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1 Motivation

Many deterministic optimization problems from a wide range of applications
are often governed by ordinary (ODE) or partial (PDE) differential equations
and lead to the ODE or PDE constrained optimization problems. As we can
find a closed-form solution only for simple ODEs or PDEs, we have to approxi-
mate their solution by discretization in most cases. Classical approximation
techniques for solving these equations include finite difference method, finite
volume method and finite element method (e. g. [1]). Then we can approximate
our initial ODE/PDE constrained optimization problem by mathematical pro-
grams [22]. Solution methods of these deterministic problems are relatively well
developed.

However, in practice, several elements of the problem are not very often
given as fixed quantities but rather as random elements, therefore a problem
with uncertainty results from the aforementioned deterministic problem.

The combination of these two previously mentioned areas results in ODE
or PDE constrained optimization problem with uncertainty. Two types of
formulation of this problem can be obtained using stochastic programming
(SP) or stochastic optimal control [25]. In our studied problems, the stage-
related decision structure – as is in stochastic programming – is more adequate
than continuous time like in optimal control. Moreover, as it is often necessary
to make decision before a realization of the corresponding random variables
becomes known, and after it, two-stage stochastic programming can be used.

For these reasons, we are facing ODE or PDE constrained stochastic pro-
gramming models. Solution methods are not developed so much for these
cases (e. g. one group in Germany [7] is concerned with the shape optimiza-
tion PDE constrained problem), and therefore, it could be very useful to be
concerned with this type of problems, formulate them properly and propose
suitable approximation and solution methods that can be further used in var-
ious application areas.

2 The aims of the Ph.D. thesis

PDE constrained stochastic programming problem will be formulated as a the-
oretical model for selected engineering problems and a computational scheme
for solving such optimization problems, using the two-stage scenario-based
stochastic programming and suitable discretization method, will be proposed.
Deterministic and stochastic approaches will be compared.

Monte Carlo bounding techniques for determining solution quality in these
stochastic programs will be studied. Furthermore, the PHA algorithm will be
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implemented and tested for our class of problems, its advantages and limita-
tions will be found out and heuristics for its acceleration will be developed.

The alternatives of approximations of the model that includes reliability-
related probabilistic terms by means of closely studied two-stage stochastic
programs will be discussed.

Finally, the conclusions about the importance and contribution of stochas-
tic programming approach to decision making under uncertainty especially in
the engineering problems will be made.

3 Optimization in engineering design

Optimization is undoubtedly indispensable in all engineering areas. We are
especially interested in optimum design problems leading to optimization mod-
els constrained by differential equations. This type of problems can arise in
different engineering areas such as in structural engineering where the uncer-
tainty plays an important role due to variations of the material, variations of
the external loads, etc. There are increasing requests from practitioners to
reconsider traditional ”expert-based” deterministic models and find more re-
alistic risk-averse models with probabilistic nature, see e. g. [20] for reliability-
based structural optimization, [21] for stochastic programming approach, [19]
for stochastic finite element method and [12] for simulation-based reliability
assessment method. Other areas include mechanical engineering (e. g. [10] for
thermodynamics problem), process engineering (e. g. [18] for burner design
problem) or aeronautical engineering (e. g. [9] for designs of wings problem).

Stochastic programming approach may be used due to that engineers pre-
fer widely applicable robust algorithmic schemes instead of efficient algorithms
for specialised cases. Furthermore, they do not necessarily need optimal so-
lutions and they are often satisfied enough with a significant improvement of
the existing design, i. e. suboptimal solutions. Therefore, the model-based ap-
proximation where its quality is verified by the comparison of existing and
suboptimal solutions is further chosen and development of the computational
scheme is illustrated by several fundamental engineering examples.

4 Mathematical programming and
multi-objective optimization

Mathematical programs play an important role in SP because of a connection
with underlying programs and resulting models of deterministic reformulations.
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Definition 4.1. A mathematical programming problem is defined as

min
x
f(x) s. t. x ∈ C, (4.1)

where x is a decision variable, C = {x|g(x) ⋄ 0, x ∈ X} is a feasible set,
X ⊆ Rn, g : Rn → Rm is a vector function, symbol ⋄ ∈ {≤,≥,=} expresses
relations and f : C → R is an objective function.

The concepts of the efficient points and efficient frontier help to characterize
the ”best” feasible solutions in multi-objective models. There are several ways
how to deal with multi-objective models. We will use a weighted sum approach
where multiple criteria are joined to single objective. More precise definitions
can be found in Ph.D. thesis or in any standard textbook, e. g. [3], [17].

5 Stochastic programming

Uncertainty is the key ingredient in many decision problems. Therefore, vari-
ous approaches to optimization under uncertainty have been developed. SP is
based on probabilistic models of uncertainty. At first, an underlying program
has to be formulated [14].

Definition 5.1. An underlying program is defined as

min
x
f(x, ω) s. t. x ∈ C(ω), (5.1)

where ω ∈ Ω is an random element. Usually the involved random data is
formed by a finite numbers of parameters and the objective function is given
as f(x, ω) = F (x, ξ(ω)), where ξ(ω) : Ω → RK is a finite dimensional random
vector. Realization (scenario) of ξ is ξ(ωs) ∀ωs ∈ Ω and it is denoted as ξs.

This program depends on ω and is meaningless if the realization of the
random parameters is not observed. Therefore, various deterministic refor-
mulations have to be used. If the decision x is made after observing the
randomness ξ, wait-and-see (WS) approach is obtained. But we usually use
here-and-now (HN) approach in stochastic programming where the decision x
is made before the observations of ξ are known [16].

Precise description of different reformulations can be found in Ph.D. thesis
and only two commonly used are defined here.

Definition 5.2. Expected value (EV) deterministic reformulation of the un-
derlying program (5.1) is defined as

min
x
F (x,E(ξ)) s. t. x ∈ C(E(ξ)), (5.2)

where E(ξ) is an expected value of ξ.
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Definition 5.3. Expected objective (EO) deterministic reformulation of the
underlying program (5.1) is defined (for the case of C = Rn) as

min
x

E(F (x, ξ)) s. t. x ∈ C. (5.3)

A characteristic which measures how much can be saved when the true HN
approach is used instead of the EV approach is called VSS [4].

