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Abstrakt

Práce se zabývá adaptivními filtry pro vizualizaci obrazů s vysokým rozlišením. V teoretické
části je popsán princip činnosti konfokálního mikroskopu a matematicky korektně zaveden
pojem digitální obraz. Pro zpracování obrazů je volen jak frekvenční přístup (s využitím 2-D
a 3-D diskrétní Fourierovy transformace a frekvenčních filtrů), tak přístup pomocí digitální
geometrie (s využitím adaptivní ekvalizace histogramu s adaptivním okolím). Dále jsou
popsány potřebné úpravy pro práci s neideálními obrazy obsahujícími aditivní a impulzní
šum. Závěr práce se věnuje prostorové rekonstrukci objektů na základě jejich optických
řezů. Veškeré postupy a algoritmy jsou i prakticky zpracovány v softwaru, který byl vyvi-
nut v rámci této práce.

Summary

The thesis is concerned with filters for visualization of high dynamic range images. In
the theoretical part, the principle of confocal microscopy is described and the term digital
image is defined in a mathematically correct way. Both frequency approach (using 2-D and
3-D discrete Fourier transform and frequency filters) and digital geometry approach (using
adaptive histogram equalization with adaptive neighbourhood) are chosen for the processing
of images. Necessary adjustments when working with non-ideal images containing additive
and impulse noise are described as well. The last part of the thesis is interested in 3-D
reconstruction from optical cuts of an object. All the procedures and algorithms are also
implemented in the software developed as a part of this thesis.
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Introduction

Nowadays, digital images are omnipresent; starting with outputs from digital cameras and
scanners, and ending with optical cuts provided by confocal microscopes, serving for various
biological and medical purposes (the study of the complicated architecture of neural net-
works, the space structure of cells and tissues, etc.). With the increasing quality of digital
images and their expanding applications, the requirements of the quality and the speed of
their processing are increasing as well.

With the contrast of 1:300, which is typical for a computer monitor in a medium-lit room,
a human eye is capable to distinguish about 150 – 200 levels of brightness. (Although more
modern monitors offer theoretically a higher contrast, it is usually unachievable due to
non-ideal observing conditions. The contrast of various printing techniques is even lower.)
The eight-bit representation of an image offers 28 = 256 levels of brightness so that this
representation is fully sufficient. However, in practice, we often encounter sixteen- and even
more bit images (i.e., 216 = 65, 536 and more levels of brightness). In these images, there
is most of information unexploitable for human sight. That is why it is necessary to use
mathematical algorithms to visualize such images.

The main tasks and targets of this thesis are following:

• Proper and mathematically correct description of fast algorithms of 2-D image en-
hancement procedures, their extension and improvement with new approaches, and
their generalization into 3-D. The 3-D image enhancement procedures have not been
described in literature yet. With suitable data, e.g., with a series of optical cuts,
these procedures represent a very interesting and unexplored way, which is supposed
to contribute to digital images processing significantly. If the 2-D processing does
not yield a satisfying outcome, the 3-D processing will be the next step. Biologi-
cal applications, described at the end of the thesis, can benefit from the enhanced
outputs.

• Complex software implementation of the procedures discussed above. Especially the
3-D adaptive image enhancement procedures represent a difficult challenge, due to
their high computational costs. An efficient and fast implementation of 3-D object
reconstruction from a series of optical cuts is another important part of this software.

Chapter 1 explains the difference between high dynamic range (HDR) and low dynamic
range (LDR) images. Visualization of HDR images by means of mathematical algorithms
is generally the main interest of the entire thesis.

Since the software following this thesis can be used (to a certain extent) for the processing
of any digital images, Chapter 2 is concerned with digital cameras, as the most broadly used
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tool for obtaining digital images. The principle of operation of digital cameras is described,
together with the image sensors used most often (CCD, CMOS, Foveon).

The benefits of confocal microscopy, the main source of our input data, are introduced
in Chapter 3. A confocal microscope is compared to a classic optical microscope, and
the principle of operation of the Olympus FluoViewTM FV1000 Laser Scanning Confocal
Microscope is described in detail. The last section is concerned with the point spread
function (PSF). The PSF describes the response of an imaging system to a point source
(Dirac impulse), thus determining the display resolution of the microscope.

As already stated, the processing of HDR digital images is the main content of this thesis.
Because of the necessity of a proper theoretical background, Chapter 4 defines the most
important terms – digital image, physical and logical pixels, valuation, etc. Digital space
metrics are also contained.

Chapter 5 is dealing with the frequency domain representation of an image. The 2-D
discrete Fourier transform (DFT) is described in detail, together with its properties and
applications in frequency filtering. The most commonly used filters are also given.

Adaptive histogram equalization (AHE) is introduced in Chapter 6. Various kinds of adap-
tive neighbourhoods are examined and illustrated; some known concepts are extended with
new ideas (combined neighbourhood and fuzzy neighbourhood) that enable the better per-
formance of AHE. An extensive section on additive and impulse image noise is included,
and AHE that is adaptive also to additive noise is discussed.

Before any 3-D processing of input data can be performed, the original images have to be
aligned. Chapter 7 briefly explains the phase correlation method and non-linear optimiza-
tion method for image registration.

Chapter 8 represents another main task of this thesis; the adaptive histogram equalization
procedures discussed in Chapter 6 are generalized into 3-D. The theoretical description is
accompanied with practical examples, showing the benefits of the 3-D processing.

The principle of fast three-dimensional object reconstruction is introduced in Chapter 9.
The author’s software for 3-D object reconstruction is included in the software developed
as a part of this thesis. Chapter 10 explores this software in detail. Individual functions of
the software and explained and illustrated.

Various biological applications of confocal microscopy are discussed in Chapter 11.

You can address any questions or suggestions about this thesis to the author’s e-mail

kmartisek@email.cz
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1 Visualization of High Dynamic Range Images

In image processing, computer graphics, and photography, high dynamic range imaging
(HDRI or just HDR) is a set of techniques that allows a greater dynamic range between
the lightest and darkest areas of an image than current standard digital imaging techniques
or photographic methods. The two main sources of HDR imagery are computer render-
ings and merging of multiple low-dynamic-range (LDR) or standard-dynamic-range (SDR)
photographs.

Comparison with Traditional Digital Images

Information stored in HDR images typically corresponds to the physical values of luminance
or radiance that can be observed in the real world. This is different from traditional
digital images, which represent colours that should appear on a monitor or a paper print.
Therefore, HDR image formats are often called „scene-referred“, in contrast to traditional
digital images, which are „device-referred“ or „output-referred“. Furthermore, traditional
images are usually encoded for the human visual system (maximizing the visual information
stored in the fixed number of bits). The values stored for HDR images are often gamma
compressed (power law) or logarithmically encoded, or floating-point linear values, since
fixed-point linear encodings are increasingly inefficient over higher dynamic ranges.

HDR images often use a higher number of bits per colour channel than traditional images
to represent many more colours over a much wider dynamic range. 16-bit or 32-bit floating
point numbers are often used to represent HDR pixels.

Representing HDR Images on LDR Displays

Popular tone-mapping techniques reduce the dynamic range, or contrast ratio, of the en-
tire image, while retaining localized contrast (between neighbouring pixels), tapping into
research on how the human eye and visual cortex perceive a scene, trying to represent the
whole dynamic range while retaining realistic colour and contrast. However, these images
have often their range over-compressed, creating a surreal low-dynamic-range rendering of
a high-dynamic-range scene.

This thesis is concerned with visualization of HDR images using various mathematical
algorithms. Let us emphasize that the target of these procedures is to create a suitable
image for human sight, not for purposes of a further mathematical analysis. If we want to
mathematically analyze the resulting image, it is necessary to maintain the original data
and work with them.
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2 Digital Cameras

Digital cameras represent a broadly used way for obtaining digital images. This chapter
briefly explains how such cameras work.

The key part of a digital camera is an image sensor that converts an optical image into an
electronic signal. Today, most digital cameras use either a CCD (charge-coupled device)
sensor or a CMOS (complementary metal-oxide-semiconductor) sensor. Both types of sensor
accomplish the same task of capturing light and converting it into electrical signals.

A CCD image sensor is an analog device. When light strikes the chip it is held as a small
electrical charge in each photo sensor. The charges are converted to voltage one pixel at a
time as they are read from the chip. Additional circuitry in the camera converts the voltage
into digital information.

A CMOS imaging chip is a type of active pixel sensor made using the CMOS semiconductor
process. Extra circuitry next to each photo sensor converts the light energy to a voltage.
Additional circuitry on the chip may be included to convert the voltage to digital data.

(a) (b)

Figure 1: Fuji SuperCCD SR sensor (a) and the detail of the layout of its photodiodes (b)

In Figure 1(a), you can see the structure of a Fuji SuperCCD SR image sensor. On top,
there is a system of microlenses focusing light to photodiodes in order to utilize as much of
light as possible. Under this system of microlenses, there is a mask consisting of red, green,
and blue filters.

The Bayer mask is used in the majority of present-day cameras. Since the maximum of
the sensitivity of the human eye lies in the green part of the spectrum, the Bayer mask

10



contains twice more green filters than red and blue ones. As a result of filtration, each
photodiode is exposed to only one of the three primary colours. Thus, constructing a full
colour image from a Bayer sensor requires demosaicing, an interpolative process in which
the output pixel associated with each photodiode is assigned an RGB value based in part
on the level of red, green, and blue reported by those photosites adjacent to it.

In the bottom, there is a system of photodiodes. In Figure 1(b), there is a detail of the
layout of the photodiodes of the Fuji SuperCCD SR image sensor. The octagonal shape
of the photodiodes helps to reduce the Moiré patterns1 that may arise when capturing
periodical structures. As you can see, each sensor consists of a primary photodiode (with a
higher sensitivity) and a secondary photodiode (with a lower sensitivity). This layout was
developed in order to achieve a higher dynamic range of a camera.

The Foveon X3 sensor is a more modern alternative. It uses an array of photosites, each of
which consists of three vertically stacked photodiodes, organized in a two-dimensional grid.
Each of the three stacked photodiodes responds to different wavelengths of light, i.e., each
has a different spectral sensitivity curve. The signals from the three photodiodes are then
processed, resulting in data that provide the three additive primary colours – red, green,
and blue.

In closing this section, let us note that the software developed as a part of this thesis is
suitable for the processing of any kind of digital images. However, optical cuts of cells and
similar tiny bodies, their three-dimensional reconstruction and the corresponding biological
applications are of the main interest. These digital images can be obtained by means of a
confocal microscope – see Section 3.2.

1An interference pattern created when a repeating pattern in the subject is overlaid on the image sensor
grid.
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3 Branches of Microscopy

Since the algorithms of this thesis target primarily HDR images provided by confocal mi-
croscopes and their subsequent applications, let us now explore how confocal microscopes
work and what benefits they have, compared to classic optical microscopes.

3.1 Optical Microscopy

A classic optical microscope is a centered system of two converging lenses: an objective
(closer to the observed object) and an ocular (closer to the eye). The objective has the
very small focal distance f1 (a few mm) and the object y is located just behind its object
focal point F1. It means that the objective generates a real, inverted and enlarged image y′.
The ocular has the focal distance f2 of ten times higher order (a few cm) and it is actually
a magnifying lens through which the image generated by the objective is observed. The
distance between the image focal point of the objective F ′

1 and the object focal point of
the ocular F2 is called an optical interval and is denoted by ∆ (see Figure 2). This optical
interval is adjusted for the image generated by the objective in order to appear just in the
object focal point of the ocular. At this moment, the microscope is „focused to infinity“ so
that an unaccommodated eye can observe the object. The crystalline lens of a healthy eye
refracts the parallel set of rays so that these rays intersect each other just in the retina.

Figure 2: Scheme of a classic optical microscope

The angular magnification of a microscope γ can be calculated as

γ =
∆

f1

d

f2

where d is the conventional eye distance (the most comfortable distance for reading and
writing; d ≈ 25 cm). The first fraction represents the vertical magnification of an objective,
the second fraction the angular magnification of an ocular.
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A light source with a condenser is another important part of a microscope. The examined
objects can be seen because the displaying radiation interacts with them in some way.
Light can be refracted, reflected, diffused or partly absorbed by the object and the phase
and sometimes also the polarization of light can be changed when coming through an
object. The fluorescence can be shown on some objects as well. Participation of any stated
phenomena in the creation of the resulting image depends foremost on optical properties
of the given object.

Display Resolution of Microscopes

The display resolution of a microscope is the minimum distance of two points of an object
that are still displayed as separated ones. No objective can display a point object as a point
again (see the point spread function (PSF) in Section 3.3). Even with a perfect correction
of all possible defects of displaying associated with the mode of manufacture of objectives,
Airy disk arises.

It is a diffraction pattern originating from the bending of displaying light in the lenses
of the objective. Airy disks can overlap when two near points are displayed and they
become almost undistinguishable with a certain minimum distance. This limit is commonly
estimated by the Rayleigh criterion

xmin = 0.61 · λ

n · sin θ

where λ is the wave length of light in vacuum, n is the index of refraction of the environment
in front of the objective, and θ is half of the top angle of the cone of rays that can enter
the objective. The quantity n · sin θ is called a numerical aperture.

Three-dimensional Objects Observation

Real microscopic objects are three-dimensional. The theoretical display resolution of a mi-
croscope can be fully utilized only in the case of specimens whose thickness is less than
the depth of sharpness of the objective that depends on the numerical aperture. When
exploring thick specimens (e.g., tissue cuts and big cells), the displaying quality and also
the practical display resolution of the microscope are adversely affected by the image of
the plane into which the microscope is focused overlapping with the unsharp images of the
planes lying beneath and above. To a large extent, this problem can be solved by using a
confocal microscope (see Section 3.2).
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3.2 Confocal Microscopy

In Figure 4(a), you can see the Olympus FluoViewTM FV1000 Laser Scanning Confocal
Microscope (and BF61 Automated Research Microscope with CCD Camera Systems), the
most modern laser scanning confocal microscope. Let us now take a closer look at confocal
microscopy and let us explain how a confocal microscope generally works. This section was
elaborated using [18].

Confocal microscopy offers several advantages over conventional widefield optical micros-
copy, including the ability to control depth of field, elimination or reduction of background
information away from the focal plane (that leads to image degradation), and the capabil-
ity to collect serial optical sections from thick specimens. The basic key to the confocal
approach is the use of spatial filtering techniques to eliminate out-of-focus light or glare in
specimens whose thickness exceeds the immediate plane of focus. There has been a tremen-
dous explosion in the popularity of confocal microscopy in recent years, due in part to the
relative ease with which extremely high-quality images can be obtained from specimens
prepared for conventional fluorescence microscopy, and the growing number of applications
in cell biology that rely on imaging both fixed and living cells and tissues.

Figure 3: Comparison of widefield (a)-(c) and confocal (d)-(f) fluorescence microscopy

Presented in Figure 3 are series of images that compare selected viewfields in traditional
widefield and laser scanning confocal fluorescence microscopy. A thick section of fluores-
cently stained human medulla in widefield fluorescence exhibits a large amount of glare
from fluorescent structures above and below the focal plane (a). When imaged with a laser
scanning confocal microscope (d), the medulla thick section reveals a significant degree of
structural detail. Likewise, widefield fluorescence imaging of whole rabbit muscle fibers
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stained with fluorescein produce blurred images (b) lacking in detail, while the same speci-
men field (e) reveals a highly striated topography in confocal microscopy. Autofluorescence
in a sunflower pollen grain produces an indistinct outline of the basic external morphology
(c), but yields no indication of the internal structure. In contrast, a thin optical section of
the same grain (f) acquired with confocal techniques displays a dramatic difference between
the particle core and the surrounding envelope.

Principles of Confocal Microscopy

The principle of a laser scanning confocal microscope is presented in Figure 4(b). Coherent
light emitted by the laser system (excitation source) passes through a pinhole aperture that
is situated in a conjugate plane (confocal) with a scanning point on the specimen and a
second pinhole aperture positioned in front of the detector (a photomultiplier tube). As
the laser is reflected by a dichromatic mirror and scanned across the specimen in a defined
focal plane, secondary fluorescence emitted from points on the specimen (in the same focal
plane) pass back through the dichromatic mirror and are focused as a confocal point at the
detector pinhole aperture.

(a) (b)

Figure 4: Olympus FluoViewTM FV1000 Laser Scanning Confocal Microscope (a) and the
principle of its operation (b)

The significant amount of fluorescence emission that occurs at points above and below the
objective focal plane is not confocal with the pinhole (termed Out-of-Focus Light Rays in
Figure 4(b) and forms extended Airy disks in the aperture plane. Since only a small fraction
of the out-of-focus fluorescence emission is delivered through the pinhole aperture, most of
this extraneous light is not detected by the photomultiplier and does not contribute to the
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resulting image. Refocusing the objective in a confocal microscope shifts the excitation
and emission points on a specimen to a new plane that becomes confocal with the pinhole
apertures of the light source and detector.

In traditional widefield epi-fluorescence microscopy, the entire specimen is subjected to
intense illumination from an incoherent mercury or xenon arc-discharge lamp, and the
resulting image of secondary fluorescence emission can be viewed directly in the eyepieces
or projected onto the surface of an electronic array detector or traditional film plane. In
contrast to this simple concept, the mechanism of image formation in a confocal microscope
is fundamentally different. As discussed above, the confocal fluorescence microscope consists
of multiple laser excitation sources, a scan head with optical and electronic components,
electronic detectors (usually photomultipliers), and a computer for acquisition, processing,
analysis, and display of images.

The scan head is at the heart of the confocal system and is responsible for rasterizing
the excitation scans, as well as collecting the photon signals from the specimen that are
required to assemble the final image. A typical scan head contains inputs from the external
laser sources, fluorescence filter sets and dichromatic mirrors, a galvanometer-based raster
scanning mirror system, variable pinhole apertures for generating the confocal image, and
photomultiplier tube detectors tuned for different fluorescence wavelengths. The general
arrangement of scan head components is presented in Figure 5.

Figure 5: Confocal microscopy scanning unit

In epi-illumination scanning confocal microscopy, the laser light source and photomultiplier
detectors are both separated from the specimen by the objective, which functions as a well-
corrected condenser and objective combination. Internal fluorescence filter components
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(such as the excitation and barrier filters and the dichromatic mirrors) and neutral density
filters are contained within the scanning unit (see Figure 5). Interference and neutral density
filters are housed in rotating turrets or sliders that can be inserted into the light path by
the operator. The excitation laser beam is connected to the scan unit with a fiber optic
coupler followed by a beam expander that enables the thin laser beam wrist to completely
fill the objective rear aperture (a critical requirement in confocal microscopy). Expanded
laser light that passes through the microscope objective forms an intense diffraction-limited
spot that is scanned by the coupled galvanometer mirrors in a raster pattern across the
specimen plane (point scanning).

