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ABSTRACT
Graphomotor disabilities (GD) significantly affect the quality of life beginning from the
school-age, when the graphomotor skills are developed, until the elderly age. The timely
diagnosis of these difficulties and therapeutic interventions are of great importance. As
GD are associated with several symptoms in the field of kinematics, the basic kine-
matic features such as velocity, acceleration, and jerk were proved to effectively quantify
these symptoms. Nevertheless, an objective computerized decision support system for
the identification and assessment of GD is still missing. Therefore, the main objective
of my dissertation is the research of an advanced online handwriting parametrization
utilized in the field of GD analysis, with a special focus on methods based on frac-
tional calculus. This work is the first to experiment with fractional-order derivatives
(FD) in the GD analysis by online handwriting of Parkinson’s disease (PD) patients and
school-age children. A new online handwriting parametrization technique based on the
Grünwald-Letnikov approach of FD has been proposed and evaluated. In the field of PD
dysgraphia, a significant improvement in the discrimination power and descriptive abili-
ties was proven. Similarly, the proposed methodology improved current state-of-the-art
techniques of GD analysis in school-aged children. The newly designed parametrization
has been optimized in the scope of the computational performance (up to 80 %) as
well as in FD order fine-tuning. Finally, various FD-approaches were compared, namely
Riemann-Liouville, Caputo’s, together with Grünwald-Letnikov approximation to identify
the most suitable approach for particular areas of GD analysis.
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ABSTRAKT
Grafomotorické obtíže (GD) výrazně ovlivňují kvalitu života školním věkem počínajíc,
kde se vyvíjejí grafomotorické schopnosti, až do důchodového věku. Včasná diagnóza
těchto obtíží a terapeutický zásah mají velký význam k jejich zlepšení. Vzhledem k
tomu, že GD souvisí z vícerými symptomy v oblasti kinematiky, základní kinematické
parametry jako rychlost, zrychlení a švih prokázaly efektivní kvantizaci těchto symp-
tomů. Objektivní výpočetní systém podpory rozhodování pro identifikaci a vyšetření GD
však není dostupný. A proto je hlavním cílem mé disertační práce výzkum pokročilé
metody parametrizace online písma pro analýzu GD se speciálním zaměřením na využití
metod zlomkového kalkulu. Tato práce je první, která experimentuje s využitím derivací
neceločíselného řádu (FD) pro analýzu GD pomocí online písma získaného od pacientů s
Parkinsonovou nemocí a u dětí školního věku. Byla navržena a evaluována nová metoda
parametrizace online písma založena na FD využitím Grünwald-Letnikova přístupu. Bylo
dokázáno, že navržená metoda významně zlepšuje diskriminační sílu a deskriptivní schop-
nosti v oblasti Parkinsonické dysgrafie. Stejně tak metoda pozitivně ovlivnila i nejmod-
ernější techniky v oblasti analýzy GD u dětí školního věku. Vyvinutá parametrizace byla
optimalizována s ohledem na výpočetní náročnost (až o 80 %) a také na vyladění řádu
FD. Ke konci práce byly porovnány víceré přístupy výpočtu FD, jmenovitě Riemann-
Liouvillův, Caputův společně z Grünwald-Letnikovým přístupem za účelem identifikace
těch nejvhodnějších pro jednotlivé oblasti analýzy GD.
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pokročilá parametrizace, zlomkový kalkulus, derivace libovolným řádem, grafomotorické
obtíže, online písmo
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1 Introduction
The universe of science is indescribable by simple words or short thoughts. Our
life is not long enough to fully understand what nature can provide. Still, our role
as scientists is to uncover the mysteries around us and use them to create a better
environment for all living beings. And this is what drives me through the pitfalls of
the research. To help people live a dignified life.

Four years of my work in the field of advanced biomedical signal processing
culminates in this document in the form of the cumulative dissertation. It comprises
all of the published studies produced by me and my co-authors in this area. A brief
introduction to relevant topics is given, and the genesis of the proposed methodology
is described. The particular papers are summarized and contextually linked into a
storyline. The work as a whole is discussed and concluded, and additionally, further
directions are stated.

The main idea of my research is to help people with graphomotor disabilities
(Parkinson’s disease patients and school-aged children) to improve the quality of life
by early identification and proper description of the handwriting disturbances. The
primary objective is to propose an advanced online handwriting parametrization
utilized in the field of graphomotor disabilities analysis, with a special focus on
methods based on fractional calculus.

This thesis is structured into three main parts, namely the Preamble, Publi-
cations, and Appendix. In the following sections, the relevant topics are briefly
introduced, namely the fractional calculus and online handwriting in people with
handwriting difficulties together with objectives of this thesis. A more experienced
reader with sufficient background in fractional order derivatives and handwritten
signal processing may consider skipping the Introduction section and continuing di-
rectly to Summary of the Publications. In the Concluding Discussion section, the
particular aims of this thesis are addressed.

1.1 Fractional Calculus
The theory of the Fractional Calculus (FC) – the derivative and integral of an arbi-
trary real order – goes back to the Leibniz’s note discussing the derivative of order
one half in his list to L’Hospital dated 30 September 1695. Since then, the theory
of fractional order derivatives (FD) has been developed as a pure theoretical field of
mathematics for centuries. It attracted the interest of many famous mathematicians,
including Euler, Liouville, Laplace, Riemann, Grünwald, or Letnikov. Nevertheless,
in the last few decades, many authors pointed out the usefulness of FC in description
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of memory and hereditary properties of various materials and processes. The ad-
vantages of FD become apparent in mechanical and electrical properties modelling
of real materials as well as in dynamical processes modelling of self-similar and
porous structures. Fractional integrals and derivatives also appears in the theory
of control and dynamic systems described by fractional differential equations [37].
Recently, the FC has been significantly examined in computer vision, particularly in
image restoration, super-resolution, image segmentation and motion estimation [44].
Nowadays, it has been advantageously used in the modeling of various diseases such
as the human immunodeficiency virus (HIV) [3] and malaria [36].

1.1.1 Fractional Order Derivatives

Several approaches of FD have been introduced over the ages. In this thesis, the
choice has been reduced to those definitions which are related to the applications.
Namely the Grünwald-Letnikov, Riemann-Liouville and Caputo’s approximation.
The first experiments and most of the presented research has been developed by the
Grünwald-Letnikov since it is the basic one and most analyzed over time. In the
last part of this thesis, all FD approaches mentioned above have been compared.

