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DUALITY OF CONSERVATION LAWS AND THEIR ROLE IN
THE PROCESSES OF EMERGENCE OF PHYSICAL
STRUCTURES AND FORMATIONS

LUDMILA I. PETROVA

Abstract. As it is known, the conservation laws for material media are conservation
laws for energy, linear momentum, angular momentum, and mass. Such conser-
vation laws are described by differential equations. And the conservation laws for
physical fields are conservation laws that state the presence of conservative physical
quantities or objects (structures). Such conservation laws are described by closed
exterior skew-symmetric forms. It can be seen that conservation laws possess dual-
ity. The conservation laws for material media and the conservation laws for physical
fields are different. A peculiarity consists in the fact that there exists a connection
between the conservation laws for material media and those for physical fields. This
connection is realized discretely in the evolutionary process. It describes the emer-
gence of physical structures and the observed formations, such as waves, vortices,
turbulent pulsations.

1. INTRODUCTION

What meaning does the concept of “conservation laws” contain? In the process
of scientific development, the concept of “conservation laws” in thermodynamics,
physics and mechanics assumed a different sense.

In thermodynamics, the conservation laws are associated with the principles of
thermodynamics. The first principle of thermodynamics that relates to the energy
conservation law can be written as [1]

dE + dw = 6Q (1.1)

where dFE is the energy variation, dw is the work done by the system, 6@ is
the heat delivered to the system. (Here, an ambiguity is observed; this relation
includes not only energy, but the mechanical work as well. This ambiguity of the
first thermodynamic principle and the peculiarity of the second thermodynamic
principle will be explained below.)

In the mechanics and physics of continuous media the concept of “conservation
laws” relates to the conservation laws for energy, linear momentum, angular mo-
mentum, and mass that establish the balance between the variations of physical
quantities and external action. These are conservation laws that are described
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by differential equations. (From here on, they will be referred to as the balance
conservation laws.)

In areas of physics related to the field theory and in the theoretical mechanics
“the conservation laws” are those according to which the conservative physical
quantities or objects exist. These are conservation laws that are described by
closed exterior forms. (Below, they will be referred to as “exact” ones.) The
Noether theorems can serve as an example of such conservation laws formulation,
which, under some conditions, can be written as

dw=0 (1.2)

where w is an exterior skew-symmetric differential form. (It is of interest to call
attention to the fact that formulas (1.1), (1.2) have the form of relations in skew-
symmetric differential forms.)

Thus, the concept of “the conservation laws” relates to the balance conservation
laws, exact conservation laws and the principles of thermodynamics.

Now the question arises whether there is any connection between them.

The mathematical apparatus of the skew-symmetric differential forms allows us
to answer this question [2-5].

It will be shown that the balance and exact conservation laws are related to each
other. The exact conservation laws are obtained from the balance (differential)
conservation laws as a result of interactions among the balance conservation laws
(which appear to be noncommutative).

The principles of thermodynamics are just examples of considering such interac-
tion (mutual influence). The principles of thermodynamics integrate two balance
conservation laws, namely, the balance conservation law for energy and that for
linear momentum.

The duality of conservation laws plays a regulating role in the evolutionary
processes taking place in material media. Transitions from equations correspond-
ing to balance conservation laws to closed external forms corresponding to ex-
act conservation laws describe transitions of the state of material medium from
a nonequilibrium state to a local equilibrium state, which is accompanied by the
emergence of physical structures and the appearance of observable formations such
as fluctuations, waves, turbulent pulsations and so on.

The results of the present paper are obtained with the help of skew-symmetric
differential forms whose properties correspond to conservation laws. Besides the
exterior forms [2, 3, 5], the skew-symmetric forms, whose basis, as opposed to
exterior forms, are nonintegrable manifolds, are used [3,4]. Mathematical appa-
ratus of such skew-symmetric forms, which possess the evolutionary properties,
includes nontraditional elements like nonidentical relations and degenerate trans-
formations and this enables one to describe evolutionary processes and generation
of various structures. Such skew-symmetric differential forms possess a unique
property, namely, they can generate closed exterior forms that are invariants and
correspond to the exact conservation laws.
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2. EXACT CONSERVATION LAWS

The exact conservation laws are those that state the existence of conservative
physical quantities or conservative physical objects. The conservation laws for
physical fields are such conservation laws.