One of the most important components of the scanning unit is the pinhole aperture, which
acts as a spatial filter at the conjugate image plane positioned directly in front of the
photomultiplier. Several apertures of varying diameter are usually contained on a rotating
turret that enables the operator to adjust pinhole size (and optical section thickness).
Secondary fluorescence collected by the objective is descanned by the same galvanometer
mirrors that form the raster pattern, and then passes through a barrier filter before reaching
the pinhole aperture. The aperture serves to exclude fluorescence signals from out-of-focus
features positioned above and below the focal plane, which are instead projected onto
the aperture as Airy disks having a diameter much larger than those forming the image.
These oversized disks are spread over a comparatively large area so that only a small
fraction of light originating in planes away from the focal point passes through the aperture.
The pinhole aperture also serves to eliminate much of the stray light passing through the
optical system. Coupling of aperture-limited point scanning to a pinhole spatial filter at
the conjugate image plane is an essential feature of the confocal microscope.

3.3 Point Spread Function

An imaging system input function F (x, y) can be generally represented as a sum of amplitude-
weighted Dirac delta functions by the sifting integral

F (x, y) =

∞∫
−∞

∞∫
−∞

F (ξ, η)δ(x− ξ, y − η) dξdη

where F (ξ, η) is the weighting factor of the impulse located at coordinates (ξ, η) in the xy
plane, as shown in Figure 6. If the output of a general system is defined to be

G(x, y) = O{F (x, y)}

where O is an additive linear operator, then

G(x, y) = O


∞∫

−∞

∞∫
−∞

F (ξ, η)δ(x− ξ, y − η) dξdη

 ,
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or

G(x, y) =

∞∫
−∞

∞∫
−∞

F (ξ, η)O {δ(x− ξ, y − η)} dξdη.

The application order of the general linear operator O{·} and the integral operator have
been reversed, and the linear operator has been applied only to the term in the integrand
that is dependent on the spatial variables (x, y). The second term in the integrand, which
is redefined as

H(x, y; ξ, η) = O {δ(x− ξ, y − η)} ,

is called the impulse response of the two-dimensional system. In optical systems, the impulse
response is often called the point spread function (PSF) of the system.

Figure 6: Decomposition of system input function

Substitution of the PSF into the last integral yields the additive superposition integral

G(x, y) =

∞∫
−∞

∞∫
−∞

F (ξ, η)H(x, y; ξ, η)dξdη.

An additive linear two-dimensional system is called space invariant if its PSF depends only
on the factors x − ξ and y − η. In an optical system this implies that the image of a
point source in the focal plane will change only in location, not in functional form, as the
placement of the point source moves in the object plane.

For a space-invariant system, we have

H(x, y; ξ, η) = H(x− ξ, y − η),

and the superposition integral reduces to the convolution integral given by

G(x, y) =

∞∫
−∞

∞∫
−∞

F (ξ, η)H(x− ξ, y − η)dξdη.
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Symbolically,
G(x, y) = F (x, y) ∗H(x, y)

denotes the convolution operation.

More information on this topic can be found, for example, in [11].

Less formally, the point spread function describes the response of an imaging system to a
point source (Dirac impulse). The degree of spreading (blurring) of the point object is the
measure for the quality of an imaging system. The image of a complex object can then be
seen as a convolution of the true object and the PSF, see Figure 7.

Figure 7: Image formation in a confocal microscope arises from the convolution of the real
light sources with the PSF

When the object is divided into discrete point objects of varying intensity, the image is
computed as a sum of the PSF of each point. As the PSF is typically determined entirely
by the imaging system, the entire image can be described by knowing the optical properties
of the system. In microscope image processing, knowing the PSF of the measuring device
is very important for restoring the (original) image with deconvolution.

In microscopy, experimental determination of a PSF’s shape is usually tricky, due to the
difficulty of finding sub-resolution (point-like) radiating sources. Quantum dots and flu-
orescent beads are usually considered for this purpose. Theoretical models, on the other
hand, allow the detailed calculation of the PSF for various imaging conditions. The most
compact diffraction limited shape of the PSF is usually preferred. However by using ap-
propriate optical elements (e.g., a spatial light modulator) the shape of the PSF can be
engineered towards different applications.
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4 Image

„Image“ is a quite difficult term to be defined precisely and it is used in various vague
and unclear ways in many computer science publications. In the following chapters, digital
images will be handled and processed and that is why it is necessary to define the term
image correctly. This chapter was elaborated using [7].

4.1 Digital Space

Throughout this section, k ∈ {1, 2, . . . , n}, n ∈ N, holds. The following definitions also
contain a few basic terms (equidistant partition of an interval, partition of a set, factor set,
vector space, basis, etc.) from the functional analysis. You can find them, e.g., in [16].

Definition of Digital Space

Definition 4.1 (multi-index set). Let kI = {0, 1, . . . , ik, . . . ,mk} be index sets. The set

I(n) =
n⊗

k=1
kI is called a multi-index set and its element i = [i1, i2, . . . , ik, . . . , in], i ∈ I(n), is

called a multi-index.

Definition 4.2 (support of a digital space). Let kJ = 〈ak, bk) be intervals. The set

J(n) =
n⊗

k=1
kJ is called an n-dimensional support of a digital space.

Definition 4.3 (multi-partition). Let kD = {kx0, kx1, . . . , kxik , . . . , kxmk
} be equidistant

partitions of intervals kJ = 〈ak, bk). The set D(n) =
n⊗

k=1
kD is called an equidistant multi-

partition of the support J(n).

Definition 4.4 (digital space, resolution). Let J(n) =
n⊗

k=1
kJ be a support of a digital space,

and let D(n) =
n⊗

k=1
kD be its equidistant multi-partition. The ordered pair D(n) =

(
J(n),D(n)

)
is called an n-dimensional digital space. The ordered n-tuple r = (m1,m2, . . . ,mk, . . . ,mn)

is called the resolution of the space D(n).

Physical Domain, Physical Space

Definition 4.5 (physical domain). A subset F(n) ⊂ J(n) of a support J(n) of a digital space
D(n) =

(
J(n),D(n)

)
is called a physical n-D domain if, and only if,

F(n) = 〈 1xi1 , 1xi1+1)× · · · × 〈 kxik , kxik+1)× · · · × 〈 nxin , nxn1+1) =
n⊗

k=1

〈 kxik , kxik+1) .

We write F(n) =
n⊗

k=1

〈 kxik , kxik+1) = F
(n)
[i1,i2,...,ik,...,in] = F

(n)
i . The number kvi = kxik+1− kxik ,

ik ∈ i, is called the k-th dimension of the physical n-D domain F(n).
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Theorem 4.1. k-th dimensions kvi of all physical n-D domains F
(n)
i ∈ D(n) are equal.

Proof. The statement results directly from assumed equidistance of the partition kD. �

The previous theorem allows omitting the multi-index from the dimensions of physical n-D
domains, i.e., we can write just kv. If there is no danger of misunderstanding, we will also
omit the n-D specification, i.e., we will write just domain.

Theorem 4.2. The set F(n) =

{
F

(n)
i =

n⊗
k=1

〈 kxik , kxik+1) , ik ∈ kI

}
of all physical domains

of the support J(n) of a digital space D(n) =
(
J(n),D(n)

)
is a partition of the support J(n).

Proof. The three following statements have to be proved:
a) ∀i ∈ I(n) : F

(n)
i 6= ∅ b) ∀i, j ∈ I(n) : i 6= j⇒ F

(n)
i ∩ F

(n)
j = ∅ c)

⋃
i∈I(n)

Fi = J(n).

ad a) i = [i1, i2, . . . , ik, . . . , in]⇒ Fi =
n⊗

k=1

〈 kxik , kxik+1). Let ksik = kxik
+ kxik+1

2
. Then ∀k ∈

{1, 2, . . . , n} : ksik ∈ 〈 kxik , kxik+1) ⇒ [ ks0, ks1, . . . , ksik , . . . , ksnk
] ∈

n⊗
k=1

〈 kxik , kxik+1) =

Fi ⇒ Fi 6= ∅.
ad b) Let i = [i1, i2, . . . , ik, . . . , in], j = [j1, j2, . . . , jk, . . . , jn], i 6= j. Then ∃k ∈ {1, 2, . . . , n} :

ik 6= jk ⇒ 〈 kxik , kxik+1) ∩ 〈 kxjk
, kxjk+1) = ∅ ⇒

n⊗
k=1

〈 kxik , kxik+1) ∩ 〈 kxjk
, kxjk+1) = ∅ ⇒

n⊗
k=1

〈 kxik , kxik+1) ∩
n⊗

k=1

〈 kxjk
, kxjk+1) = ∅ ⇒ Fi ∩ Fj = ∅.

ad c)
⋃

i∈I(n)

Fi =
⋃
ik

[
n⊗

k=1

〈 kxik , kxik+1)

]
=

n⊗
k=1

[⋃
ik

〈 kxik , kxik+1)

]
=

n⊗
k=1

kJ = J(n). �

Corollary. Let D(n) =
(
J(n),D(n)

)
be a digital space, and let A,B ∈ J(n) be arbitrary

points of its support. The relation ρ ⊂ J(n) × J(n), defined as ρ(A,B)⇔ ∃Fi ∈ F(n) : A ∈
Fi ∧B ∈ Fi, is an equivalence on J(n).

Definition 4.6 (physical space). The factor set F(n) = J(n) /ρ from the previous corollary
is called a physical space of a support J(n), or, of a digital space D(n) =

(
J(n),D(n)

)
. The

resolution of the physical space F(n) is understood as the resolution of the digital space D(n).

Let us note that two important terms will be used throughout the thesis: a pixel, as the
smallest displayable element on a given output device, and a voxel, as the smallest volume
element. According to the theory above, both of these objects are just special cases of
domains; a pixel is a physical 2-D domain, and a voxel is a physical 3-D domain.

Logical Domain, Logical Space, Mapping

Definition 4.7 (logical space, logical domain). Let F(n) be a physical space of a digi-
tal space D(n), and let kv be dimensions of its physical domains. Let C ∈ J(n) : C =
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[c1, c2, . . . , ck, . . . , cn], ck ∈ 〈0, kv). The set

CL(n) =
n⊗

k=1

{ krik ∈ R | ∀k ∈ {1, 2, . . . , n} : krik ∈ 〈 kxik , kxik+1) ∧ ( krik − kxik = ck)}

is called a logical space of the digital space D(n) =
(
J(n),D(n)

)
, and its elements CLi,

i = [i1, i2, . . . , ik, . . . , in], are called logical domains. The resolution of the logical space

CL(n) is understood as the resolution of the digital space D(n).

Theorem 4.3. Let F(n) be a physical space and CL(n) a logical space of the same digital
space D(n) =

(
J(n),D(n)

)
. A mapping Cϕ : F(n) → CL(n) such that Cϕ (Fi) = CLi ⇔

CLi ∈ F(n) is bijective.

Proof. If [ 1ri1 , 2ri2 , . . . , krik , . . . , nrin ] ∈ CL(n), then the theorem is a corollary of the
equivalence

∀ krik : krik ∈ 〈 kxik , kxik+1)⇔ [ 1ri1 , 2ri2 , . . . , krik , . . . , nrin ] ∈
n⊗

k=1

〈 kxik , kxik+1) = Fi. �

Definition 4.8 (mapping of physical space, control point). The mapping Cϕ : F(n) →
CL(n) from the previous theorem is called a mapping of the physical space F(n). The point
C ∈ J(n) : C = [c1, cs, . . . , ck, . . . , cn], ck ∈ 〈0, kv), is called its control point.

As a corollary of Theorem 4.3, for each mapping Cϕ : F(n) → CL(n), there exists the
inverse mapping, i.e., Cϕ

−1 : CL(n) → F(n). Thanks to this it is possible to assign a unique
logical domain C Li to each physical domain Fi using the mapping Cϕ, and, vice versa, to
assign a unique physical domain Fi to each logical domain C Li using the mapping Cϕ

−1.

Definition 4.9 (vertex and central mapping). The mapping Vϕ : F(n) → VL(n) with the
control point V = [ 0, 0, . . . , 0 ] is called the vertex mapping. The mapping Sϕ : F(n) →
SL(n) with the control point S =

[
1v
2
, 2v

2
, . . . , kv

2
, . . . , nv

2

]
is called the central mapping.

Definition 4.10 (global coordinate system). Let D(n) =
(
J(n),D(n)

)
be a digital space, kv

the dimensions of its domains, and Cϕ : F(n) → CL(n) an arbitrary mapping. Let Rn be the
n-dimensional real vector space with the basis {ek}nk=1, ek = (0, 0, . . . , kv, . . . , 0). The or-
dered (n+2)-tuple L(n) =

〈
L(n),S, e1, e2, . . . , ek, . . . , en

〉
is called a global coordinate system

of the logical space L(n). The ordered (n + 2)-tuple F (n) =
〈
F(n),S, e1, e2, . . . , ek, . . . , en

〉
is called a global coordinate system of the physical space F(n) induced by the mapping Cϕ.
The ordered (n+2)-tuple D(n) =

〈
D(n),S, e1, e2, . . . , ek, . . . , en

〉
is called a global coordinate

system of the digital space D(n) induced by the mapping Cϕ.

Let us note that the digital space D(2) is called the digital plane, its physical and logical
spaces F(2) and L(2) are called physical and logical planes, and their elements F

(2)
i and L

(2)
i

are called physical and logical pixels.
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Figure 8 shows the logical plane PL(2) with the control point P = [c, d] as the Cartesian
product of the sets cW × dH, and the global coordinate system of this plane induced by
the vertex and central mapping.

Figure 8: Illustration of the logical plane and its global coordinate systems

Digital Space Metrics

Theorem 4.4. Let F(n) be a physical space, ck ∈ R+, and E (n)
F , P(n)

F , C(n)
F mappings F(n) ×

F(n) → R such that E (n)
F

(
F

(n)
i ,F

(n)
j

)
=

√
n∑

k=1

c2k(ik − jk)2, P(n)
F

(
F

(n)
i ,F

(n)
j

)
=

n∑
k=1

ck|ik−jk|,

C(n)
F

(
F

(n)
i ,F

(n)
j

)
= max {ck|ik − jk|}nk=1. Then E (n)

F , P(n)
F , C(n)

F are metrics on F(n).

Proof. Non-negativity and symmetry are trivial. We prove the triangle inequality.
For E (n)

F , we have

E (n)
F

(
F

(n)
i ,F

(n)
j

)
+ E (n)

F

(
F

(n)
j ,F(n)

m

)
=

√√√√ n∑
k=1

c2k(ik − jk)2 +

√√√√ n∑
k=1

c2k(jk −mk)2 =

=

√√√√ n∑
k=1

(ckik − ckjk)2 +

√√√√ n∑
k=1

(ckjk − ckmk)2 ≥

√√√√ n∑
k=1

(ckik − ckmk)2

because it is the triangle inequality for the points X = [c1i1, . . . , cnin], Y = [c1j1, . . . , cnjn],
Z = [c1m1, . . . , cnmn] in the Euclidean metric. Since√√√√ n∑

k=1

(ckik − ckmk)2 =

√√√√ n∑
k=1

c2k(ik −mk)2 = E (n)
F

(
F

(n)
i ,F(n)

m

)
,
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E (n)
F

(
F

(n)
i ,F

(n)
j

)
+ E (n)

F

(
F

(n)
j ,F

(n)
m

)
≥ E (n)

F

(
F

(n)
i ,F

(n)
m

)
holds.

For P(n)
F , we have

P(n)
F

(
F

(n)
i ,F

(n)
j

)
+ P(n)

F

(
F

(n)
j ,F(n)

m

)
=

n∑
k=1

ck|ik − jk|+
n∑

k=1

ck|jk −mk| =

=
n∑

k=1

(ck|ik − jk|+ ck|jk −mk|) =
n∑

k=1

(|ckik − ckjk|+ |ckjk − ckmk|) ,

considering ck > 0. Since the absolute value is a metric on the set of real numbers, its
triangle inequality holds, i.e., ∀a, b, c ∈ R : |a− b|+ |b− c| ≥ |a− c|. Substituting a = ckik,
b = ckjk, c = ckmk, we obtain

∀k ∈ {1, 2, . . . , n} : |ckik − ckjk|+ |ckjk − ckmk| ≥ |ckik − ckmk|.

Summed over the index k, we have
n∑

k=1

(|ckik − ckjk|+ |ckjk − ckmk|) ≥
n∑

k=1

|ckik − ckmk| =
n∑

k=1

ck|ik −mk|.

The last expression is equal to P(n)
F

(
F

(n)
i ,F

(n)
m

)
, i.e.,

P(n)
F

(
F

(n)
i ,F

(n)
j

)
+ P(n)

F

(
F

(n)
j ,F(n)

m

)
≥ P(n)

F

(
F

(n)
i ,F(n)

m

)
.

Finally, for C(n)
F , we have

C(n)
F

(
F

(n)
i ,F

(n)
j

)
+ C(n)

F

(
F

(n)
j ,F(n)

m

)
= max {ck|ik − jk|}nk=1 + max {ck|jk −mk|}nk=1 .

Considering

∀k ∈ {1, 2, . . . , n} : max {ck|ik − jk|}nk=1 ≥ ck|ik− jk| ∧max {ck|jk −mk|}nk=1 ≥ ck|jk−mk|,

we obtain
n∧

k=1

(max {ck|ik − jk|}nk=1 ≥ ck|ik − jk|)
n∧

k=1

(max {ck|jk −mk|}nk=1 ≥ ck|jk −mk|) ,

and after summing these systems
n∧

k=1

(max {ck|ik − jk|}nk=1 + max {ck|jk −mk|}nk=1 ≥ ck|ik − jk|+ ck|jk −mk|) .

Considering ck > 0 and ∀a, b, c ∈ R : |a− b|+ |b− c| ≥ |a− c|, we obtain

ck|ik − jk|+ ck|jk −mk| = |ckik − ckjk|+ |ckjk − ckmk| ≥ |ckik − ckmk| = ck|ik −mk|,
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i.e.,
n∧

k=1

(max {ck|ik − jk|}nk=1 + max {ck|jk −mk|}nk=1 ≥ ck|ik −mk|)

max {ck|ik − jk|}nk=1 + max {ck|jk −mk|}nk=1 ≥ max {ck|ik −mk|}nk=1

C(n)
F

(
F

(n)
i ,F

(n)
j

)
+ C(n)

F

(
F

(n)
j ,F(n)

m

)
≥ C(n)

F

(
F

(n)
i ,F(n)

m

)
.

�

Definition 4.11 (weighted Euclidean, taxicab and maximum metric of physical space).
The metrics E (n)

F , P(n)
F , C(n)

F from the previous theorem are called the (weighted) Euclidean,
taxicab and maximum metric of the physical space F(n), respectively.

