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NECESSARY CONDITIONS FOR HYPONORMALITY
OF TOEPLITZ OPERATORS ON THE FOCK SPACE

ANURADHA GUPTA anp SHIVAM KUMAR SINGH

Abstract. In this article, the necessary conditions for the hyponormality of Toeplitz
operator Ty with harmonic polynomial symbols ¢ on the Fock space are explored.

1. INTRODUCTION

Let dA denote the ordinary Lebesgue area measure on the complex plane C. Let
the space L?(C,du) be the Hilbert space of all Lebesgue measurable, absolute
square integrable functions on C with the norm given by

1/2
171 = ( [ 1rPan))  for eact £ € 22(C.a

where the measure is given by du(z) = e“z‘2dA(z). The Fock space F? consists of
all entire functions in L?(C,du) and is a closed subspace of L?(C,du). The space
F? is a Hilbert space with the inner product inherited from L?(C,du) given by

/f 1(z) where f,g € F2.

For n > 0, let e,(2) = \/ﬁ’ then the set {e,}n>o forms an orthonormal basis

for F2(see [12]). Let P denote the orthogonal projection from the space L?(C,dpu)
onto the space F2. Then, for any f € L?(C,du) and z € C, it follows that

P(f(2)) = (Pf(w), K / f(w)e* dp(w)

where K.(w) = K(z,w) = Le“? is the Fock Kernel. The Fock space plays a
special role in quantum physics, harmonic analysis on the Heisenberg group, and
partial differential equations.

Let the space L>(C) be the set of all essentially bounded Lebesgue measurable
functions f on the entire complex plane C. The space L*°(C) is the Banach
space with the norm ||f|lcc = ess sup{|f(z)| : z € C}, for f € L>°(C). Then, for
¢ € L*°(C), the multiplication operator denoted by My, is defined as the operator
My : L*(C,du) — L*(C,dp) such that My(f) = ¢f where f € L*(C,du) and
the Toeplitz operator is the operator T} defined on F? so that T} (f) = P(¢f) for
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f € F2. Consider the set D = {¢ : ¢ is measurable and ¢f € L?(C,du) for all f €
F2}. Then, L*°(C) C D and Toeplitz operator T} is also well defined for ¢ € D.
The study of Toeplitz operators gained voluminous importance due to its multi-
directional applications. Toeplitz operators arise in many applications such as
prediction theory, wavelet analysis and differential equations.

A bounded linear operator S on a Hilbert space is said to be hyponormal if
its self-commutator [S*,S] = S*S — SS* is positive definite, where S* is the
adjoint of the operator S. In [1,2], C. Cowen gave an elegant characterization of
hyponormal Toeplitz operator on the Hardy space. Later on, Nakazi and Takahashi
[7] also characterized the hyponormality of Toeplitz operators on Hardy space
using a different approach given by Cowen. In the Bergman space, Sadaroui [10],
Hwang and Lee [3-6], Phukon and Munmun [8,9] studied the hyponormality of
Toeplitz operators. Motivated by the work of these authors, we have studied
the hyponormality of Toeplitz operators T}, on Fock space F? with polynomial
harmonic symbols ¢. We have obtained some necessary conditions for Toeplitz
operators to be hyponormal on the Fock space.

2. NECESSARY CONDITIONS FOR HYPONORMALITY

Since the hyponormality of operators is translation invariant, we may assume that
f(0) =g¢(0) =0 for f,g € D. The following proposition follows from the definition
of Toeplitz operators.

Proposition 2.1. If f,g € D, then the following equations hold:

(1) Teg =Ty + 1T,
(2) T} =Ty
(3) T§Tg =Ty, if f or g is analytic.

Lemma 2.2. If P is an orthogonal projection on F2, then for any non-negative
integers s and t, we have

! s—t
P(stesy = { ome o Jors =t @)
0, otherwise.