The closed exterior skew-symmetric differential forms correspond to the exact
conservation laws [2-5].

2.1. Some properties of skew-symmetric forms corresponding to the
exact conservation laws

Closed inexact exterior forms. The external differential form of the degree p
(p-form) can be written as [4,5]:

0P = Z a,;l.._ipd:ril Adx2 A---ANdz? 0<p<n.
11 7

Here, a;, .., is the function of independent variables z',...,2", n is the space
dimension, and dz*, dx® A dad, da’ A dx? Adx®,.... is the local basis subject to
the condition of skew-symmetry:

drt Ndx' =0,

de* Nda? = —da? Nda® i # 5.
The exterior form differential dfP is expressed by the formula

P = > dai, i, Ada" Adz'? - Adar
i1eip

There is no differential of the basis since the basis is integrable manifolds or struc-
tures.
The skew-symmetric form is called a closed one if its differential equals zero:

de? = 0. (2.1)

From condition (2.1) one can see that the closed form is a conservative physical
quantity. This means that such a form can correspond to the exact conservation
law.

If the form is closed only on a pseudostructure, i.e., this form is a closed inezact
one, the closure condition can be written as

d.07 = 0. (2.2)
In this case, the pseudostructure 7 obeys the condition
d."0P =0, (2.3)

here, *6P is the dual form.!

From conditions (2.2) and (2.3) one can see that the dual form (pseudostruc-
ture) and the closed inexact exterior form (conservative physical quantity) describe
a conservative physical object that can also correspond to the exact conservation
law.

L As will be shown below, closed exterior forms are defined on a cotangent (covariant) manifold.
Pseudostructures are the bundle of a cotangent manifold.
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The closed inexact exterior and dual forms form a differential-geometrical struc-
ture that describes a structure with a conservative physical quantity.

The physical structures, i.e., pseudostructures with a conservative physical
quantity, are conservative physical objects. Thats is, they are subject to con-
servation laws for physical fields.

It is evident that the exact conservation law is one for physical fields. The
closed form is a differential of a form of lower degree: 7 = dfP~'. In this case,
the closedness condition is satisfied: dfP = ddf#P~! = 0. A closed inexact form is
a differential too; and, in this case, the differential is an interior one defined on
a pseudostructure.

Since a closed form is a differential, then it is obvious that a closed form will turn
out to be invariant under all transformations that conserve the differential. The
nondegenerate transformations in mathematics and mathematical physics such as
the unitary, tangent, canonical, gradient, and other nondegenerate transformations
are examples of such transformations that conserve the differential.

It is obvious that conservative physical quantities and conservative physical
structures, which are obtained from closed external forms, are physical quantities
and physical structures that are conserved in nondegenerate transformations.

As it will be shown below, the closed inexact exterior forms, which describe
exact conservation laws corresponding to conservation laws for physical fields, are
obtained from the equations of the balance (differential) conservation law for the
material media.

3. BALANCE CONSERVATION LAWS

The balance (differential) conservation laws are the conservation laws for energy,
linear momentum, angular momentum, and mass. These are the conservation laws
for the material media (material systems), such as thermodynamic, gas dynamical,
cosmic systems, and others. Such conservation laws establish the balance between
the change of the physical quantities of material medium and external actions.

The balance conservation laws are described by differential equations for energy,
linear momentum, angular momentum, and mass. The equations of mathematical
physics for material media consist of the equations of the balance conservation
laws [6-8].

With the help of the skew-symmetric differential forms one can see (even without
knowledge of the concrete form of equations of mathematical physics) specific
features of these equations that elucidate the properties of the balance conservation
laws. To do so it is necessary to study the consistency of equations of the balance
conservation laws.

3.1. Analysis of balance conservation law equations for material media.
Evolutionary relation

A peculiarity of the present investigation is that the conservation law equations
are transformed into equations expressed in terms of state functionals.

Equations of conservation laws for material media can be written for state func-
tionals. Since the physical quantities (like temperature, energy, pressure, density)
relate to a single material medium, a connection between them should exist. Such
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a connection is described by state functionals. The functionals such as wave func-
tion, entropy, the action functional, the Pointing tensor, the Einstein tensor and
so on, which are the field-theory functionals, are also functionals of the equations
describing material media [9].

