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ABSTRACT This paper yields process of development, numerical analysis, lumped circuit modeling, and
experimental verification of a new hyperchaotic oscillator based on the fundamental topology of two-stage
amplifier. Analyzed network structure contains two generalized bipolar transistors connected with common
emitter. Both transistors are initially modeled as two-ports via full admittance matrix, considering linear
backward trans-conductance and polynomial forward trans-conductance. As proved in paper, these two
scalar nonlinearities can push amplifier to exhibit robust hyperchaotic behavior with significantly high
Kaplan-Yorke dimension. Regions of chaos and hyperchaos in a space of admittance parameters associated
with both transistors are specified following the concept of positive values of Lyapunov exponents. Long
time structural stability of generated hyperchaotic waveforms is proved by construction of flow-equivalent
electronic circuit and experimental measurement, that is by screenshots captured by oscilloscope.

INDEX TERMS Admittance parameters, bipolar transistor, class C amplifier, chaos, chaotic oscillator,
hyperchaos, Lyapunov exponents, strange attractors.

I. INTRODUCTION
Theoretical and practical investigation of chaotic behavior in
the lumped electronic systems is a mature, but still up-to-date
research topic. Chaotic dynamics has several properties that
can be considered as somehow unique: continuous wideband
frequency spectrum, sensitivity to tiny changes of the initial
conditions, existence of a dense state attractor with fractional
geometrical dimension, generates waveforms with increased
entropy. Importantly, such kind of a complicated dynamical
motion is not restricted to algebraically complex electronic
systems or, more generally speaking, mathematical models.
As proved in pioneering papers [1]–[5] chaotic flows can be
very simple and covered by a set of the ordinary differential
equations with five terms including scalar nonlinearity. These
requisites are sufficient to provide necessary stretching and
folding mechanism within a vector field and formation of the
strange attractors. Mathematical description of deterministic
non-autonomous chaotic system can be even simpler [6].

Undoubtedly, the most famous analog chaotic system is
also the oldest one, and probably the most analyzed, Chua’s
oscillator [7]–[10]. After its discovery in 80’s chaos becomes
to be sought in other analog building blocks very intensively.
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In nearly four subsequent decades, many chaotic dynamical
systems were discovered; either accidentally, during investi-
gation of mathematical model associated with a real physical
phenomenon, or by using numerical algorithms dedicated for
chaos localization [11], [12]. Let us discuss few cases of such
chaotic dynamics within electronic systems.

For starters, paper [13] demonstrates that inductor can be
removed from the Chua’s oscillator and robust chaos can be
generated by passive ladder network composed by resistors
and capacitors. Nonlinear device is included as two-terminal
piecewise-linear active resistor serving as ladder termination.
Another nice example of chaotic oscillator with RC passive
feedback is provided in paper [14]. Interesting cookbook [15]
provides complete methodology for circuit implementation
of chaotic oscillators with passive only nonlinear elements.
Slight extension of these ideas leads to design of the chaotic
oscillator based on second-order dynamics of supercapacitor,
see paper [16] for details. Single higher-order ordinary differ-
rential equations are good prototypes for a chaos generation.
Moreover, such mathematical models can be transformed to
flow-equivalent circuits by looping low-pass frequency filter
of arbitrary topology and active two-port having a prescribed
polynomial transfer function [17]. Another design method
is based on taking well-known structure of harmonic oscil-
lator and placing single nonlinear circuit component. For
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example, successful modification for Wien-bridge oscilla-
tor is shown in several papers [18]–[20]. Harmonic oscil-
lators can be forced to evolve chaotically under specific
biasing scenario, as it is theoretically and experimentally
proved in paper [21], [22] for Colpitts and Hartley oscillator,
respectively.

There are many methods how to construct lumped analog
chaotic circuit if a describing mathematical model is known.
For voltage-mode operational regime, straightforward design
approach is presented in a comprehensive tutorial paper [23].
This method is known as the analog computer concept and is
utilized inmany papers [24]–[27]. Universality of thismethod
is paid by serious disadvantage: complexity of final oscillator
with many active devices needed. Current-mode and mixed-
mode design process toward chaotic oscillators are presented,
together with few examples, in review paper [28]. It is shown
that final network structure can be simplified if current signal
processing active elements are utilized. Of course, current
mode subcircuits suitable for design of chaotic oscillators can
be found in many papers, such as research work [29], where
few saturated nonlinear functions are presented. Moreover,
realizations given in this paper are ready for integration using
CMOS technology and resistant against process, voltage, and
temperature variations.