Before the definition of the FD, let’s recall one of the basic functions of the FC,
the Euler’s gamma function Γ(𝑧).

Γ(𝑧) =
∫︁ ∞

0
e−𝑡𝑡𝑧−1 dt, (1.1)

The gamma function generalize the factorial 𝑛! and allows 𝑛 to take also non-
integer and even complex values.

a) Grünwald-Letnikov

The FD definition by Grünwald-Letnikov is one of the first and basic approaches [21].
A direct definition of the 𝐷𝛼𝑦(𝑡) [37] is based on the finite differences of an equidis-
tant grid in [0, 𝜏 ], assuming that the function 𝑦(𝑡) satisfies certain smoothness con-
ditions in every finite interval (0, 𝑡), 𝑡 ≤ 𝑇 . Choosing the grid

0 = 𝜏0 < 𝜏1 < ... < 𝜏𝑛+1 = 𝑡 = (𝑛 + 1)ℎ (1.2)

with
𝜏𝑘+1 − 𝜏𝑘 = ℎ (1.3)

and using the notation of finite differences

1
ℎ𝛼

Δ𝛼
ℎ𝑦(𝑡) = 1

ℎ𝛼

(︃
𝑦(𝜏𝑛+1) −

𝑛+1∑︁
𝑣=1

𝑐𝛼
𝑣 𝑦(𝜏𝑛+1−𝑣)

)︃
, (1.4)
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where
𝑐𝛼

𝑣 = (−1)𝑣−1(𝛼
𝑣 ), (1.5)

the 𝐷𝛼𝑦(𝑡) by Grünwald–Letnikov from 1867 is defined as

GLD𝛼𝑦(𝑡) = lim
ℎ→0

1
ℎ𝛼

Δ𝛼
ℎ𝑦(𝑡), (1.6)

where GLD𝛼𝑦(𝑡) denotes the Grünwald-Letnikov derivative of order 𝛼 of the function
𝑦(𝑡), and ℎ represents the sampling lattice.

b) Riemann–Liouville

Another classical form of the FD has been given by Riemann-Liouville. The left-
inverse interpretation of 𝐷𝛼𝑦(𝑡) by Riemann-Liouville [37, 23] from 1869 is defined
as

RLD𝛼𝑦(𝑡) = 1
Γ(𝑛 − 𝛼)

(︃
d
dt

)︃𝑛 ∫︁ 𝑡

0
(𝑡 − 𝜏)𝑛−𝛼−1𝑦(𝑡) dt, (1.7)

where RLD𝛼𝑦(𝑡) denotes the Riemann–Liouville derivative of order 𝛼 of the function
𝑦(𝑡), Γ is the gamma function and 𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ N, 𝑡 > 0.

c) Caputo

Nowadays, the most significant contributions to the field of FC are the results
achieved by M. Caputo [7]. In contrast to the previous ones, the improvement
lies in the unnecessity to define the initial FD condition [23, 37]. The Caputo’s
definition from 1967 is

CD𝛼𝑦(𝑡) = 1
Γ(𝑛 − 𝛼)

∫︁ 𝑡

0
(𝑡 − 𝜏)𝑛−𝛼−1𝑦𝑛(𝑡) dt, (1.8)

where CD𝛼𝑦(𝑡) denotes the Caputo derivative of order 𝛼 of the function 𝑦(𝑡), Γ is
the gamma function and 𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ N, 𝑡 > 0.

1.2 Online Handwriting
The handwritten product from a person is conventionally acquired by a pen and
paper. For the computerized analysis, the digitization of this pen-paper (offline)
product must be performed (usually by a scanner). To overcome the limitations
of this approach and to obtain a more robust and objective view of various hidden
complexities of the handwriting process, new methods based on digitization and
signal processing techniques have been developed [42, 40, 41, 39, 35, 4].

To acquire a variety of signals describing the evolution of handwriting in time
the digitizing tablets (digitizers) have been used. Such a collection of handwritten
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data associated with timestamps is referred to as online handwriting. Online
handwriting brings a possibility to quantify the kinematic components of the hand-
written signal (velocity, acceleration and jerk) as well as the dynamic ones (pen
pressure, tilt or azimuth). In addition, the in-air movement, i. e. movement of the
pen tip up to 1.5 cm above the tablet’s surface, is also acquired and can be ana-
lyzed. Such characteristics are very hard to be perceived and precisely quantified by
a human observer and are almost impossible to be extracted using only the offline
handwritten product.

1.2.1 Online Handwriting in people with handwriting difficulties

The inception of the handwriting abilities in school-aged children as well as the aging
stages of handwriting in Parkinson’s disease (PD) patients have been analysed in
the scope of this dissertation.

a) Graphomotor disabilities in school aged children

Every school-aged child should be able to write legibly, in a well-coordinated way
and fast enough. It is known that it takes approximately 10 years to develop hand-
writing skills [1] on both quantitative (speed) and qualitative (legibility) level [6, 43].
In general, until the age of 6, a child starts to develop graphomotor skills (GS) [2, 14]
such as motor planning and execution, visual–perceptual abilities, orthographic cod-
ing, kinesthetic feedback, and visual–motor coordination, which eventually become
automated at the age of 8–9 [20, 38]. The acquisition of GS is crucial for a child as
it affects its academic success and further professional career [13]. Approximately
10–30 % of children experience graphomotor disabilities (GD) [14, 2] such as motor-
memory dysfunction, graphomotor production deficits, motor feedback difficulties,
etc. The impairment of the neuro-muscular system may cause serious pedagogical
and psychological disabilities which can greatly affect a child’s every-day life [16]. To
provide children with preventive and therapeutic care, GD should be identified and
treated as soon as possible. To identify and evaluate GD and associated handwriting
difficulties (HD), occupational therapists and/or special educational counsellors use
specialized questionnaires and tests. Nevertheless, their administration and coding
are time-consuming, which limits their usage on a regular day-to-day basis. Fur-
thermore, the lack of experience, perceptual capabilities and subjective judgement
of an examiner together with complexity of GD/HD identification may lead to late
and/or inaccurate diagnosis or even the children may remain undiagnosed.
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b) Parkinson’s disease dysgraphia

As population ages, the PD is expected to impose an increasing social and economic
burden on societies [5]. It is the second most common neurodegenerative disorder
with a prevalence rate estimated to approximately 2 % of the world population aged
over 65 years [17]. Furthermore, the incidence rate is expected to be doubled within
the next 12 years [18]. The most significant biological finding of PD is a rapid degen-
eration of dopaminergic cells in the substantia nigra pars compacta, even though the
exact cause of PD has not yet been discovered. The primary motor symptoms of PD
are tremor at rest, rigidity, bradykinesia and postural instability. Moreover, the cog-
nitive impairment, sleep disturbances, depression and other non-motor symptoms
may also arise. Furthermore, the additional axial motor symptoms may develop in
PD patients such as dysphagia, hypokinetic dysarthria or gait freezing [19, 12, 8].