Let us analyze the equations that describe the balance conservation laws for
energy and linear momentum [6, 8].

The consistency of equations can only be investigated using two frames of ref-
erence.

We introduce two frames of reference: the first is an inertial one (this frame of
reference is not connected with the material medium), and the second is an accom-
panying one (this frame of reference is connected with the manifold constructed
of the trajectories of the material medium elements). The Euler and Lagrange
frames of reference are examples of such frames.

The energy equation in the inertial frame of reference can be reduced to the
form:

D
Dt = Ay (3.1)
where D /Dt is the total derivative with respect to time, ¢ is the functional of
the state that specifies the material medium, A; is the quantity that depends on
specific features of the medium and on external energy actions onto the medium.?
In the accompanying frame of reference, the total derivative with respect to
time is transformed into the derivative along the trajectory. Equation (3.1) is now
written in the form
871/) = A17
¢t
here, ¢! is the coordinate along the trajectory.
In a similar manner, in the accompanying frame of reference the equation for
linear momentum is reduced to the equation of the form

oY

ogv

where £ are the coordinates in the direction normal to the trajectory, A, are the

quantities that depend on the specific features of the medium and external force
actions. Equations (3.2), (3.3) can be convoluted into the relation

dp = A, dé*, (u=1,v) (3.4)

where di is the differential expression dip = (9v/0&*)dEH . Relation (3.4) can be
written as

(3.2)

=A,, v=2... (3.3)

dip = w (3.5)

Here, w = A, d¢" is the skew-symmetric differential differential form of the first
degree.

2The action functional, entropy, wave function can be regarded as examples of the func-
tional . Thus, the equation for energy presented in terms of the action functional S has
a similar form: DS/Dt = L, where ¢ = S, A1 = L is the Lagrange function. In mechanics of
continuous media, the equation for energy of ideal gas can be presented in the form: Ds/Dt = 0,
where s is entropy. In this case, ¥ = s, A1 = 0.
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Relation (3.5) was obtained from the equation of the balance conservation laws
for energy and linear momentum. In this relation the form w is that of the first
degree. If the equations of the balance conservation laws for angular momentum
are added to the equations for energy and linear momentum, this form in the
evolutionary relation will be the form of the second degree. And in combination
with the equation of the balance conservation law of mass this form will be the
form of degree 3.

Thus, in the general case, the evolutionary relation can be written as

dyp = WP (3.6)

where the form of degree p takes the values p = 0,1,2,3. (The evolutionary
relation for p = 0 is similar to that in the skew-symmetric differential forms, and
it was obtained from the interaction of energy and time.)

The relations obtained and the skew-symmetric forms w? are evolutionary ones
since the conservation law equations are evolutionary ones.

In the Appendix, the derivation of the evolutionary relation for a gas-dynamic
medium is given.

The evolutionary relation possesses nontraditional mathematical apparatus that
includes such elements as degenerate transformations, non-identity, and self-chan-
ge. This is due to the properties of the evolutionary skew-symmetric form [4].

3.2. Distinction of evolutionary skew-symmetric differential forms from
exterior skew-symmetric differential forms

The evolutionary skew-symmetric differential forms are obtained from differential
equations that describe evolutionary processes in material, informational and other
open systems [4].

In contrast to exterior forms, they are defined on the deforming nonintegrable
manifolds, such as Lagrangian manifold, an accompanying manifold (manifold
formed by the trajectories of particles of the described system), etc.

The specific feature of skew-symmetric forms is related to the properties of
nonintegrable manifolds [10] (see “Mathematical additions”).

The evolutionary form can be written in a manner similar for the exterior
differential form [4]. However, in distinction from the exterior form differential,
an additional term will appear in the evolutionary form differential. This is due
to the fact that the evolutionary form basis changes since such a form is defined
on a nonintegrable manifold [4,10].

The evolutionary form differential takes the form

d0P="" da;, g, Adx™ Ada® - Adatrt D a, g d(datt Adat? - A datv)
i1...Bp i1...Bp
where the second term relates to the basis differential being nonzero:
d(dz™ Adx™ A--- Adx') # 0.