We can view some optimization problems as two-stage problems where the
decision vector has two distinct parts. At the first stage, before a realization
of the random vector ξ becomes known, we choose the first-stage decision
variables x to optimize the expected value of an objective function which is
the optimal value of the second stage optimization problem. The value of the
second part of the decision vector y can be chosen after the realization of ξ
becomes known and generally depends on the realization of ξ and on the choice
of x. The second-stage problem can be viewed as a penalty term for violating
the constraints which contain random elements, therefore these problems are
called the problems with recourse. The most common two-stage programs
are the linear ones with a discrete random vector ξ with R possible scenarios
ξs = (qs,hs,Ts,Ws) with the corresponding probabilities ps.

Definition 5.4. Two-stage discrete stochastic linear program is defined as
follows:

min
x,y1,...,yR

(
cTx+

R∑
s=1

psq
T
s ys

)
(5.4)

s. t.Ax = b,Tsx+Wsys = hs,x ≥ 0,ys ≥ 0, s = 1, . . . , R, (5.5)

where the matrices T and W are called technology and recourse matrices.

6 Optimization models and their properties

This chapter presents a brief summary of achieved results concerning three
engineering ODE or PDE constrained stochastic optimization problems. De-
tailed description can be found in Ph.D. thesis.

6.1 Stochastic optimization of transverse vibrations of

a string

As the first illustrative example we consider the optimization of the transverse
vibration of a randomly loaded string. The aim of the optimization is to obtain
an optimal design of two types of decision variables describing damping forces

8



while the difference between actual and required displacement is minimized,
see the following underlying program:

min
e, g(ξ),v(ξ)

T∫
0

l∫
0

(v(ξ, x, t)− u(x, t))2 dx dt (6.1)

s. t.
∂2v

∂t2
(ξ, x, t) = a2

∂2v

∂x2
(ξ, x, t) + T(ξ, x)e(x) + g(ξ, x, t) + h(ξ, x, t),

x ∈ ⟨0, l⟩, t ∈ ⟨0, T ⟩, ξ ∈ Ξ, (6.2)

v(ξ, 0, t) = 0, v(ξ, l, t) = 0, t ∈ ⟨0, T ⟩, ξ ∈ Ξ, (6.3)

v(ξ, x, 0) = φ(x),
∂v

∂t
(ξ, x, 0) = ψ(x), x ∈ ⟨0, l⟩, ξ ∈ Ξ, (6.4)

g(ξ, x, 0) = 0, x ∈ ⟨0, l⟩, ξ ∈ Ξ, (6.5)

|v(ξ, x, t)| ≤ vlimit, x ∈ ⟨0, l⟩, t ∈ ⟨0, T ⟩, ξ ∈ Ξ, (6.6)

where l is the string length, T is the observation time, a2 = σ
µ , σ is the tension

in the string, µ is the mass of the string per unit length, u(x, t) is the required
displacement, ξ : Ξ → R is the random variable, h(ξ, x, t) is the stochastic
dynamic load, e(x) is the first-stage decision variable, g(ξ, x, t) is the second-
stage decision variable and v(ξ, x, t) is the displacement. We assume that the
external force e(x) acts indirectly on the string, i. e. it takes effect through
mechanical equipments [Z3]. Therefore, a random matrix T(ξ, x) is included
into model.

The underlying program (6.1)-(6.6) is syntactically correct but its seman-
tics is not discussed and the deterministic reformulations are used. It means
most often that the objective function (6.1) is optimized on average, i. e. EO
reformulation is used. EV reformulation offers another possibility. The advan-
tage of EV reformulation is the significant simplification of computing while
the positive of EO reformulation is more reliable results. These two approaches
can be compared in terms of the value of stochastic solution as will be presented
later.

EO deterministic reformulation changes the underlying program into a con-
tinuous stochastic program which has to be approximated to obtain the solu-
tion. Model-based approximation is made in two steps. At first, scenario-based
approach for approximation of random variable is used, see [16]. We assume
that the random variable ξ has a discrete probability distribution with a finite
number R of equiprobable scenarios ξs with the corresponding probabilities
ps= P (ξ= ξs) =

1
R . The second step consists in discretization of the space x

and time t coordinates in objective function and constraints. We use simple fi-
nite difference method [13] with uniform grid spacing for (N+1)(M+1) points:
xi = id, i = 0, . . . , N, d = l

N and tj = jτ, j = 0, . . . ,M, τ = T
M . Onwards,
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the subscripts s, i, j are used in notation, e. g. v(ξs, xi, tj) = vs,i,j. Derivatives
are replaced by central difference formulas and after several adjustments dif-
ference equations are obtained. The objective function is approximated by the
composite Simpson’s rule with coefficients ai, bj.

Hence, the continuous two-stage stochastic quadratic program is approxi-
mated by a large deterministic quadratic program:

min
e,gs,Vs

R∑
s=1

M∑
j=0

N∑
i=0

ps
dτ

9
aibj(Vs,i,j − ui,j)

2 (6.7)

s. t. Vs,1 = Φ+ τΨ+
1

2
K1Φ+

τ 2

2
Fs,0, s = 1, . . . , R, (6.8)

Vs,j+1=KVs,j−Vs,j−1+τ
2Fs,j, j=1, . . . ,M−1, s=1, . . . , R,(6.9)

Vs,0,j = 0, Vs,N,j = 0, j = 0, . . . ,M, s = 1, . . . , R, (6.10)

Vs,i,0 = φi, i = 0, . . . , N, s = 1, . . . , R, (6.11)

gs,i,0 = 0, i = 0, . . . , N, s = 1, . . . , R, (6.12)

|Vs,i,j| ≤ vlimit, i = 0, . . . , N, j = 0, . . . ,M, s = 1, . . . , R, (6.13)

where r = aτ
d , K1 =


−2r2 r2 0 . . . 0
r2 −2r2 r2 . . . 0

...
0 . . . r2 −2r2 r2

0 . . . 0 r2 −2r2

 is a square matrix of

order N−1, K=


2− 2r2 r2 0 . . . 0
r2 2− 2r2 r2 . . . 0

...
0 . . . r2 2− 2r2 r2

0 . . . 0 r2 2− 2r2

 is a square matrix

of order N − 1, Φ =

 φ1
...

φN−1

 , Ψ =

 ψ1
...

ψN−1

, hj =

 h1,j
...

hN−1,j

 and

Fs,j =

 T(s, 1)e1 + gs,1,j + hs,1,j
...

T(s,N − 1)eN−1 + gs,N−1,j + hs,N−1,j

 .

