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The work proposes a synthesis method of capacitive fractional-order impedance element which is com-
posed of homogenous distributed resistive-capacitive (RC) structures (lines). The method employs
genetic algorithm and searches for optimal connection schemes and parameters of the partial RC struc-
tures. The synthesis algorithm is described in detail including the coding of the properties of the struc-
tures for the purpose of the genetic algorithm. The user interface of the design tool is introduced and
the input and output parameters of the synthesis are explained. The algorithm was verified by computer
simulations and particularly by measurements of element samples fabricated in thick-film technology.
The results correspond to the required impedance characteristics, which confirm the validity of the syn-
thesis method.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article

under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Elements with fractional-order impedance (EFI) also known as
fractional-order elements (FOEs) [1] or simply fractors [2] are very
perspective building blocks for non-integer (i.e. fractional) order
circuits and systems. These systems are described by fractional-
order (FO) differential and integral equations, which is also the
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Fig. 1. (a) The 3D view of R-C-NR structure, (b) its equivalent schematic.

276 P.A. Ushakov et al. / Journal of Advanced Research 25 (2020) 275–283
case of many natural phenomena. The characteristics and proper-
ties of FO systems are not realizable by their integer-order counter-
parts or at the cost of increased complexity or worse accuracy.
Various disciplines take advantage of utilizing FO systems as they
provide an accurate mathematical and electrical equivalent model
of a real-world system or improved ability to control it [3–5].

Based on the similarity with the standard capacitor and induc-
tor, the mathematical models of EFI, namely FO capacitor and FO
inductor, can be represented using the concept of fractional differ-
entiation [6] as follows

iCa ¼ Ca
dauCa

dta
; ð1Þ

uLb ¼ Lb
dbiLb
dtb

: ð2Þ

Transforming (1) and (2) to the s-domain, the relations for
impedance of the FO elements have the form

ZCaðsÞ ¼
1

saCa
; ð3Þ

ZLb ðsÞ ¼ sbLb; ð4Þ

where s is the Laplace operator (complex frequency), the constants
Ca and Lb are also referred to as pseudo-capacitance and pseudo-
inductance having units F�sa�1 and H�sb�1, respectively. The real
positive exponents a and b are the fractional orders in the range
(0; 1). When substituting s = jx into (3) and (4) we obtain an impor-
tant feature of these elements: the phase of the impedance of FO
capacitor is constant and equal to �ap/2, whereas the phase of
the impedance of FO inductor equals to bp/2 independent of fre-
quency. Hence, such elements are also called constant phase ele-
ments (CPEs). More attention is given to FO capacitors than FO
inductors, as it is also in integer-order domain. The bulky and diffi-
cult to integrate inductors caused higher interest in the design of
integer-order systems with capacitors and therefore also the FO
systems more often employ FO capacitors. Hence, when we refer
to the term EFI from here on, we mean capacitive EFI, i.e. FO
capacitor.

The recent survey on possible techniques and approaches to
design single or multi-component FO capacitors as being proposed
by different research groups can be found in [1]. Here the authors
state that particularly single-component EFIs are being researched
upon vigorously. They are mostly based on electrochemical princi-
ples utilizing various chemical substances, for example porous
polymer materials [7], nanocomposites of conductive particles in
dielectric [2,8,9] or layered structures in dielectric [10,11]. These
elements are mostly designed on the basis of choice of suitable
materials, their arrangement and fabrication technologies by con-
ducting many experiments, but no algorithms using exact circuit-
theory laws are employed. The experimental results are used to
derive approximated design equations by regression methods.
Common features of these elements are low range of the fractional
order a and/or narrow frequency band of the constant phase shift.
None of the elements is currently commercially available in the
solid-state form and most of them also do not have any depen-
dence relation between the order a and the electrochemical
parameters [1].