(For the exterior form defined on an integrable manifold one has d(dz®™ A dz' A
- Adx) =0.)

The peculiarity of skew-symmetric forms defined on a nonintegrable manifold
can be demonstrated by the example of a skew-symmetric form of first-degree. Let
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us consider the first-degree form w = a,dz®. The differential of this form can be
written as dw = Ka,@dxadxﬁ, where K,g = ag,n — @a;3 are components of the
commutator of the form w, and ag.qo, aq;3 are covariant derivatives. If we express
the covariant derivatives in terms of connectedness (if it is possible), they can be
written as ag,o = Oag/0z™ + Fgaag, where the first term results from differen-
tiating the form coefficients, and the second term results from differentiating the
basis. If we substitute the expressions for covariant derivatives into the formula
for commutator components, we obtain the following expression for commutator
components of the form w:

OJag  Oag - -
Fas = (v~ 535 ) + (o =T

Here, the expressions (Fga -Ie B) entered into the second term are just compo-
nents of the commutator of the first-degree metric form that specifies the manifold
deformation and hence is nonzero [4,10]. (It is well known that the metric form
commutators of the first-, second- and third degrees specifies, respectively, torsion,
rotation, and curvature.)

In the commutator of exterior form, which is defined on an integrable mani-
fold, the second term is absent: the connectednesses are symmetric, that is, the
expression (I'g, — I'7 5) vanishes.

Since the commutator, and hence the differential, of a skew-symmetric form
defined on a nonintegrable manifold are nonzero, this means that such a form
cannot be a closed one.

The skew-symmetric form, which is obtained from the conservation law equa-
tions for material media, is just such an evolutionary form. The basis of this form
is an accompanying manifold, namely, the manifold built by the trajectories of the
material medium elements. Such a manifold is a deforming nonintegrable man-
ifold. This indicates that the skew-symmetric differential form, which is on the
right-hand side of the evolutionary relation, is not a closed form (its differential is
not equal to zero).

3.3. Non-identity and self-change of the evolutionary relation. Non-
commutativity of the balance conservation laws.

Let us show that the evolutionary relation obtained from the equations of the
balance conservation laws turns out to be nonidentical.

The skew-symmetric differential form which is on the right-hand side of the
evolutionary relation is not a closed form and cannot be a differential like the
left-hand side. To do so, we shall analyze relation (3.5).

A relation can be an identical one if this is a relation between measurable
(invariant) quantities or between observable (metric) objects. In other words,
between quantities or objects that are comparable.

On the left-hand side of evolutionary relation (3.5) there is a differential that is
a closed form. This form is an invariant object. The skew-symmetric differential
form which is on the right-hand side of the evolutionary relation is not a closed
form and cannot be a differential, i.e., invariant like the left-hand side.



62 L.I. PETROVA

This evolutionary relation is a nonidentical one as it involves an unclosed dif-
ferential form.3

An example of a non-identical evolutionary relation is the first principle of
thermodynamics, which consists of the conservation laws of energy and momentum
(mechanical work).

The evolutionary relation possesses one more peculiarity, namely, this relation
is a self-changing relation. Since one of the objects is an immeasurable quantity,
the other cannot be compared with the first one, and hence, the process of mutual
variation cannot stop.

The properties of the evolutionary skew-symmetric differential forms and fea-
tures of the nonidentical evolutionary relation obtained from the balance conser-
vation laws equations allow us to elucidate the specific features of the balance
conservation laws and their role in evolutionary processes.

4. ROLE OF THE BALANCE CONSERVATION LAWS IN EVOLUTIONARY PROCESSES

It was shown that the evolutionary relation obtained from the balance (differential)
conservation law equations proves to be nonidentical. This means that the balance
conservation law equations are not consistent.

The inconsistency of the balance conservation law equations indicates that the
balance conservation laws are not commutative. To what result does the noncom-
mutativity of balance conservation laws lead? Noncommutativity of the balance
conservation laws reflects the state of material medium.

Let us consider evolutionary relation (3.6). On the left-hand side of the evolu-
tionary relation there is a differential di of functional v that specifies a state of
material medium. Availability of the differential of functional means that there ex-
ists a state function, and this indicates equilibrium state of material medium. But
since evolutionary relation turns out to be nonidentical, from evolutionary relation
it is impossible to obtain the differential of functional. This indicates an absence
of the state function and means that the material medium is in non-equilibrium
state.

