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Memristor is a non-linear circuit element in which voltage-current relationship is determined by the pre-
vious values of the voltage and current, generally the history of the circuit. The nonlinearity in this com-
ponent can be considered as a fractional-order form, which yields a fractional memristor (fracmemristor).
In this paper, a fractional-order memristor in a chaotic oscillator is applied, while the other electronic ele-
ments are of integer order. The fractional-order range is determined in a way that the circuit has chaotic
solutions. Also, the statistical and dynamical features of this circuit are analyzed. Tools like Lyapunov
exponents and bifurcation diagram show the existence of multistability and antimonotonicity, two less
common properties in chaotic circuits.
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Introduction

A memristor is a non-linear circuit circuit element, which is
based on nonlinear voltage-current relation. The electrical resis-
tance of this element is related to its previous current, so it has been
named memristor (memory resistor) [1]. Circuits and systems con-
taining memristors have been successfully used in image and text
encryption, simulating biological systems, electronic and neural
networks [2]. Continuous symmetrical, continuous nonsymmetri-
cal, switching and fractional models of memristor with its emula-
tors and realizations are discussed in [3]. Chaotic circuits and
systems are interesting topics in nonlinear dynamics [4]. Various
chaotic systems have been proposed in recent years [5,6]. Memris-
tive systems show complex dynamical behaviors, like chaos [7],
multistability [8], and hidden attractors. Designing and analyzing
memristive systems and circuits with particular properties have
been considered in different oscillator e.g., Wien-bridge oscillator
[9], diode bridge-based oscillator [10] and neuron models [11].

Fractional-order differential equations are in the group of non-
linear and complex systems [12–14]. These systems have shown
different complex properties such as hyperchaos [15], self-
producing attractors, and strange maps [16], which enabled them
to be used in modeling of biological phenomena, electrical compo-
nents, controllers, and filters [17]. Multistability and antimono-
tonicity are two features that have been reported in fractional-
order systems [18]. The predictor–corrector method of the
Adams-Bashforth-Moulton (ABM) algorithm can be used to dis-
cretize fractional-order equations, especially when systems are
highly sensitive.

Several studies have been done recently to develop and realize
the fractional-order element. Fractional parameters of these ele-
ments provide flexibility and degrees of freedom in computational
modeling [19], control engineering [20,21], and filter designing
[22]. Although the fractional-order form of the three conventional
elements has been explored well, studying this form of memristor
still is a new topic. Step, DC, sinusoidal, and non-sinusoidal peri-
odic responses of the fractional-order memristor have been ana-
lyzed in [23,24]. Some researches show that saturation time of
this element changes when fractional order and voltage change
[23,24]. Also, considering fractional order makes a charge-
controlled memristor have two hysteresis loop in its V-I plane
[25].To compare the effect of using fractional memristor, reference
[26] shows that a wider range of frequency is generated using the
memristor with fractional-order elements, rather than integer
ones. Also, considering fractional-order memristive Chua’s circuit
makes it a non-smooth system which shows different bifurcations
such as tangent or grazing ones [27].

As fractional-systems are in the group of complex systems, they
need relevant analyzing tools. To analyze the statistical properties
of the systems, equilibria, eigenvalues, and stability should be
checked. In these systems, the stability depends on the value of
the order in addition to the eigenvalues. Also, to analyze the
dynamical properties of the systems, Lyapunov exponents (LEs)
shows the divergence of the adjacent initial conditions. Wolf’s
algorithm [28] is a well-known algorithm that numerically esti-
mates the LEs of the system. In that case, the positivity of the lar-
gest Lyapunov exponent (LLE) of the system shows the chaoticity
of the system. The bifurcation diagram of the systems is another
tool to analyze the attractors of the systems as the controlling
parameter(s) changes. Using bifurcation diagram, one can explore
the multistability and antimonotonicity of the system.

We completely introduce the fracmemristor and Twin-T oscilla-
tor mathematical model and circuit in Section 2. The statistical and
dynamical properties of the proposed fractional-order model are
analyzed in Section 3. We also explain the stability of the equilib-
riums, the Lyapunov exponents, bifurcation diagram, multistabil-
ity, and antimonotonicity of the proposed model in that section.
Finally, the conclusion of this work is presented in Section 4.