Theorem 4.5. Let L(n) be a physical space, ck ∈ R+, and E (n)
L , P(n)

L , C(n)
L mappings L(n)×

L(n) → R such that E (n)
L

(
L

(n)
i ,L

(n)
j

)
=

√
n∑

k=1

c2k(ik − jk)2, P(n)
L

(
L

(n)
i ,L

(n)
j

)
=

n∑
k=1

ck|ik−jk|,

C(n)
L

(
L

(n)
i ,L

(n)
j

)
= max {ck|ik − jk|}nk=1. Then E (n)

L , P(n)
L , C(n)

L are metrics on L(n).

Proof. This theorem is formally entirely analogical to Theorem 4.4. That is why its proof
is also entirely analogical. �

Definition 4.12 (weighted Euclidean, taxicab and maximum metric of logical space).
The metrics E (n)

L , P(n)
L , C(n)

L from the previous theorem are called the (weighted) Euclidean,
taxicab and maximum metric of the logical space L(n), respectively.

Note that the Euclidean metric is used especially for a „continuous space“ in which the
distance of two points can be any non-negative real value and in which we can move in an
arbitrary direction. If we understand a space as an n-dimensional grid, the taxicab and
maximum metric are usually more suitable; see Figure 9.

Figure 9: Circle with the radius r in the Euclidean, taxicab and maximum metric
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Definition 4.13 (physical domain neighbour). Let F
(n)
i , F

(n)
j be two different physical

domains of the same physical space F(n), and F
(n)

i , F
(n)

i their closures. The domain F
(n)
j is

called a neighbour of the domain F
(n)
i if, and only if, F

(n)

i ∩ F
(n)

i 6= ∅.

Definition 4.14 (logical domain neighbour). Let F(n) be a physical space, CL(n) a logical
space of the same digital space D(n), and L

(n)
i , L

(n)
j ∈ CL(n) such that L

(n)
i = Cϕ

(
F

(n)
i

)
,

L
(n)
j = Cϕ

(
F

(n)
j

)
. The domain L

(n)
j is called a neighbour of the domain L

(n)
i if, and only

if, F
(n)
j is a neighbour of F

(n)
j .

Theorem 4.6. A physical domain F
(n)
j is a neighbour of a domain F

(n)
i if, and only if,

C(n)
F

(
F

(n)
i ,F

(n)
j

)
= 1.

Proof. Let F
(n)
j be a neighbour of F

(n)
i . Then(

F
(n)
i 6= F

(n)
j

)
∧
(
F

(n)

i ∩ F
(n)

i 6= ∅
)
⇔

⇔ (∃k ∈ {1, . . . , n} : ik 6= jk) ∧

(
n⊗

k=1

〈 kxik , kxik+1) ∩
n⊗

k=1

〈 kxjk
, kxjk+1) 6= ∅

)
⇔

⇔ (∃k ∈ {1, . . . , n} : ik 6= jk) ∧

(
n⊗

k=1

(〈 kxik , kxik+1) ∩ 〈 kxjk
, kxjk+1)) 6= ∅

)
⇔

⇔ (∃k ∈ {1, . . . , n} : ik 6= jk) ∧ ∀k ∈ {1, . . . , n} :

(〈 kxik , kxik+1) ∩ 〈 kxjk
, kxjk+1) 6= ∅)⇔

⇔ (∃k ∈ {1, . . . , n} : ik 6= jk) ∧ ∀k ∈ {1, . . . , n} :

((ik = jk) ∨ (ik = jk + 1) ∨ (jk = ik + 1))⇔

⇔ max {|ik − jk|}nk=1 = 1⇔

⇔ C(n)
F

(
F

(n)
i ,F

(n)
j

)
= 1.

�

Valuation and Digital Objects

Definition 4.15 (binary valuation of physical space). Let F(n) be a physical space. A
mapping βF : F(n) → {0, 1} is called a binary valuation of the physical space F(n).

Definition 4.16 (binary valuation of logical space). Let F(n) be a physical space and βF :

F(n) → {0, 1} its binary valuation. Let CL(n) be a logical space of the same digital space
D(n) and let Cϕ : F(n) → CL(n) be a mapping. A mapping βL : CL(n) → {0, 1} such that

∀L(n)
i ∈ CL(n) : βL

(
L

(n)
i

)
= 1⇔

(
Cϕ

−1
(
L

(n)
i

)
= F

(n)
i

)
∧
(
βF

(
F

(n)
i

)
= 1
)

is called a binary valuation of the logical space CL(n).
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Definition 4.17 (general valuation of physical space). Let A be any set with at least two
elements and let F(n) be a physical space. A mapping βF : F(n) → A is called a general
valuation of the physical space F(n).

Definition 4.18 (general valuation of logical space). Let A be any set with at least two
elements, let F(n) be a physical space and βF : F(n) → A its general valuation. Let CL(n) be
a logical space of the same digital space D(n) and let Cϕ : F(n) → CL(n) be a mapping. A
mapping βL : CL(n) → A such that

∀L(n)
i ∈ CL(n),∀a ∈ A : βL

(
L

(n)
i

)
= a⇔

(
Cϕ

−1
(
L

(n)
i

)
= F

(n)
i

)
∧
(
βF

(
F

(n)
i

)
= a
)

is called a general valuation of the logical space CL(n).

If there is no need to distinguish a logical and physical space, we will write β : D(n) → A

and call it a general valuation of the digital space. For practical purposes, valuations with
number sets are used.

Definition 4.19 (numerical valuation of digital space). Let β : D(n) → A be a valuation
of a digital space. If A is a number set, the valuation β is called a numerical valuation.
In particular, if A ⊂ N (A ⊂ Z,A ⊂ Q,A ⊂ R,A ⊂ C), the valuation β is called natural
(integer, rational, real, complex).

Definition 4.20 (m-ary valuation of digital space). Let M be any set with m elements and
let D(n) be a digital space. A mapping β : D(n) → M is called an m-ary valuation of the
digital space D(n).

4.2 Digital Image

Definition 4.21 (discretized function). Let I(n) be a support of a digital space. A function
g(x), defined for every x = [x1, x2, . . . , xn] ∈ Rn, is called discretized if, and only if,
∀x ∈ I(n) : g(x) = g(bxc) where bxc = [bx1c, bx2c, . . . , bxnc].

Definition 4.22 (image). Let W = 〈0, w) ⊂ R, w ∈ N (Width), H = 〈0, h) ⊂ R, h ∈ N
(Height), and V = 〈v1, v2) ⊂ R (Value Set) be intervals. A function I : W × H → V is
called an (analog) image.

If the function I is discretized, we talk about a discretized image. If the domain W ×H of
the function I is a physical (logical) plane, we talk about a physical (logical) image. The
resolution of a physical (logical) image is understood as the resolution of its support. If the
function I is discretized and H ⊂ N, we talk about a digital image.

The last definition is very general and is fulfilled by any kind of „image“; a photo, a map, a
drawing, and even a real visual perception of the surroundings. Everything depends on the
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codomain V of this image. If an analog image is supposed to be processed by a computer,
it has to be converted into a digital one at first. This process is called digitization of the
image.

Digitization occurs in two parts: discretization and quantization.

• Discretization means the reading of an analog signal, and, at regular time intervals
(frequency), sampling the value of the signal at the point. Each such reading is called
a sample and may be considered to have infinite precision at this stage.

• Quantization means the rounding of the samples to a fixed set of numbers (such as
integers).

According to the previous theory, a digital image is an m-ary valuation of a digital plane.

Throughout the following text, we will work with digital images only. That is why the word
„digital“ will be omitted.
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5 Frequency Domain Approach

Frequency domain representation enables us to process certain spatial frequencies of an
image, as desired. We can attenuate high frequencies while retaining low ones (smoothening
the image and additive noise filtering), or, vice versa, we can attenuate low frequencies while
retaining high ones (reducing the contrast, focusing the image, detection of edges, etc.).

The latter modification is particularly important because it enables us to reduce the dy-
namic range of HDR images and their better visualization. Originally, the highest contrast
can be found in low frequencies that are less substantive for a human eye. If these low
frequencies are attenuated, it is possible to set a higher contrast in high frequencies and to
reduce the dynamic range of an HDR image.

5.1 Frequency Domain Representation of Image

A given image can be converted from the spatial domain to the frequency domain by means
of the (two-dimensional) discrete Fourier transform (DFT). The DFT decomposes the image
into the sum of frequency components. The spectrum of the frequency components is the
frequency domain representation of the image. The inverse DFT converts the frequency
domain representation back to the spatial representation.

The DFT is the sampled Fourier transform and therefore does not contain all frequencies
forming an image, but only a set of samples that is large enough to fully describe the spatial
domain image. The number of frequencies corresponds to the number of pixels in the spatial
domain image, i.e., the images in the spatial and Fourier domain are of the same size.

5.2 Discrete Fourier Transform

The DTF is an important image processing tool, which is used to decompose an image
into its sine and cosine components. Since we are only concerned with digital images, we
will restrict this discussion to the two-dimensional DFT and call it usually just the DFT.
Information on the one-dimensional DFT can be found in [3]. This section was elaborated
using [1] and [17].

The DFT is used if we want to access the geometric characteristics of a spatial domain image.
Since the image in the frequency domain is decomposed into its sinusoidal components, it is
easy to examine or process certain frequencies of the image, thus influencing the geometric
structure in the spatial domain.
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Definition 5.1 (DFT). Let f(m,n), m ∈ {0, . . . ,M − 1}, n ∈ {0, . . . , N − 1} be an image
in the spatial domain. The DFT is given by

F (k, l) = D {f(m,n)} =
1

MN

M−1∑
m=0

N−1∑
n=0

f(m,n) e−2πi( km
M

+ ln
N )

where k ∈ {0, . . . ,M−1}, l ∈ {0, . . . , N−1}. F (k, l) is called the Fourier image of f(m,n).

In a similar way, the Fourier image can be re-transformed to the spatial domain.

Definition 5.2 (inverse DFT). Let F (k, l), k ∈ {0, . . . ,M − 1}, l ∈ {0, . . . , N − 1}, be an
image in the frequency domain. The inverse DFT is given by

f(m,n) = D−1 {F (k, l)} =
M−1∑
k=0

N−1∑
l=0

F (k, l) e2πi( km
M

+ ln
N )

where m ∈ {0, . . . ,M − 1}, n ∈ {0, . . . , N − 1}.

Note that the discrete Fourier transform always exists. The summation is realized over a
finite number of elements and that is why, unlike the Fourier transform, there is no need
to be concerned with any existence conditions.

Theorem 5.1. Let f(m,n), m ∈ {0, . . . ,M − 1}, n ∈ {0, . . . , N − 1} be an image in the
spatial domain and F (k, l) its Fourier image. Then

D−1 {F (k, l)} = D−1 {D {f(m,n)}} = f(m,n).

Proof.

D−1 {D {f(m,n)}} =
M−1∑
k=0

N−1∑
l=0

F (k, l) e2πi( km
M

+ ln
N ) =

=
M−1∑
k=0

N−1∑
l=0

1

MN

M−1∑
r=0

N−1∑
s=0

f(r, s) e−2πi( kr
M

+ ls
N )e2πi( km

M
+ ln

N ) =

=
1

MN

M−1∑
k=0

N−1∑
l=0

M−1∑
r=0

N−1∑
s=0

f(r, s) e−2πi kr
M e−2πi ls

N e2πi km
M e2πi ln

N =

=
1

MN

M−1∑
r=0

N−1∑
s=0

f(r, s)
M−1∑
k=0

N−1∑
l=0

e2πik m−r
M e2πil n−s

N =

=
1

MN

M−1∑
r=0

N−1∑
s=0

f(r, s)
M−1∑
k=0

(
e2πi m−r

M

)k

︸ ︷︷ ︸
S1

N−1∑
l=0

(
e2πi n−s

N

)l

︸ ︷︷ ︸
S2

.

Now, S1 is a finite geometric series and we can compute its sum (the first element is equal
to 1 and the common ratio is equal to e2πi m−r

M ). If m = r, the common ratio is equal to 1
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and S1 = M . If m 6= r, then m− r ∈ Z \ {0} and

S1 = 1 ·

(
e2πi m−r

M

)M

− 1

e2πi m−r
M − 1

=
e2πi(m−r) − 1

e2πi m−r
M − 1

=

=
cos 2π(m− r) + i sin 2π(m− r)− 1

e2πi m−r
M − 1

=
1− 1

e2πi m−r
M − 1

= 0.

S2 can be treated analogically, i.e.,

S2 =

{
N for n = s,

0 else.

Hence, D−1 {D {f(m,n)}} = 1
MN
· f(m,n) ·M ·N = f(m,n). �

The DFT produces a complex number valued output image that can be displayed with two
images, either with the real and imaginary part or with magnitude and phase.

Definition 5.3 (amplitude spectrum, phase spectrum, logarithmic spectrum). Let f(m,n)

be a function {0, . . . ,M − 1} × {0, . . . , N − 1} → C, M,N ∈ N, with the Fourier spec-
trum F (k, l). The amplitude spectrum of the function f(m,n) is the function A(k, l) :

{0, . . . ,M − 1} × {0, . . . , N − 1} → R defined as

A(k, l) = |D {f(m,n)}| = |F (k, l)| .

The phase spectrum of the function f(m,n) is the function Φ(k, l) : {0, . . . ,M − 1} ×
{0, . . . , N − 1} → 〈0, 2π) defined as

Re (F (k, l)) = A(k, l) cos Φ(k, l),

Im (F (k, l)) = A(k, l) sin Φ(k, l).

If A(k, l) = 0 for some (k, l), we define Φ(k, l) = 0.
The logarithmic spectrum is the function L(k, l) : {0, . . . ,M − 1} × {0, . . . , N − 1} → R
defined as L(k, l) = logA(k, l).

Remark. The amplitude spectrum usually contains a lot of areas with very small values,
comparing to the maximum. In these areas, using the logarithmic spectrum is essential.
For the null values in the amplitude spectrum, the logarithmic spectrum is not defined.

In image processing, often only the magnitude of the DFT is displayed, as it contains most
of the information of the geometric structure of the spatial domain image. However, if we
want to re-transform the Fourier image into the correct spatial domain representation, we
must make sure to preserve both magnitude and phase of the Fourier image.

31



Properties of Discrete Fourier Transform

Let us assume that f , f1, f2 are functions {0, . . . ,M −1}×{0, . . . , N −1} → C, M,N ∈ N,
with the Fourier images F , F1, F2, respectively. Then the DFT has (among others) these
following properties:

1. Linearity:

af1(m,n) + bf2(m,n) ←→ aF1(k, l) + bF2(k, l), a, b ∈ R

2. Translation (shift):

f((m−m1) modM, (n− n1) modN) ←→ F (k, l)e−2πi(m1k
M

+
n1l
N ), m1, n1 ∈ Z

3. Modulation:

f(m,n)e2πi(mm1
M

+
nn1
N ) ←→ F ((k −m1) modM, (l − n1) modN), m1, n1 ∈ Z

4. Transposition:
f(n,m) ←→ F (l, k)

5. Symmetry:

f((M −m) modM,n) ←→ F ((M − k) modM, l)

f(m, (N − n) modN) ←→ F (k, (N − l) modN)

f((M −m) modM, (N − n) modN) ←→ F ((M − k) modM, (N − l) modN)

6. Convolution:

1

MN

M−1∑
m1=0

N−1∑
n1=0

f1(m1, n1) f2((m−m1) modM, (n− n1) modN) ←→

←→ F1(k, l)F2(k, l), m1, n1 ∈ Z

7. Multiplication:
f1(m,n) f2(m,n) ←→

←→
M−1∑
k1=0

N−1∑
l1=0

F (k1, l1)F2((k − k1) modM, (l − l1) modN), k1, l1 ∈ Z

Concerning the properties 2, 5, 6, 7, the modular arithmetic is used because the functions
above are not defined for (m,n) /∈ {0, . . . ,M − 1} × {0, . . . , N − 1}. (Another approach is
to define the periodization of these functions; see [3].)

For our purposes, the convolution statement is the most interesting property because it
enables us to replace a convolution in the spatial domain with a multiplication in the
frequency domain, which may reduce the computation time significantly; see Theorem 6.2.
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Theorem 5.2. Let f1(m,n), f2(m,n) be functions {0, . . . ,M − 1} × {0, . . . , N − 1} → C,
M,N ∈ N, with the Fourier images F1(k, l), F2(k, l), respectively. Then

D {f1(m,n) ∗ f2(m,n)} = F1(k, l) · F2(k, l).

Proof. Let f(m,n) = f1(m,n) ∗ f2(m,n), i.e.,

f(m,n) =
1

MN

M−1∑
m1=0

N−1∑
n1=0

f1(m1, n1) f2((m−m1) modM, (n− n1) modN).

Now let us compute the Fourier image F (k, l) of this function:

F (k, l) =
1

MN

M−1∑
m=0

N−1∑
n=0

1

MN

M−1∑
m1=0

N−1∑
n1=0

f1(m1, n1) ·

·f2((m−m1) modM, (n− n1) modN)e−2πi( km
M

+ ln
N ) =

=
1

MN

M−1∑
m1=0

N−1∑
n1=0

f1(m1, n1)e
−2πi( km1

M
+

ln1
N ) ·

· 1

MN

M−1∑
m=0

N−1∑
n=0

f2((m−m1) modM, (n− n1) modN)e
2πi

“
k(m−m1)

M
+

l(n−n1)
N

”
=

=
1

MN

M−1∑
m1=0

N−1∑
n1=0

f1(m1, n1)e
−2πi( km1

M
+

ln1
N ) · 1

MN

M−1∑
m=0

N−1∑
n=0

f2(m,n)e2πi( km
M

+ ln
N ) =

= F1(k, l)F2(k, l). �

Computation of Discrete Fourier Transform

As already stated, both the DFT and inverse DFT can be computed by means of the finite
count of arithmetic operations. Let us assume now that we have already calculated all the
required values e−2πi km

M and e−2πi ln
N . To enumerate the sum

F (k, l) =
1

MN

M−1∑
m=0

N−1∑
n=0

f(m,n)e−2πi km
M e−2πi ln

N ,

M ·N complex operations (multiplication and addition) are needed for each (k, l). Therefore,
altogether M2 · N2 operations are needed to compute M · N values of F (k, l). However,
this is the least efficient way of the calculation.

Since the DFT is separable, i.e.,

F (k, l) =
1

M

M−1∑
m=0

(
1

N

N−1∑
n=0

f(m,n)e−2πi ln
N

)
e−2πi km

M ,

it can be written as

F (k, l) =
1

M

M−1∑
m=0

P (m, l)e−2πi km
M
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where

P (m, l) =
1

N

N−1∑
n=0

f(m,n)e−2πi ln
N .