Speaking in terms of analog implementation of the chaotic
system, field programmable analog array (FPAA) provides
many benefits over those realizations with discrete electronic
components. The main advantage of FPAA is fast realization
of a chaotic oscillator since commercially available plat-
forms provide users with all necessary building blocks. Prob-
lem associatedwith FPAA-based design is inevitable low pass
filtering effect applied on the state variables and a limited
workspace dedicated for realization of the circuit schematic.
Because of a broadband nature of the chaotic signals, roll-off
effects can cause serious deformation and/or disappearing of
prescribed strange attractors. Technical and implementation
details including interesting practical examples can be found
in paper [30] or book [31], where particular attention of the
authors is paid on design of fractional-order chaotic systems.

Field programmable gate array (FPGA) can be utilized as
the bridge between software-oriented numerical investigation
of nonlinear differential equations and its practical realization
in the form of lumped electronic circuit. Main advantage of
FPGA-based design of the chaotic system is fast prototyping,
high processing speed, and programming flexibility. Design
process starts with discretization of all differential equations,
difference equations are subsequently iterated using available
building blocks in frame of workplace of a development kit.
Therefore, all outputs coming from FPGA realization still
belong to simulation results, more likely related to numerical
integration process in mathematical environment rather than
connected with real measurement. Several interesting papers
can be addressed for more details about FPGA-based design,
for example [32]–[36].

When studying global dynamics associated with natu-
rally linear analog functional blocks, chaotic motion was

revealed as surprising and unexpected, but observable phe-
nomena in many cases. For example, standard structures of
frequency filters can generate robust driven chaotic wave-
forms [37], [38]. Power electronic could provide enough
degrees of freedom and functional nonlinearities required for
evolution of chaos. Let us mention discovery of irregular
behavior of dc-dc [39] and buck [40] converters, switched-
mode power converters [41], switching boost regulators [42],
and many others. Switching or, more generally speaking,
repeated change of circuit topology, can also lead to the robust
chaotic behavior. Chaotic attractors were reported from the
switched capacitor networks [43]. Spiral strange attractors
evolved within static multi-state memory system composed
by series or parallel connection of two resonant tunneling
diodes was described very recently [44]. To mention final
example of chaos inside system that is originally non-chaotic,
research papers [45], [46] demonstrate such regimes in the
case of phase locked loops with realistic values of all circuit
components.

Few recent papers were focused on the problem of a robust
chaos localization in analog electronic systems containing the
so-called generalized bipolar transistor (GBT). This active
device is modelled by equivalent two-port described by 2×2
admittance matrix where input y11 and output y22 admittance
is positive constant. Both forward y21 and backward y12
trans-conductance are considered as nonzero and could be
scalar nonlinear functions. The latter property is assumed in
paper [47] where y21(v1) and y12(v2) are cubic polynomial
functions and single GBT-based amplifier is addressed. New
shapes of the chaotic attractors are reported also for the case
where y21 is linear and y12(v2) is the only nonlinearity. More
details can be found in work [48]. From the viewpoint of
real situation, only forward trans-conductance y21(v1) should
be considered as a saturation-type nonlinear function. This
restriction does prevent analyzed circuit to behave chaoti-
cally, as pointed out in paper [49]. Important finding coming
from these works is existence of chaos itself. Admittance
parameters leading to complex behavior are far away from
the standard operational state of bipolar transistor. Presence
of GBT does not simplify design process of the chaotic
oscillator, neither composed by discrete components nor its
on-chip integrated version.

This paper is organized as follows. Next section introduces
mathematical model that arises from two-stage amplifier with
common-emitter generalized bipolar transistors. Third part is
focused on chaotification process, while fourth section brings
numerical analysis of mentioned dynamic system, especially
to demonstrate evidence of strange attractor. It is shown that
chaos is neither numerical artifact nor long transient motion.
Standard forms of behavior quantification are given, namely
Lyapunov exponents (LE), Kaplan-Yorke dimension (KYD),
bifurcation diagrams (BD) calculated via Poincare sections,
basins of attraction (BoA), kinetic energy distribution (KED)
over the state space, sensitivity analysis, etc. Of course, these
routines still deal with normalized numerical values of the
internal system parameters. Fifth part of this work describes
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FIGURE 1. Simplified schematic of analyzed networks: a) concept of
driven two-stage class C amplifier with generalized bipolar transistors,
b) isolated circuit with equivalent models of generalized transistors.

circuit realization of chaotic oscillator based onmathematical
model of the two-stage cascaded class C amplifier. From this
place further, the real-valued passive circuit components are
addressed. Sixth section covers experimental confirmation of
chaos in a designed hyperchaotic oscillator and contains rich
gallery of oscilloscope screenshots. Some of these are put
into context of previously discussed numerical investigation.
Finally, concluding remarks, discussion of achieved results
and future research topics are stated.