Fracmemristor Twin-T oscillator (FTT)

The fractional-order form of the memristor is given by [24],

Rm ¼ Rqþ1
in � C qþ 2ð Þ

C qð Þ g Ron � Roff

� � Z t

0

t � sð Þqþ1t sð Þds
2
4

3
5

1
qþ1

ð1Þ

in which Rm, Ron, Roff and Rin denote the moment, minimum,
maximum, and initial value resistances of the memristor, respec-
tively. Also, g and q are the memristor constant and the
fractional-order which varies in the range of 0;1ð Þ. It should be
noted that the memristor in (1) becomes integer-order, when
q ¼ 1.

The oscillator, which is considered in this paper, is Twin-T
memristor oscillator [29]. Unlike most of the fractional-order sys-
tems which consider all the elements as fractional ones, we just
study the effect of the fractional-order memristor in integer-
order Twin-T oscillator. In [29], the authors proposed a memristor
emulator which contains an op-amp based integer-order integra-
tor. We replace the integer-order integrator with the fractional-
order one discussed in [30]. Fig. 1 shows the fracmemristor emula-
tor, and Fig. 2 shows the Twin-T oscillator with this fracmemristor.

In Fig. 1, the value of the resistors is RD = A–1R where A�1 ¼ 1þq
1�q

and q represents the fractional order of the system [30]. The
voltage-current relationship of the memristor emulator with
fractional-order integrator will be

i ¼ M V/

� �
V ¼ V�gV gV2

/ð Þ
R/

¼ 1
R/

1� g2V2
/

� �
V daV/

dta ¼ � V/

RDC/
� V

RC/
ð2Þ

where M(V/) is a continuous linear impedance function related
to the voltage of the memristor V/ and equals

M V/

� � ¼ 1
R/

1� g2V2
/

� �
.

Using KVL in Fig. 2, we can derive the dimensionless model [29]
as

_x ¼ a1M wð Þyþ a2zþ a3x;

_y ¼ a4M wð Þyþ a5zþ a6x; _z ¼ a7xþ a8z;

Dqw ¼ a9yþ a10w

ð3Þ

where MðwÞ ¼ aþ bw2, x = Va, y = Vb, z = Vc and w = V/.
In this article, we used the Predict Evaluate Correct Evaluate

(PECE) method of ABM, which its convergence and accuracy are
discussed in [31]. To use the PECE method, we first consider a
fractional-order dynamical system as

Dqx ¼ f t; xð Þ;0 � t � T ð4Þ
where xk 0ð Þ ¼ xk0for k 2 [0, n–1]. This equation is analogous to

the Volterra integral equation as

x tð Þ ¼
Xn�1

k¼0

xk0
tk

k!
þ 1
C qð Þ

Z t

0

f s; xð Þ
t � sð Þ1�q ds ð5Þ

which can be discretized as

xh tnþ1ð Þ ¼
Xn�1

k¼0
xðkÞ0

tkþ1
n

k!
þ hq

C qþ 2ð Þ f tnþ1; x
p
h tnþ1ð Þ� �

þ hq

C qþ 2ð Þ
X

aj;nþ1f tj; xh tj
� �� � ð6Þ

wherein (6), h ¼ T
Nand tn ¼ nh as h 2 [0, N]. Also, we have



Fig. 1. Memristor emulator with the fractional-order integrator.

Fig. 2. Twin-T oscillator with fracmemristor (FM).
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aj;nþ1 ¼
nqþ1 � n� qð Þðnþ 1Þqþ1

; j ¼ 0

�2 n� jþ 1ð Þqþ1
; 1 � j � n

1; j ¼ nþ 1

8><
>:

xph tnþ1ð Þ ¼ Pn�1
k¼0x

ðkÞ
0

tkþ1
n
k! þ hq

C 2ð Þ
Pn

j¼0bj;nþ1f tjxh tj
� �� �

bj;nþ1 ¼ hq

q n� jþ 1ð Þq � n� jð Þq� �
ð7Þ

The estimated error is e ¼ Max x tið Þ � xhðtiÞj j ¼ 0ðhpÞ while
j ¼ 0;1; � � � ;N and p ¼ Minð2;1þ qÞ.