Using these two formulas, the spatial domain image is first transformed into an intermediate
image using N one-dimensional DFTs. This intermediate image is then transformed into
the final image, using M one-dimensional DFTs. Expressing the two-dimensional DFT in
terms of a series of M + N one-dimensional transforms decreases the number of required
computations to M ·N · (M +N).

Using the Fast Fourier Transform (FFT), this number of operations can be further reduced
because the computing of N values of a one-dimensional DFT has the order of N logN .
Therefore, the computing of our two-dimensional DFT has the order ofM ·N(logM+logN).

5.3 Frequency Filters in 2-D

Frequency filtering is based on the DFT. The operator takes an image and a filter function
in the frequency domain. This image is then multiplied with the filter function, i.e.,

G(k, l) = F (k, l) ·H(k, l)

where F (k, l) is the input image in the frequency domain, H(k, l) the filter function, and
G(k, l) is the filtered image. To obtain the resulting image in the spatial domain, G(k, l)

has to be re-transformed using the inverse DFT.

Since the multiplication in the Fourier space is identical to convolution in the spatial domain,
all frequency filters can be in theory implemented as a spatial filter. However, in practice,
the frequency domain filter function can be only approximated by the filtering kernel in
spatial domain.

The form of the filter function determines the effects of the operator:

A low-pass filter attenuates high frequencies and retains low frequencies unchanged, thus
causing the smoothening of the image; as the blocked high frequencies correspond to sharp
intensity changes, i.e., to the fine-scale details and noise in the spatial domain image.

A high-pass filter, on the other hand, yields edge enhancement or edge detection in the
spatial domain, because edges contain many high frequencies. Areas of rather constant
graylevel consist of mainly low frequencies and are therefore suppressed.

A band-pass filter is a combination of both low-pass and high-pass filters; it attenuates very
low and very high frequencies, but retains a middle range band of frequencies. Band-pass
filtering can be used to enhance edges (suppressing low frequencies) while reducing the
noise at the same time (attenuating high frequencies).
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Examples of the Most Commonly Used Frequency Filters

Assume that F (k, l) is an image with the centralized spectrum (F (0, 0) is located in the
centre of the image), and H(k, l) is a filter function where k, l = 0, 1, . . . ,M − 1. Let us
denote k0 = M

2
, l0 = N

2
, and D0 ∈ {1, 2, . . . , min(M,N)

2
} the cut-off frequency.

The low-pass filter can be implemented in the following way:

• Ideal low-pass filter

HI(k, l) =

{
1 for

√
(k − k0)2 + (l − l0)2 < D0,

0 else.

• Gaussian low-pass filter

HG(k, l) = e
−a

(k−k0)2+(l−l0)2

D2
0

where a is a parameter; the magnitude is attenuated to e−a at the cut-off frequency,
i.e., for (k− k0)

2 + (l− l0)2 = D2
0. Compared with the ideal filter, the Gaussian filter

is smooth and does not have the undesirable ringing effect.

• Butterworth low-pass filter

HB(k, l) =
1

1 +
(

(k−k0)2+(l−l0)2

D2
0

)n

where n is a parameter (note that for n → ∞, the Butterworth filter becomes the
ideal filter). The Butterworth filter is also a smooth low-pass filter. At the cut-off
frequency, the magnitude is attenuated to 0.5.

Figure 10: Illustration of the Gaussian low-pass filter with a = 1 (left) and Butterworth
filter with n = 4 (right)

The high-pass filter corresponding to each of the low-pass filters above can be obtained by
Hhigh−pass = 1−Hlow−pass.
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Instead of using one of the standard filter functions, we can also create our own filter mask,
thus enhancing or suppressing only certain frequencies. In this way we can remove periodic
patterns in the spatial domain image (e.g., optical cuts can be devalued with Newton’s
rings2).

5.4 Frequency Filters in 3-D

In our main application, a series of optical cuts taken by means of a confocal microscope
can be represented as a three-dimensional data grid. It allows us, besides processing of each
2-D image individually, to perform 3-D processing of the whole block of data all at once
using the three-dimensional discrete Fourier transform.

The 3-D DFT and inverse 3-D DFT are defined in the following way:

Definition 5.4 (3-D DFT). Let f(m1,m2,m3), mi ∈ {0, . . . ,Mi − 1}, i = 1, 2, 3, be a 3-D
image in the spatial domain. The 3-D DFT is given by

F (k1, k2, k3) = D {f(m1,m2,m3)} =

=
1

M1M2M3

M1−1∑
m1=0

M2−1∑
m2=0

M3−1∑
m3=0

f(m1,m2,m3) e
−2πi

“
k1m1
M1

+
k2m2
M2

+
k3m3
M3

”

where ki ∈ {0, . . . ,Mi − 1}, i = 1, 2, 3.

Definition 5.5 (inverse 3-D DFT). Let F (k1, k2, k3), ki ∈ {0, . . . ,Mi− 1}, i = 1, 2, 3, be a
3-D image in the frequency domain. The inverse 3-D DFT is given by

f(m1,m2,m3) = D−1 {F (k1, k2, k3)} =

M1−1∑
k1=0

M2−1∑
k2=0

M3−1∑
k3=0

F (k1, k2, k3) e
2πi

“
k1m1
M1

+
k2m2
M2

+
k3m3
M3

”

where mi ∈ {0, . . . ,Mi − 1}, i = 1, 2, 3.

Analogically to Section 5.3, a 3-D image is multiplied with a 3-D filter function in the
frequency domain, i.e.,

G(k1, k2, k3) = F (k1, k2, k3) ·H(k1, k2, k3)

where F (k1, k2, k3) is the input 3-D image in the frequency domain, H(k1, k2, k3) is the filter
function, and G(k1, k2, k3) is the filtered image. To obtain the resulting 3-D image (or the
series of 2-D images) in the spatial domain, G(k1, k2, k3) has to be re-transformed using the
inverse 3-D DFT.

2An interference pattern caused by the reflection of light between two surfaces – a spherical surface and
an adjacent flat surface.
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Computation of 3-D Discrete Fourier Transform

The practical computation of the 3-D DFT and inverse 3-D DFT is another matter. The
direct procedure according to Definitions 5.4 and 5.5 is infeasible at all, due to an enormous
computational time. The usage of the separability of the DFT is still insufficient, that is
why a more advanced implementation is required.

An example of the implementation of the 3-D FFT can be found in [19]. The P3DFFT
routine employs a 2-D block decomposition whereby processors are arranged into a 2-D
grid, as specified by input arguments. Two of the dimensions of the 3-D grid are block-
distributed across the processor grid, by assigning the blocks to tasks in the rank order.
The third dimension of the grid remains undivided, i.e., contained entirely within the local
memory (see Figure 11). This scheme is sometimes called pencils decomposition.

Figure 11: Example of 2-D block decomposition of a 3-D grid

Since the DFT has the property of conjugate symmetry, only about half of the complex
Fourier coefficients need to be kept. To be precise, if the input array has n elements,
Fourier coefficients for k = n

2
+ 1, . . . , n can be dropped as they can be easily restored

from the rest of the coefficients. This saves both memory and time. Therefore the output
array for the forward transform (and the input array of the inverse transform) contains(

M1

2
+ 1
)
·M2 ·M3 complex numbers, with the understanding that M1

2
− 1 elements in the

x direction are missing and can be restored from the remaining elements.

Examples of the Most Commonly Used Frequency Filters

Assume that F (k1, k2, k3) is a 3-D image with the centralized spectrum and H(k1, k2, k3) is
a filter function where ki = 0, 1, . . . ,Mi − 1, i = 1, 2, 3. Let us denote ki0 = Mi

2
, i = 1, 2, 3,

and D0 ∈ {1, 2, . . . , min(M1,M2,M3)
2

} the cut-off frequency.

Analogically to Section 5.3, the low-pass filter can be implemented in the following way:
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• Ideal 3-D low-pass filter

HI(k1, k2, k3) =

{
1 for

√
(k1 − k10)

2 + (k2 − k20)
2 + (k3 − k30)

2 < D0,

0 else.

• Gaussian 3-D low-pass filter

HG(k1, k2, k3) = e
−a

(k1−k10
)2+(k2−k20

)2+(k2−k20
)2

D2
0 .

• Butterworth 3-D low-pass filter

HB(k1, k2, k3) =
1

1 +
(

(k1−k10 )2+(k2−k20 )2+(k2−k20 )2

D2
0

)n .

Again, the 3-D high-pass filter corresponding to each of the 3-D low-pass filters above can
be obtained by Hhigh−pass = 1−Hlow−pass.

In closing this section, let us note that the frequency domain approach (besides high com-
putational costs) has another significant disadvantage, as it is difficult to take into account
the (possible) different scaling of the vertical axis depending on the step of the microscope
that provided the images. This disadvantage can be overcome by the digital geometry
approach (see Section 8.3).

5.5 Wavelet Transform

The wavelet transform is an interesting alternative to the Fourier transform. In [2], a
method working in the transform domain of an edge oriented wavelet transform is pre-
sented. Low-frequency components and high-resolution wavelet coefficients are separately
manipulated before image reconstruction in order to reduce the overall dynamic range of
HDR images.

The Wavelet transform has gained a lot of popularity in the field of signal processing. This is
due to its capability of providing both time and frequency information simultaneously, hence
giving a time-frequency representation of the signal. The traditional Fourier transform can
only provide spectral information about a signal, i.e., it tells how much of each frequency
exists in the signal but it does not tell at which time (space) these frequency components
occur.

To solve this problem, the Short-Time Fourier Transform (STFT) was introduced. The
non-stationary signal is divided into small portions, which are assumed to be stationary.
This is done using a window function of a chosen width, which is shifted and multiplied
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with the signal to obtain the small stationary signals. The Fourier transform is then applied
to each of these portions to obtain the short time Fourier transform of the signal.

However, to assume stationarity, the window is supposed to be narrow, which results in a
poor frequency resolution, i.e., it is difficult to know the exact frequency components that
exist in the signal; only the band of frequencies that exist is obtained. If the width of the
window is increased, the frequency resolution improves but the time resolution becomes
poor, i.e., it is difficult to know what frequencies occur at which time intervals.

The Wavelet transform solves the above problem to a certain extent. In contrast to STFT,
which uses a single analysis window, the Wavelet transform uses short windows at high
frequencies and long windows at low frequencies. This results in a multi-resolution analysis
by which the signal is analyzed with different resolutions at different frequencies, i.e., both
the frequency resolution and time resolution vary in the time-frequency plane.

The continuous Wavelet transform is provided by

XWT (τ, s) =
1√
|s|

∫
x(t) · ψ∗

(
t− τ
s

)
dt

where x(t) is the signal to be analyzed, ψ(t) is the mother wavelet (basis function), τ is the
translation parameter relating to the location of the wavelet function as it is shifted through
the signal, and s is the scale parameter corresponding to the frequency information. All the
wavelet functions used in the transformation are derived from the mother wavelet through
translation and scaling.

Since this thesis is not concerned with the implementation of the Wavelet transform, we
will not introduce its discretization and two-dimensional generalization due to high formal
demands. Further information on this topic can be found in [13].
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6 Digital Geometry Approach to 2-D Image

Enhancement

Processing an image in the frequency domain suffers from one substantial fact: any mod-
ification of any frequency affects the whole spatial domain image. If we want to perform
local adjustments and modifications, it is necessary to work in the spatial domain directly.

One of the main attributes of the human eye, comparing to digital cameras, is adaptivity,
i.e., local adjustment of the aperture, sensitivity, white balance, etc. Mathematical methods
based on this principle do not process the whole image but just some local neighbourhood
of each pixel. This local neighbourhood is constructed by means of methods that simulate
the attributes of the human eye; it is a set of pixels that belong together, according to a
chosen characteristic (e.g., intensity).

In this chapter, a description and explanation of various kinds of 2-D adaptive histogram
equalization procedures is given. These procedures are rarely described in the literature
available, and if they are, then in a very vague way. One of the main tasks and targets of
this thesis is to formalize the known theory, to extend it by introducing more compex algo-
rithms, thus improving the adaptive histogram equalization performance, and to implement
everything in the software developed as a part of this thesis.

Let us note that these 2-D procedures work within a single particular image. However,
with suitable data, e.g., a series of optical cuts provided by a confocal microscope, it is
reasonable to take into account also the adjacent images (cuts). This generalization into
3-D is discussed in Chapter 8 and constitutes the next task and target of this thesis.

6.1 Basic Concepts

Digital image I is an m-ary valuation β of the digital plane D(2) (see Definition 4.19).
Depending on m, an image can be eight-bit, sixteen-bit, grayscale, colour, etc.

Physical pixel (the smallest displayable element on a given output device) F
(2)
i , i = [i1, i2],

is a physical 2-D domain (see Definition 4.5) and an element of the physical plane F(2).

Logical pixel L
(2)
i , i = [i1, i2], is a logical 2-D domain (see Definition 4.7) and an element of

the logical plane L(2). For each i ∈ I(2), the logical pixel L
(2)
i is uniquely assigned to the

physical pixel F
(2)
i using the central mapping Sϕ (see Definition 4.9).

Let us note that the simplest algorithm for constructing curves given by the equation
f(x, y) = 0 uses the difference between physical and logical pixels and the vertex mapping,
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see [7], pg. 72, or [6]. For the purposes of this thesis, the algorithm of the line segment
construction using the central mapping will be sufficient; see [10].

Remark. If it is clear which digital space we are working with, the specification of its
dimension will be omitted. If the coordinates of the physical (logical) pixel F

(2)
i (L(2)

i ) are
unknown and/or not decisive (i.e., we are only interested if a given pixel does or does not
belong to a certain set), a notation Fi (Li), i ∈ N0, will be used.

Image matrix is an M -by-N matrix, (M,N) is the resolution of the digital plane D(2) (see
Definition 4.4), whose elements are the values β

(
F

(2)
i

)
, β
(
L

(2)
i

)
of individual physical

(logical) pixels F
(2)
i , L

(2)
i , i = [i1, i2].

Let us note that the image matrix is used if the image is described in the spatial domain.
Another possibility is to describe the image in the frequency domain (see Chapter 5).

Histogram is a graph showing the distribution of individual intensity values in an image
(the range of the intensity values is determined by the codomain of the valuation β). The
horizontal axis of the graph represents the intensity values, while the vertical axis represents
the number of pixels with that particular intensity. For colour images, individual histograms
of red, green and blue channel can also be taken.

Cumulative histogram is a graph showing, at each intensity value, the number of pixels in
an image with the intensity less or equal to the intensity just considered. Again, for colour
images, individual cumulative histograms of red, green and blue channel can also be taken.

Figure 12 shows an example of the histogram and cumulative histogram of intensities of an
8-bit gray-scale image.

Figure 12: 8-bit gray-scale image (left) with its histogram (middle) and cumulative his-
togram (right) of intensities (both normalized)
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6.2 Adaptive Histogram Equalization

Histogram equalization provides a possibility of modifying the dynamic range and contrast
of an image by altering the image in the way that the output image contains a more uniform
distribution of intensities (the intensity histogram is flatter and covers the whole range of
the intensities). The transformation function is given by the cumulative histogram of the
original image.

Let us consider an image I, i.e., a valuation β : D(2) → N. The histogram equalization is
implemented as follows:

• The histogram of intensities is taken. Let us denote h(i) the number of pixels with the
intensity equal to i, i = 0, . . . , L, where L represents the maximum possible intensity
value, given by the codomain of the valuation β (most often, L = 255 or L = 65, 535).

• The cumulative histogram of intensities is calculated. Let us denote c(i) the number

of pixels with the intensity less or equal to i, i = 0, . . . , L, i.e., c(i) =
i∑

j=0

h(j).

• Now the histogram equalization assigns to the pixel F with the original intensity
β(F) = i the output value Fout(i) given by the formula

β(F)out = Round

(
c(i)− cmin

M ·N − cmin

· L
)
, i = 0, . . . , L

where cmin is the minimum non-zero value of c, and M , N represent the width and
height of the input image I.

Remark. The procedure above describes the histogram equalization of a gray-scale image.
It can also be used on colour images, if the image is first converted to the HSL (hue –
saturation – lightness) colour space.

However, this histogram processing method is global (in the sense that it applies a trans-
formation function based on the intensity level distribution of the entire image). Although
this method can enhance the overall contrast and dynamic range of the image (and thereby
making certain details more visible), there are many cases in which enhancement of details
over small areas (i.e., the areas with a negligible influence on the global transformation
function because their number of pixels is very small comparing to the number of pixels of
the entire image) is desired.

The solution is to derive the transformation function based on the intensity distribution
within the local neighbourhood of the processed pixel in order to simulate the adaptivity
of the human eye.
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Definition 6.1 (local neighbourhood). Let I be a digital image in the spatial domain,

Sϕ : F(2) → L(2) the central mapping, F0 ∈ I a processed pixel, and r ∈ N. The set
O(2) =

{
F ∈ I : C(2)

L ( Sϕ (F) , Sϕ (F0)) ≤ r
}

is called a local neighbourhood of the pixel F0

of the size (radius) r.

Note that the maximum metric with c1 = c2 = 1 was used (see Definition 4.12).

The selection of the size of the neighbourhood is crucial. Too big neighbourhood causes
generally a bad adaptivity to local features of the original image. On the other hand, too
small neighbourhood causes the loss of low and medium space frequencies.

Remark. Let us also note that the performance of the adaptive histogram equalization
procedure is usually too strong in the sense that the texture of the image is „over-visualized“.
The software following this thesis employs a weighted average between the original and
equalized image.

6.3 Adaptive Histogram Equalization with Adaptive

Neighbourhood

The previous method works well only if strong interfaces do not appear in the original
image. If they do, it is necessary to use the adaptive histogram equalization with an
adaptive neighbourhood. The neighbourhood of the processed pixel has a variable shape
respecting the interfaces that appear in the original image (see Figure 13).

Figure 13: The principle of the adaptive histogram equalization with an adaptive neigh-
bourhood

In the literature available, there is very little information on these methods. Let us explore
now the adaptive neighbourhoods used most often, together with a suggestion of a few
improvements.
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V(α)-neighbourhood

Definition 6.2 (V(α)-neighbourhood). Let O(2) be a (non-adaptive) local neighbourhood
(according to Definition 6.1) of a processed pixel F0, let β : D(2) → N be a natural
valuation of the digital plane D(2) (according to Definition 4.19), and α ∈ N. The set
O

(2)
V =

{
F ∈ O(2) : |β(F)− β(F0)| ≤ α

}
is called a V(α)-neighbourhood of the pixel F0.

Figure 14 shows an example of this neighbourhood. Generally, the V(α)-neighbourhood
works well unless very small contrast objects appear in the image, e.g., the stellar sky.