The nonequilibrium state of the material medium means that there is an internal
force in the material medium. It is evident that the internal force originates at the
expense of some quantity described by the evolutionary form commutator. (If the
evolutionary form commutator is zero, the evolutionary relation would be identical,
and this would point to the equilibrium state, i.e., the absence of internal forces.)
Everything that gives a contribution into the evolutionary form commutator leads
to the emergence of the internal force.

Here, attention should be drawn to some properties of the physical quantities
of the material medium.

3As shown, the skew-symmetric form, which enters the evolutionary relation, is defined on an
accompanying manifold, namely, the manifold built by the trajectories of the material medium el-
ements. Such a manifold is a deforming nonintegrable manifold. The differential form defined on
such manifold cannot be closed, and the corresponding evolutionary relation cannot be identical.
A nonidentical relation was analyzed in the paper by J.L. Synge “Tensorial Methods in Dynam-
ics” (1936). And yet it was allowed a possibility to use the sign of equality in a nonidentical
relation.
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External actions in real processes are not potential impacts. Their nature is
different from that of the material medium itself. For this reason, they cannot
directly go into the physical quantities of the material medium itself. (Here we
mean actions external to the local area of the material medium. The local area
of the material medium can be formed by an element of the material medium and
its surroundings [2]. Internal force is the force acting inside the local area of the
material medium.)

The noncommutativity of the balance conservation laws does not allow a direct
transformation of the external actions into the physical quantities of the material
medium. The changed quantities are inconsistent and cannot become physical
quantities of the material medium. As a result, there arises an unmeasurable
quantity that is described by the commutator of the evolutionary form and acts
as an internal force.

Can the material media get rid of the internal force and transfer into the equi-
librium state? The equilibrium state of the material medium corresponds to the
availability of the differential diy of functional v that specifies a state of mate-
rial medium. (Availability of the differential of functional means that there exists
a state function, and this indicates the equilibrium state of the material medium.)
But, as noted above, we cannot get the differential di) from a nonidentical relation.

However, under degenerate transform, the relation, which is identical on the
pseudostructure, can be obtained from the nonidentical evolutionary relation.
From such a relation the differential of a functional on a pseudostructure can
be obtained. Such differential will point to the locally equilibrium state of the
material medium.

A degenerate transformation is a transformation that does not preserve the
differential. The degenerate transformation can take place under additional con-
ditions. These conditions can be caused by an availability of any degrees of freedom
of material medium. Such conditions can be realized by the self-changing of a non-
identical relation. The vanishing of such functional expressions as determinants,
Jacobians, Poisson’s brackets, residues, and others corresponds to these additional
conditions.

Under degenerate transformation the following transition proceeds:

dw? # 0 — (a degenerate transformation) — d,w? =0, d;*wP =0

where the conditions d,w? = 0 and d,*wP = 0 are the conditions for the exterior
and dual form closure.

Realization of the closure conditions for a dual form (metric form, which de-
scribes a pseudostructure) and realization of the closure conditions for a skew-
symmetric form suggests that the pseudostructure is realized a closed dual form
*wP and the closed inexact exterior form w? is formatted.

On the pseudostructure 7, from evolutionary relation (3.6), we get the the
relation

dz¢ =w?l

which proves to be the identical relation, since the form w? is a closed one, on the
pseudostructure, it turns out to be a differential.
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From an identical relation one can find the differential of the state functional
drv. The emergence of the differential d,v points out to a presence of the state
function. This indicates that the material medium passes into an equilibrium
state. However, such a state of the material medium is realized only locally since
the differential d,1 is an internal differential (only on a pseudostructure). That
is, the material medium goes into a state of local equilibrium.

(But in this case, the total state of the material medium turns out to be nonequi-
librium. In this case, the total differential of the evolutionary form is nonzero. This
shows that the total state of the material media remains nonequilibrium.)

The transition of the material medium at a locally-equilibrium state means that
the unmeasured quantity, which acts as an internal force, converts into a measured
quantity of the material medium. This results in the emergence of some observed
formations in the material medium, such as waves, vortices, fluctuations, turbulent
pulsations and so on.