Using the above, the fourth state of the FTT discrete form is

wnþ1 ¼
w0 þ hq

C qþ2ð Þ a9y
p
nþ1 þ a10w

p
nþ1

� �
þ hq

C qþ2ð Þ
Pn

j¼0 gj;nþ1 a9yj þ a10wj
� �h i

8<
:

9=
; ð8Þ

as

wp
nþ1 ¼ w0 þ 1

C qþ 2ð Þ
Xn

j¼0
xj;nþ1 a9yj þ a10wj

� � ð9Þ

and

gl;j;nþ1 ¼
nqþ1 � n� qð Þðnþ 1Þqþ1

; j ¼ 0

n� jþ 2ð Þqþ1 þ n� jð Þqþ1 � 2 n� jþ 1ð Þqþ1
; 1 � j � n

1; j ¼ nþ 1

8><
>:
xl;j;nþ1 ¼ hq

q n� jþ 1ð Þq � n� jð Þq� �
; 0 � j � n

� �
ð10Þ
where l = 1.
To solve the equation, the fourth-order Runge-Kutta method is

used for the first three states, and PECE is used for the fractional-
order state in (3). Eq. (3) can be discretized as
x nþ 1ð Þ ¼ x nð Þ þ 1
6 Kð1Þ

x nð Þ þ 2Kð2Þ
x nð Þ þ 2Kð3Þ

x nð Þ þ Kð4Þ
x nð Þ

h i

y nþ 1ð Þ ¼ y nð Þ þ 1
6 Kð1Þ

y nð Þ þ 2Kð2Þ
y nð Þ þ 2Kð3Þ

y nð Þ þ Kð4Þ
y nð Þ

h i

z nþ 1ð Þ ¼ z nð Þ þ 1
6 Kð1Þ

z nð Þ þ 2Kð2Þ
z nð Þ þ 2Kð3Þ

z nð Þ þ Kð4Þ
z nð Þ

h i

wðnþ 1Þ ¼
wðnÞ þ hq

C qþ2ð Þ a9y
p
nþ1 þ a10w

p
nþ1

� �

þ hq

C qþ2ð Þ
Pn

j¼0 gj;nþ1 a9yj þ a10wj
� �h i
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where
Kð1Þ
x nð Þ ¼ hf x x nð Þ; y nð Þ; z nð Þ;wðnÞ½ �

Kð2Þ
x nð Þ ¼ hf x x nð Þ þ Kð1Þ

x nð Þ
2 ; y nð Þ þ Kð1Þ

y nð Þ
2 ; z nð Þ þ Kð1Þ

z nð Þ
2 þ Kð1Þ

w nð Þ
2

� 	

Kð3Þ
x nð Þ ¼ hf x x nð Þ þ Kð2Þ

x nð Þ
2 ; y nð Þ þ Kð2Þ

y nð Þ
2 ; z nð Þ þ Kð2Þ

z nð Þ
2 þ Kð2Þ

w nð Þ
2

� 	

Kð4Þ
x nð Þ ¼ hf x x nð Þ þ Kð3Þ

x nð Þ
2 ; y nð Þ þ Kð3Þ

y nð Þ
2 ; z nð Þ þ Kð3Þ

z nð Þ
2 þ Kð3Þ

w nð Þ
2

� 	

ð12Þ
Similarly, the Runge-Kutta coefficients for the other two states

(y, z) can be calculated as (12). For the parameter values of
a1 ¼ 9, a2 ¼ �0:77, a3 ¼ 0:07, a4 ¼ 0:75, a5 ¼ �0:42, a6 ¼ 0:0382,
a7 ¼ 3:532, a8 ¼ �3:85, a9 ¼ �10, a10 ¼ �1, a ¼ 1 , b ¼ �0:01 and
q ¼ 0:99, the 2D phase portraits of the FTT system are shown in
Fig. 3.
Analysis of the FTT oscillator

Equilibrium points, corresponding eigenvalues, stability, LEs,
and bifurcation diagram of the FTT are examined to the system
in this section.