Thus a common way to obtain EFIs is their emulation by multi-
component integer-order passive or active circuits. The method is
based on the approximation of the term sa (or sb) in the impedance
function by integer-order rational function [12–16]. This function
is then implemented for example in the form of Foster or Cauer
passive ladder networks with resistors and standard capacitors
(or inductors) with lumped parameters [17]. However, the values
of these resistors and capacitors must be precise to obtain the
required accuracy of approximation [17]. Furthermore, when the
values of a are required being close to 0 or 1, the ratio of the resis-
tances and capacitances is very high [18]. This makes the integra-
tion in the film or semiconductor technology very difficult or even
impossible. Also, the passive emulation structures cannot be tuned
electronically. The last two drawbacks mentioned are eliminated
by active emulation circuits, which are usually based on state-
variable structures whose transfer function equals to the required
integer-order rational impedance function [19]. These circuits can
offer electronic adjustability thanks to the controlled active ele-
ments employed and are suitable for integrated implementation.
The obvious common feature of these emulation techniques is
their validity only in a limited frequency band.

Impedance synthesis with distributed RC structures

The idea of realizing impedances with given characteristics by
resistive-capacitive (RC) circuits with distributed parameters was
put forward already in the last century, see e.g. [20–22]. The syn-
thesis method is based on utilizing homogenous RC lines of the
form R-C-0 (resistor-capacitor-conductor) described by voltage-
current relations containing hyperbolic trigonometric functions.
The s-domain input impedance of a circuit of any complexity con-
taining these R-C-0 lines multiplied by

ffiffi
s

p
can be written as a

rational function in t-domain, whereas the relation t ¼ tanh
ffiffiffiffiffiffiffiffi
sRC

p

holds for the transition between the domains. As a result, the R-
C-0 lines with shorted output in s-domain are transformed to stan-
dard inductors (L) in t-domain and R-C-0 lines with open output
are transformed to standard capacitors (C). Therefore, the desired
synthesized impedance in s-domain multiplied by

ffiffi
s

p
is approxi-

mated by a rational function in t-domain, which is after a suitable
expansion (sum of fractions or continued fraction) implemented by
LC circuit. The final synthesis step is the inverse conversion within
which the inductors and capacitors are replaced by shorted and
opened R-C-0 lines respectively [20–22].

However, the synthesis of EFI is not taken into account in the
aforementioned works, as well as the problem of its physical real-
ization by film or semiconductor RC lines is not addressed. There-
fore, we have investigated the possibility of EFI synthesis based on
R-C-0 lines and evaluated the physical realization using modern
film technologies. It turned out that the implementation is impos-
sible under the existing restrictions on the specific parameters of
resistive and dielectric materials, since it leads to element sizes
that are comparable with the dimensions of neither ordinary dis-
crete elements, nor integrated circuits.

Next to the basic R-C-0 lines, also other types of RC lines were
analyzed. As it will be discussed in the section below, the R-C-NR
layer structure shows to be suitable for efficient design of EFIs
[23–25]. It contains two resistive layers with resistances R and
N � R, a capacitive (dielectric) layer with capacitance C between
them and four connection terminals as shown in Fig. 1.

Analyzing the structure in Fig. 1(b), the relation between the
currents I1, I2, I3, I4 and voltages V1, V2, V3, V4 can be described using
admittance matrix as [28]
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ð5Þ

where

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxRC 1þ Nð Þ

q
: ð6Þ

As the R-C-NR structure has fourth-order admittance matrix,
the number of different synthesizable impedances is significantly
larger than for RC lines of the form R-C-0. However, the application
of impedance synthesis techniques based on the domain transfor-
mation requires knowledge, which circuits with R, C, and L
elements in the transformed domain correspond to different
R-C-NR-based circuits in the s-domain. In addition, it is necessary
to modify these synthesis methods to provide connections of
R-C-NR structures with FO impedance.

Therefore, we have developed a structural-parametric synthesis
method of EFI composed of specifically connected four-terminal
homogeneous R-C-NR structures (lines) which has been already
briefly introduced in [23]. This method profits from genetic algo-
rithm, is implemented as a computer program and has shown its
effectiveness based on our experience. The aim of this work is to
describe this synthesis method in more detail with emphasis on
coding the parameters of distributed RC structures for the purpose
of the algorithm and on the detailed description of the algorithm
itself. The synthesis method is also evaluated and verified in the
subsequent sections.
Fractional-order impedance synthesis based on R-C-NR
structures

General assumptions of synthesis

The classic problem of an electric circuit synthesis is formulated
as follows: it is necessary to find a circuit and the parameters of its
elements that provide the desired output response to a certain
input signal. The synthesis of any technical object involves creating
its structure and determining its parameters. These two parts of
the synthesis are called structural and parametric synthesis. The
structure of the object determines how it is constructed, what phys-
ical parts it consists of and how these parts are related. The param-
eters of the object are understood as structural and electrophysical
parameters of its parts.