The vector Vs,j = (Vs,1,j, . . . , Vs,N−1,j)
T , j = 0, . . . ,M , s = 1, . . . , R, is the

approximation of v(ξ, x, t). The vector e = (e1, . . . , eN−1)
T is the approxima-

tion of the first-stage decision variable e(x) and vector gs,j = (gs,0,j, . . . , gs,N,j)
T ,

j = 0, . . . ,M − 1, s = 1, . . . , R is the approximation of the second-stage deci-
sion variable g(ξ, x, t).

Program (6.7)-(6.13) is implemented in GAMS with solver of nonlinear
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programming problems CONOPT. The results are presented for the following
input data: l = 1m, a2 = 2 s−1, T = 0.5 s, numbers of grid points are N = 10,
M = 10. We assume R = 1000 scenarios and the displacement limitation is
vlimit = 5m. Vector T1(x) is generated from the uniform distribution U(0, 1)
and ξ ∼ U(−5, 2). We assume that the acting external load is a random com-

bination of finitely many forces [7], i. e.h(ξ, x, t) = =
k∑

p=1
Ap(ξ)hp(x, t). Basic

loads for k = 6 are chosen as follows: h1(x, t) = bx( tτ+1), h2(x, t) = −bx( tτ+1),
h3(x, t) = bx2( tτ + 1), h4(x, t) = b( tτ + 1), h5(x, t) = 0, h5(2d, t) = = 20,
h6(x, t) = b sin x( tτ + 1)−1, b = 100. Coefficients Ap(ξ) of h(ξ, x, t) are given

as Ap(ξ) ∼ U(0, 1) and
k∑

p=1
Ap(ξ) = 1 for ∀ξ. This normalization condition is

guaranteed by dividing each Ap(ξ) by
k∑

p=1
Ap(ξ). Initial displacement and ve-

locity are assumed as φ(x) = sinπx+sin 2πx, ψ(x) = 0, required displacement
as u(x, t) = 0.

The importance of randomness can be described by several criteria. The
first one, called the value of stochastic solution, is defined as a difference be-
tween optimal objective function value EEV of the stochastic program with
fixed first-stage variable computed from EV model and optimal objective func-
tion value zEO of the approximated stochastic program (6.7)-(6.13). In our case
for 1000 scenarios, we obtain zEO = 0.054, zEV = 0.017, EEV = 0.115 and
V SS = 0.061. Hence, the optimal objective function value is more than twice
better in case of including randomness into model as in program (6.7)-(6.13)
than in case of replacing the random variable by its mean value.

6.2 Stochastic optimization of transverse vibrations of

a console

Our second example is also from the area of civil engineering and it is concerned
with the transverse vibration of a console [2]. The aim of the optimization is
the same as in the previous problem, e. g. to obtain an optimal design of two
types of decision variables while the difference between actual and required
displacement is minimized. The solution procedure is also the same as above.
The corresponding underlying program is changed by EO deterministic re-
formulation into continuous two-stage stochastic quadratic program and after
proper approximations, described in the previous section, the following large
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deterministic quadratic program is obtained:

min
e,gs,Vs

R∑
s=1

M∑
j=0

N∑
i=0

ps
dτ

9
aibj(Vs,i,j − ui,j)

2 (6.14)

s. t. Vs,1 = Φ+ τΨ+
1

2
K1Φ+

τ 2

2µ
Fs,0, s = 1, . . . , R, (6.15)

Vs,j+1=KVs,j−Vs,j−1 +
τ 2

µ
Fs,j, j=1, . . . ,M−1, s=1, . . . , R,(6.16)

Vs,0,j = 0, j = 0, . . . ,M, s = 1, . . . , R, (6.17)

Vs,i,0 = φi, i = 0, . . . , N, s = 1, . . . , R, (6.18)

gs,i,0 = 0, i = 0, . . . , N, s = 1, . . . , R, (6.19)

|Vs,i,j| ≤ vlimit, i = 0, . . . , N, j = 0, . . . ,M, s = 1, . . . , R, (6.20)

where K1 =



−7r 4r −r 0 0 . . . 0
4r −6r 4r −r 0 . . . 0
−r 4r −6r 4r −r . . . 0

...
0 . . . −r 4r −6r 4r −r
0 . . . 0 −r 4r −5r 2r
0 . . . 0 0 −2r 4r −2r


is a square matrix of

order N , K =



2−7r 4r −r 0 0 . . . 0
4r 2−6r 4r −r 0 . . . 0
−r 4r 2−6r 4r −r . . . 0

...
0 . . . −r 4r 2−6r 4r −r
0 . . . 0 −r 4r 2−5r 2r
0 . . . 0 0 −2r 4r 2−2r


is a square

matrix of order N , Φ =

 φ1
...
φN

 , Ψ =

 ψ1
...
ψN

, r = EJτ2

µd4 , l is the console

length, E is the Young’s modulus , J is the second moment of the cross section,

µ is the specific mass per length unit, Fs,j =

 T(s, 1)e1 + gs,1,j + hs,1,j
...

T(s,N)eN + gs,N,j + hs,N,j


and the other symbols have the same meaning as in the section 6.1. We again
assume that the force e(x) acts indirectly on the console and a random matrix
T(ξ, x) in the form T(ξ, x) = T1(x)ξ is included into model.

We can interpret our problem as the vibrations of a roof console or support-
ing part of the wall. Then the stochastic load h(ξ, x, t) can be e. g. wind force
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or load generated by snow [12]. The first-stage decision variable e(x) can be
interpreted as a preliminary tension imposed to the console during building the
house while the second-stage decision variable g(ξ, x, t) is the force generated
by mechanical equipment to balance the total load. Another interpretation of
the presented problem is the optimization of the transverse oscillation of a tele-
vision transmitter of tower structure (e. g. on the mountain Ještěd) loaded by
stochastic wind force, where the first-stage decision variable e(x) can be inter-
preted as a passive damping and the second-stage decision variable g(ξ, x, t)
represents an active damping.

Deterministic quadratic program is implemented and solved in GAMS with
solver CONOPT. We consider a steel beam with square cross section with
dimensions a = b = = 6 · 10−3m, i. e. the second moment of the cross section
is J = ab3

12

.
= 10−10m4, the Young’s modulus is E = 200 · 109 Pa, density is

ρ = 7850 kgm−3, µ = ρab
.
= 0.3 kgm−1. The length of console is l = 1m, the

observation time is T = 0.1 s and the displacement limitation is vlimit = 10m.
Numbers of discretization steps are N = 10, M = 10, number of scenarios R =
1000. Required displacement is u(x, t) = 0. The initial displacement is chosen
as the second characteristic state of vibrations because it explicitly satisfies the
boundary conditions. Therefore, φ(x) = cosh λx

l + k sinh λx
l − cos λx

l − k sin λx
l ,

where k = −coshλ+cosλ
sinhλ+sinλ , 1 + coshλ cosλ = 0, λ = l

√
ω

.
= 4.694. The initial

velocity is set to ψ(x) = 0. Vector T1(x) is generated from the uniform
distribution U(0, 1) and ξ ∼ U(−5, 2). The external stochastic load h(ξ, x, t)
is chosen in the same form as in the previous section.