II. TOPOLOGY OF TWO-STAGE CLASS C AMPLIFIER
Fundamental circuit topology of a two-stage amplifier based
on cascade connection of two generalized bipolar transistors
(GBT) is shown in Fig. 1a. Transistors use common emitter
topology and circuit is loaded by a parallel LC resonant tank.
As already mentioned above, each GBT cell is electrically
modeled by the following set of the components of two-port
admittance matrix: constant positive input admittance y11,
output admittance y22 equals to zero, linear backward trans-
conductance y12(vCE ), and a scalar nonlinear forward trans-
conductance y21(vBE ) having a cubic polynomial form

y21 (vbe) = a · v3be + b · vbe, (1)

where a and b are real numbers and vbe is immediate voltage
between base and emitter. In upcoming text, line and wavelet
above admittance parameter means that it is associated with
first and second GBT, respectively. Considering equivalent
circuit given in Fig. 1b following set of first order ordinary
differential equations can be derived

C̄be
d
dt
v1 = −ȳ11 · v1 − ȳ12 · v2,

C̃be
d
dt
v2 = −ȳ21 (v1)−

(
ỹ11 +

1
R

)
· v2 − ỹ12 · v3,

C
d
dt
v3 = −ỹ21 (v2)− iL ,L

d
dt
iL = v3. (2)

Four element vector of the state variables is x = (v1, v2, v3,
iL)T. Symbols yik in equations (2) supplemented by line and
wave represent the admittance parameters associated with
first and second GBT respectively.

Note that amplifier is analyzed as isolated, that is without
input signal. Analysis of linearized autonomous deterministic
dynamical system (2) starts with a determination of the fixed
points. There is always one equilibrium located at the origin,
that is x0 = (0, 0, 0, 0)T. Other fixed points exist only under
condition of positive value of square root in formula (3), and
these are located at

x0 =

±
√
ϑ − b̄
ā

,∓
ȳ11
ȳ12

√
ϑ − b̄
ā

, 0, − ỹ21 · β

T

, (3)

where first auxiliary parameter is

ϑ = ȳ11 (ỹ11 + 1/R) /ȳ12, (4)

and second equals

β = ∓ã
(
ϑ − b̄
ā

) 3
2

∓

√
ϑ − b̄
ā

. (5)

Linearization matrix calculated around fixed points can be
expressed as

J (x0) =


−

ȳ11
C̄be

−
ȳ12
C̄be

−
3·ā·x20+b̄

C̃be
−
ỹ11+1/R
C̃be

0 0
−

ỹ12
C̃be

0

0 −
3·ã·y20+b̃

C
0 0

0 − 1
C

1
L 0

 . (6)

From the viewpoint of chaos evolution, fixed point located at
origin plays a crucial role. Local dynamical behavior in the
close neighborhood of equilibrium points is defined by the
eigenvalues, i.e., roots of polynomial

det [λ · E− J (x0)]

=λ4+

(
1

C̃be · R
+
ỹ11
C̃be
+
ȳ11
C̄be

)
λ3

+

(
1

L · C
−
ȳ12 ·

(
3 · ā · x20+b̄

)
+ȳ11 (ỹ11−1/R)

C̄be · C̃be

−

ỹ12 ·
(
3 · ã · y20+b̃

)
C̃be · C

 λ2+( 1

C̃be · C · L · R

+
ỹ11

C̃be · C · L
+

ȳ11
C̄be · C · L

−

ȳ11 · ỹ12 ·
(
3 · ã · y20+b̃

)
C̄be · C̃be · C


× λ+

ȳ11+R ·
(
ȳ11 · ỹ12−ȳ12 ·

(
3 · ā · x20 + b̄

))
C̄be · C̃be · C · L · R

=0, (7)

where E is square unity matrix, x0 and y0 is first and second
coordinate of the fixed point, respectively. To symbolically
evaluate the eigenvalues, Cardan rules should be addressed.
However, continuation with linear analysis is pointless since
symbolic formulas for individual eigenvalues are enormously
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complex and cannot be even displayed using math software.
Thus, a significant simplification should be introduced before
starting optimization problem that will result into structurally
stable chaotic nature of two-stage class C amplifier.

III. AMPLIFIER CHAOTIFICATION PROCESS
Procedure of dynamical system chaotification is dedicated to
find numerical values of internal system parameters such that
system exhibits following features simultaneously: bounded
ω-limit set, self-excited and dense strange attractor with non-
integer geometrical dimension. Since there is no closed-form
analytic solution of the chaotic system chaotification can be
considered as numerical problem of multi-criteria stochastic
optimization. Fortunately, individual fitness functions can be
calculated separately using specific set of initial conditions as
well as internal system parameters, both defined as the vector
global parameters.

Interesting approach how to deal with a chaos localization
problem is suggested in paper [50] where two-step procedure
is suggested. Proposed optimization method can be marked
as metaheuristic, combines differential evolution and particle
swarm optimization. First step is evaluation of fixed points
and associated eigenvalues and is applied on each population
individual. Those solution that satisfies prescribed ‘‘chaotic
assumptions’’ pass to second step, calculation of KYD. In this
paper, authors focus on the fractional-order chaotic dynamic.
Therefore, useful information about this kind of a dynamical
motion can be found [50] and references given therein.