We will consider the synthesis of EFI based on R-C-NR struc-
tures with distributed parameters. Obviously, the structure of the
element will be given by the interconnection of the particular R-
C-NR structures resulting in the connection diagram of the compo-
nents of the EFI. The parameters will include the properties of the
resistive and dielectric layers, i.e. their lengths L (relative to the
unity width W = 1 of all R-C-NR structures) and electrophysical
characteristics. Considering that EFI is supposed to be manufac-
tured in one of the known integrated technologies, it is advisable
that the electrophysical characteristics of the layers are the same
for all the parts of the element.

The synthesis objective is the constant phase level (with defined
error) of the input impedance of the element in the range from 0 to
–90�. As constraints we set the frequency range of phase constancy,
restrictions on the ratio of the resistivity of the top and bottom
resistive layers N, the boundaries of resistance and capacitance
per unit length, and fixed values of other parameters in the equiv-
alent circuit model of the RC line that we have previously pub-
lished in [23].
The reason for choosing the phase angle as the synthesis crite-
rion is that it provides higher accuracy in the circuit synthesis com-
pared to magnitude. Also the fractional order a is more sensitive to
a change of the phase angle than to the magnitude slope of the fre-
quency response. Determining and setting the impedance magni-
tude is possible after the synthesis by the resistance and
capacitance of the layers as described in more detail in section
‘‘Verification of the Synthesis Program”.

The described technique is not directly applicable to the design
of fractional-order inductors, as only resistive and capacitive layers
are considered. However, availability of fractional-order capacitor
allows obtaining fractional-order inductor by impedance transfor-
mation using an active circuit, such as generalized impedance con-
verter (GIC) or gyrator, see e.g. [26].
Design steps of R-C-NR EFI synthesis program

The properties of EFI based on R-C-NR structures are described
by a large number of internal factors. For example there are more
than 10 thousand variants of connection schemes for four four-
terminal R-C-NRs, not including combinations of structural and
electrophysical parameters of the layers. Therefore, for such
objects it is not rational to use the commonmethods of minimizing
objective functions. In such cases the most effective are the heuris-
tic optimization methods, in particular evolutionary algorithms
based on the generate-and-test principle. One of these methods
is the genetic algorithm (GA) [27], which we also use here for
the synthesis of EFI. The synthesis method is designed according
to the following steps:

1. Specification of coding of R-C-NR EFI factors.
2. Development of the general structure of GA, reflecting the

sequence of genetic operations.
3. Development of a synthesis program for R-C-NR EFI.
4. Study of potential possibilities and determination of optimal

parameters of GA, providing the maximum probability of syn-
thesis of physically realizable R-C-NR EFI with given
characteristics.

Coding of R-C-NR EFI factors

All factors that fully and unambiguously describe the design of
the R-C-NR EFI can be represented by a set W of the form

W ¼ P [ C; ð7Þ

where P is a set of parametric factors, i.e. the parameters of individ-
ual R-C-NR structures. The set C includes circuit structure factors
covering the interconnections of adjacent R-C-NRs and their con-
nection to the overall input nodes of the synthesized EFI denoted
here as in and gnd. The set P can be further defined as

P ¼ N [ L; ð8Þ

where the sets N and L include the values of the parameters N (ratio
of the resistivity of the top and bottom layers) and L (relative length
of the layers) of each R-C-NR. The set C can be specified as

C ¼ E [ A [ B; ð9Þ

where the set E includes valid interconnection schemes of adjacent
R-C-NRs, the set A determines the nodes of adjacent R-C-NRs con-
nected to the gnd node, and the set B defines connections of exter-
nal terminals of the series of R-C-NR structures.

