider g;(x,y) € C(N), a;(x,y) € C(N), i =
1,...,n.

(b) Assumptions (1)-(3) of Theorem 5 hold.

(c) Fori=1,...,my,

Wi(xy) >0 if (xy) e N"(C)NN,

(114)
Wi(oy) <0 if (5y) €N, (G N,
We omit this assumption if n; = 0.
(d) Fori=n, +1,...,n,
Wi(x,y) <0 if (x,y) e N"(C/)NN,
(115)

W () >0 if (x,9) €N, (C;")NN.

We omit this assumption if n; = n.

(e) Functions F,(y,€),i=1,...
of Theorem 7.

, 1, satisfy the assumptions

Then, there exists at least an n,-parametric family of
solutions

y(x) = (3 (%),s..., 9, (x)) (116)
such that

y(x)=¢;(x)(1+0(1), i=1,...,n, 17)

holds for x — 0% and (x, y(x)) € D,

Proof. The proof is omitted since it is similar to the proofs of
Theorems 5 and 7. O

1
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