Note that at this moment analyzed circuit contains thir-
teen free parameters

{
C̄be, C̃be,C,R,L, ȳ11, ȳ12, ā, b̄, ỹ11,

ỹ12, ã, b̃
}
. Each parameter represents one dimension in a

hyperspace of system parameters dedicated for optimization
routine. This is huge number of combinations for a full grid
calculation, even for the CUDA-based parallel processing
using Matlab. Thus, investigated hyperspace needs to be sig-
nificantly reduced by introducing additional assumptions and
restrictions. None of these, of course, should prevent opti-
mized dynamical system to behave chaotically. First restric-
tion is related to uniform normalized values of accumulation
elements. Such choice is equivalent to set a multiplication
factor for each differential equation to one. Values C̄be =
C̃be = C = 1F and L = 1 H still allow us to observe
chaotic motion while hyperspace is reduced to have nine
edges. Secondly, resistor R can be removed since proper
bias point set is covered by two-port admittance parameters,
that is without the necessity to solve biasing circuitry. Third
assumption is based on reachability of prescribed local vector
field geometry near fixed point at origin, namely a saddle
spiral movement. It can be shown that the equality ȳ12 = ỹ12
together with ā = ã fulfill this condition. Substitution of the
state coordinates x0 = y0 = 0 leads to the characteristic
polynomial (7) in simplified form

λ4 + (ȳ11 + ỹ11) λ3 +
[
ȳ11 · ỹ11 − b̄− b̃+ 1

]
λ2

+

[
ỹ11 + ȳ11

(
1− b̃

)]
λ+ ȳ11 − b̄ = 0. (8)

Obviously, hyperspace of free internal system parameters is
six-dimensional now. This is reasonable level of complexity
where robust chaotic behavior can be successfully detected,
the most probably next to the limit cycle solution. Insta-
bility of fixed point at origin, boundness of attractor, and
sensitive dependance on initial condition are three objective
functions that need to be satisfied simultaneously. Unfortu-
nately, the full-grid calculation toward robust chaotic solu-
tion is still too time consuming. As the main search engine,
CUDA-powered genetic algorithm was utilized. In contrast
with paper [50], where individuals in population are in fact
removed if carry parameter values that does notmeet ‘‘chaotic
assumptions’’, objective function receives serious penaliza-
tion in the case of violation of conditions mentioned above.

Detail calculation discovers several topologically different
chaotic and hyperchaotic cases of mathematical model (2).
Let denote following set of the internal parameters that leads
to distinguished hyperchaotic motion as case one, namely

ȳ11 = 0.5, ȳ12 = ỹ12 = 1, ỹ11 = 0.3,

ā = ã = −2, b̄ = 5, b̃ = 4. (9)

For this numerical set, eigenvalues associated with origin
are λ1 = –3.25, λ2 = 2.63, λ3,4 = –0.09 ± j0.75 and
this corresponds to the composition of spiral movement
along two-dimensional stable manifold and two-dimensional
saddle-node.

Case two can be obtained for following set of the internal
parameters of GBT

ȳ11 = 0, ȳ12 = ỹ12 = 1, ỹ11 = 0.5,

ā = ã = −2, b̄ = 5, b̃ = 4. (10)

For this numerical set, eigenvalues associated with origin are
λ1 =–3.20, λ2 = 2.68, λ3,4 = 0.01±j0.76, i.e., it is combina-
tion of spiral movement along unstable (with slow repelling
nature) eigen-plane and two-dimensional saddle-node.

To this end, the last interesting set of internal parameters
worthy for more detailed analysis is

ȳ11 = 0, ȳ12 = ỹ12 = 1, ỹ11 = 0.01,

ā = ã = −2, b̄ = 5, b̃ = 4. (11)

For this numerical set, eigenvalues associated with origin
are λ1 = –2.94, λ2 = 2.92, and λ3,4 = ±j0.76, which is
combination of circular move and two-dimensional saddle-
node geometry. This situation will be referred as third case.

IV. NUMERICAL RESULTS
All numerical procedures presented in this paper are based on
fourth order Runge-Kutta integration method with fixed step
size. Figure 2 provides typical strange attractor generated by
dynamical system (2) with parameter set (9) in available cube
projections. Figure 3 provides the same meaning plots but for
dynamical system (2) having second set of parameters (10).
Figure 4 shows available three-dimensional projections of the
typical strange attractor generated by dynamical system (2)
having set of internal parameters (11). Although generated by
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FIGURE 2. Three-dimensional colored cube projections of typical strange
attractor generated by analyzed dynamical system, first case.