Since the program for EFI synthesis has been developed in the
MATLAB� environment, it is advisable to express the introduced
sets of the EFI factors in matrix format.
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Fig. 2. (a) Valid interconnections of adjacent four-terminal R-C-NR structures and
(b) their respective coincidence matrices.
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Coding of parametric factors
The coding of parametric factors consists in determining the

form for representing the parameters of the set P given by (8)
and the range of allowed values for the elements of each of the
subsets. The parameters N and L of the particular connected
R-C-NR structures are expressed in the matrix form:

N ¼ N1 N2 . . . Nn½ �; N1;N2; . . . ;Nnf g 2 R
þ
N ; ð10Þ

L ¼ L1 L2 . . . Ln½ �; L1; L2; . . . ; Lnf g 2 R
þ
L : ð11Þ

Here n is the total number of the R-C-NR structures, which was set
to 4 in our EFI synthesis tool. The symbols R+ with the correspond-
ing subscripts represent positive real numbers and the allowed
ranges of N and L according to the structural and technological lim-
itations determined by the manufacturing technology. The matrix
form of the chromosome expressing the parametric factors can be
written as

PChi ¼
N1 N2 N3 N4

L1 L2 L3 L4

� �
; ð12Þ

where the index i indicates one set of the parameters that is used in
the current iteration of GA.

In addition to the above defined N and L parameters, there are
other important parameters in the mathematical model of the
R-C-NR structure as described in [23]. It is in particular the resis-
tance of the top resistive layer (R0) and the capacitance between
the resistive layers (C0) per unity length L. As the parameters R0

and C0 only shift the synthesized impedance characteristic along
the frequency axis and set the impedance magnitude without
affecting the shape of the characteristic, they were excluded from
the set P for sake of simplicity. Other parameters are the transition
resistance between the resistive and capacitive layers, the leakage
resistance of the capacitive layer and resistance of metal contacts
(see section ‘‘Development of Genetic Algorithm for the Synthesis
of EFI”). These parameters depend on the manufacturing technol-
ogy and therefore their values are automatically set in the algo-
rithm as the most representative for the selected technology.

Coding of circuit factors
To code the circuit structure factors it was necessary to deter-

mine the form for representing the parameters of the set C (9)
and the range of permissible values for the elements of each of
the subsets. The valid interconnection schemes of two adjacent
R-C-NR structures k and k + 1 are shown in Fig. 2(a) and the corre-
sponding coincidence matrices defining each variant of the inter-
connections are stated in Fig. 2(b).

The elements of the set E coding these interconnections are
formed by matrices Ek containing only two values a1 and a2 equal
to the row and column of the position of the coincidence matrix in
Fig. 2(b):

Ek ¼ a1 a2½ �;a1 ¼ 1;2f g; a2 ¼ 1;2;3;4f g; k ¼ 1;2; :::;n� 1:

ð13Þ
Thus each element of the set E corresponds to the coincidence

matrix that uniquely specifies the switching of the terminals of
adjacent R-C-NR structures. Based on the union of the coincidence
matrices, a global coincidence matrix is created that describes con-
nection of all n (in our case 4, as mentioned above) R-C-NR struc-
tures. Finally, a global admittance matrix of the whole element is
created.

Some nodes in the circuit interconnected according to the set E
can be grounded (i.e. connected to the gnd input node), which pro-
vides additional degree of freedom. This is defined in the set A
whose elements are represented by matrices Ak of dimension
4 � 1. The elements in the matrix Ak have unity values in the rows
corresponding to the numbers of grounded nodes as apparent in
the examples in Fig. 3. The index k here also ranges from 1 to n � 1.

Thus information about the connection of adjacent R-C-NR
structures is presented by a pair of matrices Ek and Ak which forms
a gene. The array of (n-1) pairs (in our case of 3 pairs) of matrices Ek

and Ak forms a chromosome reflecting the internal connections

CChi ¼ E1;A1ð Þ; E2;A2ð Þ; E3;A3ð Þf g: ð14Þ
The set B defines connection of external nodes of the series of R-

C-NR structures. Any of the external nodes can be connected to: EFI
input node (in); ground node, i.e. the second EFI input node (gnd);
another external node (con); no node, i.e. left floating (float). The
set B is then represented as the matrix

