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Abstract: Extrapolation of band-limited signals gained scientific attention over the last 60 years. The 

famous methods: Gerchberg-Papoulis algorithm, Prolate spheroidal wave functions (PSWFs), and 

sinc interpolation—they all promise excellent results. But when it comes to their practical implemen-

tation, users may find themselves struggling with many unanswered questions. Especially PSWFs 

became viewed as mysterious. They are hard to compute and even harder to apply. In theory they 

promise excellent extrapolation capabilities—something which is contrary to our intuition. This par-

adox is resolved if we admit that the real-world data contain noise. In this paper we review the above-

mentioned methods and try to provide a brief assessment of their capabilities by considering the 

effects of noise and the length of signal observation.  
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1 INTRODUCTION 

The signals being processed in real life are always measured in a finite time interval. Band-limited 

signal extrapolation refers to the process of obtaining signal waveform outside this interval. For this 

purpose, we make use of the known samples and an information about the band-limit of the signal. 

There had been several important milestones in the history of band-limited extrapolation. One of the 

first algorithms was the famous Gerchberg-Papoulis (GP) iterative process [1], which alternates be-

tween band-limiting and time-limiting operations. This was preceded by a series of papers from 

Slepian and Landau, beginning with the introduction of PSWFs [2], and followed by their discrete 

versions—Discrete prolate spheroidal sequences (DPSS’s) [3]—which seem to be the ultimate tool 

for the signal recovery from its discrete samples. However, they received relatively small attention 

over the last decades. The majority of researchers drifted back towards the iterative methods, such 

as in the paper [4]. 

This paper aims to offer a good insight into the band-limited extrapolation by avoiding unnecessarily 

complicated notation. Hopefully, it provides a foothold for easy implementation, e.g., in MATLAB. 

The article is divided as follows. At first, in Section 2 we recall some of the fundamental facts con-

cerning the band-limited extrapolation. We also discuss the differences between continuous and dis-

crete formulations of the problem, as they have a major impact on the subsequent implementation of 

the reconstruction algorithm and its computational complexity. Section 3 is devoted to numerical 

experiments. We show examples which demonstrate how both the length of the observed data, and 

the level of noise affect the quality of the extrapolated signal. From this comparison it becomes clear 

that the excellent results, such as [5], are rather exaggerated—they do not translate into practical 

digital signal processing (DSP), since they were achieved in the absence of noise. 

2 THEORY 

A continuous signal 𝑓(𝑡) is related to its spectrum 𝐹(𝜔) by the Fourier transform 

 𝐹(𝜔) = ∫ 𝑓(𝑡)e−j𝜔𝑡d𝑡
 ∞

−∞

, (1) 
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where 𝑡 denotes time and 𝜔 stands for the angular frequency. Signals whose spectrum is of the form 

 𝐹(𝜔) = 0, for |𝜔| > Ω, (2) 

are called band-limited, with band-limit Ω. According to the famous Shannon-Nyquist sampling the-

orem, any band-limited signal 𝑓(𝑡) can be perfectly represented by its discrete samples for all values 

of the continuous time, 𝑡, using the formula 

 𝑓(𝑡) = ∑ 𝑓(𝑘𝑇𝑠)

∞

𝑘=−∞

sinπ(𝑡/𝑇s − 𝑘)

π(𝑡/𝑇s − 𝑘)
, for 0 < 𝑇s <

π

Ω
 . (3) 

Nonetheless, if we have only a finite number of samples, perfect reconstruction is no longer possible. 

The situation in which we sample more densely than with 𝑇s = π/Ω is referred to as oversampling. 

As a result, the samples exhibit redundancy and contain hidden information invaluable for the band-

limited extrapolation. Without oversampling, this form of extrapolation would not be possible [6]. 

2.1 CONTINUOUS VS. DISCRETE FORMULATION OF THE PROBLEM 

We understand that a new researcher might be confused with the spectrum of proposed methods and 

formulations of the problem which occur in the literature. Some scientists are purely interested in the 

analysis of continuous problems—thought, it is hard to imagine how could these ideas be reliably 

employed in the practical DSP. Ignoring this, they devise methods to solve the continuous problem 

and discretize the resulting algorithms only at the point when it comes to its implementation. A com-

mon practice is to select a number of functions (e.g., complex exponentials, spherical Bessel func-

tions, PSWFs, etc.) and use them for the interpolation of the known samples. Furthermore, these 

models require some additional variables—the number of functions used and their parameters, which 

are often selected by the rule of thumb.  