Considering the cognitive, perceptual and motor requirements of handwriting
together with motor disturbances of PD patients, the disrupted handwriting may
be used as a significant biomarker in PD diagnosis [9]. The progressive decrease of
letter’s amplitude or width, commonly known as micrographia, is the most observed
handwriting abnormality in PD patients [24]. Moreover, the McLennan et al. [24]
observed that in approximately 5 % of PD patients, micrographia may be observed
even before the onset of the primary motor symptoms. On the other hand, some
PD patients never develop micrographia, though, they still exhibit some other HD.
Due to this complexity, the term PD dysgraphia has been established by Letan-
neux et al. [22]. The identification and proper description of PD dysgraphia in PD
patients may lead to better understanding of the disease course. Furthermore, it
can help to avoid the severe stages of the disease or even to suppress its symptoms,
e. g. by the daily monitoring of the changes in handwriting in the treatment onset
process.

1.3 Objectives
Concerning the superordinate analysis of this thesis (or entire doctoral study), the
main objective of my dissertation is the research of an advanced online hand-
writing parametrization utilized in the field of graphomotor disabilities
analysis, with a special focus on methods based on fractional calculus. More
specifically, this dissertation aims to:

Aim 1: Propose a new online handwriting parametrization technique based
on the fractional order derivatives. This constitutes conducting first
experiments directly with fractional order derivatives and their potential
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in HD analysis by on-line handwriting. The FD will substitute the conven-
tionally used differential derivatives in the kinematic handwriting features
extraction.

Aim 2: Investigate the discrimination power and descriptive abilities of
the new FD-based features in PD dysgraphia analysis. Specifically,
investigate the relationship between the newly designed FD-based features
and the patient’s clinical data. Next, evaluate the discrimination power of
the FD-based features in terms of the sensitivity and specificity. Subse-
quently, establish regression models using the FD-based features that will
estimate the severity of PD. And finally, identify handwriting or a drawing
task/tasks that provide the best results in terms of PD dysgraphia analy-
sis. All results and performance abilities will be compared to the baseline.
Furthermore, the experiment on a multilingual cohort of PD patients will
be performed.

Aim 3: Investigate the discrimination power and descriptive abilities of
the new FD-based features in GD analysis in school-aged children.
The aim 3 is similar to the previous aim number 2, but instead of PD
dysgraphia, the GD in school-aged children will be the point of interest,
excluding the multilingual cohort analysis.

Aim 4: Optimize the computational performance of the new features.
Over the entire development of the new parametrization technique, the op-
timization of the FD and its computational performance has to be done.
The optimal range of the 𝛼 order will be investigated to reduce the com-
putational cost of the analysis.

Aim 5: Explore the differences and compare the performance of several
FD approaches in GD assessment. To bring a more general view
of the research, several FD-approaches will be compared in GD analysis.
To evaluate the power of the features to assess the GD, the multivariate
regression analysis will be performed.
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2 Summary of the Publications
The main part of this dissertation is based on the eighth selected papers published
during my doctoral studies. This section gives a brief summary of these publications,
their contextual connections, and it explains how the previous work and research
visits affected the research direction and the topic of this thesis. For better under-
standing, the timeline of all key events is presented in Table 2.1. The Publications
are presented in versions of accepted or submitted manuscripts. Their templates
are unified, however the contents is unmodified, apart from the tables, figures and
equations numbering.

Prior to the research focused on FD possibilities in GD, I was working on
the acoustic analysis of disrupted speech/voice for the identification of hypokinetic
dysarthria in PD patients. Achievements in this research field have been published
in three conference papers (winning paper at EEICT 2017) [25, 27, 28] and one
journal article [29] by me as the first author. Furthermore, several publications have
been published where I am a co-author.

In April 2018, I participated in a one month research visit to the Pompeu Fabra
University, TecnoCampus Mataró, Barcelona, where Prof. Marcos Faundéz-Zanuy
proposed a new direction of my research towards the exploration of the FC possi-
bilities in the online handwritten signal produced by PD patients. This resulted in
a preliminary study entitled Fractional Derivatives of Online Handwriting: A New
Approach of Parkinsonic Dysgraphia Analysis [34]. To the best of our knowledge,
this study was the first of its kind, which employed the FD in kinematic analysis
of online handwriting. This study revealed the impact of FD-based features in the
analysis of PD dysgraphia. In comparison with results reported in other works, the
newly designed features increased the classification accuracy by 8 % in univariate
analysis and by 10 % when employing the multivariate one.

At the beginning of the year 2018, I have been awarded a grant for the mobil-
ity of researchers, starting in June 2018. Due to the previous collaboration with
Prof. Marcos Faundéz-Zanuy, I was given the opportunity to continue my research
as a part of his team in TecnoCampus Mataró. Soon, Prof. Marcos Faundéz-Zanuy
became the official supervisor specialist of my dissertation. This cooperation led
to significant publications starting with the conference paper entitled Advanced
Parkinson’s Disease Dysgraphia Analysis Based on Fractional Derivatives of Online
Handwriting [30]. This study followed the preliminary exploration of the FD possi-
bilities in the quantitative PD dysgraphia analysis. The study confirmed that FD
brings a new promising and enhancing methodology of PD diagnosis. Based on the
results, we were able to identify PD dysgraphia with almost 90 % accuracy using
only 5 basic kinematic features extracted from a few handwriting tasks. This work
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was chosen to be extended for a special issue in the journal Applied Sciences (IF
2.217, Q3).

Table 2.1: Timeline

∙ 2016–2017 Prior work
First published experiments with acoustic analysis of poem recitation for
identification of hypokinetic dysarthria in PD patients.

∙ 04–05/2018 Pompeu Fabra University, TecnoCampus Mataró,
Barcelona, Spain
Short term research stay, exchanged ideas, new research direction proposed by
Prof. Marcos Faundez-Zanuy.

∙ 06/2018 Fractional Derivatives of Online Handwriting
Pilot study on FD impact in kinematic analysis of PD dysgraphia.