Bi ¼

in1 in2 in3 in4

gnd1 gnd2 gnd3 gnd4

float1 float2 float3 float4
con1 con2 con3 con4

2
6664

3
7775; ð15Þ

where the number of rows equals to the number of possible states
of the external nodes (i.e. in, gnd, float, con) and the number of col-
umns corresponds to the number of external nodes of EFI (which is
always 4). Assigning an external node to one of the four states is
performed by setting the unity value of the matrix element in the
intersection of the row with the selected state and of the column
corresponding to the node number. Since only one state can be
assigned to any node, each column of the matrix Bi contains only
one element with the value one. The remaining elements are zero.
An example of matrix coding is shown in Fig. 4.
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To obtain only valid external EFI switching schemes the follow-
ing rules for the formation of elements of the set B were defined:

– there must be at least one in node,
– there must be at least one gnd node,
– the number of nodes with con status cannot be less than two.

Thus, when coding circuit properties by the chromosome struc-
tures, genes appear that carry information that is not represented
in the form of decimal numbers or bit sequences, as is usual in
genetic algorithms. The information has the form of hierarchical
structures that include elements of sets in the form of matrices
related to electrical circuits.

Development of genetic algorithm for the synthesis of EFI

The mathematical description of GA for EFI synthesis has the
general form

GA ¼ fP0; r; l; sl; Fit; cr;m; rjg; ð16Þ
where P0 is the initial population, r is the population size, l is string
length coding the solution, sl is selection operator, Fit is the fitness
function, cr is crossover operator, m is the mutation operator, and rj
is the rejection operator. Note that classic genetic operators are
used. The peculiarity is that the algorithm is used for synthesis of
a distributed circuit element consisting of segments of RC lines,
which are interconnected in a specific way and have specific electri-
cal parameters. Since the model of such a line is described by a con-
ductivity matrix, the coding of the element properties (internal
connection and electrical parameters) and genetic operators are
performed in matrix form. To the best of the authors’ knowledge,
this kind of implementation of genetic operators has not been pre-
viously used.

The fitness function Fit, calculated for each individual in the
population, determines the probability of keeping this individual
in the population or its removal as an erroneous decision that does
not improve the population. The requirements for the frequency
response of the impedance phase of the synthesized EFI are deter-
mined in the form of a window as seen in Fig. 5.

The width of the window determines the frequency range of
phase constancy (xminRC to xmaxRC), and its height defines the
permissible deviation (±e) from a given level of the constant phase
uc. Regardless of the shape of the phase response, it is important
that all its points fall into this window. Therefore, the easiest
way to evaluate the fitness function is to determine the number
of the phase response points, which are located within a given win-
dow. In this case the fitness function can be specified by the
formula

Fit ¼
XNx

i¼1

bi; ð17Þ

where

bi ¼ 1; if uc �uij j < e
0; if uc �uij j P e

�
for xminRC 6 xiRC 6 xmaxRC,

ui is the value of the impedance phase of the evaluated EFI variant
at a frequency xiRC, i is the number of the frequency point in the
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Fig. 4. Example of coding the Bi matrix.
given frequency range from xminRC to xmaxRC; i = 1, 2, . . ., Nx,
whereas Nx is total number of frequency points. In the example
in Fig. 5 based on the relation (17) we get Fit = 11 (with a maxi-
mum possible value of 17). The value of ui is computed by the
methods of circuit theory utilizing the admittance matrix of one
R-C-NR structure appearing in (5) and parametric and circuit fac-
tors given by the sets P and C.

When developing the general structure of GA, it was taken into
account that the elements of the sets P and C have different phys-
ical nature, different mathematical representations of genes and
chromosomes, as well as different algorithms for implementing
crossover and mutation operators. Thus the GA was implemented
as multi-stage as seen in the flow-chart of the proposed algorithm
in Fig. 6.

At the beginning of the synthesis, the allowed impedance phase
window and the genetic algorithm parameters x, y (maximum
number of iterations) and d (threshold for Fit function) are defined
by the user. The program continues with generating random ele-
ments of the set P. The block ‘‘Formation of parental individuals
with parameters from the set C” deals with creating the initial par-
ental pair by random generation of elements of the set C and com-
puting their fitness functions in cycles until two individuals (i.e.
parents) are found with the Fit value higher than a threshold d1,
which is specified by the program developer (see section ‘‘Evalua-
tion of the Algorithm”). A similar block ‘‘Formation of parental
individuals with parameters from the set P” is also present in the
program which randomly generates elements of the set P until
their Fit value reaches a threshold d2. The choice of parental indi-
viduals ensures initial approach of the fitness function to the opti-
mum and essentially influences the fitness function growth in the
following parts of the algorithm.