Even our attention had been initially deflected from the discrete statement of the problem, since the 

continuous formulation is prevalent. The use of the aforementioned functions lacks its justification 

as their orthogonality does not hold for a finite number of their discrete samples. We believe that the 

most important step towards a successful implementation is the correct statement of the problem 

being solved. We start by showing that the problem we are dealing with becomes finite-dimensional 

naturally, and we implement the algorithm without the artificial selection of interpolating functions. 

2.2 GERCHBERG-PAPOULIS ITERATIVE METHOD FOR RECONSTRUCTION 

The paper [1] in which Papoulis analyses Gerchberg’s algorithm defines it using time-limiting and 

band-limiting operators, 𝐷 and 𝐵, respectively. To demonstrate how the problem reduces to finite-

dimensional, we rewrite the algorithm explicitly. The iteration starts with the discrete signal which 

is represented by the sequence of Dirac pulses 

 𝑔0(𝑡) = ∑ 𝑓(𝑘𝑇s)𝛿(𝑡 − 𝑘𝑇s)

𝐾

𝑘=−𝐾

 . (4) 

(It is expected here that 𝑁 = 2𝐾 + 1 samples are known.) The band-limiting operation, 𝐵, smooths 

Dirac pulses into sinc functions. Hence, after the first iteration the signal is of the form 

 𝑔1(𝑡) = ∑ 𝑓(𝑘𝑇s)
sinΩ(𝑡 − 𝑘𝑇s)

π(𝑡 − 𝑘𝑇s)

𝐾

𝑘=−𝐾

 . (5) 

Then further the iteration follows 

 𝑔𝑚(𝑡) = 𝑔𝑚−1(𝑡) + ∑ [𝑓(𝑘𝑇s) − 𝑔𝑚−1(𝑘𝑇s)]
sinΩ(𝑡 − 𝑘𝑇s)

π(𝑡 − 𝑘𝑇s)

𝐾

𝑘=−𝐾

 . (6) 

At each iteration, a difference is computed from the known samples of the original signal and its 

approximation. Then a band-limiting operation is applied to this differential signal—this all is repre-

sented by the sum on the right-hand side of (6). It becomes clear that, by induction, each GP iteration 

is of the form 
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 𝑔𝑚(𝑡) = ∑ 𝑏𝑚(𝑘)
sinΩ(𝑡 − 𝑘𝑇s)

π(𝑡 − 𝑘𝑇s)

𝐾

𝑘=−𝐾

 . (7) 

This means that the amplitudes of 𝑁 sinc functions change, but their positions in time do not. This is 

vital for practical implementation, because the problem which originally seemed to be infinite-di-

mensional is indeed of finite dimensions. We were originally seeking a continuous signal which ex-

trapolates our data, but now we only have to find 𝑁 numbers stored in the vector  

 �⃗� = [𝑏(−𝐾) 𝑏(1 − 𝐾) 𝑏(2 − 𝐾) ⋯ 𝑏(𝐾)]T, (8) 

where the ‘T’ stands for the matrix transpose. As the iteration number goes to infinity, 𝑚 → ∞, we 

end up with the amplitudes, �⃗� , which satisfy 

 𝑔 0 = 𝐒�⃗� . (9) 

Here  𝑔 0 = [𝑓(−𝐾𝑇s) 𝑓(𝑇s − 𝐾𝑇s) 𝑓(2𝑇s − 𝐾𝑇s) ⋯ 𝑓(𝐾𝑇s)]
T denotes the vector of known 

signal samples, and the elements of the matrix 𝐒, in 𝑘th row and 𝑙th column, are given by 

 𝑠𝑘,𝑙 =
sinΩ(𝑘 − 𝑙)𝑇s

π(𝑘 − 𝑙)𝑇s
  ,   𝑘, 𝑙 = −𝐾, 1 − 𝐾, 2 − 𝐾,… , 𝐾. (10) 

The iterative algorithm requires large computational efforts—as we get closer to the solution, the rate 

of convergence decreases. As demonstrated in [7], the algorithm is in fact nothing more than the 

method of steepest descend, which is notorious for its poor convergence due to “zig-zagging” when 

minimizing the error functional. The problem may be solved via accelerated GP algorithm [8], or by 

matrix inversion. 

2.3 RECONSTRUCTION BY INVERSION OF SINC MATRIX 

Matrix inversion is the direct approach of solving (9). The calculations become numerically instable 

as the number of samples, 𝑁, increase. To make the inverse feasible, application of Tikhonov regu-

larization (ridge regression) [9] is vital. Note that our approach is less extensive than the typical 

implementation of one-step GP algorithm [10] as we do not use complex exponentials. By induction 

in Section 2.2 we effectively avoided the computations which would otherwise involve complex 

numbers. 