Figure 14: V(20)-neighbourhood with r=2 compared to the non-adaptive neighbourhood

Figure 15: A(12)-neighbourhood with r=2 compared to the non-adaptive neighbourhood
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A(k)-neighbourhood

Definition 6.3 (A(k)-neighbourhood). Let O(2) be a (non-adaptive) local neighbourhood
(according to Definition 6.1) with n elements of a processed pixel F0, let β : D(2) → N
be a natural valuation of the digital plane D(2) (according to Definition 4.19), and k ∈ N,
k ≤ n. Let us consider a sequence {Fi}ni=0 such that Fi ∈ O(2) and |β(Fi) − β(F0)| ≤
|β(Fi+1) − β(F0)|, i = 1, . . . , n − 1. The set O(2)

A = {Fi : i = 1, . . . , k} is called an A(k)-
neighbourhood of the pixel F0.

Figure 15 shows an example of this neighbourhood. Generally, the A(k)-neighbourhood
works well unless shuffled mixtures of colours (i.e., chaotic structures of an approximately
same number of dark and light pixels) appear in the image.

The application of these methods to HDR images is shown in Section 8.5.

Combined S(α, k, qV , qA)-neighbourhood

As indicated above, neither V(α)-neighbourhood nor A(k)-neighbourhood is perfect and
always suitable. Figure 16 illustrates two possible difficulties.

Figure 16: Illustration of difficulties of the V(20)-neighbourhood and A(12)-neighbourhood

On the left, the V(20)-neighbourhood has shrunk just to the processed pixel and the
histogram equalization formula yields 0 in the denominator. On the right, the A(12)-
neighbourhood contains also some pixels that differ from the processed pixel too much,
thus losing its adaptivity.

The software developed as a part of this thesis (see Chapter 10) employs a combined
neighbourhood, according to the following definition.
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Definition 6.4 (combined S(α, k, qV , qA)-neighbourhood). Let O(2) be a (non-adaptive)
local neighbourhood (according to Definition 6.1) with n elements of a processed pixel F0, let
β : D(2) → N be a natural valuation of the digital plane D(2) (according to Definition 4.19),
α, k ∈ N, k ≤ n, and qV , qA ∈ R, qV , qA ≥ 1. Let us consider a sequence {Fi}ni=0 such
that Fi ∈ O(2) and |β(Fi) − β(F0)| ≤ |β(Fi+1) − β(F0)|, i = 1, . . . , n − 1. Let O(2)

V be the
V(α)-neighbourhood (according to Definition 6.2) of F0, and O

(2)
A the A(k)-neighbourhood

(according to Definition 6.3) of F0. The set O(2)
S =

(
O

(2)
V ∩O

(2)
A

)
∪O′

S where

O′
S =


{
Fi ∈ O(2)

A \O
(2)
V : |β(Fi)− β(F0)| ≤ qV · α

}
for O

(2)
V ⊂ O

(2)
A ,{

Fi ∈ O(2)
V \O

(2)
A : i = k + 1, . . . ,min{bqA · kc, |O(2)

V |}
}

for O
(2)
A ⊂ O

(2)
V ,

∅ for O
(2)
V = O

(2)
A ,

is called an S(α, k, qV , qA)-neighbourhood of the pixel F0. If O(2)
S = ∅, the equalization is

not performed and the processed pixel F0 keeps its original value.

Figure 17: S(20, 16, 1.4, 1.5)-neighbourhood with r=2 compared to the non-adaptive neigh-
bourhood, V(20)-neighbourhood and A(16)-neighbourhood
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Figure 17 shows a comparison of all the neighbourhoods discussed so far. The non-adaptive
neighbourhood contains all the pixels within the chosen radius (r=2), including the values
that are significantly smaller or bigger than the value of the processed pixel F0. The V(20)-
neighbourhood correctly denies the outlying values but also three values (124, 121 and 119
in the bottom-left corner) that could be used for the equalization because they differ from
the processed pixel much less than from the surroundings. On the contrary, the A(16)-
neighbourhood includes all the correct values but also two values (211 and 220) that should
not belong to the other ones. The combined S(20, 16, 1.4, 1.5)-neighbourhood removes the
imperfections of the previous cases.

Less formally, as a corollary of Definitions 6.2 and 6.3, one of the conditions given by α

and k is always „stronger“ than the other one, i.e., either O(2)
V ⊆ O

(2)
A or O(2)

A ⊆ O
(2)
V holds.

The combined neighbourhood contains the pixels that fulfill both conditions simultaneously
(O(2)

V ∩O
(2)
A ), together with the pixels that fulfill only the weaker condition and do not break

the stronger condition „too much“ (measured by qV and qA).

Let us note that if O(2)
V = O

(2)
A , then also O

(2)
V = O

(2)
A = O

(2)
S . If qV = qA = 1, then

O
(2)
S = O

(2)
V ∩O

(2)
A .

Again, the application of this method to HDR images is shown in Section 8.5.

Fuzzy Neighbourhood

The previous sections introduced various kinds of local neighbourhoods. The question was
whether a certain pixel does or does not belong to a neighbourhood of the processed pixel,
i.e., to a set of pixels constructed according to the given conditions.

This section is concerned with another aspect: we suppose that the pixels lying closer to the
processed pixel (in the sense of the selected metric) are more reliable and more meaningful
than the pixels lying further away (within the selected radius r). It means that some local
neighbourhood is constructed, as before, and then the membership degree is assigned to
each pixel from this neighbourhood, according to its distance (again, in the sense of the
selected metric) from the processed pixel.

Definition 6.5 (fuzzy local neighbourhood). Let I be a digital image in the spatial domain,

Sϕ : F(2) → L(2) the central mapping, F0 ∈ I a processed pixel, r ∈ N, and µr ∈ R,
0 < µr ≤ 1. Let us consider a function µ : D(2) → R+ defined as

µ(F) = 1− 1− µr

r
· C(2)

L ( Sϕ (F) , Sϕ (F0)) .

Then the set Õ(2) =
{

[F, µ(F)] : F ∈ I, C(2)
L ( Sϕ (F) , Sϕ (F0)) ≤ r

}
is called a fuzzy local

neighbourhood of the pixel F0.
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Remarks.
1. The definition of the function µ yields 1 for C(2)

L ( Sϕ (F) , Sϕ (F0)) = 0, i.e., for the
processed pixel itself, and yields µr for C(2)

L ( Sϕ (F) , Sϕ (F0)) = r.
2. The function µ in Definition 6.5 employs the linear decrease of the membership degree.
Of course, other functions (e.g., quadratic) may be used as well.
3. If a fuzzy neighbourhood is used, the histogram equalization algorithm has to be ad-
justed; the cumulative histogram takes into account the different membership degrees and
is normalized appropriately.

Analogously to Definition 6.5, V(α), A(k) and S(α, k, qV , qA)-fuzzy neighbourhoods can be
defined as well. Figure 18 shows an example of the V(20)-fuzzy neighbourhood with r=2.
Different membership degrees of individual pixels are illustrated with different hues of blue.

Figure 18: V(20)-fuzzy neighbourhood with r=2 compared to the non-adaptive neighbour-
hood; e.g., for µr = 0.6, the membership degree is equal to 1 for the processed pixel (darkest
hue), to 0.8 for the pixels with the medium hue, and to 0.6 for the pixels with the lightest
hue

6.4 Non-ideal Images

Every real image consists of pixels modified by various random quantities. Generally, this
phenomenon is called noise. According to the mathematical model, noise can be divided
into a few basic groups. For our purposes, additive noise is most important.

The effectiveness of adaptive histogram equalization procedures is affected adversely by
the presence of additive noise. That is why it is necessary either to reduce the amount of
additive noise or to include an adaptivity to additive noise as well.
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Let us note that the presence of additive noise is very undesirable if we want to process
an image by means of mathematical algorithms. Both frequency domain approach (using
high-pass frequency filters) and spatial domain approach (using histogram equalization)
„visualizes“ (besides the required outcomes) additive noise as well. On the other hand, if
the image is just supposed to be displayed and observed by a human eye, additive noise (to
a certain extent) is not a problem because human sight can filter this by itself.

To be more specific now, this thesis is mainly concerned with images obtained by means of
confocal microscopes, so let us take a look at them. Measuring of light intensity is burdened
by statistical noise and its size is proportional to 1√

N
where N is the number of detected pho-

tons. Therefore it is obvious that the weaker the detected radiation, the worse the relative
accuracy of measuring the intensity in adjacent points (i.e., additive noise). Increasing the
intensity of the detected signal by increasing the laser source power is seemingly straight-
forward but rarely acceptable. Especially in fluorescent confocal microscopy, the maximum
intensity of the driving radiation is usually limited by the undesirable increase in the speed
of the photochemical reactions of the fluorescing molecules because fluorescence disappears
after them. If we cannot increase the intensity of the driving radiation as desired, we have
to increase the time of the accumulation of the signal to achieve an acceptable level of noise.

6.4.1 Additive Noise

Definition 6.6 (additive noise). Let A be the image matrix of a perfect image and let S

be a matrix whose elements are stochastically independent realizations of a random variable
X. Let B = A + S hold. Then we say that the image B contains additive noise. All
characteristics of the random variable X (the mean value, the dispersion, the distribution
function, etc.) are called characteristics of additive noise in the image B.

To describe the degree of image deterioration by additive noise, the dispersion and standard
deviation are used most often.

Additive noise can be divided into two groups:

• Additive noise independent on the image (A and S are stochastically independent
statistical samples);

• Additive noise dependent on the image (there is a statistical dependence between A

and S, e.g., dark areas have bigger noise).

Digital sensing systems with the linear dependence between light intensity and the value
of a pixel have usually noise independent on the image. For other systems, the contrary
is often the case. Let us note that as soon as the image is saved in the digital form, no
additional additive noise can appear in the image.
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Suppression of Additive Noise

• Hardware precautions (cooling).

• Sensing more than one image with a subsequent calculation of the arithmetic mean
of the values of individual pixels (the standard deviation of the noise decreases with
the square root of the number of images).

• Mathematical filtering.

Mathematical Methods of Additive Noise Filtering

In image analysis, so-called image filters are commonly used. These filters replace the
value of each pixel Fi of a 2-D image I with the value of a 2-D convolution of the image
I with a convolution matrix C at the pixel Fi. A convolution of the image (according to
Definition 4.22) may be defined in the following way:

Definition 6.7 (convolution). An n-D convolution of two functions C(x), g(x), defined for
each x = [x1, x2, . . . , xn] ∈ J(n) and square-integrable on J(n), is understood as the integral

C(x) ∗ g(x) =

∫
J(n)

C(t)g(x− t) dt.

The function C(t) is called the convolution kernel.

A convolution of a digitized image with a digitized kernel is described in the following
theorem:

Theorem 6.1. If C(x), g(x) are digitized functions, then

C(x) ∗ g(x) =

∫
J(n)

C(t)g(x− t) dt =

[−ε1,...,−εn]∑
t=[−ε1,...,−εn]

C(t)g(x− t).

If n = 2 and there is a physical plane with unit physical pixels defined on J(2), then

C(Fij) ∗ g(Fij) =
ε∑

m=−ε

ε∑
n=−ε

C(m,n)g(i−m, j − n).

The matrix C(m,n) is called a 2-D convolution matrix.

Since a digitized image has the discrete and finite codomain, the value of this convolution
has to be rounded and (if needed) cut. For n = 2, C(m,n) is a two-dimensional matrix,
which can be formally defined as a mapping C(m,n) : {−ε1, . . . , ε1} × {−ε2, . . . , ε2} → R.

Filters that can be described by the convolution above assign to each pixel the value of a
linear combination of pixels from the (usually squared) neighbourhood. That is why these
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filters are known as linear filters. Filters that cannot be expressed by this convolution are
called non-linear filters.

For our purpose, two-dimensional discrete convolution of an image with a convolution ma-
trix can be illustrated in the following way:

Let A = [am,n], B = [bm,n], m = 0, . . . ,M−1, n = 0, . . . , N−1, be image matrices (generally
vast ones) and let C = [cm,n], m = −ε1, . . . , ε1, n = −ε2, . . . , ε2, be a matrix (generally a very

small one) called the kernel of a convolution. Let us denote bm,n =
ε1∑

k=−ε1

ε2∑
l=−ε2

am+k,n+l ck,l.

Then we say that the image matrix B is the convolution of the matrix A and the kernel C

and we denote it as B = A ∗C.

Theorem 6.2. Let us denote D the (two-dimensional) discrete Fourier transform and D−1

the (two-dimensional) inverse discrete Fourier transform. Then

A ∗C = D−1 {D(A) · D(C)} .

Proof. See Section 5.2. �

This theorem shows another way how to calculate a convolution. The straightforward
calculation (according to the definition) is faster for small matrices (up to approximately
11×11 elements), on the other hand, for bigger matrices, the alternative calculation (using
Fast Fourier Transform) is more suitable.

Additive noise can be filtered out by means of a low-pass filter. These filters suppress high
frequencies and accentuate low ones. They are used for smoothening an image; additive
noise can be reduced in exchange for a moderate defocusing the image. See Section 5.3 for
particular examples of these filters.

This topic can be further explored using [14], [7] and [17]. Chapter 10 contains the program
implementation of the algorithms above, including various predefined types of individual
filters.

6.4.2 Impulse Noise

Unlike additive noise, impulse noise does not affect the whole image; it is represented by
defective pixels with random values inside a perfect image. The presence of impulse noise
leads to unrepresentative histograms and adding false frequencies. That is why if we want
to process the image by means of mathematical algorithms, the impulse noise filtering is
necessary. Moreover, impulse noise (again, unlike additive noise) is very uncomfortable for
human sight.
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Let us note that if we want to filter out both additive and impulse noise, then impulse noise
has to be filtered out first (otherwise the defective pixels are „blurred“ into the surround-
ings).

Definition 6.8 (impulse noise). Let A be an image matrix, let X be a random variable
with the alternating distribution, and let Y be a random variable with any distribution. Let
B be the image with the image matrix [bi,j] created in the following way:

bi,j =

{
ai,j for X = 0

Y for X = 1.

Then we say that the image B contains the impulse noise. The probability P (X = 1) is
called the amount of impulse noise in the image. The distribution of the random variable
Y is called the distribution of impulse noise.

Causes of Impulse Noise

• Serious errors originating during (especially) a long-distance transmission of an image
in the digital form.

• Defective readers in matrix sensors (either defective pixels or a dust lying on readers).

• Affection of a reader by a high-energetic particle.

Principle of Filtering

1.step: detection – the defective pixels are found out;
2.step: correction – the defective pixels, identified in the previous step, are replaced with
new values.

Detection of Impulse Noise

Detection of impulse noise is a test of a statistical hypothesis that a pixel is defective. The
test is executed using a statistical sample of pixels lying in a neighbourhood of the tested
pixel.

When testing the hypothesis, we can make:

• A type I error – the tested pixel is defective but is considered to be a good one (the
probability of this mistake is called the significance level). Although this mistake
passes a bad pixel into the result, it is not too serious because the image does not
deteriorate.
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• A type II error – the tested pixel is good but is considered to be a defective one
(the probability of this mistake is called the test power). This mistake is very serious
because good pixels are corrected, i.e., the image deteriorates.

The test criterion is generally |x− x̄| > ε where
x ... the value of the tested pixel;
x̄ ... a characteristic (the arithmetic mean, the median, the mode) of a statistical sample
of the pixels lying in a neighbourhood of the tested pixel;
ε ... a constant determining the significance level and the test power.

The constant ε is usually experimentally determined. It is necessary to bear in mind that
too high ε causes ineffectiveness of the filter, whereas too low ε means that the mistakes
are removed but many good pixels are „corrected“ too and the image deteriorates.

The rank criterion |r(x)− n
2
| > ε is another approach to the impulse noise detection.

The rank of an element x, denoted r(x), is the ordinal number belonging to this element
after sorting the statistical sample from the smallest element to the biggest one. Here, n
denotes the number of elements in the sample so n

2
represents the rank of the median.

The most significant property of this criterion is that it adjusts its own sensitiveness ac-
cording to the local features of the image. If the standard deviation of the pixels lying in
some neighbourhood of the processed pixel is small (e.g., the sky), this criterion is very
sensitive. On the other hand, if the standard deviation is big (e.g., a forest), this criterion
is insensitive. Unlike the previous test criterion, it is often possible to find a universal value
of ε for the whole image.

The applicability of this criterion to a small statistical sample constitutes another advan-
tage. However, the rank criterion has much higher computational costs.

Correction of Impulse Noise

The pixels marked during the detection as defective ones are replaced. Most often, the
three following methods are used:

1) Single-pass statistical method of correction. During just a single passing through an
image, the defective pixels are detected and replaced immediately. Whenever a pixel is
considered to be a defective one, it is replaced with x̄. However, x̄ can be calculated on the
basis of pixels that will be designated as the defective ones later. On the other hand, this
method is very fast.

2) Double-pass statistical method of correction. During the first passing through an image,
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the defective pixels are detected but not replaced. During the second passing, the defective
pixels are replaced with x̄ but this value is calculated on the basis of good pixels only. (We
can also repeat the detection several times over and correct the defective pixels in the last
step.)

3) Interpolation method of correction. The defective pixels are replaced by an interpolation
of the good pixels (e.g., bilinear interpolation, cubic splines, etc.). This method is the best
but also the slowest one.

The methods described above work well if the degree of impulse noise does not exceed
approximately 2 %. If the degree of impulse noise is higher, the reliability of the detection
drops very fast because the statistical sample used for the testing of the hypothesis contains
defective pixels with the high probability.

A solution to this problem is the iterative method of impulse noise filtering.

A high value of ε is chosen and the image is filtered. Very few defective pixels are replaced
(i.e., we make a lot of type I errors) but no good pixels are deteriorated (i.e., we do not
make any type II errors). It means that the conditions for the detector activity have been
improved a little and the value of ε can be lowered. Now, the image is filtered again and
other defective pixels are replaced. This procedure can be repeated for several times until
ε is lowered to the optimal value. Using this procedure, images containing even 30 % of
impulse noise can be restored.

6.5 Adaptive Histogram Equalization with Adaptive Neighbour-

hood and Adaptive to Additive Noise

Using the methods described in Section 6.2, it is already possible to visualize a lot of
structures and details of the original image. However, if the original image contains a
certain amount of additive noise (and it usually does), this noise is „visualized“ as well. So
it is necessary to implement some kind of adaptivity to additive noise.

Let us denote:
A = [am,n] ... the image matrix of the original image;
B = [bm,n] ... the image matrix of the image obtained using the adaptive equalization with
an adaptive neighbourhood;
C = [cm,n] ... the image matrix of the image obtained using this method.