From this point the program is divided into two genetic algo-
rithms GA(C) and GA(P). The first one searches for the optimized
internal and external connections and the second one deals with
optimizing the parametric factors of the R-C-NR EFI. The parental
arrays CChA and CChB, see relation (14), and the set B, see (15),
are processed by GA(C) whereas the parametric factors are unaf-
fected. In the case of GA(P), the parental arrays PChA and PChB,
see (12), are optimized without altering the connections. The first
block of both GAs is ‘‘Crossover”, which performs a one-point
crossover operation with a random choice of crossing-over point.
Offsprings are formed as a result of mutual exchange of genes
located to the right of the crossing-over point. The following block
‘‘Mutation” consists in replacing one or more genes of the parental
individual with genes randomly selected from a permitted range.
This ensures maintaining a sufficient diversity of the genetic
material of the population. A total of 15 offspring individuals are
created during the crossover and mutation. In the case of GA(C)
the arrays CChA and CChB are subject to crossover and mutation
and after that the set B is randomly generated for each of the 15
individuals.
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Fig. 6. Flow-chart of algorithm for R-C-NR EFI synthesis.

Fig. 7. Dialog windows of the EFI synthesis program; (a) input and (b) output data
of synthesis.
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The GA continues with ‘‘Selection” block, where from the off-
springs two different individuals are selected that form the input
parental pair of the next cycle of GA. The selection is fitness pro-
portionate, i.e. the Fitq value of an individual q is used to determine
the probability pq of selection of this individual:

pq ¼
FitqPr
i¼1Fiti

; q ¼ 1;2; :::; r; ð18Þ

where r is the size of population equal to 15 in this work.
It is also possible to utilize ‘‘Rejection” operator in the algo-

rithm, which eliminates a given number of unsuccessful solutions
with the worst values of fitness function. However the rejection is
not activated in the described program version, because the ‘‘Selec-
tion” operator selects only 2 individuals which proceed directly as
parents to the next GA cycle, so there is no need to reject any
solutions.

The algorithm GA(C) and also the whole synthesis program are
terminated when the Fit value of the two selected individuals
reaches a certain threshold d. For the best results, d is equal to
the total number of frequency points Nx, hence the user sets Nx
in the user interface. Another condition of termination of GA(C)
is reaching a given number of iterations x. In this case the synthesis
continues with execution of the algorithm GA(P) with fixed ele-
ments of the set C. As a result, the optimized parameters of the
set P are found. The termination conditions of GA(P) are the same
as in the case of GA(C). If the algorithm GA(P) is terminated by
exceeding the allowed number of iterations x (and Fit value does
not reach d) the program proceeds again with GA(C). Both GAs
can be alternated in this way up to y times, provided that the Fit
value still does not reach d.

Based on the proposed algorithms, the main program modules
and user interface for working with the synthesis program in inter-
active mode have been developed. The user interface dialog boxes
are shown in Fig. 7.

The dialog box in Fig. 7(a) is used to set the requirements for the
phase response (in degrees) of the input impedance of the EFI in
the form of a window. The window height, i.e. the allowed ripple
of the phase response, is set by positive ‘‘PH(+)” and negative
‘‘PH(�)” deviation from the mean phase value at the respective fre-
quency. The mean phase values at the lower and upper frequency
boundaries are given by ‘‘PH(Fmin)” and ‘‘PH(Fmax)”, respectively.
These values are equal for fractional orders that are real numbers.
The values ‘‘lg(Fmin)” and ‘‘lg(Fmax)” are logarithms of lower and
upper boundary frequencies (in Hz), which define the frequency
range of phase constancy. By setting these values, it is possible to
change the frequency bandwidth of the window of the phase con-
stancy and also to shift it along the frequency axis. The values ‘‘No
of iteration (of each GA)” and ‘‘No of GAs cycles” correspond to x
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and y respectively in Fig. 6. The ‘‘No of frequency points” specifies
Nx.