FIGURE 3. Three-dimensional colored cube projections of typical strange
attractor generated by dynamical system (2), second case.

the same mathematical model, geometrical shapes of strange
attractors are different. All state trajectories mentioned above
were integrated using the same set of input parameters,
i.e., set of initial conditions x0 = (0.1, 0, 0, 0)T, final time
1000 s and time step 10 ms.

Figure 5, 6 and 7 show rainbow-scaled KED over the state
space limited to volume that is occupied by chaotic attractor.
Individual image results are tied with dynamical system (2)
having parameter group (9), (10) and (11) respectively. Plots
of energy are calculated with 0.1 s time instant and steps of

FIGURE 4. Three-dimensional colored cube projections of typical strange
attractor generated by dynamical system (2), third case.

FIGURE 5. Plane projections of typical chaotic attractor and surface
calculation of kinetic energy distribution, ranges for state variables are
v1 ∈(–2.6, 2.6) V, v2 ∈(–4.5, 4.5) V, v3 ∈(–15.2, 15.2) V and iL ∈(–26, 26) A:
a) v1 vs v2, b) v1 vs v3, c) v1 vs iL, d) v2 vs v3, e) v2 vs iL, f) v3 vs iL.

state variables 0.01. In these plots, red denotes high dynamic
energy, green color marks area with the average speed and
magenta represents areas with low move gradient. Note that
chaotic attractor is placed in a state space region with low
gradient, surrounded by area of strong four-dimensional state
space volume expansion, that is where kinetic energy is very
high. Also, it seems that the colored patterns for individual
parameter cases are similar.

Figure 8 demonstrates sensitivity of chaotic system to tiny
change of 104 initial states with normal distribution generated
around nominal value x0 = (–1, –2, 0, 0)T, standard deviation
is chosen 0.1. These starting points are marked by green
color. As system evolves, states after 100 s are stored as red
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FIGURE 6. Plane projections of typical chaotic attractor and associated
surface calculation of kinetic energy distribution in following ranges:
v1 ∈(–2.5, 2.5) V, v2 ∈(–3.3, 3.3) V, v3 ∈(–8.5, 8.5) V, and iL ∈(–8.5, 8.5) A.
Plots: a) v1 vs v2, b) v1 vs v3, c) v1 vs iL, d) v2 vs v3, e) v2 vs iL, f) v3 vs iL.

FIGURE 7. Plane projections of typical chaotic attractor and associated
surface calculation of kinetic energy distribution for state variables
ranges v1 ∈(–2.5, 2.5) V, v2 ∈(–3.3, 3.3) V, v3 ∈(–8.5, 8.5) V, iL ∈(–8.5, 8.5) A.
Plots: a) v1 vs v2, b) v1 vs v3, c) v1 vs iL, d) v2 vs v3, e) v2 vs iL, f) v3 vs iL.

points and final states after 1000 s of system evolution are
denoted by blue color. All plots have equally scaled axis
system. This figure contains all available cube projection
of this sensitivity effect. Also, both plots visually suggest
quite fast divergence ratio between two neighborhood trajec-
tories in the state space and expects quite high values of the
positive LE.

Figure 9 thoroughly analyzes dynamical system (2) in the
close neighborhood of parameter set (9) from the viewpoint
of chaotic and hyperchaotic solution. Both LE and KYD is
calculated via Matlab, routine for both 3D and 4D dynamical
systems are very similar and differs only in sizes of Jacobi
matrices, state vectors and dimension of used Gram-Smith
orthogonalization. Numerical values of LE and KYD were
calculated for data sequence ending with 104 s and the initial

FIGURE 8. Graphical demonstration of chaotic system sensitivity to the
uncertainties in the initial conditions, see text for better clarification.
Individual three-dimensional projections are associated with analyzed
dynamical system (2) with: a) b) c) parameter group (9) and different
cube projections, d) e) f) parameter group (11) and available cube
projections, g) distribution of randomly generated initial conditions
visualized in cube v1-v2-v3.

conditions randomly placed near repelling fixed point located
at origin. Procedure used for calculation of LE can be found
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FIGURE 9. Rainbow-scaled surface-contour plot of two largest LE as
function of input admittances of GBT near to the nominal values (9),
range of both admittances 0 S up to 1 S: a) the largest LE, b) second LE,
c) intersection of chaotic and hyperchaotic areas. Zoomed area focused
on range 600 mS to 700 mS of first GBT vs 200 mS to 300 mS of second
GBT: d) the largest LE, e) second LE, f) intersection of chaos and
hyperchaos. Zoomed area aimed on range 470 mS to 570 mS of first GBT
vs 320 mS to 420 mS of second GBT’s: g) the largest LE, h) second LE,
i) boundaries for chaotic and hyperchaotic motion. Magnified region 0 S
to 100 mS of first GBT vs 0 mS to 100 mS of second GBT: j) the largest LE,
k) second LE, l) boundaries for chaotic and hyperchaotic system behavior.
Magnified area focused on range 0 S to 100 mS of first GBT vs 900 mS to
1 S of second GBT: m) the largest LE, n) second LE, o) boundaries
evaluated for chaotic and hyperchaotic system
behavior.