For each cm,n, we are looking for constants km,n, lm,n such that km,n + lm,n = 1 and
cm,n = km,nam,n + lm,nbm,n. The selection of the constants is following: the standard devia-
tion σ of additive noise in the image is estimated and compared with the standard deviation
σ0 calculated on the basis of the pixels lying inside a chosen adaptive neighbourhood.
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For σ0 → σ (the selected area contains a lot of noise), lm,n → 0 is chosen (the equalization
is not performed). Conversely, for σ0 � σ (the selected area contains almost no noise),
km,n → 0 is chosen (the equalization is performed completely).

However, the calculation of σ is another matter. For example, under certain circumstances,
the standard deviation of the additive noise contained in an image can be estimated using
the autocovariance function as follows:

Figure 19: The autocovariance function of a perfect image with the autocovariance function
of an image containing the additive noise

Again, all the procedures discussed above are implemented in the software developed as
a part of this thesis; see Chapter 10. This chapter also contains many practical exam-
ples, e.g., the individual histogram equalization methods are applied on the same image to
demonstrate, step by step, the impact of each improvement.

The application of adaptive histogram equalization with adaptive neighbourhood and adap-
tive to additive noise to HDR images is also demonstrated in Section 8.5.

6.6 Other Basic Possibilities of Image Enhancement

In the previous sections, various frequency filters and adaptive histogram equalization meth-
ods were described in detail. Let us now take a short look at two other basic possibilities
of image enhancement in the spatial domain, contrast stretching and gamma correction.
Both of them are very simple.

Contrast Stretching

Contrast stretching (often called normalization) is a simple image enhancement technique
that attempts to improve the contrast in an image by „stretching“ the range of intensity
values it contains to cover a desired range of values, e.g., the full range of pixel values
that the image type concerned allows. It differs from the more sophisticated histogram
equalization in that it can only apply a linear scaling function to the image pixel values.
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Before the stretching can be performed it is necessary to specify the upper and lower pixel
value limits over which the image is to be normalized. Call the lower and the upper limits
a and b respectively. The simplest sort of normalization then scans the image to find the
lowest and highest pixel values currently present in the image. Call these c and d. Then
the value β(F) of each pixel F is scaled using the function

β(F)out = (β(F)− c) ·
(
b− a
d− c

)
+ a.

The problem is that a single outlying pixel with either a very high or very low value can
severely affect the value of c or d and this could lead to very unrepresentative scaling.
Therefore a more robust approach is to first take a histogram of the image, and then select
c and d at a certain percentile in the histogram (that is, e.g., 5% of the pixel in the histogram
will have values lower than c, and 5% of the pixels will have values higher than d). This
prevents outliers affecting the scaling so much.

Gamma Correction

In the case of the gamma correction, the pixel intensity values in the input image act as the
basis, which is raised to a (fixed) power. The gamma correction is defined by the following
formula:

β(F)out = c · (β(F))r .

If r > 1, the gamma correction increases the bandwidth of the high intensity values at the
cost of the low pixel values. However, if r < 1, the process enhances the low intensity values
while decreasing the bandwidth of the high intensity values.

This topic can be further explored using, e.g., [17]. Let us note that both contrast stretching
and gamma correction can be used either globally (one transformation function is applied
to the whole image) or in the adaptive form with an adaptive neighbourhood.
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7 Image Registration

Image registration is another task that may arise when processing a series of related digital
images. In our main application, the optical cuts are created in different ways and are not
always aligned correctly unless the hardware equipment is extremely precise. That is why
it is necessary to perform some image registration method to align them before the 3-D
processing can continue.

7.1 Phase Correlation

Phase correlation is the most commonly used method. This method measures translation,
rotation and scaling factor between two images and is described in detail in [12] and [5].

Definition 7.1 (cross-power spectrum, normalized cross-power spectrum). Let f1(m,n),
f2(m,n) be functions {0, . . . ,M − 1} × {0, . . . , N − 1} → C, M,N ∈ N, with the images
F1(k, l), F2(k, l), respectively. The cross-power spectrum of the functions f1(m,n) and
f2(m,n) is the function C(k, l) : {0, . . . ,M − 1} × {0, . . . , N − 1} → C defined as

C(k, l) = F1(k, l)F
∗
2 (k, l)

where F ∗
2 is the complex conjugate of F2. The normalized cross-power spectrum of the

functions f1(m,n) and f2(m,n) is the function N(k, l) : {0, . . . ,M−1}×{0, . . . , N−1} → C
defined as

N(k, l) =
C(k, l)

|F1(k, l)F2(k, l)|
=

F1(k, l)F
∗
2 (k, l)

|F1(k, l)F2(k, l)|
.

The phase correlation method now works as follows:

Assume at first that f1(m,n) and f2(m,n) are two images (in the spatial domain, i.e.,
represented by their pixel matrices), which are related by the formula

f2(m,n) = f1(m−m0, n− n0), m0, n0 ∈ Z.

Let us define the function s(m,n) as

s(m,n) = D−1 (N(k, l))

where D−1 is the inverse DFT. If there are no periodic structures in the original images,
i.e., f2(m,n) = f1(m−m1.n− n1) implies that (m1, n1) = (m0, n0), then

s(m,n)

{
6= 0 for (m,n) = (m0, n0),

= 0 else.

It means that the task of finding the shift between two images is transformed to the task
of finding the coordinates of the nonzero element in the image matrix s(m,n).
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Now let us suppose that f2(m,n) is a rotated and scaled replica of f1(m,n) with the angle
of rotation α and the scaling factor κ. The task to find these parameters α and κ can be
handled using the polar coordinate system.

If we transform the amplitude spectra A1(k, l), A2(k, l) of f1(m,n), f2(m,n) from the
Cartesian coordinate system m,n to the polar coordinate system ρ, ϕ, then the rotation is
changed to translation and it enables us to use the described method and to measure the
angle α as a shift along the ϕ axis. Moreover, if we use the logarithm scale for the ρ axis,
then the scaling factor κ is transformed to the shift along the ρ axis.

7.2 Non-linear Optimization

Another interesting approach uses optimization techniques. The disadvantage of this me-
thod is a limited applicability because it enables to register shifted images only (i.e., not
rotated or scaled). On the other hand, the method can be used even if the presence of arti-
facts in images (e.g., pieces of dust on the lens) makes it impossible to apply the commonly
used phase correlation method. This method was originally developed for the subpixel reg-
istration of nanostructure images obtained by means of a microscope (see Figure 20) and
is described in detail in [15], together with the physical background.

Figure 20: Sample nanostructure images

The basic area serving for the comparison has the rectangular shape and is selected by the
user. Within the selected rectangle, the active area is automatically detected as a collection
of pixels satisfying one of the following criteria:

• Criterion of excessive variance. We determine the variance of a small neighbour-
hood of every pixel and the mark pixels with above-average variance. The average is
obtained from variances over the selected rectangle.

• Criterion of brightness. Based on the histogram of the selected rectangle, we select
the upper q-quantile of the brightest pixels (typically, q ranges from 0.2 to 0.6).
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After the active area A has been determined, we consider the shift (x, y) and compute the
measure of dissimilarity as

m(x, y) =
∑

(m,n)∈A

(F (m+ x, j + y)−G(m,n))2

where F and G are two images to be registered. If the shift (x, y) is not integer (i.e., x, y /∈
Z), the bilinear transformation is applied to determine the value. Finally, we minimize the
measure of dissimilarity, that is, we seek for a shift (x, y) with the minimal value of m(x, y).

If the shifts are restricted to integer values only, this is a discrete optimization problem.
For a subpixel precision (real values of the shifts), it is a continuous problem falling into
the category of non-linear programming. Note that the convexity of the objective function
m is not guaranteed and that we are seeking for a global optimum. This implies that the
classic non-linear programming techniques (which converge to local minima only) cannot be
satisfactorily applied. Instead, we perform a global search on a suitable grid of points, which
is sequentially refined in the neighbourhood of the minimum. Due to the small dimension
of the problem (two decision variables), such approach is computationally feasible.
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8 Digital Geometry Approach to 3-D Image

Enhancement

All the methods described in Chapter 6 work in 2-D, i.e., they are always performed within
a single image. However, with suitable data, which can be understood as a 3-D image,
e.g., with a series of optical cuts obtained by means of a confocal microscope, an idea
on a generalization of these 2-D procedures into 3-D arises. In 3-D image enhancement
procedures, each pixel would be processed with regards not only to adjacent pixels in the
given optical cut, but also with regards to adjacent pixels in the previous and following
optical cuts.

These 3-D procedures have not been described in literature so far. Since they use more
input information, they are supposed to contribute to the quality of displaying cells and
other structures significantly (e.g., the visualization of tiny corpuscles, originally almost
imperceptible due to a bad contrast). The description and implementation of the 3-D
image enhancement procedures (especially various kinds of adaptive histogram equalization)
constitutes the next task and target of this thesis.

When dealing with 3-D image enhancement procedures, some problems have to be solved.
For example, it is necessary to consider the different scaling of the vertical axis, i.e., the
step of a confocal microscope that took the input images. This step varies and that is
why the parameters of adaptive neighbourhoods have to be adjusted accordingly. Another
challenging task is an efficient software implementation of these algorithms because of their
very high computational costs.

8.1 Optical Cuts

Before we continue with the description of individual 3-D procedures, let us have a brief
look at optical cuts themselves; such a series of images, obtained by means of confocal
microscopes (see Section 3.2), represents our input data most often. Two examples are
given below, see Figures 21 and 22.

With a series of optical cuts, the following steps can be executed:

• 2-D image enhancement (processing the individual images);

• 3-D image enhancement (processing all the images simultaneously as a 3-D image);

• 2-D and 3-D reconstruction of the explored object.

Two-dimensional image enhancement includes linear filters (additive noise filtering, focus-
ing, etc.), non-linear filters (impulse noise filtering), adaptive histogram equalization with
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adaptive neighbourhood and adaptive to additive noise (visualizing low-contrast or even
hidden structures and small particles), contrast stretching, and gamma correction – see
Chapter 6. Adjustments using the DFT can also be applied in order to attenuate cer-
tain frequencies, remove the disturbing periodical patterns at the background, etc. – see
Chapter 5).

Figure 21: Detail of Paramecium

Figure 22: Detail of Crustacea (Cladocera), living almost in all types of waters, except fast
flowing, ground and strongly polluted ones. It is a part of plankton biocoenosis.

Three-dimensional image enhancement includes some of the procedures mentioned above
generalized in 3-D in order to achieve even better results and outputs. These methods are
discussed in this chapter. If we want to perform a 3-D image enhancement procedure, all
the images have to be aligned properly – see Chapter 7.
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Regarding two- and three-dimensional reconstruction of the explored object, these concepts
were originally introduced in the author’s diploma thesis [10]. The 3-D reconstruction is
briefly summarized in Chapter 9, together with a few improvements.

8.2 Basic Concepts

Digital 3-D image I is an m-ary valuation β of the digital space D(3) (see Definition 4.19).
Depending on m, an image can be eight-bit, sixteen-bit, grayscale, colour, etc.

Physical voxel (the smallest volume element) F
(3)
i , i = [i1, i2, i3], is a physical 3-D domain

(see Definition 4.5) and an element of the physical space F(3).

Logical voxel L
(3)
i , i = [i1, i2, i3], is a logical 3-D domain (see Definition 4.7) and an element

of the logical plane L(3). For each i ∈ I(3), the logical voxel L
(3)
i is uniquely assigned to the

physical voxel F
(3)
i using the central mapping Sϕ (see Definition 4.9).

Remark. If it is clear which digital space we are working with, the specification of its
dimension will be omitted. If the coordinates of the physical (logical) voxel F

(3)
i (L(3)

i ) are
unknown and/or not decisive (i.e., we are only interested if a given voxel does or does not
belong to a certain set), a notation Fi (Li), i ∈ N0, will be used.

Image matrix is an M1-by-M2-by-M3 matrix, (M1,M2,M3) is the resolution of the dig-
ital space D(3) (see Definition 4.4), whose elements are the values β

(
F

(3)
i

)
, β
(
L

(3)
i

)
of

individual physical (logical) voxels F
(3)
i , L

(3)
i , i = [i1, i2, i3].

Histogram and cumulative histogram – see Section 6.1. The meaning remains, just the input
data are different.

8.3 Adaptive Histogram Equalization in 3-D

Chapter 6 describes adaptive histogram equalization in 2-D with various kinds of adap-
tive neighbourhoods. Let us now extend this theory and introduce adaptive histogram
equalization that uses 3-D neighbourhoods.

Definition 8.1 (local 3-D neighbourhood). Let I be a 3-D digital image in the spatial
domain, Sϕ : F(3) → L(3) the central mapping, F0 ∈ I a processed voxel, and r ∈ N. The
set O(3) =

{
F ∈ I : C(3)

L ( Sϕ (F) , Sϕ (F0)) ≤ r
}

is called a local 3-D neighbourhood of the
voxel F0 of the size (radius) r.

Remark. Introduction of the 3-D neighbourhoods causes only a modification of the in-
put data set in the histogram equalization algorithm (see Section 6.2); the principle and
implementation of the algorithm itself remains unchanged.
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The main difference here (compared to a 2-D neighbourhood) is a different scaling of the
third axis. If we use a coordinate system according to Figure 23, the z-axis has a different
scaling (given by the step of a microscope that took the input data) than the x and y-axis
(given by the resolution of the physical plane F(2)).

Figure 23: Illustration of 3-D data layout

This fact has to be considered when the distance of two logical voxels is calculated (as in
Definition 8.1). The definition of the weighted maximum metric

C(3)
L

(
L

(3)
i ,L

(3)
j

)
= max {ck|ik − jk|}3k=1

(or another metric of a logical space – see Definition 4.12) enables us to use different weights;
c1 and c2 are chosen identically (usually c1 = c2 = 1), while c3 is chosen according to the
step of a microscope that took the original data (usually c3 ∈ N but any c3 ∈ R+ is feasible).
An example of a (non-adaptive) local 3-D neighbourhood is in Figure 24.

This basic local neighbourhood is non-adaptive, i.e., it has a fixed shape given by the metric
C(3)

L and the parameter r, thus not respecting any interfaces that appear in the processed
image.

For this reason it is necessary to define and implement adaptive 3-D neighbourhoods (anal-
ogously to Section 6.3). These neighbourhoods have a variable shape and are able to adjust
themselves to local features of the processed image.

Remark. While the extension into 3-D is quite straightforward in theory, the practical im-
plementation of the algorithm is another matter; especially due to very high computational
costs and usually a very high volume of data to be handled.
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8.4 Adaptive Histogram Equalization with Adaptive

Neighbourhood in 3-D

This section introduces three kinds of adaptive 3-D neighbourhoods and a fuzzy 3-D neigh-
bourhood, as an extension of the theory built in Section 6.3.

3-D V(α)-neighbourhood

Definition 8.2 (3-D V(α)-neighbourhood). Let O(3) be a (non-adaptive) local 3-D neigh-
bourhood (according to Definition 8.1) of a processed voxel F0, let β : D(3) → N be a
natural valuation of the digital space D(3) (according to Definition 4.19), and α ∈ N. The
set O(3)

V =
{
F ∈ O(3) : |β(F)− β(F0)| ≤ α

}
is called a 3-D V(α)-neighbourhood of F0.

Figure 24 (right) illustrates the benefit of the 3-D V(30)-neighbourhood. As you can see,
all the outlying values (compared to the processed voxel) that belong to the non-adaptive
neighbourhood are correctly denied now; however, a few values that lie just outside the
boundaries given by the parameter α (e.g., 161 in the top right part of the middle layer)
and that could be used for the processing are denied as well.

Figure 24: Non-adaptive local 3-D neighbourhood (left) and 3-D V(30)-neighbourhood
(right), both with r=2 and c1 = c2 = 1, c3 = 2 (the gap between layers is made just for the
displaying purposes)

64



3-D A(k)-neighbourhood

Definition 8.3 (3-D A(k)-neighbourhood). Let O(3) be a (non-adaptive) local 3-D neigh-
bourhood (according to Definition 8.1) with n elements of a processed voxel F0, let β :

D(3) → N be a natural valuation of the digital space D(3) (according to Definition 4.19), and
k ∈ N, k ≤ n. Let us consider a sequence {Fi}ni=0 such that Fi ∈ O(3) and |β(Fi)−β(F0)| ≤
|β(Fi+1)−β(F0)|, i = 1, . . . , n−1. The set O(3)

A = {Fi : i = 1, . . . , k} is called a 3-D A(k)-
neighbourhood of F0.

Figure 25 (left) illustrates the benefit of the 3-D A(50)-neighbourhood. Most of the outlying
values (compared to the processed voxel) is correctly denied; however, due to a fixed number
of elements (given by the parameter k), a few of the outlying values is still included (e.g.,
55 and 60 in the bottom right part of the upper layer).

Figure 25: 3-D A(50)-neighbourhood (left) and 3-D S(30, 50, 1.3, 1.3)-neighbourhood
(right), both with r=2 and c1 = c2 = 1, c3 = 2 (the gap between layers is made just
for the displaying purposes)

Combined 3-D S(α, k, qV , qA)-neighbourhood

Definition 8.4 (combined 3-D S(α, k, qV , qA)-neighbourhood). Let O(3) be a (non-adaptive)
local 3-D neighbourhood (according to Definition 8.1) with n elements of a processed voxel
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F0, let β : D(3) → N be a natural valuation of the digital space D(3) (according to Defi-
nition 4.19), α, k ∈ N, k ≤ n, and qV , qA ∈ R, qV , qA ≥ 1. Let us consider a sequence
{Fi}ni=0 such that Fi ∈ O(3) and |β(Fi)− β(F0)| ≤ |β(Fi+1)− β(F0)|, i = 1, . . . , n− 1. Let
O

(3)
V be the 3-D V(α)-neighbourhood (according to Definition 8.2) of F0, and O(3)

A the 3-D
A(k)-neighbourhood (according to Definition 8.3) of F0. The set O(3)

S =
(
O

(3)
V ∩O

(3)
A

)
∪O′

S

where

O′
S =


{
Fi ∈ O(3)

A \O
(3)
V : |β(Fi)− β(F0)| ≤ qV · α

}
for O

(3)
V ⊂ O

(3)
A ,{

Fi ∈ O(3)
V \O

(3)
A : i = k + 1, . . . ,min{bqA · kc, |O(3)

V |}
}

for O
(3)
A ⊂ O

(3)
V ,

∅ for O
(3)
V = O

(3)
A ,

is called a 3-D S(α, k, qV , qA)-neighbourhood of F0. If O(3)
S = ∅, the equalization is not

performed and the processed voxel F0 keeps its original value.

The contribution of this combined neighbourhood is demonstrated in Figure 25 (right);
the imperfections described in the two previous examples are now rectified, given by the
properties of the combined neighbourhood.