The relevancy of including randomness into model is again described by
the value of stochastic solution. In our case for 1000 scenarios, we obtain
zEO = 0.014, zEV = 0.003, EEV = 0.032 and V SS = 0.018. Hence, the
optimal objective function value is more than twice better in case of including
randomness into model as in EO reformulation, see program (6.14)-(6.20),
than in case of replacing the random variable by its mean value as in EV
reformulation.

6.3 Relationship between EO and EV solution of the

two-stage stochastic quadratic program

Both models in previous section are described by the two-stage stochastic
program with quadratic second-stage objective function. Therefore, we are
interested in more theoretical properties of this type of models and we have
proven the following two theorems.

Theorem 6.1. Let ξ is a random variable with discrete probability distribu-
tion with finite number of scenarios ξs, s ∈ S, where ps are the corresponding
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probabilities. Let

min
x,ys

∑
s∈S

psy
T
s ys s. t. x+Wys = hs ∀s ∈ S (6.21)

is an EO reformulation of a two-stage stochastic program with quadratic second-
stage objective function, identity technology matrix and deterministic recourse
matrix, where x is a first-stage decision vector and ys is a second-stage decision
vector. Let

min
x,y

yTy s. t. x+Wy = E(h) (6.22)

is an EV reformulation of a two-stage stochastic program with quadratic second-
stage objective function, identity technology matrix and deterministic recourse
matrix, where x is a first-stage decision vector and y is a second-stage decision
vector.
Then the first-stage optimal solutions of EO and EV reformulations are the
same.

Hence, V SS = 0 for this type of problems. It is useless to solve EO
reformulation and it is sufficient to solve simpler EV reformulation. But the
following theorem holds for the random technology matrix T.
Theorem 6.2. Let ξ is a random variable with discrete probability distribu-
tion with finite number of scenarios ξs, s ∈ S, where ps are the corresponding
probabilities. Let

min
x,ys

∑
s∈S

psy
T
s ys s. t. Tsx+Wys = hs ∀s ∈ S (6.23)

is an EO reformulation of a two-stage stochastic program with quadratic second-
stage objective function, random technology matrix and deterministic recourse
matrix, where x is a first-stage decision vector and ys is a second-stage decision
vector. Let

min
x,y

yTy s. t. E(T)x+Wy = E(h) (6.24)

is an EV reformulation of a two-stage stochastic program with quadratic second-
stage objective function, random technology matrix and deterministic recourse
matrix, where x is a first-stage decision vector and y is a second-stage decision
vector.
Then the sets of the first-stage optimal solutions of EO and EV reformulations
have empty intersections.

Therefore, V SS ̸= 0 for this type of problems. It means that the problems
with the random technology matrix T should not be solved by simple EV
reformulation and more computationally intensive EO reformulation should
be solved to obtain reasonable and reliable results.
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6.4 Stochastic optimization of design of beam cross sec-

tion dimensions

The third example is related to the ODE constrained optimization problem
describing a deflection of a beam. The aim of the optimization is to obtain
an optimal design of beam cross section dimensions while weight is minimized
(6.25), rigidity is maximized (6.26) and deflection is minimized (6.27), see the
following model:

min ρabl (6.25)

max
E(ξ)ab3

12
(6.26)

min v(ξ, x) (6.27)

s. t. E(ξ)
ab3

12

d4v

dx4
(ξ, x) = h(x), x ∈ ⟨0, l⟩, ξ ∈ Ξ, (6.28)

v(ξ, 0) = 0,
dv

dx
(ξ, 0) = 0, ξ ∈ Ξ, (6.29)

v(ξ, l) = 0,
dv

dx
(ξ, l) = 0, ξ ∈ Ξ, (6.30)∣∣∣∣E(ξ)d2vdx2

(ξ, x)
b

2

∣∣∣∣ ≤ σlimit, x ∈ ⟨0, l⟩, ξ ∈ Ξ, (6.31)

amin ≤ a ≤ amax, (6.32)

bmin ≤ b ≤ bmax, (6.33)

where ρ is the beam density, l is the beam length, x is the related space
coordinate, ξ : Ξ → R is a random variable, E is random Young’s modulus,
h(x) is a deterministic static load, a, b are decision variables (dimensions of the
cross section) and v(ξ, x) is a deflection. The maximum stress σmax given as

σmax(x) =
M(x)
J ymax = ±E d2v

dx2 (x)
b
2 , where M(x) = −EJ d2v

dx2 (x) is the bending

moment, J = ab3

12 is the second moment of the cross section with respect to the

axis z and ymax = ± b
2 , must be bounded because of safety reasons. Limiting

value σlimit relates to the proportional limit which marks the end of the area
of elastic behaviour described by Hooke’s law where the stress is proportional
to the relative deformation [6], see constraint (6.31).

As it is mentioned above, deterministic reformulation of the underlying pro-
gram (6.25)-(6.33) have to be made. We will consider EO reformulation which
means taking mean value of objective functions (6.25)-(6.27) and almost surely
satisfying of constraints (6.28)-(6.31). As we have mentioned in the previous
subsections for PDE constrained programs, the proper approximations must be
made, i. e. scenario-based approach for the approximation of random variable
and finite difference method with uniform grid spacing for the discretization
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of the space x coordinate in objective function and constraints are used. The
notation is analogous as in the previous sections with only difference that we
omit coordinate t and index j. The continuous two-stage stochastic nonlinear
program is approximated by a large multi-objective deterministic nonlinear
program

min ρabl (6.34)

max
R∑
s=1

ps
Esab

3

12
(6.35)

min
R∑
s=1

N∑
i=0

psVs,i (6.36)

s. t. ab3KEsVs = f , s = 1, . . . , R, (6.37)

Vs,0 = 0, Vs,N = 0, s = 1, . . . , R, (6.38)

|bCEsVs| ≤ d2σlimitg, s = 1, . . . , R, (6.39)

amin ≤ a ≤ amax, (6.40)

bmin ≤ b ≤ bmax, (6.41)

where K =



7 −4 1 0 0 . . . 0
−4 6 −4 1 0 . . . 0
1 −4 6 −4 1 . . . 0

...
0 . . . 1 −4 6 −4 1
0 . . . 0 1 −4 6 −4
0 . . . 0 0 1 −4 7


is a square matrix of order

N−1, f =

 12d4h1
...