Fig. 3. The phase portraits of the FTT system in (x-y), (y-z), (z-w) and (w-x) plane when a1 ¼ 9, a2 ¼ �0:77, a3 ¼ 0:07, a4 ¼ 0:75, a5 ¼ �0:42, a6 ¼ 0:0382, a7 ¼ 3:532,
a8 ¼ �3:85, a9 ¼ �10, a10 ¼ �1, a ¼ 1 , b ¼ �0:01, and q ¼ 0:99.
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Statistical analysis of the system

The FTT system shows three fixed points as below

E1 ¼ ½0;0;0;0�; E2 ¼ 0;� a10
a9

ffiffiffiffiffiffiffi�a
b

r
;0;

ffiffiffiffiffiffiffi�a
b

r� 	
;

E3 ¼ 0;
a10
a9

ffiffiffiffiffiffiffi�a
b

r
;0;�

ffiffiffiffiffiffiffi�a
b

r� 	
ð13Þ

The Jacobian matrix of the FTT system is

JðXÞ ¼

a3 a1ðbw2 þ aÞ a2 2a1bwy

a6 a4ðbw2 þ aÞ a5 2a4bwy

a7 0 a8 0
0 a9 0 a10

���������

���������
ð14Þ

The equation detðdiagðkMq1 ; kMq2 ; kMq3 ; kMq4 Þ � JEi Þ ¼ 0 yields the
generalized characteristic polynomial of the FTT system. In this
equation, q1 ¼ q2 ¼ q3 ¼ 1, q4 ¼ 0:99 and M is the least common
multiple (LCM) of qifor i ¼ 1; � � � ;4. The characteristic equations
at E1; E2 and E3 are given by (15), (16) and (17) respectively.

k399 þ k300 þ 3:03k299 þ 3:03k200 � 0:72866k199 � 0:72866k100

þ10:189725k99 þ 10:189725 ¼ 0
ð15Þ

k399 þ k300 þ 3:78k299 þ 5:28k200 þ 2:45014k199

þ 8:80774k100 � 20:37945 ¼ 0 ð16Þ

k399 þ k300 þ 3:78k299 þ 5:28k200 þ 2:45014k199

þ 8:80774k100 � 20:37945 ¼ 0 ð17Þ
Corollary 1. The fixed points should be unstable to the FTT system
exhibit chaotic dynamics. So the essential condition is any k of the
equilibrium points should satisfy the following inequality

q >
2
p
arctan

Im kð Þj j
Re kð Þ

� 
ð18Þ

The eigenvalues of the FTT at the equilibrium E1 when a ¼ 3are
k1,2 = 0.5000 ± 0.8660i and k3 = –2, which to satisfy (18), we have
q > 0.97.

Corollary 2. A chaotic attractor exists in the FTT if the corresponding
equilibrium points show instability. So the essential condition is that
the roots of the characteristic equations (15), (16) and (17) should
satisfy the following inequality

p
2M

�min
i

arg kið Þf g � 0 ð19Þ

It can be concluded from [32] that the system is unstable as not
all the roots of the equations (15), (16) and (17) satisfy the condi-
tion (19). Hence, we can conclude the existence of chaotic oscilla-
tions like its integer-order system discussed in [29] when q > 0.97.

Lyapunov exponents

Wolfs algorithm is used to derive the Lyapunov exponents of
the FTT system and check the chaoticity of the system for different
values of the parameters. Also, the fractional-order predictor–cor-
rector solver fde12 is used instead of the ordinary differential
equation (ODE) solvers [33]. The Lyapunov exponents of the FTT



Fig. 4. Lyapunov exponents of the FTT system as q increases. This fig. shows that the system exhibits different responses.
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system for different values of the fractional order q are shown in
Fig. 4.

Bifurcation diagram

To investigate the impact of the parameters on the FTT oscilla-
tor, we derived the bifurcation plots where we plotted the local
Fig. 5. a) The bifurcation plot of the FTT versus th
maxima of the state variables versus the control parameter. We
have considered a1 as the bifurcation parameter and the local max-
ima of x in Fig. 5a. The FTT takes a period-doubling route to the
chaos, which is similarly supported by the Lyapunov exponents
shown in Fig. 5b. The fractional order for the bifurcation plot is
taken as q ¼ 0:99; and the other parameters are considered as used
in Fig. 3. Also, to show the effect of the parameters a4 and a1, the 2D
e parametera1 and b) the corresponding LEs.