∙ 06/2018–06/2019 Pompeu Fabra University, TecnoCampus Mataró,
Barcelona, Spain
Collaboration with and supervision by Prof. Marcos Faundez-Zanuy in
advanced signal processing, mathematical modelling, and statistical analysis.
Strong focus on the research and application of FD in HD analysis.

∙ 10/2018 Advanced Parkinson’s Disease Dysgraphia Analysis
An extended study of FD possibilities and their enhancement in PD dysgraphia
identification.

∙ 10/2018 Istanbul Gelisim University, Turkey
The training school on Advantages of the fractional models in dealing with real
world problems lead by Prof. Dumitru Baleanu.

∙ 12/2018 Identification and Monitoring of Parkinson’s Disease
Dysgraphia
A complex investigation of the FD possibilities in PD dysgraphia diagnosis and
monitoring based on online handwriting/drawing parameterization. The study
proposed new advances in kinematic analysis based on FD.
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∙ 03/2019 Analysis of Online Handwriting in a Multilingual Cohort
A unique study, dealing with PD dysgraphia analysis using FD in online
handwriting in multilingual cohort (Czech and Spanish).

∙ 09/2019 Optimization of Fractional Order Derivatives
Optimization of the computational performance and identification of the
optimal 𝛼 order values. For the first time, the kinematic analyses have been
extended by analysis of handwriting dynamics.

∙ 10/2019 Fractional Order Derivatives in Assessment of
Handwriting Difficulties in Children
The first study investigating the possibilities of FD in the computerized
assessment of HD in school-aged children.

∙ 07/2020 Advanced Parametrization of Graphomotor Difficulties in
School-aged Children
A study presenting three novel types of graphomotor features (modulation
spectra, FD, and tunable Q-factor wavelet transform), providing more robust
and complex quantification of GD in school-aged children.

∙ 11/2020 Analysis of Various Fractional Order Derivatives
Approaches
A unique and exploratory study that will perform an investigation of the
various FD approaches in the computerized assessment of GD in school-aged
children. (submitted)

∙ Future work
Extend the analysis of several FD approaches. Investigate the mathematical
modelling of HD using advanced FC methods.

Legend: – Journal article, – Conference paper, – Research visit

In October 2018, I attended an eminent training school on Advantages of the frac-
tional models in dealing with real world problems led by Prof. Dumitru Baleanu at
the Istanbul Gelisim University in Turkey. World-class researchers in the field of FC
generously shared their knowledge during the training school. This new information
has been interest-bearing during the preparation of the journal article entitled Iden-
tification and monitoring of Parkinson’s disease dysgraphia based on fractional-order
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derivatives of online handwriting [31] published in Applied Sciences (IF 2.217, Q3).
This work extended the previously mentioned conference paper, where the impact
of FD on the PD dysgraphia diagnosis and monitoring was explored more deeply. It
investigates the relationship between newly designed FD handwriting features and
the patient’s clinical data. Moreover, it evaluates the discrimination power of the
FD features and uses the XGBoost regression models to estimate the severity of PD.
All results were compared to the baseline and they suggest an improvement of the
computerized PD severity assessment.

A collaboration with the Neurology Unit of the Mataró Hospital led to the con-
ference paper Advanced Analysis of Online Handwriting in a Multilingual Cohort
of Patients with Parkinson’s Disease [33]. Mataró Hospital disposes of a database
of PD patient’s handwritten products, similar to our Czech PaHaW database [10].
Therefore, we created a study, analyzing a multilingual cohort involving those two
PD handwriting databases (Czech and Spanish) in order to train a more robust clas-
sification model. To the best of our knowledge, this is the first study considering a
multilingual cohort in PD dysgraphia analysis. In this work, the high discrimination
power of the FD-based parameters has been observed and the high impact of online
handwriting processing in cross-cultural PD dysgraphia analysis studies has been
proven.

In order to extend the previous findings and perform a deeper and more sensi-
tive analysis of FD-based features, especially in terms of their discrimination power
and descriptive abilities, the conference paper Analysis of Parkinson’s Disease Dys-
graphia Based on Optimized Fractional Order Derivative Features [26] was created
and presented at the prestigious European Signal Processing Conference 2019. For
the first time, the FD-based features have been extracted also from other dimen-
sions of online handwriting, like pressure, azimuth, and tilt. Moreover, we identified
the optimal values of the 𝛼 order for FD employment in the field of PD dysgraphia
analysis. Identification of these ranges enables a significant reduction of computa-
tional costs (by approximately 50 %) because researchers do not have to explore the
full range of possible values of the FD order during the quantitative analysis of PD
dysgraphia.

After the success of the FD-based features in the field of the PD dysgraphia
analysis, the investigations of the FD impact in the quantitative assessment of GD
in school-aged children has been executed. The pilot study, entitled Fractional Order
Derivatives Evaluation in Computerized Assessment of Handwriting Difficulties in
School-aged Children [45], indicates that FD-based features bring benefits of a more
robust quantification of in-air movements as opposed to the conventionally used one.

Based on the indications from previous works, the complex study investigating
the improvements of the quantitative assessment of GD has been published in IEEE
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Access (IF 3.745, Q1), entitled Advanced Parametrization of Graphomotor Difficul-
ties in School-aged Children [15]. In this study, three novel advanced handwriting
parametrization techniques based on FD, modulation spectra and tunable Q-factor
wavelet transform have been proposed to improve the identification of GD using
online handwriting. My contribution to this study is naturally FD-related. The
results showed that combining the proposed graphomotor features with the set of
conventionally used ones can increase the prediction capability of the trained bi-
nary classifier significantly, and thanks to that help with the early diagnosis of HD
frequently manifested in developmental dysgraphia.

Throughout the previous research, only one approach of the FD has been used,
namely the Grünwald-Letnikov approximation. Therefore, as the next natural step,
the examination of the various FD approaches has been performed. Riemann-
Liouville’s and Caputo’s approaches together with the Grünwald-Letnikov’s have
been investigated in the computerized assessment of GD in school-aged children.
The examination showed that employment of various FD approximations brings
major differences in kinematic handwriting features. In the scope of the correlation
analysis associated with the overall score, the Caputo’s FD approach exceeds the
rest of the analysed FD approximations. However, in the scope of the sub-score,
the Riemann-Liouville gained the most significant features. Moreover, the results of
the multivariate analysis suggest that the Riemann-Liouville’s approximation in the
field of quantitative GD analysis outperforms the other ones. These findings have
been submitted to the IEEE Access (IF 3.745, Q1), entitled Analysis of Various Frac-
tional Order Derivative Approaches in Assessment of Graphomotor Difficulties [32].
At the time of writing this thesis, the article is in the second round of the review.