As noted in Section 2, closed dual forms and closed inexact exterior forms
made up a differential-geometric structure, which describes the physical struc-
ture, that is, a pseudostructure with a conservative quantity. Realization of such
a differential-geometric structure (under degenerate transformation) points out to
the emergence of a physical structure. (This will be shown in the next Section.)

Thus, from the properties of the nonidentical evolutionary relation and those of
the evolutionary form one can see that under realization of the additional condition
(which is a condition of degenerate transform) the transition of the material media
state from nonequilibrium to locally equilibrium state can be realized.?

It was shown that the balance conservation laws regulate evolutionary pro-
cesses in the material media and the transitions of the material medium from
a nonequilibrium state to a locally equilibrium state. Such processes are described
by solutions of equations of mathematical physics.

4.1. Double solutions of the equations of mathematical physics

The mathematical physics equations have a peculiarity. They have double solu-
tions. It is the presence of double solutions that makes it possible to describe the

4This can be shown by the example of the evolutionary relation for a gas-dynamic medium
[8]. The evolutionary relation for a gas-dynamic medium has the form ds = w, where s is the
entropy (see Appendix). If the evolutionary relation is identical, from that one would obtain
the differential of entropy ds and find entropy s as the gas-dynamic function of state. The
availability of the gas-dynamic function of state would point to the equilibrium state of the
gas-dynamic medium.

But, as has been shown above, the evolutionary relation is not identical. From such a relation
the differential of entropy ds cannot be defined. This points out to an absence of the gas-dynamic
function of state and means that the gas-dynamic medium state is nonequilibrium.

As it has been shown above, under degenerate transformation the identical relation is obtained
from a nonidentical one. From an identical relation one can obtain the differential of entropy
ds and find entropy s as the gas-dynamic function of state. The availability of the gas-dynamic
function of state would point out to the equilibrium state of the gas-dynamic medium. However,
since the identical relation is satisfied only under additional conditions, such a state of the gas-
dynamic medium will be a locally-equilibrium one.

The transition of the gas-dynamic medium at a locally equilibrium state means that an
unmeasured quantity, which acts as an internal force, converts into the observed formations,
such as vortices, turbulent pulsations.
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state of material media and transitions from a nonequilibrium state to a locally
equilibrium state. This follows from the evolutionary relation obtained from the
equations of the balance conservation laws.

The nonidentical evolutionary relation cannot be integrated directly since its
right-hand side contains an unclosed skew-symmetric form which is not a dif-
ferential. This means that the equations of mathematical physics prove to be
non-integrable (they cannot be convoluted into an identical relation for differen-
tials and be integrated). In this case, the solutions to equations of mathematical
physics are not functions (their derivatives do not make up a differential). Such
solutions will depend on the commutator of the evolutionary skew-symmetric form
wP which is nonzero. (If the commutator is equal to zero, the evolutionary relation
would be identical, and this would point out to the integrability of the original
equations.)

Such solutions, which are defined on the original coordinate space, describe the
nonequilibrium state of the material medium.

As shown, under the degenerate transformation following from the evolution-
ary form, the closed inexact (on a pseudostructure only) exterior form and the
corresponding closed dual form (describing the pseudostructure) are realized.

The realization of the closed inexact exterior form and the corresponding dual
form means that on pseudostructure from nonidentical evolutionary relation we
have an identical relation since the closed form is a differential.

Since the identical relation can be integrated (because it contains only differ-
entials), this means that, on a pseudostructure, the equations of mathematical
physics become locally integrable only on the pseudostructure. The pseudostruc-
ture in this case is an integrable structure.

The solutions to the mathematical physics equations on integrable structures
are generalized solutions, which are discrete functions since they are realized only
on the integrable structures. The discrete functions correspond to the locally-
equilibrium state of the material medium and describe physical structures. That
is, the solutions to the mathematical physics equations possess a duality. They are
obtained on original coordinate space as well as on integrable structures. A con-
nection between these solutions and transitions from the solution on coordinate
space to the solutions on integrable structures describes the mechanism of the
evolutionary processes taking place in the material medium. For more details, see
[11].