2.4 RECONSTRUCTION USING SLEPIAN SEQUENCES 

We saw that the two previous methods solve a matrix inversion. If we have many samples, the matrix 

is large. Therefore, both methods pose a large computational burden. A method of solving the inver-

sion which avoids extensive computations relies on DPSS’s—also referred to as Slepian sequences 

[3]. They are defined as the eigenvectors of the above-mentioned matrix 𝐒 containing sinc functions. 

Having these sequences precomputed in the memory, we can use them to recover the extrapolated 

signal needing only two matrix multiplications—one to obtain the vector of their coefficients,  𝑎 , and 

a second one to use them for the evaluation of the extrapolated signal at desired time instants. This 

also simplifies the application of Tikhonov regularisation. Having limited space, we refer the inter-

ested reader to our previous work [11], which deals with the details of this approach. 

2.5 REGULARISATION 

If a form of noise is present, all three above-mentioned methods should avoid perfect interpolation 

in order to achieve a stable extrapolation. In some scientific field this would be referred to as avoiding 

the “overfitting” or the “blow-up problem”. To accomplish regularisation, we may use the noise var-

iance 𝜎2 to stop the GP process once the quadratic error evaluated over the known samples drops to 

 (𝑔 0 − 𝐒�⃗� )
T
⋅ (𝑔 0 − 𝐒�⃗� ) ≤ 𝐾𝜎2. (11) 

This is known as the Morozov discrepancy principle [7]. It may be used for Tikhonov regularisation 

of the matrix inversion—or of the method using DPSS’s—and we do so in the following section.  
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3 NUMERICAL EXPERIMENT 

We already demonstrated the importance of band-limit in paper [11]; now we want to focus on the 

effects of different noise levels and lengths of the observation interval. The signal (12) was selected 

in accordance with the paper of Devasia [5], see Figure 1 (blue). 

 𝑓(𝑡) = sin(π𝑡) cos(3π𝑡) e−2𝑡2+3𝑡 + 0.5[sin(5π𝑡) − cos(7π𝑡)] (12) 

In a strictly mathematical sense, the signal (12) is not band-limited; it contains two modulated Gauss-

ian functions. It is, however, essentially band-limited for Ω = 8π rad/s. The signal was sampled with 

sampling period 𝑇s = 0.1 s in the intervals denoted by the dashed black lines in Figure 1. Gaussian 

noise with standard deviation 𝜎 of values 10−2, 10−4 and 10−6 was added during the sampling. This 

simulates various sources of uncertainty, such as the errors induced by the A/D converters. Selected 

values roughly cover the most widely used converters—the range between 6 bits and 20 bits.  

 

Figure 1: The signal and its reconstruction at different noise levels and lengths of the observed 

interval (intervals are denoted by the black dashed lines). 

Figure 1 shows something that is not typically seen in the literature. If a signal is too noisy, observing 

it over a longer period of time provides negligible enhancement of its extrapolation—all extrapola-

tions constructed at 𝜎 = 0.1 (red) are essentially the same if we speak about their right-hand side. 

The situation becomes somewhat more favourable as we decrease the noise level. All three figures 

show improvements for 𝜎 = 10−4 (yellow), and a noticeable dependence on the length of observed 

data occurs when 𝜎 decreases to 10−6 (magenta). In such a case, longer time of observation leads to 

better extrapolability. The extrapolated part of a signal may be conveniently used, e.g., for evaluation 

of the signal derivatives at the edge of the observation interval. Normally, they would have to be 

computed using the less accurate finite differences of the last few samples. 
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4 CONCLUSION 

We have briefly summarized the most common implementations of band-limited signal extrapola-

tion. We alluded to the continuous formulation of the extrapolation with its disadvantages and fo-

cused mainly on the discrete formulation. We conclude that it is more suitable for implementation in 

the DSP. To avoid the algorithm’s susceptibility to noise, we have applied Tikhonov regularization 

with its parameter selected according to Morozov’s discrepancy principle. 

Using a numerical example we demonstrated the results originally predicted by Landau [6]. The most 

important conclusion is the inevitable fact that if we are extrapolating signal from its noisy samples, 

then there is a limit to which we can improve the extrapolation of a signal by increasing the length 

of its observation. For higher noise levels, the size of the matrix to be inverted can be significantly 

reduced. This is safely achieved by dropping off the past samples and incorporating only those which 

are in a reasonable proximity of the point from which we are aiming to extrapolate. This is vital for 

the optimization of the extrapolation algorithm, should it run in a real time application. 
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