Proof. For non-negative integers s and ¢ with s > ¢, using the measure du(z),
we have

P(z'2%) = (P(w'w®), K. (w)) = 1 / w'w e dp(w) = 1 / wtwsezwflw‘QdA(w)
T Jc T Jc
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The last step follows from the fact that the series is uniformly convergent. Now
letting w = re? for 0 < 6 < 27 and 0 < r < oo, we have

1 ,
P(ths) — ; Z i T<s+n+t+1ez(s—n—t)96—r2dedr

t ® d
— L s tt .2
(s—t)!/te E(fort—r)
t=0
s—t
= I'(s+1),

where I' denotes the Gamma function. Therefore, for s > ¢, we have

|
stos) S: s—t
P@Ez) = (s—t)!z '
Similarly, for s < t, it follows that
o oo 27
P(z'2%) = 1 Z 2" / / pstnbtEl i(s—n—1)0 ,—1* gp 1.
™= n!
n= r=06=0
0o oo 2m
= 1 Z Z / potnttl —r? g / pils—n—1)0 gp
s n!
n=0 r=0 =0

2m
Now using the fact [ e™?df =
6=0

. andn # s—t (because s—t < 0),
0  otherwise

{27r itm=0
2m

we get that [ €'*="=9d¢ = 0 for all n > 0. Hence, P(2'2°) = 0.
=0

Thus, it follows that (2.1) holds. O

For non-negative integers s and ¢, from ([11], Lemma 2.1), it follows that

(25,2 = {71’8! ifs=t (2.2)

0 otherwise.

Toeplitz operators T, with symbols ¢ € D of the form ¢(z) = z*, for some positive
integers k, are always hyponormal on the Fock space. But with more general
symbols, Toeplitz operators need not be hyponormal. In the following theorem, we
present generalised necessary conditions for the hyponormality of Toeplitz operator
Ty, with a polynomial harmonic symbol ¢ in D.

Theorem 2.3. Let ¢(z) = f(z) + g(z), where f(z) = 22;1 anz" and g(z) =
22[:1 a_nz"; N > 2 is an integer. If Ty is hyponormal, then

(1) lar? + X0 o+ Dlan? = la—1]? + 33 5 (n+ Dlla—n[*
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N N
(2) S nllan> >3S0 nlla, |

(3) (Sals (ol = lo-f) (Zal0+ Dl = la-nP?)
2

+(‘a1|2 - ‘a—1|2)) > ‘27]:[:2 n!(anan—l - a_na,(n,n)

Proof. Let the operator T be hyponormal, then for complex numbers ¢y, c1, it
follows that

(Ty"Ty — ToTy")(co + c12), (co + c12)) 2 0 (2.3)

where ¢(2) = Zi:;l anz" + ij:l a_,z".
Consider

Ty(co+ c12) = P(¢(co + c12))

N N N N
co (Z anz" + Za_nz"> +cp (Z anz" T+ Za_nz"z)] .
n=1 n=1 n=1 n

=P
=1

Then, by using Lemma 2.2, it follows that

N N N
Ty(co+c12) = co Z anz” +c1 (Z a2t + Z a_nP(Z”Z)>
n=1 n=1 n=1

N N
=co Z anz" + 1 (Z an 2"t + a_1>
n=1 n=1
(since P(z"z) = 0 for n > 1). Therefore,

(T3 Ty(co+ cr12), (co + c12)) = (Ty(co + c12), Ty(co + c12))

N N N
— 1
={c Z apz” +c | a_1+ Z a2z, e Z anz"
n=1 n=1 n=1
N
4+ |a_7+ Z a2 .
n=1

Now from relation (2.2), it follows that

<T$T¢(co +c12), (co + clz)>

N N
= lcol* Y lan[?mnl + |c1 |2 <7r|a1|2 + ) Janl*m(n + 1)!)

n=1 n=1
N N
+ 2Re cgcr <Z anz", Z amzm+1>
n=1 m=1
N N
=T {ICoI2 > lanl?n! + fes|? (Ia_1|2 + ) anl*(n + 1)!>
n=1 n=1

N
+ 2Re COEZ anan_ln!} . (2.4)

n=2
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Again, as Tdf = Tg, by Lemma 2.2, we have

T(;;(C() —+ 012) = P(a(C() + 012))

N N N N
=P |co (Z Tty a_nz") + ¢ <Z D a_,Lz”"'l)]
n=1 n=1 n=1 =
N N
=y Z a_pz" +c1 (al + Z a_nz"H) .
n=1 n=1