12d4hN−1

, g = (1, 2, 2, . . . , 2, 1)T is (N+1)-dimensional vector

and C =



1 0 0 . . . 0
−2 1 0 . . . 0
1 −2 1 . . . 0

...
0 . . . 1 −2 1
0 . . . 0 1 −2
0 . . . 0 0 1


is a matrix of order (N + 1)× (N − 1).

VectorVs = (Vs,1, . . . , Vs,N−1)
T is the approximation of v(ξ, x) and Es = E(ξs),

s = 1, . . . , R.
For multiple objectives we employ the weighted sum approach typically

used in multi-objective optimization [17]. Therefore, our three objectives func-
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tions (6.34)-(6.36) are replaced by the following single-objective function:

min
a,b,Vs

(
−α

R∑
s=1

ps
Esab

3

12crigid
+ β

ρabl

cweight
+ γ

R∑
s=1

N∑
i=0

ps
Vs,i
cdefl

)
, (6.42)

where α, β, γ > 0 are the weighting coefficients, α+β+γ = 1 and crigid, cweight,
cdefl are typical values of rigidity, weight and deflection of the beam (i. e. norma-
lizing constants). These values are obtained as the optimal values of objective
function of three single-objective optimization problems.

The results are presented for the following input data and related formulas.
For better scaling we do not compute with SI units but we use units common
in engineering computations, i. e. length is given in mm (milimeters), weight
is given in t (tons) and stress is given in MPa (megapascals). The load is

quadratic: h(x) = −4h0
x2

l2 + 4h0
x
l , h0 = 20Nmm−1, the length of steel beam

is l = 1000mm with density ρ = 7.85 · 10−9 tmm−3. The stress limitation
is σlimit = 100MPa. Number of grid points is N =50, we assume R=100
scenarios and bounding values of beam dimensions are amin = bmin = 10mm,
amax = bmax = 100mm. The weighting coefficients are chosen as: α = 0.3,
β = 0.45, γ = 0.25. The normalizing constants have the following values:
crigidity = 1.80 · 1012Nmm2, cweight = 0.007 t and cdefl = 0.7mm. We assume
random Young’s modulus: Es = 2 · 105MPa + Erandom,s where Erandom,s ∼
∼ U(−1·104, 5·104)MPa. Randomness of Young’s modulus E can be caused by
different heat–treating process of steel such as normalization, soft annealing,
annealing or by different quality of the material.

The optimal objective function value is z = 2.13. The optimal dimensions
are a = 22.4mm, b = 100mm and we use it as a candidate solution ā = (a, b)T

for Monte Carlo bounding technique described in the following chapter. The
fact, that the optimal shape of the beam cross section is a rectangle with longer
side parallel and shorter side perpendicular to direction of load, is in agreement
with physical assumptions.

Deflection and maximum stress are presented in the figure 1 for model
with only 20 scenarios because of the clarity. Maximum deflection of about
0.13mm occurs in the middle of the beam while it decreases towards the beam’s
ends. Maximum tensile stress of about 35MPa occurs at the ends of the beam
while maximum compression stress of about −20MPa occurs in the middle of
the beam. Maximum stress reaches the same values for both reformulations
(see figure 1 b)), i. e. its values does not depend on the realization of random
variable ξ. This fact is in agreement with the underlying physics. Maximum
stress can be also determined analytically without computing d2v

dx2 (ξ, x) and it
can be shown that it depends neither on deflection v(ξ, x) nor on the realization
of random variable ξ.
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Figure 1: a) Deflection v(ξ, x). Red line – EV model, blue lines – EO model,
b) Maximum stress (red and blue lines coincide).

Furthermore, the model (6.34)-(6.41) is discussed from multi-objective view-
point where a notion of an optimal solution is replaced by the concepts of
efficient points and efficient frontier (see chapter 4). The results of this ana-
lysis can be found in Ph.D. thesis. Because we have employed the weighted
sums approach in our problem (see objective function 6.42), we are interested
in parametric analysis with respect to the weighting coefficients typically re-
quired by engineers. The weighting coefficient α is varied from 0 to 1 using
increments of 0.05. The weighting coefficient β is varied from 0 to 1 − α and
γ is computed as γ = 1 − α − β. For every value of α excluding the last one
(α = 1) we have 20 values of β and γ.

We obtained two extreme solutions and many intermediate solutions by
varying the weighting coefficients:

• a = 10mm, b = 89.4mm for β = 1− α, α ∈ ⟨0; 0.75⟩.
This solution corresponds to minimum weight 0.007 t, minimum rigidity
1.29 · 1011Nmm2 and maximum deflection 9.3mm.

• a = 10mm, b = 100mm for β = 1 − α, α ∈ ⟨0.8; 0.9⟩ or β = −0.95α +
+0.95, α ∈ ⟨0; 0.85⟩ or β = −0.91α+ 0.9, α ∈ ⟨0; 0.35⟩.
This is the intermediate solution. It corresponds to the weight 0.008 t,
rigidity 1.80 · 1011Nmm2 and deflection 6.7mm. The second and third
equations for β are obtained by linear regression.

• a ∈ (10; 100)mm, b = 100mm otherwise.
These are also the intermediate solutions.

• a = 100mm, b = 100mm for β = 0, α ∈ ⟨0; 1⟩ or β ∈ (0; 0.08⟩, α varying.
This solution corresponds to maximum weight 0.079 t, maximum rigidity
1.80 · 1012Nmm2 and minimum deflection 0.7mm.
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It can be seen from the above summary of parametric analysis that the longer
side of rectangular cross section b can reach only two values 89.4mm and
100mm while the shorter side a can vary in the whole interval ⟨10; 100⟩mm.

The modification of this model is also solved in Ph.D. thesis, where min-
imization of the deflection is omitted and the differences with respect to the
results of previous model are studied.