As shown, a transition from an evolutionary form to a closed inexact (on a pseu-
dostructure) exterior form is described by a degenerate transformation. An exam-
ple of a degenerate transform is the Legendre transformation.

The evolutionary form is defined on a tangent manifold. Closed exterior forms
are defined on a cotangent (covariant) manifold. Pseudostructures are bundles of
cotangent manifolds.

It turns out that, under a degenerate transformation, the transition from a tan-
gent manifold to a cotangent manifold takes place. In this case, the realization of
closed inexact exterior forms on pseudostructures indicates the emergence of phys-
ical structures on the cotangent manifold. As it was shown, this occurs discretely
when the conditions of a degenerate transformation are fulfilled.
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Thus, the degenerate transformation describes the process of the emergence of
physical structures on a cotangent (integrable) manifold. And a nondegenerate
transformation, as is known, describes the transition on the integrable manifold
from one physical structure to another. For Hamiltonian systems, this is written
in [12].

5. IMPLEMENTATION OF THE EXACT CONSERVATION LAW

As shown, closed inexact exterior forms are realized from an evolutionary form.
Realization of the closed inexact exterior form, which describe the exact conser-
vation laws, indicates the fulfillment of the exact conservation law.

The conservation laws for physical fields are exact conservation laws. As has
been shown, the closed inexact exterior form (the conservative quantity) and the
relevant dual form (the pseudostructure) made up a differential-geometrical struc-
ture that describes a physical structure, namely, a pseudostructure with a con-
servative quantity. The conservation laws for physical fields are conservation laws
that state the presence of conservative quantities or objects. The physical struc-
tures are conservative objects. That is, they are subject to the conservation laws
for physical fields. Massless particles, wave fronts, and so on are examples of
physical structures. Physical structures and observed formations, which, as shown
above, arise in material media, are not identical objects. Whereas the wave is an
observable formation, the wave front is a physical structure. And, at the same
time, they are a manifestation of the same phenomenon. Light is an example of
a manifestation of such a duality, namely, as a massless particle, photon, and as
a wave.

Since closed inexact exterior forms corresponding to a physical structure are
obtained from the evolutionary relation for the material media, it follows that
physical structures are generated by the material media. This is controlled by the
conservation laws.

Here, one can see a connection between the balance conservation laws for the
material media and the conservation laws for physical fields. The physical struc-
tures that correspond to the conservation laws for physical fields are generated by
the material media based on the interaction of the noncommutative balance con-
servation laws. A peculiarity consists in the fact that this connection is realized
discretely in the evolutionary process if there are any degrees of freedom.

It should be emphasized that the fulfillment of the exact conservation laws
occurs as a result of the interaction of non-commutative balance conservation laws.
This is described by the evolutionary nonidentical relation, which is obtained from
the balance conservation laws, and by the identity relation, which is realized from
the evolutionary relation.?

5The examples of the evolutionary nonidentical relation and the identical relation are the
relations corresponding to the principles of thermodynamics [13]. The first principle of thermo-
dynamics follows from the balance conservation laws for energy and linear momentum, and the
second principle of thermodynamics follows from the first one under the fulfillment of the condi-
tion of integrability, i.e., a realization of the integrating factor (the inverse temperature). Here,
it should be emphasized that the second principle of thermodynamics, unlike the first principle
of thermodynamics, holds only discretely, namely, only if the integrating factor is realized.
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The duality of conservation laws, the connection between balance conservation
laws and exact conservation law, and transitions from balance conservation laws
to exact conservation law plays a regulatory role in evolutionary processes. Such
properties of conservation laws reveal the causes and mechanism of the appearance
of various physical structures [14] and observed formations, such as waves, vortices,
fluctuations, turbulent pulsations, etc. [8], reveal the connection of the equations of
field theory with the equations of mathematical physics [15], develop the physical
meaning of the principles of thermodynamics [12], etc.

In this work, attention was paid to the properties of conservation laws for
material media and conservation laws for physical fields. It should be noted that
other systems may have properties similar to those of conservation laws for material
media.