The program provides two synthesis modes. The button ‘‘Syn-
thesis” executes the synthesis without taking into account the
technological parameters, whereas ‘‘Synthesis(G)” considers these
parameters. The technological parameter ‘‘G” is the coefficient of
proportionality between the transition resistance between the
resistive and capacitive layers and the resistance of the top-layer,
‘‘Rp” is the leakage resistance of the capacitive layer, and ‘‘Rk” is
the resistance of metal contacts. These parameters are defined
for elemental part of the multilayer R-C-NR network as presented
in [23]. They depend on the manufacturing technology and there-
fore their values are to be determined, for example by experimen-
tal measurement of test samples. The values stated here (G = 1,
Rp = 108, Rk = 0.02) are typical for thick-film technology. The syn-
thesis with these technological parameters utilizes definition of h
different from (6), namely

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R 1þ Nð Þ 1þ jxCRp
� �

Rp þ RG 1þ Nð Þ 1þ jxCRp
� �

s
: ð19Þ

The program provides the following restrictions related to the
structural and technological feasibility of the synthesized R-C-NR
EFI: the values of the N parameters for all sections are the same
(since all layers of the sections are expected to be performed in
one technological cycle) and the range of possible values of the
parameter L is from 0.1 to 10.

When one of the conditions for exiting the synthesis program is
fulfilled, the dialog box with synthesis results is displayed (Fig. 6
(b)) along with the impedance phase graph of the synthesized
EFI. The displayed frequency range and the parameters of the R-
C-NR structures can be changed in this box by user. The synthesis
can continue with the changed parameters (but without changing
the connections of particular R-C-NR structures) when Continue is
pressed. In addition, this box also provides the possibility of quick
analysis of the EFI model with synthesized or user-modified
parameters both taking into account the technological parameters
‘‘Analysis(G)”, and without taking them into account ‘‘Analysis”.

Evaluation and verification

Evaluation of the algorithm

The genetic algorithm is a pseudo-random optimization
method. The level of convergence of the resulting function to the
objective function (which is measured by the Fit value) depends
on a number of parameters characterizing the GA, particularly on
the choice of the number of individuals in the population (r), num-
ber of GA iterations (x, y), and the minimum threshold values of the
fitness function d1 and d2 utilized during the formation of initial
parental individuals. The effects of setting the d1 and d2 threshold
values (d1 = d2) on the average GA execution time and final
obtained Fit value are shown in Fig. 8. The testing was performed
with DELL Vostro 1220 laptop (Intel� CoreTM2 Duo Processor
T6670, 4 GB DDR2) and MATLAB 7.1.

The results presented in Fig. 8 showing the average perfor-
mance of the algorithm are valid for the following synthesis
parameters: the level of the constant impedance phase in the range
from �5� to �85� in increments of 5�, allowed phase deviation ±1�,
frequency bandwidth of the constant phase 2 decades, the number
of points on the frequency axis 50, the number of GA iterations
200. The averaging of the results was carried out with 100 runs
of the program for each level of the constant phase and each value
d1 = d2. The Fit value (i.e. the convergence of GA) increases with
increasing the values d1 and d2, however, the synthesis time also
increases. Note that when d1 and d2 values are higher than 12,
the convergence improves only slightly and the execution time
grows rapidly. Therefore a further increase of d1 and d2 is not advis-
able. Based on our observations described above, for the purpose of
our current tool to design EFIs, the values of d1 and d2 were set to 6
and 8 respectively.

With an increase in the number of iterations, the GA conver-
gence increases, however, the synthesis time also increases. While
evaluating the performance of the synthesis program, we also
observed that for the total number of iterations, i.e. 2x(y + 1), above
200, the convergence rate of the GA increases only slightly, there-
fore, a further increase in the number of iterations is not advisable.
Verification of the synthesis program

The synthesis of EFI was carried out for the required constant
phase �35� with deviation ±1� in the frequency range 103–107

Hz and 50 frequency points. The resulting element is described
by the topology in Fig. 9 and the parameters N = 5.17, L1 = 3.8,
L2 = 4, L3 = 2.4, L4 = 4. The original generated values of the layer
resistance R0 = 3893 X, and capacitance C0 = 200 pF per unity
length were modified to the new values R0 = 2280 X, and C0 = 77
pF to obtain more suitable dimensions of the thick-film experi-
mental samples. This modification only shifts the EFI impedance
characteristic to 4.4-times higher frequencies without changing
its shape. Generally, if the resistance R0 and capacitance C0 are
changed to the new values A�R0 and B�C0, the impedance character-
istic is shifted to 1/(A�B)-times higher frequencies without chang-
ing its shape.