6.5 Chance constrained stochastic optimization of de-

sign of beam cross section dimensions

At the end of this chapter, we will present the alternatives of approximations
of the model that includes reliability-related probabilistic terms. Therefore,
our last reformulation will contain individual chance constraint (see inequal-
ity (6.48)) which provides a simple probability measure. We can imagine that
if the deflection of the beam is too large, then the beam can be damaged and its
reliability may become worse. Therefore, we compute empirical probability of
satisfying the constraint max

x
v(ξ, x) ≤ A (notation is explained below) for the

previous model (with α = β = 0.5) and find out that it is too small. For that
reason we add the chance constraint into model to obtain higher reliability.
The corresponding underlying program has the following form:

min ρabl (6.43)

max
E(ξ)ab3

12
(6.44)

s. t. E(ξ)
ab3

12

d4v

dx4
(ξ, x) = h(x), x ∈ ⟨0, l⟩, ξ ∈ Ξ, (6.45)

v(ξ, 0) = 0,
dv

dx
(ξ, 0) = 0, ξ ∈ Ξ, (6.46)

v(ξ, l) = 0,
dv

dx
(ξ, l) = 0, ξ ∈ Ξ, (6.47)

P(max
x

v(ξ, x) ≤ A) ≥ 1− αp, ξ ∈ Ξ, (6.48)∣∣∣∣E(ξ)d2vdx2
(ξ, x)

b

2

∣∣∣∣ ≤ σlimit, x ∈ ⟨0, l⟩, ξ ∈ Ξ, (6.49)

amin ≤ a ≤ amax, (6.50)

bmin ≤ b ≤ bmax, (6.51)

where P is a probability measure on (Ξ,B), A is a given limiting value for
maximum deflection and 1− αp is a confidence level.

The first possible approach for solving an optimization problem involving
random variable with discrete distribution with R scenarios is a mixed-integer

19



nonlinear reformulation (MINLP) (see [23]). But there is a problem with func-
tion max in constraint (6.48) in practical implementation. Therefore, maxi-
mum is replaced by summation, i. e.

P(
∑
x

v(ξ, x) ≤ A) ≥ 1− αp, ξ ∈ Ξ. (6.52)

The chance constraint (6.52) is then approximated by two inequalities (6.56)
and (6.57). The approximating deterministic mixed-integer program has the
following form:

min
a,b,Vs,δs

(
−α

R∑
s=1

ps
Esab

3

12crigid
+ β

ρabl

cweight

)
(6.53)

s. t. ab3KEsVs = f , s = 1, . . . , R, (6.54)

Vs,0 = 0, Vs,N = 0, s = 1, . . . , R, (6.55)
N∑
i=0

Vs,i −Mp(1− δs) ≤ A, s = 1, . . . , R, (6.56)

R∑
s=1

psδs ≥ 1− αp, (6.57)

|bCEsVs| ≤ d2σlimitg, s = 1, . . . , R, (6.58)

amin ≤ a ≤ amax, (6.59)

bmin ≤ b ≤ bmax, (6.60)

where δs ∈ {0, 1}, s = 1, . . . , R are the binary variables andMp is a sufficiently

large number which bounds
N∑
i=0

Vs,i − A for s = 1, . . . , R from above and the

other notation is the same as in the section 6.4.
This model has been implemented in GAMS with solver of mixed-integer

programming problems BARON. This solver has been selected as a suitable
solution tool because of the recent computational experience, see [Z10]. The
influence of the value Mp to the solution and CPU times is described in
Ph.D. thesis. The table 1 shows the summary of MINLP reformulation re-
sults for several number of scenarios. CPU times in the table advert to really
large computational intensity and to inapplicability of this approach for models
with more scenarios.

Therefore, another approach is used for larger problems. It reformulates
a chance constrained problem using an appropriate penalty function ν [5].
Frequently used penalty function is the following one [3]: ν(s) = (max(0, s))2.
Hence, the approximation of the stochastic program is given by the determi-
nistic nonlinear program with the objective function (6.61) and the constraints
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No. of scenarios Limiting value CPU time Objective value Optimal solution
R A [mm] [s] z a [mm] b [mm]

5 9.004 886 0.48 10 92.6
10 9.328 12 595 0.48 10 92.8
15 9.328 98 586 0.47 10 91.6
20 9.328 54 713 0.51 10 100

Table 1: Summary of MINLP reformulation results.

(6.37)-(6.41), where the penalized chance constraint plays the role of recourse
function.

min
a,b,Vs

−α R∑
s=1

ps
Esab

3

12crigid
+β

ρabl

cweight
+Mpen

R∑
s=1

ps

(
max

(
0,

N∑
i=0

Vs,i − A

))2


(6.61)
where Mpen is an penalty coefficient. The results of penalty reformulation
depending on different values of penalty coefficient Mpen are summarized in
the table 2. CPU times are negligible (less than 10 s) in comparison to CPU
times of MINLP reformulation.

Penalty Total First-stage Recourse Optimal solution Empirical
coeff. Mpen obj. value obj. value obj. value a [mm] b [mm] probability

0.01 0.4670 0.4658 1.3 · 10−3 10 89.44 0.55
0.05 0.4714 0.4681 3.3 · 10−3 10 89.98 0.66
0.1 0.4734 0.4710 2.3 · 10−3 10 90.64 0.74
1 0.4769 0.4760 9.3 · 10−4 10 91.78 0.92
1.9 0.4775 0.4767 7.5 · 10−4 10 91.95 0.95
10 0.4785 0.4780 4.8 · 10−4 10 92.25 0.99
100 0.4789 0.4789 4.9 · 10−5 10 92.45 0.99
1000 0.4790 0.4790 4.9 · 10−6 10 92.47 0.99

Table 2: Summary of penalty reformulation results for R = 100 scenarios.

The first-stage objective value is −α
R∑
s=1

ps
Esab

3

12crigid
+β ρabl

cweight
evaluated in the

optimal solutions a and b while the recourse objective function value means

Mpen

R∑
s=1

ps

(
max

(
0,

N∑
i=0

Vs,i − A

))2

evaluated in the optimal solution Vs,i. Em-

pirical probability is computed as the relative frequency of the event
∑
x
v(ξ, x) ≤

≤ A. It is evident that the dimension b is increasing with the increasing
value of Mpen. Also the empirical probability of satisfying

∑
x
v(ξ, x) ≤ A in-

creases which is easily understandable. An increase of b results in rigidity
rise and deflection decrease which are obviously related to increasing of the
aforementioned empirical probability. Also total objective value together with
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the first-stage objective value are increasing with the increasing value of Mpen

while the recourse objective value is decreasing. It is obvious that the small-
est probability of satisfying the deflection constraint occurs for the solution of
the program (6.42), (6.37)-(6.41) without the corresponding chance constraint.
Relationship between the value of penalty coefficient Mpen and the probability
of satisfying the constraint

∑
x
v(ξ, x) ≤ A is presented in the figure 2. We

can easily determine from this graph the value of penalty coefficient needed to
achieve the given probability level and vice versa. This procedure is demon-
strated for the probability level 0.95 for which the valueMpen = 1.9 is obtained.
It can be seen in the table 2 that for Mpen = 1.9 the empirical probability is
indeed 0.95.
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Figure 2: Probability of satisfying the constraint
∑
x
v(ξ, x) ≤ A versus penalty

coefficient Mpen.