16



3 Concluding Discussion
To conclude the dissertation, this section sums up the conclusions of the publications
and is structured in such a way that it addresses the objectives in order of appearance
in the section Objectives.

In the scope of the Aim 1, a new online handwriting parametrization technique
based on the fractional order derivatives had to be proposed. In the pilot study [34],
a new methodology of the feature extraction has been introduced, utilizing the
Grünwald-Letnikov FD approach. This newly proposed method of the kinematic
features extraction substitutes the conventionally used differential derivatives, and
with the possibility of an arbitrary order 𝛼 brings an infinite variation of the basic
kinematic features. According to the results reported in paper [34] Table 2, the
hypothesis, that the application of the FD in the calculation of the kinematic features
will bring promising and enhancing methodology in the automatic diagnosis of the
PD dysgraphia has been confirmed. These observations were further examined and
confirmed also in paper [30]. Regarding the reported values of the order 𝛼 (all non-
integer) of the kinematic features included in the finest models of the classification
analysis (univariate and multivariate, see paper [30] Table 3), it is evident that
features extracted by FD fully surpassed the conventional ones. Considering the
above-mentioned achievements, the fulfillment of the Aim 1 can be concluded.

From the beginning of the research, the proposed parametrization technique has
been monitored and evaluated by its discrimination power since it is the most com-
mon criterion of disorder analysis performance. Regarding our parallel research in
PD analysis, the discrimination power was investigated on handwritten data ac-
quired from PD patients. In the pilot study [34], the results of the discrimination
analysis (see paper [34] Table 2) showed promising improvements. The classifica-
tion accuracy based on features extracted from the Archimedean spiral task was
up to 10 % higher in comparison with the baseline. Results from the pilot study
have been confirmed by the following study [30], where the best classification model
reached 89.81 % accuracy, 88.63 % sensitivity, and 90.87 % specificity (see paper [30]
Table 3) using features from various handwritten tasks. In comparison with the
baseline [11], the accuracy is almost the same (89 %), nevertheless, the baseline
model includes a combination of kinematic and pressure features, whereas the pro-
posed new approach is using only basic kinematic ones. In the following study [31],
the machine learning pipelines used for analysis were improved by using the state-
of-the-art XGBoost algorithm. This improvement surprisingly resulted in a very
high classification performance of 97.74 % accuracy, 95.50 % sensitivity, and 100 %
specificity (see paper [31] Table 6), though achieved by a baseline feature (median
of the horizontal velocity of a sentence). The FD-based proposed approach resulted
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in 87.14 % accuracy, which is approx. 10 % lower in comparison with the conven-
tionally used features. Contrary to our pilot results, newly proposed features did
not lead to any improvements in this case. After a deeper analysis, it was found
that this was caused by a combined task approach and that the FD-based features
work better in specific continuous and/or repetitive tasks, such as the Archimedean
spiral (for more details please read paper [31] Section 4). This was also confirmed in
the following study [26] (see paper [26] Table 2 and Table 3) published at EUSIPCO
2019, which is focused on the optimization of FD-based handwritten features. Con-
sidering all those findings, the part of the Aim 2 focusing on the investigation of
the discrimination power of the new FD-based features in PD dysgraphia analysis
has been fulfilled.

In addition to the investigation of the discrimination power of the newly de-
signed features, the exploration of their descriptive abilities has been performed
too as a part of the Aim 2. Based on the results published in [31], the FD-based
features correlate more significantly with the clinical characteristics of PD (see pa-
per [31] Table 5). Especially, the strong correlation has been observed for hand-
writing tasks based on the periodic repetition of specific movements. Regarding the
results achieved by the regression analysis, the FD-based features are more suitable
for modelling of PD severity. For instance, in [31] the newly proposed features out-
performed the conventional ones in the estimation of the UPDRS V score (EER =
12.51 %). These results have been also confirmed in the following study [26], where
the regression has been performed on separate tasks in addition to the previous one
(see paper [26] Table 2 and Table 3).

Another sub-objective was to identify the best handwriting task/tasks for the
quantitative PD dysgraphia analysis. In [30] we identified the repetitive loops and
sentence tasks as the most significant ones based on the result of the univariate
classification analysis (see paper [30] Table 3). In [31] these handwriting tasks again
emerged with the best results of the analysis, nevertheless, the repetitive letter l
and the Archimedean spiral achieved similarly good results. Furthermore, based
on the results of the optimization study [26], these tasks again aroused as the best
ones (see paper [26] Table 3). Considering this, the most suitable handwriting tasks
for the analysis of PD dysgraphia using the FD-based features are repetitive based.
Besides that, the experiment on the multilingual cohort (Czech and Spanish) of PD
patients involving the newly proposed approach has been performed [33]. Using all
knowledge obtained by the previous research, more than 80 % classification accuracy
in all scenarios was achieved (see paper [33] Table 2). Therefore, the high impact
of online handwriting processing in cross-cultural PD dysgraphia analysis has been
proven. Regarding all the above-mentioned knowledge and results, the Aim 2 can
be considered fulfilled.
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In addition to the PD analysis, our team started another parallel research focused
on GD analysis in school-aged children. Therefore, the next natural step of the FD-
based handwriting features development was to investigate its discrimination power
and descriptive abilities on the handwritten data acquired from this research (Aim
3). The results published in [45] showed, that a single feature will not have sufficient
discrimination power (see paper [45] Figure 3) to differentiate between a child with
and without GD. Moreover, based on the results of the Mann-Whitney U-test, the
selected task in this particular study (an alphabet) is not very suitable for this kind
of analysis. As the most significant handwriting features emerged the newly pro-
posed FD-based features (derived from the acceleration of in-air movement). In our
comparative study [15], where three novel graphomotor features have been intro-
duced and compared (FD-based, modulation spectra, and tunable Q-factor wavelet
transform), the FD-based features achieved the highest classification accuracy (75 %,
see paper [15] Table 3). The conventionally used features showed a similar result
(73 %), however, when these features are combined, the classification performance
can be increased by approximately 10 %.