Thus, by relation (2.2), we get

<T¢T$(CO +c12), (co + 12))
= (T} (co+ c12), T (co + clz)>

= <Co Z a_n2"™ + 1 (al + Z a_pz" ) Co Z a_npz"

<a1+za_nz >>

N

|Co| Z‘a_n‘Q n|-|-|cl|2 7T|a1|2_|_Z|a_n| 7T(7’L+1)>
n=1
+ 2Re cgcy <Za n2" Z A_m 2™ >

_ {z Pl e ( £ 3l + 1)!)

n=1 n=1

Z /7

n=2

N
+ 2Re COGZ ana_(n_l)n!} . (2.5)

Therefore, by equations (2.4) and (2.5), it follows
<(T$T¢ - T¢T$) (co+ c12), (co + clz)>

N
=7 {|002 (Z nl(|an|? — |an|2)) + el (Jaaf® = Jaa|?)
N
+leaf? Z n+ 1D)!(|anl* - a,ﬂ))

+ 2Re (C()Cl Zn' Anlp—1 — A—nl_(p— 1)))}

Now from inequality (2.3), we get that

N
leol® [ D nl(lanl* — Ianl2)>

n=1
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N
Hlerl (w SRS SRR |a_n|2>)

n=2
N

Z ! (anGn—1 — @—nG_(n_1))

n=2

+ 2|Cocl‘ =

> 0. (2.6)

Now the following three cases arise:
Case (1) If ¢g = 0,¢1 # 0, then, by inequality (2.6), it follows that

N
a1 |* = la—1* + D (n+ DY(jan]* — |a—n]*) > 0
n=2
or, equivalently,
N N
ol + 30+ Dllanl? = a2+ S0+ 1ljacnf
n=2 n=2

Case (2) If ¢; = 0,¢p # 0, then, by inequality (2.6), it follows that

N
Zn!(‘anF —la_n?) >0
n=1

or, equivalently,
N

N
Z n!an|* > Z na_n|*
n=1

n=1

Case (3) If ¢o, c1 # 0, then, by inequality (2.6) it follows that

2 N N
c c
2 g n(lan|? = Jan|?) + 2| = g N (anln—1 — a—n@_(n_1))
“ n=1 ¢ n=2

+ (Z(n +D!(lan|* = la—n]?) + (|aa|* - |a1|2)> >0

which is a quadratic polynomial in |cg/c1| that only takes on non-negative values.
But, if a quadratic polynomial f(x) = ax?® + bx + ¢ (for a,b,c real and a > 0)
takes on non negative values for all x, then it cannot have two distinct real roots.
Hence, in such a case, the above equation has a non-positive discriminant and
consequently we have,

N N
4 (Z nl(janl? |a_n|2>> (Z(n + Dl(anl — lazal®) + (lar]? - |a_1|2>>

n=1 n=2
N 2
> 4 Z nan@n—1 — a_nG_(—1))
n=2
or, equivalently, we get condition (3) of Theorem 2.3. O

The following examples show that the conditions in the above theorem are only
necessary but not sufficient:
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Example 2.4. Let ¢(2) = 2+ 222+ 23, then it satisfies the conditions of Theo-
rem 2.3. Then, by Lemma 2.2, we have Ty(2%) = 2% +22* and T} (2%) = 2°+22+4.

So, by relation (2.2) it follows that <T$T¢z2, z2> = 1027 and <T¢Tq‘§(22), (z2)> =
1407. Therefore, we get that <(T$T¢, —TyT})(2?), (22)> < 0 and thus T} is not

hyponormal.

The following results are direct consequences of Theorem 2.3.