in detailed book [51]. Curious readers that are interested in
the algorithmizing and routine verification, paper [52] could
be recommended to see. In accordance with the known math
definitions, both first and second LE (sorted in descend-
ing order) need to be distinguishably positive for hyper-
chaotic behavior. That is why contour plots contour plots
in Fig. 9c), f), i), l), and o) are provided: the colored areas
correspond to the largest LE while limited number of the
black contours (3) specify various numerical levels of second
LE (positive, zero, negative). Details involving qualitative
analysis of dynamical behavior can be found in paper [53].
For nominal numerical value set (9) dynamical system (2) is
‘‘only’’ chaotic since second LE is close to zero and KYD
is DKY = 2.31. In frame of this investigation, ‘‘the most
chaotic’’ strange attractor was observed by a computer-aided
analysis of dynamical system (2) together with numerical
value set (11) leading to KYD about DKY = 3.78. Therefore,
we are experiencing very strong hyperchaos with a very
short time instance with predictable dynamical evolution.
It should be noted that the hyperchaotic motion is by no way
ordinary or obvious solution. It is quite rare property often
associated with the higher-order nonlinear dynamical sys-
tems. However, mathematical model analyzed in this paper
exhibits very large areas of the internal system parameters
with associated hyperchaotic motion.

A. ALGEBRAICALLY SIMPLEST CASE
Proposed optimization/searching algorithm can be employed
to find the simplest mathematical model (2) that still exhibits
chaotic and/or hyperchaotic behavior. For example, set of the
internal parameters

ȳ11 = 0, ȳ12 = 0.55, ỹ11 = 0, ỹ12 = 1,

ā = ã = −2, b̄ = 5, b̃ = 4. (12)

leads to hyperchaotic behavior for different choices of initial
conditions, such as x0 = (0.1, 0, 0, 0)T. Few graphical results
are provided in Fig. 10. It can be easily proved that origin
is unstable fixed point and local vector field is character-
ized by eigenvalues λ1 =–λ2 =2.49 and λ3,4 = ±j0.67,
i.e., local behavior is combination of center and saddle-
node kind of movement. This flow is highly unpredictable
due to expressive values of first two LE (0.135 and 0.023).
Both LEs are positive such that dynamical evolution belongs
to a hyperchaotic behavior. Existence of many robust state
attractors associated with this case of dynamical system is
geometrically demonstrated via Fig. 11. In these plots, initial
conditions differ only in a state coordinate x0, the rest of initial
states are zero. Thus, basins of attraction are complicated
geometrical structures, crawled with each other. Calculation
of KYD reveals that observable ω-limit sets have different
metric dimensions.

Coexistence of several qualitatively different solutions can
cause problems in the task of experimental verification, i.e.,
confirmation of physical presence of desired strange attractor
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FIGURE 10. Numerical analysis of dynamical system (1) with zero input
admittances of both GBT: a) discovered strange attractor, b) the largest
LE, c) second LE, d) intersection of chaotic and hyperchaotic regions.
Rainbow scaled surface-contour plot of LE for zero backward
trans-conductances of both GBT: e) first LE, f) second LE.

produced by designed chaotic oscillator can be complicated.
Vector field symmetry is invariant under the flow initiated by
system (2) and is illustrated via visualized state trajectories
in Fig. 11 as well.

On the other hand, searching for chaotic solution was not
successful if backward trans-conductances of both GBT are
assumed zero. Origin becomes stable equilibria attracting all
neighborhood trajectories with exception of those settling on
the center manifold. Such situation is closely related to a real
circuitry with bipolar transistors.

However, the so-called hidden chaotic attractors [54], [55]
cannot be eliminated from the gallery of possible solutions of
dynamical system (2). This kind of computationally intensive
numerical investigation can be considered as good topic for
future research.

B. OTHER INTERESTING CHAOTIC CASES
Many interesting, strange state attractors can be observed for
other choices of the internal parameters associated with GBT.
For example, following set

ȳ11 = 0.5, ȳ12 = 1, ỹ11 = 0.3, ỹ12 = 0.4,

ā = ã = −2, b̄ = 5, b̃ = 4, (13)

leads to chaotic behavior visualized in Fig. 12 for wide
area of the initial states, for example x0 = (–1.8, 0, 0, 5)T.