Two described reformulations of the chance constrained problem have com-
parable solutions but the largest difference is in CPU time which is much higher
for MINLP reformulation.

7 Algorithms and their implementations

This chapter provide the description of a method used to determining the so-
lution quality based on Monte Carlo bounding technique, then the progressive
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hedging algorithm is introduced together with the description of the practi-
cal implementation. And finally, finite difference method and finite element
method are compared for deterministic version of ODE constrained problem
by using GAMS and ANSYS.

7.1 Monte Carlo bounding technique

It is important to assess the quality of our solutions. We use the concept of
Monte Carlo bounding technique for determining solution quality proposed by
Morton et al. [11]. The results are presented only for the ODE constrained
problem related to optimum beam design (see section 6.4). The same analy-
sis together with results for the other two studied problems can be found in
Ph.D. thesis.

The true optimization problem which is the EO reformulation of the un-
derlying program (6.25)-(6.33) is written as

z∗ = min
a∈X,v(ξ)∈Y

E[F (ξ, a,v(ξ))]. (7.1)

This true problem is approximated by the following SAA problem (see ((6.42),
(6.37)-(6.41))

ẑn = min
a∈X ′,vs∈Y ′

1

n

n∑
s=1

F (ξs, a,vs), (7.2)

where the optimization over a ∈ X ′ corresponds to constraints (6.40)-(6.41)
and optimization over vs ∈ Y ′ corresponds to constraints (6.37)-(6.39). Hence,
the optimality gap in the candidate solution ā is

G(ā) = min
v(ξ)

E[F (ξ, ā,v(ξ))]− z∗, (7.3)

where v(ξ) denotes a random vector with realizations Vs, s = 1, . . . , n and
probabilities ps, s = 1, . . . , n as discussed in previous section (the only excep-
tion is in notation of number of scenarios, n corresponds to R here).

The point estimate Ĝn,ng
(ā) of G(ā) is computed by averaging, i. e.ng sam-

ples from ξ each of size n (ξsj, s = 1, . . . , n, j = 1, . . . , ng) are generated:

Ĝn,ng
(ā) =

1

ng

ng∑
j=1

[
min
v(ξ)

1

n

n∑
s=1

F (ξsj, ā,v(ξsj))− min
a,v(ξ)

1

n

n∑
s=1

F (ξsj, a,v(ξsj))

]
(7.4)

and (1− α)-level confidence interval for the optimality gap is

G(ā) ∈
⟨
0, Ĝn,ng

(ā) +
t1−α(ng − 1)sng

(ā)
√
ng

⟩
, (7.5)
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where t1−α(ng − 1) is (1 − α)-quantile of Student’s distribution with ng − 1
degrees of freedom and sng

(â) is the sample standard deviation.

Candidate solution ā = (a, b)T = (22.4, 100)T mm is computed via approxi-
mation model (7.2) with n = 100 scenarios. Number of batches is ng = 30 and
we iteratively increase sample size (n = 5, 10, . . . , 100) to see the behaviour
of the optimality gap. The point estimate of the objective function value

1
ng

ng∑
j=1

min
v(ξ)∈Y ′

1
no

no∑
s=1

F (ξsj, ā,v(ξsj)) based on no = 1000 scenarios with ng = 30

batches is 2.108 with 95% confidence interval half-width equal to 0.001. Width
of confidence interval of the optimality gap then varies from 0.004% to 0.02%
of the point estimate of the objective function value. It indicates very good
quality of candidate solution.
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Figure 3: a) Upper bound of confidence interval of optimality gap, b) Variation
of objective function values versus sample size – beam problem.

An engineer using the discussed technique can see how the width of confi-
dence interval of the optimality gap roughly decreases with increasing sample
size and our candidate solution approaches to the solution of true optimization
problem (see figure 3 a)). Furthermore, it can be seen from the figure 3 b) how
the variation of objective function values for fixed sample size also decreases
with increasing sample size and how the objective function values converge to
the true objective function value. This true objective function value is appro-
ximated by the objective function value ẑn computed for n = 1000 scenarios.
It is displayed as the line with associated value in the figure 3 b).

7.2 Progressive hedging algorithm

Because complex engineering problems often lead to large optimization models
we have tested a possibility of utilization of parallel computational techniques
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for the beam and console problems. Progressive hedging algorithm (PHA)
proposed by Rockafellar and Wets [15], [24] has been chosen. It is a decompo-
sition method and it includes nonanticipativity constraints into the objective
function as a penalty term. The advantage of this algorithm is that we obtain
a separable program whose independent scenario subprograms can be solved
in parallel. Let us assume the three-objective beam problem formulated in
the section 6.4. Denote the first-stage decision variable (i. e. dimensions of the
cross section) as a = (a, b)T == (a1, a2)

T . The structure of PHA for our beam
problem is the following:

Step 0: Set w
(0)
s = 0, choose â(0), penalty parameter ρ > 0 and tolerance ε,

set k = 1.
Step 1: For all s = 1, . . . , R solve the approximation program:

min
a,Vs

Fs(ξs, a,Vs) + (w(k−1)
s )Ta+

ρ

2
∥a− â(k−1)∥2,

where Fs(ξs, a,Vs) is the objective function value of sth scenario subprogram

of (6.42), (6.37)-(6.41). Denote optimal solution as a
(k)
s .

Step 2: Compute the estimate:

â(k) =
R∑
s=1

psa
(k)
s

and update the weight vector:

w(k)
s = w(k−1)

s + ρ(a(k)s − â(k)).

Step 3: If the termination inequality ∥â(k)− â(k−1)∥2+
R∑
s=1

ps∥a(k)s − â(k)∥2 ≤ ε

defined by [8] is satisfied, then the solution â(k) is optimal with given tolerance
ε, otherwise set k = k + 1 and return to step 1.