Corollary 2.5. Let ¢(z) = f(2) + g(2), where f(2) = amz™ + anz" and
9(2) = a_mz™ +a_nzN for 1 <m < N. Let Ty be hyponormal. Then,
(1) For N #m+1,
(@) (m+D!lam|? = Ja—m|*) > (N + Dl(la—n]? = an[?).
(b) ml(lam|?* = la—m[?) > Nl(ja—n[* = |an|?).
(2) For N=m+1,
(@) (m+ Dllam]? = la—m|?) > (m +2)W|a—ni1)]? = lam+1?).
(b) m!(Jam|* — la—m[*) = (m + D!(la—(mr1)|* = lam+1]?)-
() {(m!(am|® = la—m[*) + (m + Dl(|am+1]* = la—ni1)]?)
((m+ Dl(aml* = la—m[*) + (m +2)!(lam41]* = la—nr1)l*) }
> [(m+ Dl 418 — a—(uana=ml]”.

Corollary 2.6. Let ¢(z) = f(2) + g(z), where f(2) = a1z + anz" and g(z) =
a_1z+a_nzN for N > 1. Let Ty be hyponormal. Then,

(1) For N > 2,
() (larf? = la—1|*) > Nlla—n|* = Jan[?).
(b) (Jar]* = la—1]*) = (N + D!(Ja—n|* — an|?).

(2) For N =2,
{(la1]? = la—1]? + 2(lazf* — Ja—2]?))(Ja1 |* — [a—1[* + 6(Jaz|* — |a—2|*)) }
> 4|agar — a_sa_1|>.

Again, the conditions in the above corollaries are only necessary but not sufficient
which is shown by the following example:

Example 2.7. Let ¢(z) = Zle a; 2t + Z?Zl a_;z € D, where a;,a_; € C for
1 <1i,7 < 4. Now consider following four cases:

Case (1) ay = 5,a4 = 2v2,a_5 = 2,a_4 = 3,a1 = a3 = a_; = a_3 = 0.
Then, ¢(z) = 522 4 222 + 2v/22* + 32* and it satisfies condition (1) of Corollary
2.5, for m = 2 and N = 4. Then, by Lemma 2.2, we have T,(2%) = 2227 +

525 + 12z and so, by relation (2.2), it follows that <T¢’§T¢(z3), (z3)> = 43464m.
Also, we have T (23) = 327 4 22° + 30z and, again by relation (2.2), we get that
<T¢Tq‘§ (%), (z3)> = 467407. Consequently, it follows ((Ty*T, — TpT*)(2%), (2°))
= (43464 — 46740)m = —32767 < 0. Thus, Ty is not hyponormal.

Case (2) az = 2,a_3 = 1 and a; = 0 for all i # 2, —3. Then, ¢(z) = 222+ 2% and
it clearly satisfies condition (2) of Corollary 2.5. Then, by Lemma 2.2 it follows
that Ty(z*) = 220+ 24z and T} (2*) = 27 +242%. Therefore, from relation (2.2), it
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follows that <T;§T¢(z4), (24)> = 34567 and <T¢T$(z4), (z4)> = 61927. Therefore,
we have <(T$T¢ - T¢T$)(z4), (z4)> = —2736m < 0. Hence, T is not hyponormal.

Case (3) a; = 5,a3 = 2v/2,a_3 = 3 and a; = 0 for all i # 1,3,—3. Then,
#(z) = 5z + 2v/22% + 323, which satisfies condition (1) of Corollary 2.6, for
N = 3. Then, by Lemma 2.2 it follows that T,(2°) = 52° + 21/22% + 18022 and
Tj(z°) = 252* 4 120v/22% 4 328, Therefore, from relation (2.2), it follows that

<T$T¢(z5),(25)> = 4053607 and <T¢T¢f(z5),(z5)> = 4354807. Consequently,
<(T;§T¢ — TyTy)(2°), (25)> < 0. Thus, T} is not hyponormal.

Case (4) ag = 1,a_1 =1,a_9 =2and a; =0 forall i # 2,—1,—2. Then, ¢(z) =
22424222 which satisfies condition (2) of Corollary 2.6, with a; = 0,a2 = 1,a_; =
1,a_g = 2. Then, by Lemma 2.2 it follows that Tj(2%) = z* + 22 +4 and T}(2?) =

22% + 23 4 2. Then, from relation (2.2), it follows that <T$T¢(z2), (22)> = 447 and

<T¢T¢‘;(z2), (z2)> — 1067. Hence, <(T$T¢ — T,T)(22), (z2)> — 447 — 1067 < 0.
Thus, Ty is not hyponormal.
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