These properties are possessed by physical systems, which are described by
a system of differential equations. In real processes, the differential equations
forming such a system turn out to be inconsistent [11], as in the case of the equa-
tions of balance conservation laws. But in the presence of any degrees of freedom,
the consistency of the equations can be realized locally. In this case, the solution
to the system of equations is the differential, that is, the closed external form.
This indicates the fulfillment of the exact conservation law. The inconsistency of
the equations that form the system of equations and the implementation (in the
evolutionary process) of the local consistency of equations reveals the mechanism
of discrete transitions, quantum jumps, the emergence of various structures [11].

6. CONCLUSION

The paper has shown a connection of the conservation laws for physical fields with
the conservation laws for material media.

The conservation laws for material media are conservation laws for energy, linear
momentum, angular momentum, and mass. Such conservation laws are described
by differential equations. They establish a balance between changes in physical
quantities and external actions.

And the conservation laws for physical fields are conservation laws that state
the presence of conservative physical quantities or physical objects (structures).
Such conservation laws are described by closed exterior skew-symmetric forms.
These are exact conservation laws.

The connection of conservation laws for physical fields with conservation laws
for material media reveal the origin of physical structures corresponding to the
conservation laws for physical fields, uncover the mechanism for the generation of
physical structures, and the emergence of physical structures and observed forma-
tions (waves, vortices, turbulent pulsations).

The process of realizing physical structures reveals the mechanism for realizing
various invariant structures. This allows us to understand the origin of existing
physical objects and observed phenomena.

These results are obtained with the help of the mathematical apparatus of
skew-symmetric differential forms, which possess such unconventional elements as
nonidentical relations and degenerate transformations.
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APPENDIX: ANALYSIS OF BALANCE CONSERVATION LAW EQUATIONS ON THE
EXAMPLE OF THE EULER AND NAVIER-STOKES EQUATIONS GAS-DYNAMIC
MEDIA. EVOLUTIONARY RELATION

Let us consider the gas-dynamic media of ideal (non-viscous) and viscous gases that
are described by Euler or Navier-Stokes equations, respectively, which simulate the
conservation laws for energy, linear momentum, and mass.

Assume that the gas is a thermodynamic system in the state of local equilibrium,
that is, the following relation is fulfilled [1]:

Tds = de + pdV (A1)

where T, p and V are the temperature, the pressure, and the gas volume, s and
e are entropy and internal energy per unit of volume. (Here iy should be em-
phasized that this relation describes the state of gas particles only. That is, it
is assumed that the gas particles are in the equilibrium state, whereas the gas-
dynamic medium itself may be in the non-equilibrium state.)

Let us analyze the consistency of the equations that describe the conservation
laws for energy and linear momentum [6].

In the inertial frame of reference the equation of the conservation law for energy
can be written as

e S (A2)

where D/Dt is the total derivative with respect to time, p = 1/V and h are the
density and enthalpy of the gas, respectively.
In the case of ideal gas described by the Euler equations, we have

A1 = 0

and, in the case of viscous heat-conducting gas described the Navier—Stokes equa-

tions, expression A; can be written as
A :18 ( qi)_ﬂaT_‘_Eaui
Y0 U T pT Oz; p Oxp
Here, ¢; is the heat flux and 7; is the viscous stress tensor.
Expressing enthalpy in terms of internal energy e with the help of formula
h = e + p/p and using relation (Al), equation (A2) of the conservation law for

energy can be reduced to the form

Ds

— =A;.

Dt
Since the total derivative with respect to time is that along the trajectory, in the
accompanying frame of reference the equation of the conservation law for energy

takes the form:

s
ot

where ¢! is the coordinate along the trajectory.

=4 (A3)
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In the accompanying frame of reference, the equation of the conservation law
for linear momentum can be presented as

ds
o&v
where £ is the coordinate in the direction normal to the trajectory.

In the case of two-dimensional ideal gas, from the Euler and Navier-Stokes
equations, one can obtain the following expression for coefficient A, :

A, = G0 +u) P 1+ O
where ¢ = Ouy/0x — Ouy /0y.
In the case of viscous gas, the expression A, includes additional terms related
to viscosity and heat-conductivity. Equations (A3) and (A4) can be convoluted

into the relation

= A, (A4)

ds = w
where w = A,d&" is the first-degree skew-symmetric differential form and p =
1, v. Since the equations of conservation laws are evolutionary ones, the relation
obtained is also an evolutionary relation. In this case, the skew-symmetric form w
is also an evolutionary one.
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