Fig. 6. 2D bifurcation diagram for a1and a4 when the fractional-order equals 0.99.
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bifurcation diagram of the system is plotted in Fig. 6. This figure
shows the different ranges of the parameters which yield stable
equilibrium, strange attractor, and unbounded responses.
Multistability

To study the multistability, the forward (parameter increases)
and backward (parameter decreases) bifurcations are considered.
The initial condition for each parameter is the final value of the
Fig. 7. a) The bifurcation plot of the FTT versus a4 which forward and backward are sh
trajectory in the previous parameter. In Fig. 7, parameter a4 is
the bifurcation parameter, and the local maxima of the state vari-
able yare plotted when the fractional order equals q ¼ 0:99:Fig. 7a
shows the bifurcation of the FTT system while the forward and
backward shown in blue and red, respectively. Fig. 7b shows the
corresponding LEs. We could see the coexistence of chaotic attrac-
tors for 0:6694 � a4 � 0:7092, period-8 limit cycles for
0:6568 � a4 � 0:6664 and period-4 limit cycles for
0:6105 � a4 � 0:6567: The various coexisting attractors for differ-
ent values of the parameter a4 are shown in Fig. 8.

We use the same forward and backward continuation to check
the multistability and coexisting attractors for the fractional order
q. Also, the other parameters are considered as used for Fig. 3.
We could identify the coexistence of period-2 limit cycles for
0:98 � q � 0:9867, period �4 limit cycles for 0:9868 �
q � 0:9883; and chaotic attractors for 0:9887 � q � 0:9948 as seen
in Fig. 9. Fig. 10 shows the various coexisting limit cycles and
chaotic attractors for different values of the fractional orderq.

To better analyze the coexisting attractors of the system, the
Basin of attraction of the system is considered in the x-z planewhen
y(0) = 0 and w(0) = 0. In Fig. 11, cyan and magenta color show
unbounded and chaotic responses of the system, respectively.

Antimonotonicity

Antimonotonicity, a complex behavior in nonlinear systems,
means the occurrence of period-doubling and inverse period-
doubling. In the bifurcation diagram of these systems, the periodic
own in blue and red dots, respectively. b) The corresponding LEs are also plotted.



Fig. 9. The bifurcation plot of the FTT versus q when forward and backward continuations are shown in blue and red, respectively, which shows coexisting attractors in this
system.

Fig. 10. Various coexisting limit cycles and strange attractors when the initial conditions are set to 1;0;0;0½ � (shown in blue) and �1;0;0;0½ � (shown in red) for different
values of q.

Fig. 11. Basin of attraction of the system in the x-z plane when y(0) = 0 and w
(0) = 0. In this figure, cyan and magenta color show unbounded and chaotic
responses.

Fig. 8. Various coexisting limit cycles and chaotic attractors when the initial conditions are 1;0;0;0½ � (shown in blue) and �1;0;0;0½ � (shown in red) for different values of a4.
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attractors double as parameter increases and instantly joining peri-
odic attractors form smaller ones, so emerging antimonotonicity.
To examine antimonotonicity, the bifurcation of the FTT oscillator
system is considered as a4 increases while the fractional-order
q ¼ 0:99 and parameter a1 has some different fixed values (Fig. 12).
Conclusion

To investigate memory-dependent systems and consider his-
tory in the electronic circuit, we can use the memristor element.
In this article, we showed that using fractional-order memristor
in an integer-order oscillator circuit enables the system to show
complex behaviors. For example, we concluded and showed that
in some range of the fractional order, q > 0:97, the system can
show chaotic responses. Multistability, the existence of two or
more attractors for a fixed value of the parameter, and antimono-
tonicity, the existence of period-doubling route to chaos and
inverse of it, are the properties that this system shows in different
value of the parameters. Precise ranges of the parameters are
derived using the bifurcation diagram or its corresponding Lya-



Fig. 12. Bifurcation of the FTT oscillator with a4 for q ¼ 0:99 and different fixed values of a1 which claims existence of antimonotonicity in this system.
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punov exponents. We also use a 2D bifurcation diagram to show
the different attractors of the system as two different controlling
parameters change.
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