The practical application of these methods to HDR images is shown in Section 8.5.

3-D Fuzzy neighbourhood

When constructing the adaptive 3-D neighbourhoods discussed so far, we are only interested
if a given voxel does or does not belong to the neighbourhood. However, we can also take
into consideration the actual distance of the given voxel from the processed one, and,
according to this distance, assign the membership degree to each voxel. The main point
is that the smaller the distance, the bigger reliability and relevance of the corresponding
voxel.

Definition 8.5 (fuzzy 3-D local neighbourhood). Let I be a 3-D digital image in the spatial
domain, Sϕ : F(3) → L(3) the central mapping, F0 ∈ I a processed voxel, r ∈ N, and µr ∈ R,
0 < µr ≤ 1. Let us consider a function µ : D(3) → R+ defined as

µ(F) = 1− 1− µr

r
· C(3)

L ( Sϕ (F) , Sϕ (F0)) .

Then the set Õ(3) =
{

[F, µ(F)] : F ∈ I, C(3)
L ( Sϕ (F) , Sϕ (F0)) ≤ r

}
is called a fuzzy 3-D

local neighbourhood of F0.

Again, the main difference here, compared to the 2-D case, is a different scaling of the
third axis, i.e., the decrease of the membership degree is different in this direction (usually
faster).

Analogously to Definition 8.5, 3-D V(α), 3-D A(k) and 3-D S(α, k, qV , qA)-fuzzy neigh-
bourhoods can be defined as well.
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8.5 Comparison of Results

The practical implementation and comparison of the methods described in Sections 6.3
and 8.4 is illustrated in Figures 26– 28. The precise specification is given underneath. All
computations were run on a PC with AMD Athlon 64 3500+ (2.2 GHz), RAM 1 GB.

Figure 26: Original TIF file „0006jan.tif“ contains 2 × 8 images, resolution 425 × 352
px. (DVD: 3-D Equalization\01); all the cuts were processed, the 8th one is shown here.
The original image (top left); equalized image by means of a 2-D (non-adaptive) local
neighbourhood with r = 4 (top right), computational time 38 sec. (4.8 sec. per image);
equalized image by means of a 2-D (non-adaptive) local neighbourhood with r = 6, adaptive
to additive noise (bottom left), computational time 39 sec. (4.9 sec. per image); and
equalized image by means of a 3-D (non-adaptive) local neighbourhood with r = 6, adaptive
to additive noise (bottom right), computational time 50 sec.

From this example we can see that the adaptivity to additive noise is a must. The contri-
bution of 3-D processing is also illustrated here – a lot of undesirable artifacts is removed,
in exchange for a modest increase of the computational time.

67



68



Figure 27: Original TIF file „Pc201.tif“ contains 2 × 24 images, resolution 784 × 407 px.
(DVD: 3-D Equalization\02); all the cuts were processed, the 22nd one is shown here. The
original image (previous page, top); image with expanded contrast (previous page, middle),
computational time 2 sec. (0.1 sec. per image); equalized image by means of a 2-D A(k)-
neighbourhood with r = 6, k = 50, adaptive to additive noise (previous page, bottom),
computational time 2 min. 55 sec. (7.3 sec. per image); equalized image by means of a 2-D
V(α)-neighbourhood with r = 6, α = 30 · 256, adaptive to additive noise (this page, top),
computational time 6 min. 35 sec. (15.2 sec. per image); and equalized image by means of
a 3-D V(α)-neighbourhood with r = 6, α = 30 · 256, adaptive to additive noise (this page,
bottom), computational time 8 min. 3 sec.
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Figure 28: Original TIF file „BParam6.tif“ contains 2 × 13 images, resolution 1024 ×
1024 px. (DVD: 3-D Equalization\03); all the cuts were processed, the 11th one is shown
here. The original image (top left); equalized image by means of a 2-D S(α, k, qV , qA)-
neighbourhood with r = 14, α = 35 · 256, k = 50, qV = qA = 1.4, adaptive to additive
noise (top right), computational time 7 min. 8 sec. (32.9 sec. per image); equalized image
by means of a 2-D S(α, k, qV , qA)-neighbourhood with r = 4, α = 35 · 256, k = 50,
qV = qA = 1.4, adaptive to additive noise (bottom left), computational time 4 min. 42 sec.
(21.7 sec. per image); and equalized image by means of a 3-D S(α, k, qV , qA)-neighbourhood
with r = 4, α = 35 · 256, k = 50, qV = qA = 1.4, adaptive to additive noise (bottom right),
computational time 6 min. 32 sec.
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A comparison of individual adaptive neighbourhoods is given in Figure 27. For this par-
ticular HDR image, the performance of the 2-D A(k)-neighbourhood (third image) and
2-D V(α)-neighbourhood (fourth image) is comparable; both outputs have certain advan-
tages and certain disadvantages. The fifth image was obtained by means of the 3-D V(α)-
neighbourhood. You can see again that the 3-D processing yields by far the best result.

Figure 28 illustrates an application of the combined S(α, k, qV , qA)-neighbourhood and
the influence of the radius r. In the top right image, the selected radius r = 14 is too
big; the adaptivity of the neighbourhood is insufficient and only some of the details are
visualized. The bottom images were obtained by means of the more suitable radius r = 4;
in both images, a lot of details is visualized, however, the 3-D processing yields a more
natural-looking output.
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9 Three-Dimensional Object Reconstruction

Three-dimensional reconstruction of an explored object from a series of its optical cuts was
introduced in author’s diploma thesis [10] and published in author’s publication [9].

In this chapter, let us take a brief look at the basic ideas because this algorithm is also
included in the software developed as a part of this thesis. Moreover, new HDR data are
used now and the new software enables to perform various kinds of 2-D and 3-D image
enhancement procedures, according to the previous chapters, thus yielding better resulting
reconstructions.

Principle of 3-D Object Reconstruction

A series of optical cuts can be represented as a three-dimensional data grid. Let us choose
the Cartesian coordinate system 〈O, e1, e2, e3〉 in the following way: the point O is identified
with the centre of the last cut. The vectors e1, e2 are the direction vectors of the axes of
symmetry of the optical cuts and their size is equal to the dimensions of the physical pixels
of the input data, which are assumed to be unit. The vector e3 is orthogonal to e1, e2 and
is unit as well (see Figure 29). However, the distance of the optical cuts is generally not
unit. This distance is set by the user according to the step of the microscope that provided
the input data.

Figure 29: Principle of three-dimensional object reconstruction

Now it is necessary to place a screen (output window) on which the reconstructed object
will be displayed. The position of the observer is given by the point P and the central
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projection with the center at P is used. The vector d of the main ray (direction of view) is
set by the user. Hereby, the coordinates of the vector d in the base {e1, e2, e3} are given.

The plane of the screen is given by the point T and two direction vectors r, s. The point T
is determined as T = P + d. The vector r is orthogonal to the vector d and coplanar with
the vectors e1, e2. Its size is determined by the vector d and the angle of view α, which is
set by the user. The vector s is orthogonal to the vectors d, r and the ratio ||s||

||r|| is equal to
the height-to-width ratio of the output window; see Figure 30.

Figure 30: Output window (screen) serving for displaying of a reconstructed object

The base vectors i, j of the global coordinate system satisfy

i = − 2r

M
and j = −2s

N

where (M,N) is the resolution of the output window. Thus, the logical pixel of the output
window with global coordinates [i, j] is also a point Qi,j satisfying

Qi,j − P = qi,j = d + r + s + i · i + j · j.

From the programmer’s point of view, the output window is an image created in the fol-
lowing way: a projection line

X = P + t · qi,j
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passes step by step through each logical pixel [i, j] of the output window. In the software
solution, this procedure is realized in the following way:

q0,0 = d + r + s

qi+1,j = qi,j + i (movement inside a row of the output window)

q0,j+1 = q0,j + j (movement to the next row in the output window).

Now we have to find the intersections of the projection line with the system of cuts and to
save the values of individual colour components of these intersections. Then, all the colours
acquired are mixed (see [10]) and the resulting colour of the currently processed pixel is
obtained.

Quick and efficient computation of the intersections of the projection line with the system
of cuts constitutes the biggest challenge. For this purpose, the so-called line segment
voxelization procedure (using the Bresenham’s algorithm and fast integer arithmetic only;
see [10] and [9]) was developed.

Line Segment Voxelization

Using the coordinates of the input and output voxel, we find out on which axis the biggest
difference between the original and the terminal coordinates appears. Let, for example, the
axis x be this axis (see Figure 31).

Figure 31: Principle of line segment voxelization

Now let us project the input and output voxel into the plane xy and let us use the Bre-
senham’s algorithm for the first time. It will proceed along the axis x and generate the
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y-coordinates of the pixels approaching the line segment connecting the original and ter-
minal pixel. Now, by analogy, let us project the input and output voxel into the plane xz
and let us use the Bresenham’s algorithm for the second time. In the final phase, these
partial results are combined and we obtain the logical coordinates of individual voxels. This
algorithm works with integer values only, which makes it very fast.

Let us note at the end that if we do not want to display the whole object but just a part of
it, it will be necessary to select the corresponding border planes. Then we proceed so that
the intersections of each projection line with these border planes are found instead of with
the surface of the whole cuboid bounding the system of cuts.
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10 Software Solution

This chapter introduces the software developed as a part of this thesis. In the following
sections, individual functions of this software are described in detail, together with practical
examples and illustrations.

Loading Images

Thanks to the implementation of the DevIL image library, the software enables loading
images of all basic formats, i.e., TIFF (both 8-bit and 16-bit), PNG, JPG, GIF and BMP.
The TIFF-images with multiple-page images (subfiles) per a single file can also be open.

Histograms

By selecting Histograms → Histograms, histograms of the red, green and blue channel and
the histogram of brightness are calculated and displayed for the active image. By moving
the cursor over the individual histograms, the number of pixels for each intensity value
is shown. By selecting Histograms → Cumulative Histograms, cumulative histograms are
displayed; see Section 6.1.

2-D Enhancement

The 2-D Enhancement submenu is shown in the following figure:

Figure 32: Submenu for 2-D image enhancement procedures

By selecting 2-D Enhancement → Contrast Stretching..., 2-D Enhancement → Gamma
Correction... or 2-D Enhancement → olding..., the Brightness Enhancement interface is
displayed; see Figure 33.

The Contrast stretching panel enables to rescale the original brightness values in order to
achieve a better contrast in the active image. The Black value and White value determine
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the smallest and biggest value of the new range respectively and correspond to c and d

in Section 6.6. Pixels lying outside the new range are indicated as Number of underflown
pixels and Number of overflown pixels.

Figure 33: Brightness Enhancement interface serving for contrast stretching, gamma cor-
rection and thresholding of the active image(s)

The Gamma correction panel performs a non-linear transformation of the brightness values
according to Section 6.6. The Thresholding panel enables to remove the pixels whose
brightness does not exceed the chosen Threshold value.

By selecting 2-D Enhancement → Adaptive Equalization..., all the procedures discussed
in Section 6.2 can be executed. The corresponding interface is formally identical to the
interface in Figure 39. If just Size of neighbourhood is chosen, adaptive histogram equal-
ization is performed. The Neighbourhood adaptivity panel enables to use the V(α), A(k)
and S(α, k, qV , qA) adaptive neighbourhoods according to Definitions 6.2, 6.3 and 6.4.
The selection of Comparison of std. deviations in the Adaptivity towards additive noise
panel enables to perform the most advanced method, adaptive histogram equalization with
adaptive neighbourhood and adaptive to additive noise (see Section 6.5), yielding the best
possible outputs in exchange for higher computational costs.

The contribution of these methods is illustrated in two following examples. In Figure 34,
there are graphite particles in a cast iron. Adaptive histogram equalization was performed
in order to visualize edges and the inner structure in the original image (top left). The
top right image shows the impact of additive noise that is „visualized“ as well because no
adaptivity to additive noise was used. The bottom left image was obtained by means of
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adaptive histogram equalization adaptive to additive noise. As you can see, the edges and
inner structure were visualized while the smooth areas remained untouched. However, there
are still many undesirable artificial artifacts around the edges. This imperfection can be
suppressed by means of adaptive histogram equalization with adaptive neighbourhood and
adaptive to additive noise (the bottom right image).

Figure 34: Graphite particles in a cast iron (DVD: Other Data\METAL_01.bmp). The
original image (top left); equalized image by means of a (non-adaptive) local neighbourhood
with r = 10 (top right); equalized image by means of a (non-adaptive) local neighbourhood
with r = 10, adaptive to additive noise (bottom left); and equalized image by means of a
V(α)-neighbourhood with r = 10, α = 35, adaptive to additive noise (bottom right)

A similar situation is shown in Figure 35. There are limescale crystals in a heat line. As
you can see, the original image (top left) contains a dark area with non-contrast crystals.
Using adaptive histogram equalization, these crystals are clearly visualized (the top right
image), however, a significant amount of noise is also „visualized“; it can be seen mainly at
the small plate in the center of the image. Again, this problem is solved using adaptive
histogram equalization with adaptive neighbourhood and adaptive to additive noise (the
bottom right image) to a large extent.
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Figure 35: Limescale crystals in a heat line (DVD: Other Data\KOKAM480.bmp). The
original image (top left); equalized image by means of a (non-adaptive) local neighbourhood
with r = 12 (top right); equalized image by means of a (non-adaptive) local neighbourhood
with r = 12, adaptive to additive noise (bottom left); and equalized image by means of a
V(α)-neighbourhood with r = 12, α = 30, adaptive to additive noise (bottom right)

By selecting 2-D Enhancement → Linear Filters..., an interface offering various types of
linear filters is shown; see Figure 36. The filtering is executed in the spatial domain using
a convolution matrix.

The convolution matrix can be entered either manually or it is possible to use one of
predefined filters. Low-pass filters are applied in order to suppress additive noise or to
smoothen the image, high-pass filters yield edge enhancement, and filters for image focusing
sharpen the original image.
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Figure 36: 2-D Linear Filters interface serving for modification of images in the spatial
domain; e.g., low-pass filters, high-pass filters and filters for image focusing can be applied

Figure 37: Impulse Noise Filtering interface; median and rank filter can be applied
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By selecting 2-D Enhancement → Impulse Noise Filtering..., an interface serving for im-
pulse noise filtering is shown; see Figure 37.

Concerning the detection of impulse noise, the median filter and rank filter are offered.
The test criterion is given by the Significance level ε and Size of neighbourhood (see Sec-
tion 6.4.2). Concerning the correction of impulse noise, the double-pass statistical method
of correction is implemented.

Figure 38: Median filter with a neighbourhood of r = 5 was used for filtering the original
image (top left) and three different results are shown: the optimal result (ε = 25, top right),
an insensitive filter (ε = 45, bottom left) and a too strong filter (ε = 15, bottom right)

The median filter is illustrated in Figure 38. On the top left, there is an image containing
a significant level of impulse noise. This image was filtered using various values of ε: with
ε = 25 (top right), the optimal result was achieved; with ε = 45 (bottom left), the image
still contains too much noise as the significance level of the test criterion was too high; with
ε = 15 (bottom right), the image deteriorated as the significance level of the test criterion
was too low.

The last two items of this submenu influence the effect of the previous procedures. By
selecting 2-D Enhancement → Active Image, the selected modification is applied just to
the active image; by selecting 2-D Enhancement → All Images, the selected modification
is applied to all the images currently open.
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3-D Enhancement

By selecting 3-D Enhancement → Adaptive Equalization..., the Adaptive 3-D Enhancement
interface is displayed; see Figure 39.

Figure 39: Adaptive 3-D Enhancement interface serving for executing various types of 3-D
adaptive histogram equalization

Digital geometry approach to 3-D image enhancement represent one of the main targets of
this thesis. The theoretical background is given in Sections 8.3 and 8.4. Practical examples
of an application of these methods to HDR images are given in Section 8.5, together with
a comparison to simpler methods.

Image Registration

By selecting Image Registration → Non-linear Optimization, an interface serving for image
registration is shown. The alignment is performed by means of non-linear optimization
techniques; see Section 7.2.
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Fourier Transform

By selecting Fourier Transform → 2-D Fourier Transform..., the Two-dimensional Discrete
Fourier Transform interface is shown; see Figure 40.

Figure 40: Two-dimensional Discrete Fourier Transform interface

By pushing Compute, the original image is converted to the frequency domain by means of
the DFT; see Section 5.2. The result is shown in Figure 41.

The Spectrum panel enables to display either the real or imaginary part of the spectrum (see
Figure 42), as well as the amplitude spectrum, logarithmic spectrum and phase spectrum
of the original image.

The DC-component panel determines if the lowest frequency appears in the center („cen-
tralized spectrum“) or at the left-top corner of the image. The Visualization panel enables
to modify the way of displaying of the spectrum, either by means of the gamma correction
or thresholding.
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Figure 41: Fourier (logarithmic) spectrum of the previous image

Figure 42: Real part (left) and imaginary part (right) of the previous image spectrum
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The Frequency filters panel enables to apply some low-pass filters with the adjustable
strength given by the value of the cut-off frequency. Ideal-low pass, Gaussian low-pass
and Butterworth low-pass filters are available (see Section 5.3). By pushing Show, the
effect of the selected filter is visualized; see Figure 43.

By pushing Apply, the selected filter is applied to the spectrum; by pushing Compute, the
modified spectrum is converted back to the spatial domain.

Figure 43: Gaussian low-pass filter is applied to the Fourier spectrum
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2-D Composition of Optical Cuts

The 2-D Composition submenu is shown in the following figure:

Figure 44: Submenu for two-dimensional composition of optical cuts

Two-dimensional composition of optical cuts provides just a basic and rough idea of the
real appearance of the examined object. On the other hand, the implementation is fast,
easy and suitable for the first approach. The items of this menu correspond to the first five
methods explained in detail in [10] (its image appendix also contains some examples and
comparisons).

Of course, there are also more sophisticated methods of two-dimensional composition of
images, which can bring valuable information on a displayed object. These methods are
based on numerical methods of image analysis which exceed the frame of this thesis. More
detailed information can be found in [8] and [4].

By selecting 2-D Composition → Setting..., the 2-D Composition Setting interface is shown.
It is possible to set the transparency coefficients of individual colour channels and the
background colour.

3-D Object Reconstruction

By selecting 3-D Reconstruction → 3-D Object Reconstruction..., an interface serving for
the computation of three-dimensional object reconstructions is shown; see Figure 45 and
Figure 46. The former reconstruction is published in author’s publication [9].

The Observer panel determines the position of the observer; the coordinates of this point
can be either entered directly or adjusted using the buttons provided. The Direction panel
determines the vector of the direction of view. Other parameters needed for the reconstruc-
tion can be set via the Other parameters panel; their meaning is explained in Chapter 9.
The z-axis value is most important; this vertical interval between two adjacent cuts is set
according to the step of the microscope that provided the input data.