FIGURE 11. Existence of several state attractors within dynamical system
(2) with a group of parameters (12), v1 vs v2 vs v3 projections for:
a) b) x0 = 0.1 (black), x0 = 0.3 (purple), x0 =–0.3 (blue), x0 =(orange),
c) d) x0 =–0.8, x0 = 0.8 (purple), x0 = –2 (blue), and x0 = 2 (orange).

FIGURE 12. Three-dimensional colored cube projections of typical
strange attractor generated by dynamical system (2) with set (13).

Fixed point located at the origin is the unstable equilib-
ria and local dynamical flow is uniquely determined by
the eigenvalues λ1 = –3.05, λ2 = 2.25 and λ3,4 = ± j.
Observed global dynamical motion can be marked as
chaotic and is characterized by the Kaplan-Yorke dimension
DKY = 2.25. By adopting following set of internal system
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FIGURE 13. Three-dimensional colored cube projections of typical
strange attractor generated by dynamical system (2) with set (14).

parameters

ȳ11 = 0, ȳ12 = 1, ỹ11 = 0.3, ỹ12 = 1,

ā = ã = −2, b̄ = 7, b̃ = 0, (14)

together with set of the initial conditions x0 = (1, 0, –7, –5)T

unconventional attractor depicted in Fig. 13 can be observed.
Again, origin is unstable equilibria and local dynamical flow
is characterized by eigenvalues λ1 = 2.5, λ2 = –2.8 and
λ3,4 = ±j. In this case, system (2) is chaotic with spectrum
of the one-dimensional LE (0.1421, 0, –0.138, –0.3032) and
DKY = 3.32.

V. DESIGN OF CHAOTIC OSCILLATORS
With the knowledge of complete mathematical description of
dynamical system (both equations and parameters), synthesis
of lumped electronic circuit is easy and straightforward task.
In this section, two interesting cases of dynamical system (2)
will be implemented: with parameter set (12) and using value
set (14). Thus, upcoming two systems of ordinary differential
equations, normalized with respect to both frequency and
impedance, will be considered

d
dt
v1 = −0.55 · v2,

d
dt
v2 = 2 · v31 − 5 · v1 − v3,

d
dt
v3 = 2 · v32 − 4 · v2 − v4,

d
dt
v4 = v3, (15)

and
d
dt
v1 = −v2,

d
dt
v2 = 2 · v31 − 7 · v1 − 0.3 · v2 − v3,

d
dt
v3 = 2 · v32 − v4,

d
dt
v4 = v3. (16)

First circuit realization is provided by means of Fig. 14.
Straightforward analysis yields following set of differential

FIGURE 14. Circuitry implementation of dynamical system (17) with real
circuit components, i.e., after frequency and impedance rescaling.

FIGURE 15. Practical circuit realization of dynamical system (18) with
real, denormalized circuit components.

equations that describe its behavior

d
dt
v1 = −

1
R4C

v2,
d
dt
v2 = −

1
R7C

v1 −
1

R2C
v3 +

K 2

R3C
v31,

d
dt
v3 = −

1
R5C

v2 −
1

R6C
v4 +

K 2

R8C
v32,

d
dt
v4 =

1
R1C

v3,

(17)
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FIGURE 16. Orcad Pspice circuit simulation of dynamical system (17),
ranges of the state variables: a) horizontal axis v1 ∈(600 mV, 2.2 V),
vertical scale v2 ∈(–3 V, 3 V), and v3 ∈(–10 V, 10 V), b) horizontal axis
v4 ∈(–11 V, 9 V), vertical scale is v1 ∈(600 mV, 2.2 V), v3 ∈(–10 V, 10 V), c)
generated chaotic waveform in time domain with final time 14 mS, and d)
continuous frequency spectrum ending with component 10 kHz,
logarithmic vertical range 10 µV up to 100 mV.

whereK = 0.1 is internally trimmed transfer constant of ana-
log multiplier. Note that electronic system (17) is equivalent

FIGURE 17. Orcad Pspice circuit simulation of dynamical system (18),
ranges of individual state variables: a) horizontal axis v1 ∈(–2 V, 2.4 V),
vertical scale v2 ∈(–2.5 V, 2 V), and v3 ∈(–6 V, 6 V), b) horizontal axis range
v4 ∈(–7 V, 5 V), vertical axis scale is v1 ∈(–2.5 V, 2 V), v3 ∈(–6 V, 6 V).

to fiducial dynamical system (2) after introducing simple
linear transformation of coordinates v1 →–v1, v2 →–v2,
v3→–v3, and iL →–v4. For time constant chosen for this
oscillator τ = 1 ms numerical values of the passive compo-
nents are: C = 100 nF, R1 = 10 k�, R2 = 10 k�, R3 = 47�,
R4 = 47 k�, R5 = 2500 �, R6 = 10 k�, R7 = 2 k�, and
R8 = 47 �.