The results reported in [45] indicated a statistically significant relationship be-
tween the HPSQ-C and FD-based features extracted from the in-air movement (see
paper [45] Table 2). These movements are likely to describe inter-stroke hesitation/s,
uncertainty during writing, stiffness of hand/fingers, etc., which can be linked with
GD and are imperceptible to an examiner that only sees the written product. From
the results reported in [15], it can be observed that the top-ranking non-conventional
features (FD-based included) mostly consisted of basic kinematic and dynamic fea-
tures as opposed to the baseline, which consisted solely of the spatial and dynamic
ones (see paper [15] Table 2). Moreover, all of the FD-based most significant fea-
tures have been extracted from different graphomotor tasks further underlying the
need for a variety of specifically designed features to quantify GD.

Based on the results of the regression analysis performed in [32], where the score
of the GD severity has been estimated, the FD-based features resulted in the mean
absolute error 0.65 (see paper [32] Table 6). If we take into account that the range
of the scale is 4, the error can be considered as very low. In fact, when assessing
GD in children, psychologists tend to make the error even higher, e. g. two experts
can frequently differ by 1 point (compare it to 0.65). Regarding the sub-objective
oriented to the identification of the most suitable handwriting task/tasks for GD
analysis in school-age children, based on the results reported in [45], the alphabet
task can be considered as not suitable for this analysis. The observations presented
in [15] suggest, that the tasks based on the repetition of the simple movement
(spirals, connected loops, and sawtooth) are the most suitable for the quantification
of the GD in school-aged children. It is important to stress out, that the nature of
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the best handwriting tasks for GD analysis in school-aged children is the same as
for the analysis of PD dysgraphia. Considering all the findings mentioned in the
above three paragraphs, it can be concluded that the Aim 3 has been fulfilled.

Even though the optimization of the FD-based features has been done continu-
ously from the beginning of the research, the study published at EUSIPCO 2019 [26]
has been specifically focused on the optimization of the 𝛼 order. The repetitive loops
and sentence handwriting tasks from the PaHaW database [10] have been selected
for this investigation. FD-based handwriting features have been extracted in the 𝛼

range from 0.01 to 1.00 with 0.01 step (100 FD-based features for one time sequence)
to identify the optimal values of 𝛼. Based on the results presented in paper [26] Fig-
ure 2, the optimal 𝛼 for PD classification is in the ranges from 0.05 to 0.35 and from
0.60 to 0.75. Next, the optimal value of 𝛼 for PD severity assessment and duration
estimation is in the ranges from 0.05 to 0.45 and from 0.65 to 0.80. By intersecting
the optimal 𝛼 ranges of the classification and regression analysis, the final optimal
ranges of 𝛼 from 0.05 to 0.45 and from 0.60 to 0.80 have been established, which
is recommended to be used in the field of PD dysgraphia analysis. In addition to
the 𝛼 range optimization, the algorithm for FD calculation has been improved by
segmentation-based computation (up to 80 % less run-time). Considering all the
mentioned achievements, the Aim 4 has been satisfied. Nevertheless, an optimiza-
tion of 𝛼 order for GD analysis in school-aged children is missing and has to be
executed in future research.

To extend the previous research, the comparative study of various FD-approaches
has been performed [32]. In addition to the Grünwald-Letnikov’s approach, the
Riemann-Liouville’s and Caputo’s FD approaches have been explored. A compari-
son of an identical feature (i. e. velocity for 𝛼= 0.2, see paper [32] Figure 8) confirms
the hypothesis of different feature behaviour across the FD approaches. Similarly,
the comparison in paper [32] Figure 10, where the dependency of the relative stan-
dard deviation of velocity on the FD order 𝛼 is visualized. Regarding the results
of correlation analysis, the most significant features are extracted by the Caputo’s
FD (see paper [32] Table 4 and Table 5). Concerning the multivariate analysis (see
paper [32] Table 6), where the GD severity has been estimated, the best results
(MAE = 0.65) were achieved by the Riemann-Liouville FD-based features. Based
on these findings, it can be concluded that the employment of various FD approxi-
mations brings major differences in kinematic handwriting features. It needs to be
pointed out, that this comparison has been performed by employing one handwrit-
ing task only (combined loop task from school-aged children dataset). Therefore,
more handwriting tasks should be included in the analysis and investigation should
be done on the PD database as well. Nevertheless, regarding the observation men-
tioned in the above paragraph, the fulfillment of the Aim 5 can be concluded.
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Beyond State of the Art. This section that briefly lists the achievements in fact
summarizes four long years of hard work:

• new advanced parametrization methodology based on fractional order deriva-
tives has been introduced

• proposed methodology outperforms the conventionally used ones in several
disciplines of PD dysgraphia analysis

• proposed methodology improves current state-of-the-art techniques of GD
analysis in school-aged children

• proposed methodology has been optimized in the scope of the computational
performance as well as in FD order fine-tuning

• various FD-approaches have been compared to identify the most suitable ones
for particular areas of GD analysis

Future directions. Regarding the conclusions presented in the section above, the
introduced research can be considered as a pilot in nature, even though the results
proved the improvements in GD analysis. As the next step, the optimization of the
alpha order has to be performed in the scope of GD in school-aged children. The FD
optimization has to be executed separately for each handwritten task used for the GD
analysis to obtain the fine-tuned task-dependent handwritten features. Moreover,
various FD approaches have to be analyzed more deeply (also in the scope of both
steps mentioned above) to identify the most suitable variation or combination for
GD analysis. Subsequently, the research will be further extended by the analysis of
a multilingual cohort dataset. This part of the research will be crucial to generalize
the proposed methodology. Furthermore, the focus will be concentrated on other
advanced techniques, starting with modelling of the neuromotor processes during
handwriting by Sigma-Lognormal models.
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Abstract
Parkinson’s disease (PD) is the second most frequent neurodegenerative disorder.
One typical hallmark of PD is disruption in execution of practised skills such as hand-
writing. This paper introduces a new methodology of kinematic features calculation
based on fractional derivatives applied on PD handwriting. Discrimination power of
basic kinematic features (velocity, acceleration, jerk) was evaluated by classification
analysis (using support vector machines and random forests). For this purpose, 30
PD patients and 36 healthy controls were enrolled. In comparison with results re-
ported in other works, the newly designed features based on fractional derivatives
increased classification accuracy by 8 % in univariate analysis and by 10 % when em-
ploying the multivariate one. This study reveals an impact of fractional derivatives
based features in analysis of Parkinsonic dysgraphia.