The Color composition panel enables to choose the way of composition of the colours
gathered along each projection line. The transparency coefficients for each colour channel
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Figure 45: 3-D reconstruction of Tobacco cell; beginning of strangulation

Figure 46: 3-D reconstruction of Paramecium
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can be set underneath. Illumination effects can also be added to the model; the parameters
are set via the Phong illumination model panel introduced in [10].

The Animations panel enables to create an animation, i.e., to compute a sequence of images
during which the observer is moving along a chosen trajectory around the reconstructed
object.

By pushing Design, the Animation Designing interface is shown; see Figure 47.

Figure 47: Animation Designing interface serving for the computation of animations

Individual positions of the observer, which will be subsequently used for computation of
the animation, are marked with blue crosses. The basic elliptic trajectory (smaller green
crosses) is given by the coordinates of the Center of ellipse, Principal vertex and Incidental
vertex. From other parameters, the Step value is most important, determining the number
of images computed along the chosen trajectory.

By pushing Test on the Animations panel, a test computation of the designed animation
is launched; the individual images are quickly computed into the small auxiliary window.
By pushing Calculate, the images are computed in the full size. The Load button is used
to load an animation already computed, and the next buttons control its showing.

Figures 45 and 46 contain examples of two reconstructed objects. Let us note that this
software can be used not only for processing confocal microscope outputs; it works with
Visible Human Project data (see [20]) as well, as demonstrated in Figure 48 (reconstruction
of a human head).
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The last panel, Displaying boundaries, enables to design an excision of the reconstructed
object. By pushing Design boundaries, the Boundaries Designing interface is shown; see
Figure 49.

Figure 48: Visible Human Project: reconstruction of a human head

Figure 49: Boundaries Designing interface serving for designing an excision of the recon-
structed object

The right-hand side picture represents the ground plan of the input system of cuts. The blue
polygon indicates the vertical planes bounding the area that is supposed to be displayed.

Individual vertices of this polygon can be set via the Vertices of boundary polygon panel.
Twelve items are available, i.e., the border can be represented by an arbitrary polygon
with up to twelve vertices. The area that is supposed to be displayed can be bound not
only by vertical side planes; via the Top and bottom limit of displayed area panel, this
area is restricted by two horizontal planes, i.e., we choose, which cuts are used for the
reconstruction. By pushing Redraw image, the polygon just entered is drawn for verification.
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For example, Figure 51 (an excision of a human head) was obtained by the following usage
of this interface; see Figure 50.

Figure 50: Example of the usage of the Boundaries Designing interface

Figure 51: Visible Human Project: excision of a human head

The software just introduced, together with all the data, is available on the enclosed DVD.
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11 Applications

The algorithms for image enhancement and object reconstruction discussed in this thesis
concern especially confocal microscopes outputs. The applications of confocal microscopy
are summarized in the first section. Many examples have also been introduced throughout
the previous text. The second section shows another application – visualization of the solar
corona.

11.1 Biological and Medical Research

The broad range of applications available to laser scanning confocal microscopy includes
a wide variety of studies in neuroanatomy and neurophysiology, as well as morphological
studies of a wide spectrum of cells and tissues. In addition, the growing use of new fluores-
cent proteins is rapidly expanding the number of original research reports coupling these
useful tools to modern microscopic investigations. Other applications include resonance
energy transfer, stem cell research, photobleaching studies, lifetime imaging, multiphoton
microscopy, total internal reflection, DNA hybridization, membrane and ion probes, bio-
luminescent proteins, and epitope tagging. Some of these techniques are described in the
paragraphs below. This section was elaborated using [18].

Colocalization of Fluorophores in Confocal Microscopy. During the examination and digital
recording of multiply labeled fluorescent specimens, two or more of the emission signals
can often overlap in the final image due to their close proximity within the microscopic
structure. This effect is known as colocalization and usually occurs when fluorescently
labeled molecules bind to targets that lie in very close or identical spatial positions. The
application of highly specific modern synthetic fluorophores, coupled with the digital image
processing afforded by confocal microscopy, has dramatically improved the ability to detect
colocalization in biological specimens.

Colocalization, in a biological manifestation, is defined by the presence of two or more
different molecules residing at the same physical location in a specimen. Within the con-
text of a tissue section, individual cell, or sub-cellular organelle viewed in the microscope,
colocalization may indicate that the molecules are attached to the same receptor, while in
the context of digital imaging, the term refers to colours emitted by fluorescent molecules
sharing the same pixel in the image.

Graphical display for colocalization analysis of the pseudocoloured specimen image is rep-
resented by a scatterplot, which correlates the relationship or association between two sets
of data. A scatterplot graphs the intensity of one pseudocolour (or channel) versus another
for each pixel in the image. One channel (usually green) is graphed along the x-axis, while
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the other (usually red) is plotted on the y-axis with intensities ranging from 0 to 255 on
both the abscissa and ordinate. Thus, every pixel of the composite image is characterized
by a pair of intensities distinguished as coordinates in a Cartesian system. Analysis of the
distribution pattern generated by the intensity pairs enables identification of fluorophore
colocalization, as well as background discrimination, bleed-through, photobleaching, and
lack of registration between the individual channels.

Figure 52: Various degrees of collocalization in confocal microscopy; a rat brain hippocam-
pus coronal thick section (a), an Indian Muntjac deer skin fibroblast cell (b), and a rabbit
kidney epithelial cell (c), with their scatterplots (d)-(f)

Figure 52 illustrates three dual channel confocal microscopy optical section image planes
(pseudocoloured red and green) from specimens having varying degrees of fluorophore colo-
calization, along with their corresponding scatterplots. Pixels in each channel having very
low intensity are located near the origin of the scatterplot, while brighter pixels are dis-
persed farther away. In a scatterplot that correlates red and green channels, the pure red
and green pixels tend to cluster near the axes of the plot, while colocalized pixels, if present,
appear coloured with orange and yellow hues (depending upon the degree of colocalization),
and fall near the center (x = y) and upper right-hand corner of the scatterplot.
Fluorescence Resonance Energy Transfer (FRET). The precise location and nature of the
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interactions between specific molecular species in living cells is of major interest in many
areas of biological research, but investigations are often hampered by the limited resolution
of the instruments employed to examine these phenomena. Conventional widefield fluores-
cence microscopy enables localization of fluorescently labeled molecules within the optical
spatial resolution limits defined by the Rayleigh criterion, approximately 200 nanometers.
However, in order to understand the physical interactions between protein partners involved
in a typical biomolecular process, the relative proximity of the molecules must be deter-
mined more precisely than diffraction-limited traditional optical imaging methods permit.
The technique of FRET, when applied to optical microscopy, permits determination of the
approach between two molecules within several nanometers, a distance sufficiently close for
molecular interactions to occur.

Embryonic Stem Cells. Embryonic stem cell lines, which were originally produced from
the inner core of human blastocysts as well as those of other mammals, are now widely
established in the research community using traditional in vitro culture. The cell lines
preserve their undifferentiated state and normal nuclei during subculture, however, they
remain capable of differentiation into virtually any type of tissue.

Fluorescence Photobleaching Investigations. Both fluorescence loss in photobleaching (FLIP)
and the related methodology of recovery after photobleaching (FRAP) are techniques for
observing the movement of intracellular materials through photobleaching of fluorescence.

Fluorescence Lifetime Imaging Microscopy (FLIM). Multi-colour staining with fluorescent
dyes is actively used for observing the distribution of biological materials (such as proteins,
lipids, nucleic acids, and ions) in the field of tissue and cell research.

Multiphoton Microscopy. Multiphoton fluorescence microscopy is a powerful research tool
that combines the advanced optical techniques of laser scanning microscopy with long wave-
length multiphoton fluorescence excitation to capture high-resolution, three-dimensional
images of specimens tagged with highly specific fluorophores. It allows investigations on
thick living tissue specimens that would not otherwise be possible with conventional imaging
techniques.

Fiber FISH (Fluorescence in situ Hybridization). The term Fiber FISH refers to the common
practice of fluorescence in situ (FISH) conducted on preparations of extended chromatin
fibers. In mapping DNA fragments of interest by conducting FISH investigations on chro-
mosomes, signals within a distance of several million base pairs are indistinguishable from
each other because of the multifold structure of DNA strands in the metaphase chromo-
somes. The resolution of signals improves if the chromosomes are used before they progress
to full condensation.
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11.2 Visualization of Solar Corona Images

Another application that often works with HDR images is displaying of the solar corona.
Due to an enormous contrast between the brigthest part of the corona and its parts lying
further away, it is necessary to use mathematical algorithms to visualize coronal structures.

Figure 53 shows an example of visualization of a solar corona image. The original image
(left) was equalized by means of 2-D adaptive histogram equalization with adaptive neigh-
bourhood (right); as you can see, a lot of coronal structures, almost invisible in the original
image, is clearly visible in the resulting image.

Figure 53: Original image (left) and equalized image (right) by means of a 2-D (non-
adaptive) local neighbourhood with r = 4, computational time 3 sec.
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Conclusion

The thesis has been concerned with 2-D and 3-D adaptive filters for visualization of high-
dynamic range (HDR) images. The first part of the thesis contains an introduction of HDR
images, a description of the principle of confocal microscopy and its comparison with clas-
sic optical microscopy, a discussion about the point spread function, and a mathematically
correct definition of digital image and other related terms (physical and logical domains,
vertex and central mapping, digital space metrics, valuation, etc.) that provide the neces-
sary theoretical background.

Author’s main results are contained in the second part of the thesis that explains the
frequency domain approach (using discrete Fourier transform and frequency filters) and
digital geometry approach (using adaptive histogram equalization) to 2-D and 3-D image
enhancement, and the principle of the 3-D object reconstruction.

The contribution of this thesis consists in the following points:

• Formalization of the known theory of adaptive histogram equalization; the algorithm
of histogram equalization itself is described, and the definitions of (non-adaptive) local
neighbourhoods, adaptive V(α)-neighbourhood and adaptive A(k)-neighbourhood are
given, based on the theory built in the first part of the thesis.

• Introduction of the combined S(α, k, qV , qA)-neighbourhood; this adaptive neighbour-
hood connects advantages of simpler methods in order to obtain a more broadly-usable
neighbourhood.

• Introduction of the fuzzy neighbourhood; this approach takes into account the dis-
tance of individual logical pixels/voxels from the processed one and assigns their
membership degree accordingly.

• Generalization of the previous theory into 3-D; with suitable data, e.g., with a series
of optical cuts that can be represented as a 3-D digital image, it is possible to employ
adaptive histogram equalization in 3-D in order to obtain better-looking outputs.

• Illustration of the benefits of the 3-D processing; by means of new HDR data provided
by the Olympus FluoViewTM FV1000 Laser Scanning Confocal Microscope, several
examples are given in order to prove the contribution of the 3-D adaptive histrogram
equalization with adaptive neighbourhood.

• Introduction and description of 3-D frequency filters and 3-D processing in the fre-
quency domain.
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All the results discussed above are also implemented in the software developed as a part
of this thesis. The software is described in Chapter 10 in detail; it employs, e.g., opening
of images of various formats, 2-D and 3-D adaptive histogram equalization with adaptive
neighbourhood and adaptive to additive noise, 2-D composition of optical cuts, 3-D object
reconstruction, linear and non-linear filters, 2-D discrete Fourier transform and inverse
discrete Fourier transform, frequency filters, etc.

Since this thesis targets primarily the visualization of HDR images provided by means
of confocal microscopes, the results can be applied especially in biological and medical
research. The broad range of applications includes studies of the complicated architecture
of neural networks, morphological studies of a wide spectrum of cells and tissues, studies in
neuroatonomy and neurophysiology, CT scans, stem cell research, resonance energy transfer,
etc., as described in detail in Chapter 11. However, any application that needs to visualize
HDR images can utilize the results of the thesis.

96



Author’s Publications

1. MARTIŠEK, D. – MARTIŠEK, K. – PROCHÁZKOVÁ, J. New Methods for Space Re-
construction of Inside Cell Structures. Journal of Applied Biomedecine, Vol.2007, (2007),
No.5, pp.151-155.

2. KARPÍŠEK, Z. – MARTIŠEK, K. Fuzzy Reliability of a System. Proceedings East West
Fuzzy Colloquium 2010, pp.147-153.

3. KARPÍŠEK, Z. – MARTIŠEK, K. Software pro výpočet fuzzy spolehlivosti soustav s
využitím FJK-algoritmu. Informační bulletin České statistické společnosti, Vol.22, (2011),
No.2, pp.71-79.

4. MARTIŠEK, K. – DRUCKMÜLLEROVÁ, H. A Numerical Method for the Visualization
of the Fe XIV Emission in the Solar Corona Using Broadband Filters. The Astrophysical
Journal Supplement Series, Vol.197, (2011), No.2, pp.23-29.

5. MARTIŠEK, D. – MARTIŠEK, K.: Direct Volume Rendering Methods for Cell Struc-
tures. Scanning: The Journal of Scanning Microscopies, accepted on 1st February 2012.

Other Author’s Products

1. ŠENBERGER, J. – ČECH, J. – ZÁDĚRA, A. – KAŇA, V. – KARPÍŠEK, Z. – MAR-
TIŠEK, K. Výpočet licí teploty litin Ni-resist (software).

2. MARTIŠEK, K. – KARPÍŠEK, Z. Fuzzy spolehlivost systému (software).

3. ZÁDĚRA, A. – LAŠTOVICA, J. – ŠENBERGER, J. – MARTIŠEK, K. Termodynam-
ické výpočty aktivity kyslíku a síry v litinách (software).

4. MARTIŠEK, K. – NOVOTNÝ, J. – NOVOTNÝ, J. Software for 2-D and 3-D Digital
Images Processing.

97



References

[1] BEZVODA, V., et al. Dvojrozměrná diskrétní Fourierova transformace a její použití –
I.: Teorie a obecné užití. 1st edition. Praha: Státní pedagogické nakladatelství, 1988.

[2] CAPODIFERRO, L., et al. Two-channel technique for high dynamic range image vi-
sualization. 8th International Conference on Information Visualization, London, 2004,
pp. 269-273.

[3] ČÍŽEK, V. Diskrétní Fourierova transformace a její použití. 1st edition. Praha: SNTL
– Nakladatelství technické literatury, 1981.

[4] DRUCKMÜLLER, M. – HERIBAN, P. Digital Image Processing System for Windows,
version 5.0. SOFO, 1996.

[5] DRUCKMÜLLER, M. Phase Correlation Method for the Alignment of Total Solar
Eclipse Images. The Astrophysical Journal, 2009, vol. 706, no. 2, pp. 1605–1608.

[6] MARTIŠEK, D. Počítačová grafika pro matematické inženýry. PC-Dir Real, s.r.o.,
Brno, 1999.

[7] MARTIŠEK, D. Matematické principy grafických systémů. Littera, Brno, 2002.

[8] MARTIŠEK, D. The 2-D Processing of Images Provided by Confocal Microscopes.
Mendel, Brno, 2002.

[9] MARTIŠEK, D. – MARTIŠEK, K.: Direct Volume Rendering Methods for Cell Struc-
tures. Scanning: The Journal of Scanning Microscopies, accepted on 1st February 2012.

[10] MARTIŠEK, K. Numerical Methods of Multispectral Confocal Microscopy. Diploma
thesis. Brno University of Technology, 2007.

[11] PRATT, W. K. Digital Image Processing. 4th edition. John Wiley & Sons, Inc. Hobo-
ken, New Jersey., 2007.

[12] SRINIVASA REDDY, B. – CHATTERJI, B. N. An FFT-Based Technique for Trans-
lation, Rotation, and Scale-Invariant Image Registration. IEEE Transactions on Image
Processing, August 1996, vol. 5, no. 8, pp. 1266-1271.

[13] SRIPATHI, D. Efficient Implementations of Discrete Wavelet Transforms Using FP-
GAs. Diploma thesis. The Florida State University, 2003.

[14] STARCK, J. – MURTAGH, F. – BIJAOUI, A. Image Processing and Data Analysis.
Cambridge University Press, 1998.

98



[15] UHLÍŘ, V., et al. Current-induced motion and pinning of domain walls in spin-valve
nanowires studied by XMCD-PEEM. Physical Review B, 22., Vol.81, 2010.

[16] ŽENÍŠEK, A. Lebesgueův integrál a základy funkcionální analýzy. PC-Dir Real, s.r.o.,
Brno, 1999.

[17] Image Processing Learning Resources [online] [cit. 4 December 2011].
<http://homepages.inf.ed.ac.uk/rbf/HIPR2>.

[18] Olympus FluoView Resource Center [online] [cit. 28 November 2011].
<http://www.olympusfluoview.com>.

[19] P3DFFT – Highly Scalable Parallel 3D Fast Fourier Transforms Library [online] [cit.
27 March 2012].
<http://www.sdsc.edu/us/resources/p3dfft>.

[20] The Visible Human Projectr [online] [cit. 11 December 2011].
<http://www.nlm.nih.gov/research/visible/visible_human.html>.

99



Used Symbols

N the set of numbers 1, 2, 3, . . .

Z the set of integers
R the set of real numbers
C the set of complex numbers
bac the integral part of a ∈ R
i the imaginary unit
a∗ the complex conjugate of a ∈ C
Round the unary operation of rounding to the nearest integer
D(n) n-dimensional digital space (see Definition 4.4)
F(n) n-dimensional physical space (see Definition 4.6)
F(n) physical n-D domain (see Definition 4.5)
L(n) n-dimensional logical space (see Definition 4.7)
L(n) logical n-D domain (see Definition 4.7)

Sϕ central mapping (see Definition 4.9)
C(n)

L weighted maximum metric of a logical space (see Definition 4.12)
β numerical valuation of a digital space (see Definition 4.19)
I digital image in the spatial domain
OV V(α)-neighbourhood of a processed pixel (voxel)

(see Definitions 6.2 and 8.2)
OA A(k)-neighbourhood of a processed pixel (voxel)

(see Definitions 6.3 and 8.3)
OS S(α, k, qV , qA)-neighbourhood of a processed pixel (voxel)

(see Definitions 6.4 and 8.4)
(M,N) resolution of a digital plane
f(m,n) function {0, . . . ,M − 1} × {0, . . . , N − 1} → C in the spatial domain
D the discrete Fourier transform (see Definition 5.1)
D−1 the inverse discrete Fourier transform (see Definition 5.2)
F (k, l) the Fourier image of f(m,n)

A(k, l) the amplitude spectrum of f(m,n) (see Definition 5.3)
Φ(k, l) the phase spectrum of f(m,n) (see Definition 5.3)
L(k, l) the logarithmic spectrum of f(m,n) (see Definition 5.3)
Re the real part of a complex number
Im the imaginary part of a complex number
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