Second chaotic circuit is visualized by means of Fig. 15.
Behavior of this system is determined by the following set of
the ordinary differential equations

d
dt
v1 = −

1
R4C

v2,
d
dt
v2 = −

1
R7C

v1 −
1

R5C
v2 −

1
R2C

v3

+
K 2

R3C
v31,

d
dt
v3 = −

1
R6C

v4 +
K 2

R8C
v32,

d
dt

v4 =
1

R1C
v3, (18)
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FIGURE 18. Breadboard with constructed chaotic oscillator, individual
potentiometers represent coefficients of polynomial trans-conductance.

whereK = 0.1 again. Note that transformation of coordinates
v1 →–v1, v2 →–v2, v3 →–v3, and iL →–v4 has been
adopted. Time constant chosen for this oscillator is τ = 1 ms.
Numerical values of passive components are: C = 100 nF,
R1 = 10 k�, R2 = 10 k�, R3 = 47 �, R4 = 47 k�, R5 =
68 k�, R6 = 10 k�, R7 = 3300 �, and R8 = 47 �.
In both proposed circuitry realizations, the state variables

are easily measurable as voltages at the outputs of inverting
integrators. Supply voltage is symmetrical ±15 V and power
dissipation is about 750 mW per supply branch. Six active
devices are needed: single TL084 (four standard operational
amplifiers within one package), current-feedback operational
amplifier with external frequency compensation node AD844
(current-feedback amplifier) and four AD633 (four quadrant
analog multipliers). Active elements mentioned above are
chosen with respect to two factors: use only commercially
available components and keep final chaotic oscillator cheap.
On the other hand, frequency responses of mentioned active
devices exhibit significant attenuation effects for the high
frequency components of generated chaotic signals, i.e., band
above 1 MHz. Interesting complete study about frequency
limitations caused by the active elements in connection with
design of the chaotic oscillators is provided in paper [56].
Authors focus on oscillators able to generate the multi-spiral
attractors, that is problem of very precise circuit synthesis of
vector field.

Full on-chip implementation of dynamical system (2) with
arbitrary group of the internal parameters can be done easily.
Particular technology for integration should be chosen with
respect to state space volume occupied by prescribed strange
attractor. Thus, especially following design factors require
attention: supply voltage, voltage drops, current saturation
levels and offset voltage. A very nice cookbook dealing with
CMOS layout design of chaotic systems can be found in [29].

Because of a conventional integrator-block schematic that
apply to a proposed chaotic oscillator it can be realized quite
easily using FPAA development kits.

FIGURE 19. Experimental verification via oscilloscope screenshots:
practical observation (left column) vs theoretical results (right column),
different plane projections are used for this visualization.

VI. CIRCUIT SIMULATION AND MEASUREMENT
Both circuits given in Fig. 14 and Fig. 15 were implemented
in Orcad Pspice simulation software. Simulation profile was
set to final time 100 ms with the maximum allowed time step
reduced to 10 µs. Few time domain results are provided by
means of Fig. 16 and Fig. 17.

Photo of experimental setup implemented onto breadboard
is illustrated by means of Fig. 18. True experimental outputs
are provided within Fig. 19 where selected plane projections
captured by analog-output oscilloscope are directly compared
to theoretically equivalent trajectories numerically integrated
using Mathcad environment. Laboratory experiments reveal
strange attractors unobserved during numerical analysis and
some of these are visualized in Fig. 20. Thus, concrete val-
ues of circuit parameters leading to these images are not
given.
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FIGURE 20. Experimental verification via oscilloscope screenshots:
several plane projections of the selected chaotic attractors that were
unnoticed during numerical investigation of dynamical system (2).

VII. CONCLUSION
During computer-aided numerical analysis of GBT-based
cascaded class C amplifier a novel autonomous hyperchaotic
dynamical system was discovered. Subsequent application of
conventional flow quantification routines reveals two facts:

1. internal system parameters of the analyzed dynamical
system can be calculated and/or adjusted such that generated
hyperchaotic behavior is very robust, strongly unpredictable
(with respect to the time scale),

2. mentioned hyperchaotic motion is easily modellable and
experimentally measurable by the flow-equivalent electronic
circuit, where only off-the-shelf components are used,

3. presence of GBT cells inside radiofrequency functional
blocks causes almost ideal conditions for the evolution of the
strange attractors. Smooth nonlinear saturation-type forward
trans-conductance of each GBT causes both the vector field
folding and stretching mechanism required for generation of
complex, noise-like dynamics. Therefore, electronic systems
based on bipolar transistors such as current mirrors, cascoded
amplifiers, differential stages, negative resistance oscillator,
and others clearly deserve to be addressed in near future and
searching for chaos is highly recommended.

Personal experience of author with laboratory experiments
confirms extreme sensitivity of a designed oscillator steady
state to measurement setup (both initial conditions and values
of the circuit components).
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