Acknowledgment
This work was supported by the grant of the Czech Ministry of Health 16-30805A
(Effects of non-invasive brain stimulation on hypokinetic dysarthria, micrographia,
and brain plasticity in patients with Parkinson’s disease), grant of the Czech Sci-
ence Foundation 18-16835S (Research of advanced developmental dysgraphia diag-
nosis and rating methods based on quantitative analysis of online handwriting and
drawing) and the following projects: LO1401, FEDER and MEC, TEC2016-77791-
C4-2-R, and TEC- 2016-77791-C4-4-R from the Ministry of Economic Affairs and
Competitiveness of Spain. For the research, infrastructure of the SIX Center was
used.

30



II Advanced Parkinson’s Disease Dysgraphia
Analysis Based on Fractional Derivatives
of Online Handwriting

Bibliographic Information
J. Mucha, J. Mekyska, M. Faundez-Zanuy, K. Lopez-de-Ipina, V. Zvoncak, Z. Galaz,
T. Kiska, Z. Smekal, L. Brabenec and I. Rektorova. Advanced Parkinson’s Disease
Dysgraphia Analysis Based on Fractional Derivatives of Online Handwriting. In
2018 10th International Congress on Ultra Modern Telecommunications and Control
Systems and Workshops (ICUMT), pages 1-6. IEEE, 2018. doi:10.1109/ICUMT.
2018.8631265.

Author’s Contribution
The author surveyed related works, co-proposed a new method, designed and per-
formed the analysis, and wrote a significant part of the manuscript. He was also
working on the finalization of the whole manuscript, i.e. reviewing, copy-editing,
etc.

Copyright Notice
This is an accepted version of the article published in 10.1109/ICUMT.2018.8631265.
978-1-5386-9361-2 © 2018 IEEE. Reprinted, with permission, from Mucha et.al., Ad-
vanced Parkinson’s Disease Dysgraphia Analysis Based on Fractional Derivatives of
Online Handwriting, 10th International Congress on Ultra Modern Telecommunica-
tions and Control Systems and Workshops (ICUMT), November 2018. Internal or
personal use of this material is permitted. Permission from IEEE must be obtained
for all other uses, in any current or future media, including reprinting/republishing
this material for advertising or promotional purposes, creating new collective works,
for resale or redistribution to servers or lists, or reuse of any copyrighted component
of this work in other works.

31

https://dx.doi.org/10.1109/ICUMT.2018.8631265
https://dx.doi.org/10.1109/ICUMT.2018.8631265
https://dx.doi.org/10.1109/ICUMT.2018.8631265


Abstract
Parkinson’s disease (PD) is one of the most frequent neurodegenerative disorder with
progressive decline in several motor and non-motor skills. Due to time-consuming
and partially subjective conventional PD diagnosis, several more effective approaches
based on signal processing and machine learning, e. g. online handwriting analysis,
have been proposed. This paper introduces a new methodology of PD dysgraphia
analysis based on fractional derivatives applied in PD handwriting quantification.
The proposed methodology was evaluated on a database that consists 33 PD patients
and 36 healthy controls who performed several handwriting tasks. Employing ran-
dom forests classifier in combination with 5 kinematic features based on fractional-
order derivatives we reached 90 % classification accuracy, 89 % sensitivity, and 91 %
specificity. In comparison with the results of other related works dealing with the
same database, the proposed approach brings improvements in PD dysgraphia di-
agnosis and confirms the impact of fractional derivatives in kinematic analysis.
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Abstract
Parkinson’s disease dysgraphia affects the majority of Parkinson’s disease (PD)
patients and is the result of handwriting abnormalities mainly caused by motor
dysfunctions. Several effective approaches to quantitative PD dysgraphia analysis,
such as online handwriting processing, have been utilized. In this study, we aim to
deeply explore the impact of advanced online handwriting parameterization based on
fractional-order derivatives (FD) on the PD dysgraphia diagnosis and its monitoring.
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For this purpose, we used 33 PD patients and 36 healthy controls from the PaHaW
(PD handwriting database). Partial correlation analysis (Spearman’s and Pearson’s)
was performed to investigate the relationship between the newly designed features
and patients’ clinical data. Next, the discrimination power of the FD features was
evaluated by a binary classification analysis. Finally, regression models were trained
to explore the new features’ ability to assess the progress and severity of PD. These
results were compared to a baseline, which is based on conventional online handwrit-
ing features. In comparison with the conventional parameters, the FD handwriting
features correlated more significantly with the patients’ clinical characteristics and
provided a more accurate assessment of PD severity (error around 12%). On the
other hand, the highest classification accuracy (ACC = 97.14%) was obtained by
the conventional parameters. The results of this study suggest that utilization of
FD in combination with properly selected tasks (continuous and/or repetitive, such
as the Archimedean spiral) could improve computerized PD severity assessment.
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Abstract
The majority of Parkinson’s disease (PD) patients suffer from handwriting abnor-
malities commonly called as Parkinsonic dysgraphia. Several approaches of PD
dysgraphia analysis exist, e.g. based on online handwriting processing. However,
a small and unilingual cohort of PD patients is often an issue in quantitative PD
dysgraphia analysis studies. Therefore, in this work, we aim to perform a discrim-
ination analysis in a multilingual cohort of 73 PD patients and 48 healthy controls
(Spanish and Czech). For this purpose, we extracted advanced handwriting features
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based on fractional order derivatives (FD). Discrimination power of the advanced
FD-based features was evaluated by Mann-Whitney U test and random forests clas-
sifier. We reached 82 % classification accuracy (86 % sensitivity, 77 % specificity) in
the multilingual cohort. In addition, we observed high discrimination power of the
FD-based parameters and proofed the high impact of online handwriting processing
in cross-cultural PD dysgraphia analysis studies.

Acknowledgment
This work was supported by the grant of the Czech Ministry of Health 16-30805A
(Effects of non-invasive brain stimulation on hypokinetic dysarthria, micrographia,
and brain plasticity in patients with Parkinson’s disease), grant of the Czech Science
Foundation 18-16835S (Research of advanced developmental dysgraphia diagnosis
and rating methods based on quantitative analysis of online handwriting and draw-
ing) and the following projects: LO1401, FEDER and MEC, TEC2016-77791-C4-
2-R, from the Ministry of Economic Affairs and Competitiveness of Spain. For the
research, infrastructure of the SIX Center was used.