Fig. 11. Photograph of the fabricated thick-film EFI sample (dimensions approx.
43 � 16 mm).
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The values R0 and C0 can be also used for rough estimate of
impedance magnitude in the geometric center of the EFI frequency
range (at frequency fC) by the following formula:

Zj j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ

1
2pf CC0

� 	2
s

: ð20Þ

Setting a certain value of the impedance magnitude is possible
after the synthesis by variation of the values R0 and C0. To obtain X-
times higher impedance magnitude it is necessary to change R0 to a
new value X�R0 and C0 to C0/X. The phase impedance characteristic
and the position of the characteristic on the frequency axis remain
unchanged. In future work, it is planned to include in the synthesis
the criterion of the impedance magnitude.

The theoretical EFI phase frequency characteristic displayed by
the design program is shown in Fig. 10 in black line. To verify the
correctness of the synthesis, the computer simulation of the impe-
dance phase characteristics with R-C-NR structures modeled by
lumped RC ladder circuits was performed. The results are also
included in Fig. 10 in color lines whereas each line is obtained
for different number of sections of the lumped RC structure. Appar-
ently, these characteristics asymptotically converge to the synthe-
sized phase response with the increasing number of RC sections.
With an infinite number of RC sections, the frequency characteris-
tics will be identical over a given frequency range, which proves
the correctness of the R-C-NR EFI synthesis program.

Measurement of fabricated samples

Using the procedure described in [23], the synthesized EFI was
fabricated in thick-film technology and its photograph is depicted
in Fig. 11. More detailed information about the thick-film technol-
ogy is beyond the scope of this paper. Those interested in the topic
can refer, for example, to [29,30].

The measured phase characteristic is shown in Fig. 12 in red
color, whereas the blue line shows the simulated phase with the
layer resistances and capacitances really achieved in the produced
samples. The difference of this simulated (blue) characteristic com-
pared to the synthesized (black) one is caused particularly by the
error in the resistance ratio N of the fabricated samples. The mea-
sured characteristic matches the simulated one at low frequencies,
however the measured phase exhibits parasitic decrease at high
frequencies. This phenomenon is primarily caused by parasitic
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Fig. 10. Phase characteristics of the synthesized R-C-NR EFI (black) and of ladder RC
structures with the stated number of sections (color).
capacitances of the resistive layer contacts which are above each
other in the EFI prototype and do not have zero area. To compen-
sate this parasitic effect the bottom resistive layer was extended
by the contact width in order to move the bottom-layer contact
and not let it overlap with the top-layer contact. The modification
was practically verified on fabricated samples and resulted in
improvement which is confirmed by the green characteristic in
Fig. 12. The compensated samples show the impedance phase
value between �36� to �39� in the frequency band from 8.7 kHz
to 3 MHz which is 2.5 decades.

Although the verification of the synthesis procedure is pre-
sented by measurements of only one fabricated sample, the
method presented in this paper has been verified also by our other
designs; see [23,31].

Conclusions

The principle of EFI synthesis has been proposed, which consists
in the use of interconnected segments of R-C-NR lines in a certain
way. A description of the synthesis method has been given with a
detailed explanation of the employed genetic algorithm. The syn-
thesis method allows obtaining physically feasible designs with a
range of fractional order alpha from approximately 0.06–0.94, i.e.
the phase from 5� to 85� in the operating frequency range 3–3.5
decades. The example of EFI has been synthesized with impedance
phase characteristics constant at 35�. The validity of the models
employed in the synthesis program has been proven by the circuit
simulation program and mainly by the experimentally fabricated
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samples of EFIs using the thick-film technology. The measurements
of the test samples show that impedance phase characteristics cor-
respond with sufficient accuracy to the requirements specified
during the synthesis and prove the functionality of the proposed
design tool.
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