The values of parameters are the same as in section 6.4 excepting the
number of scenarios. We have tested PHA with R = 10 scenarios instead of 100
scenarios because of bigger computational complexity for the test non-parallel
implementation. The initial estimate for dimensions is â(0) = (100; 100)mm
which corresponds to maximum rigidity. Tolerance is set to ε = 10−6 because
it roughly conforms to the accuracy of one decimal place in length which is
fully sufficient in engineering practice.

The optimal dimensions are a = 22.5mm, b = 100mm. It can be seen
from the figure 4 that the penalty parameter ρ plays the key role for the
computational process convergence properties of the algorithm. Unfortunately,
there is no exact rule how to determine the best value of this parameter ρ. We
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have estimated that for our example the best value lies within the interval
(0.001; 0.01). For larger values of ρ, the convergence process will take much
more time.

Convexity assumptions from the PHA convergence theorem [15] are not
fulfilled for this problem though the constraints (6.37)-(6.41) are linear, and
hence, the feasible set is convex. It is because of that the objective function
(6.42) is not convex. But the achieved results demonstrate that the PHA
can be used even when the mathematical conditions for convergence are not
respected.
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Figure 4: Convergence of the beam dimensions a and b.

We have also tested PHA for the PDE constrained stochastic programming
problem concerning the vibrations of the console and the results can be found
in Ph.D. thesis and in [Z6].

7.3 Comparison of FDM and FEM – case study

We have been asked by potential users of the proposed computational scheme,
whether our approach with simple discretization method and algebraic mode-
lling system GAMS provides results comparable with results from ”black-box”
like systems widely used by engineers. We have compared GAMS implementa-
tion involving finite difference method (FDM) and ANSYS 11.0 model based
on finite element method (FEM). This comparison is made for the determinis-
tic version of our beam design problem (6.42), (6.37)-(6.41) with α = β = 0.5
and E = 2.1 · 105MPa.

The optimal solution obtained by GAMS is a=10mm, b=89.4mm, z = 0.47
and the optimal solution from ANSYS is a = 11.2mm, b = 84.5mm, z = 0.49.
The results are slightly better from GAMS but there is only a small differ-
ence between them and the results computed by ANSYS. The deflection in
optimized cases is quantitatively and qualitatively same for both computing
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systems and discretization methods (see figure 5). Maximum deflection of
0.37mm occurs in the middle of the beam while it decreases towards the
beam’s ends. Also the maximum stress in optimized cases is quantitatively
and qualitatively nearly the same for both computing systems and discretiza-
tion methods. Maximum tensile stress of about 100MPa occurs at the ends of
the beam while maximum compression stress of about −54MPa occurs in the
middle of the beam.
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Figure 5: Deflection computed by a) ANSYS and b) GAMS.

8 Conclusions

The applicability of two-stage stochastic programming approach to three en-
gineering problems with random parameters involved has been discussed. The
first problem has been concerned in the vibrations of the string loaded by
random force, the second problem has been related to the vibrations of the
console also loaded by random force and the last problem has been concerned
with the optimal design of beam dimensions with random Young’s modulus.
The first two cases have led to the PDE constrained stochastic quadratic pro-
grams while the third one has made for the ODE constrained multi-objective
stochastic nonlinear program.

In general, the proposed computational scheme consisting of scenario-based
two-stage stochastic program, modelling language implementation, parallelism,
solution quality evaluation and verification of results by the FEM solver, seems
robust enough for future applications to similar and advanced optimum design
problems. There is also a future challenge to motivate engineers to use the

27



proposed approach, because they may still prefer ”black-box” like computing
system where they choose appropriate preprogrammed mathematical model.

The modelling-based approximation approach focusing on suboptimal so-
lution search has allowed us to avoid difficulties with the huge amounts of
input data required and problems with implementation of various algorithms
that often appear in the case of real-world applications of stochastic optimal
control related models. The choice of the models has been suitable for the im-
plementations in modelling languages such as GAMS. It has been also proved
for which type of problems stochastic programming approach (EO reformula-
tion) should be used and when it is sufficient to solve simpler deterministic
problem (EV reformulation). This fact has the big importance in practice in
term of computational intensity of large scale problems.

The solution quality has been tested by presented Monte-Carlo bounding
technique and satisfactory results have been obtained. The progressive hedg-
ing algorithm as a representative of scenario decomposition methods has been
implemented and tested with respect to future possibilities of parallel com-
puting of large engineering problems. The implementation of this algorithm
has shown that it can be used even when the mathematical conditions for the
convergence are not fulfilled.

Finally, the results of model approximated by finite difference method and
implemented in GAMS have been compared with model using finite element
method implemented in ANSYS and the quite comparable results have been
obtained.
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imental burner design optimisation. Applied Thermal Engineering 27, 16 (2007), 2727–
2731. ISSN 1359-4311.
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Born: 30th April 1982, Brno

Nationality: Czech
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Abstract

Many optimum design problems in engineering areas lead to optimization mod-
els constrained by ordinary (ODE) or partial (PDE) differential equations, and
furthermore, several elements of the problems may be uncertain in practice.
Three engineering problems concerning the optimization of vibrations and an
optimal design of beam dimensions are considered. The uncertainty in the
form of random load or random Young’s modulus is involved. It is shown
that two-stage stochastic programming offers a promising approach in solving
such problems. Corresponding mathematical models involving ODE or PDE
type constraints, uncertain parameters and multiple criteria are formulated
and lead to (multi-objective) stochastic nonlinear optimization models. It is
also proved for which type of problems stochastic programming approach (EO
reformulation) should be used and when it is sufficient to solve simpler de-
terministic problem (EV reformulation). This fact has the big importance in
practice in term of computational intensity of large scale problems.

Computational schemes for this type of problems are proposed, including
discretization methods for random elements and ODE or PDE constraints. By
means of derived approximations the mathematical models are implemented
and solved in GAMS. The solution quality is determined by an interval estimate
of the optimality gap computed via Monte Carlo bounding technique. Para-
metric analysis of multi-criteria model results in efficient frontier computation.
The alternatives of approximations of the model with reliability-related prob-
abilistic terms including mixed-integer nonlinear programming and penalty
reformulations are discussed. Furthermore, the progressive hedging algorithm
is implemented and tested for the selected problems with respect to future
possibilities of parallel computing of large engineering problems. The results
show that it can be used even when the mathematical conditions for conver-
gence are not fulfilled. Finite difference method and finite element method
are compared for deterministic version of ODE constrained problem by using
GAMS and ANSYS with quite comparable results.
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