36



V Analysis of Parkinson’s Disease Dysgraphia
Based on Optimized Fractional Order Deriva-
tives Features

Bibliographic Information
J. Mucha, M. Faundez-Zanuy, J. Mekyska, V. Zvoncak, Z. Galaz, T. Kiska, Z. Smekal,
L. Brabenec I. Rektorova and K. Lopez-de-Ipina. Analysis of Parkinson’s Disease
Dysgraphia Based on Optimized Fractional Order Derivative Features. In 2019
27th European Signal Processing Conference (EUSIPCO), pages 1-5. IEEE, 2019.
doi:10.23919/EUSIPCO.2019.8903088.

Author’s Contribution
The author surveyed related works, proposed a optimization, designed and per-
formed the analysis, and wrote a significant part of the manuscript. He was also
working on the finalization of the whole manuscript, i.e. reviewing, copy-editing,
etc.

Copyright Notice
This is an accepted version of the article published in 10.23919/EUSIPCO.2019.8903
088. 978-9-0827-9703-9 © 2019 IEEE. Reprinted, with permission, from Mucha
et.al., Analysis of Parkinson’s Disease Dysgraphia Based on Optimized Fractional
Order Derivative Features, 27th European Signal Processing Conference (EUSIPCO),
September 2019. Internal or personal use of this material is permitted. Permission
from IEEE must be obtained for all other uses, in any current or future media,
including reprinting/republishing this material for advertising or promotional pur-
poses, creating new collective works, for resale or redistribution to servers or lists,
or reuse of any copyrighted component of this work in other works.

37

https://dx.doi.org/10.23919/EUSIPCO.2019.8903088
https://dx.doi.org/10.23919/EUSIPCO.2019.8903088
https://dx.doi.org/10.23919/EUSIPCO.2019.8903088


Abstract
Parkinson’s disease (PD) is a common neurodegenerative disorder with prevalence
rate estimated to 1.5 % for people age over 65 years. The majority of PD patients
is associated with handwriting abnormalities called PD dysgraphia, which is linked
with rigidity and bradykinesia of muscles involved in the handwriting process. One
of the effective approaches of quantitative PD dysgraphia analysis is based on online
handwriting processing. In the frame of this study we aim to deeply evaluate and
optimize advanced PD handwriting quantification based on fractional order deriva-
tives (FD). For this purpose, we used 37 PD patients and 38 healthy controls from
the PaHaW (PD handwriting database). The FD based features were employed in
classification and regression analysis (using gradient boosted trees), and evaluated
in terms of their discrimination power and abilities to assess severity of PD. The
results suggest that the most discriminative and descriptive information provide FD
based features extracted from a repetitive loop task or a sentence copy task (max-
imum sensitivity/specificity = 76 %, error in severity assessment = 14 %, error in
PD duration estimation = 22 %). Next, we identified two optimal ranges for the
order of fractional derivative, 𝛼 = 0.05 – 0.45 and 𝛼 = 0.65 – 0.80. Finally, we ob-
served that inclusion of pressure, azimuth, and tilt together with kinematic features
into mathematical modeling has no influence (positive or negative) on classification
performance, however, there was a notable improvement in the estimation of PD
duration.
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Abstract
Handwriting difficulties (HD) affects some of the school-aged children and its cur-
rent prevalence rate is between 5–34 %. Children at primary schools have to face
rising cognitive demands that the handwriting represents, and some of them are not
able to do so. As a result, they tend to make mistakes and their written product
is dysfluent and has poor legibility. HD can also lead them to lower self-esteem,
learning difficulties and ultimately to less academic achievements. For this reason
occupational therapists are trying to identify HD through examination as early as
possible. We extracted online handwriting signals of children using digitizing tablets.
Handwriting Proficiency Screening Questionnaire for Children (HPSQ–C) was used
to score severity of HD in children’s written product. To advance current computer-
ized analysis of online handwriting, we employed fractional order derivative features
(FD) together with conventional measures. We selected significant features for HD
identification and utilized correlation analysis together with Mann-Whitney U-test
to evaluate their discriminative power. We can conclude that FD-based features
bring benefits of more robust quantification of in-air movements as opposed to the
conventionally used ones. Finally, we have shown that utilization of FD can be
beneficial for computerized assessment of HD but should be further optimized and
evaluated with advanced statistical or machine learning methods.
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Abstract
School-aged children spend 31–60 % of their time at school performing handwriting,
which is a complex perceptual-motor skill composed of a coordinated combination
of fine graphomotor movements. As up to 30 % of them experience graphomotor
difficulties (GD), timely diagnosis of these difficulties and therapeutic intervention
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are of great importance. At present, an objective, computerized decision support
system for the identification and assessment of GD in school-aged children is still
missing. In this study, we propose three novel advanced handwriting parametri-
zation techniques based on modulation spectra, fractional order derivatives, and
tunable Q-factor wavelet transform to improve the identification of GD using online
handwriting. For this purpose, we analyzed signals acquired from 7 basic graphomo-
tor tasks performed by 53 children attending 3rd and 4th grade at several primary
schools around the Czech Republic. Combining the newly proposed features with
the conventionally used ones, we were able to identify GD with 84 % accuracy. In
this study, we showed that using advanced parametrization of basic graphomotor
movements can be potentially used to improve our capabilities of quantifying prob-
lems with the development of legible, fast-paced handwriting, and help with the
early diagnosis of handwriting difficulties frequently manifested in developmental
dysgraphia.
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Abstract
Graphomotor disabilities (GD) are present in up to 30 % of school-aged children
and are associated with several symptoms in the field of kinematics. Although
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the basic kinematic features such as velocity, acceleration, and jerk were proved
to effectively quantify these symptoms, a recent body of research identified that
the theory of fractional calculus can be used to even improve the objective GD
assessment. The goal of this study is to extend the current knowledge in this field
and explore the abilities of several fractional order derivatives (FD) approximations
to estimate the severity of GD in the children population. We enrolled 85 children
attending the 3rd and 4th grade of primary school, who performed a combined loop
task on a digitizing tablet. Their performance was rated by psychologists and the
online handwriting signals were parametrised by kinematic features utilising three
FD approximations: Grünwald-Letnikov’s, Riemann–Liouville’s, and Caputo’s. In
this study, we showed the differences across the employed FD approaches for the
same kinematic handwriting features and their potential in GD analysis. The results
suggest that the Riemann-Liouville’s approximation in the field of quantitative GD
analysis outperforms the other ones. Using this approach, we were able to estimate
the overall score with a low error of 0.65 points, while the scale range is 4. In fact,
the psychologists tend to make the error even higher.
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