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Abstract: The least squares (LS) type of methods are the most widely used methods in system iden-
tification despite their obvious imperfection. Such methods use a regressor, that is supposed not to
contain any error, notwithstanding that it is constructed from measured data. This can be solved by
using the total least squares (TLS) type of methods. Derivation of both batch and recursive methods
of LS and TLS for identification and their practical comparison is presented in this paper.
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1 INTRODUCTION

The problem with error in variables is shown to be inherent for all system identification processes [?].
The least squares type of methods are thus not generally applicable and should be used with cau-
tion [?]. On the other hand total least squares type of identification methods does not suffer from this
drawback. This article will describe batch and recursive system identification methods using LS and
TLS. Derived algorithms are implemented in hardware in the loop system and the identified models
are compared based on Akaike and Bayes information criteria [?, ?].

2 IDENTIFIED SYSTEM

Let us consider a linear system described by

y = hT
θ, (1)

where θ ∈Rn is the column vector of unknown and identified parameters, h ∈Rn is regression vector
and y ∈ R is system output scalar value.

Since this linear system can be used to describe linear differential equation of n
2 -th order, it is suitable

as model of real linear, time invariant, SISO system.

y(t) = h(t)T
θ = u(t−1)b1 +u(t−2)b2 + · · ·+u(t−n)bn +y(t−1)a1 +y(t−2)a2 + · · ·+y(t−n)an,

(2)
where u(t− n

2) is t-th input value delayed by n
2 sample periods. In such case, following substitutions

are assumed

h(t) =
[
u(t−1), u(t−2), . . . , u(t− n

2), y(t−1), y(t−2), . . . , y(t− n
2)
]T

θ = [b1, b2, . . . , bn, a1, a2, . . . , an]
T

(3)

The target of identification is to find such parameters θ, that the difference between model output and
measured data is in some sense minimal.
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3 LEAST SQUARES IDENTIFICATION

Let us assume, that measured output of system ỹ(t) consists of true output value y(t) and error ey(t).
Let us further assume, that the error is random and has character of normally distributed white noise
with zero mean and unknown variance σy. Measured data for least squares (LS) are thus expected to
be generated by following model

ỹ(t) = y(t)+ ey(t) = h(t)T
θ+ ey(t) ; ey ∼N (0,σy) (4)

Batch of measured data can be described by

ỹ = Hθ+ ey(t), (5)

where [ỹ(t), ỹ(t +1), . . . , ỹ(t + k)]T = ỹ ∈ Rk and
[
h(t), h(t +1), . . . , h(t + k)

]T
= H ∈ Rk×n is vec-

tor of measured output data and matrix consisting of known regressors, respectivel. k is number of
measurements. This equation in general defines overdetermined system of equations. Least squares
identification tries to find such θ̂, so that the square of the difference between measured outputs ỹ and
Hθ̂ is minimal.

min
θ̂

J(θ̂) = min
θ̂

‖ỹ−Hθ̂‖2 (6)

Minima of optimization function J(θ̂) can be shown to be in,

θ̂ =
(

HT H
)−1

HT ỹ. (7)

4 TOTAL LEAST SQUARES IDENTIFICATION

Total least squares identification can be explained as an extension of the least squares identification,
where the noise, or more generally error, is expected not only on the output variable but also on the
regressor.

This consideration is more fitting to our case, because regressor h in equation (??) consist of the
delayed measured data ỹ(t) as shown in equation (??). It also consists of input data ũ(t), which can
be also expected to be corrupted with error, for example due to instrumentation or human error.

For this reasons, measured data for total least squares (TLS) are expected to be generated by

ỹ(t) = h̃(t)T
θ+ ey(t) =

(
h(t)+ eh(t)

)T
θ+ ey(t) ; ey ∼N (0,σy) ; eh ∼N (0,Σh), (8)

where h̃(t) is regression vector h burdened by noise eh ∈ Rn. This noise is vector of normally dis-
tributed white noise variables with zero mean. Variance matrix Σh will be in this article considered to
be diagonal but otherwise unknown. Batch of measured data can be described by

ỹ = H̃θ+ ey(t) (9)

This equation again defines in general overdetermined system. It was proved in [?], that LS optimiza-
tion criteria can be generalized to

J(θ̂) = min
θ̂

[
θ̂T , −1

]([
H̃, ỹ

][
H̃, ỹ

]T
)[

θ̂T , −1
]T

[
θ̂T , −1

]
D
[
θ̂T , −1

]T = min
θ̂

Θ
(
ΦT Φ

)
ΘT

ΘDΘT , (10)

which for diagonal D =
(

0
1

)
∈ Rn+1×n+1 is equal to equation (??) and for D = In+1 defines opti-

mization criteria for TLS.
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The minimum of this criteria is, as suggested by the similarity of equation (??) to Reyleigh quotient,
first n elements of the eigenvector corresponding to the smallest eigenvalue of the Φ normalized such
that the last element vn+1 is equal to −1.

Φ = UΣVT = UΣ [v, v2, . . . , vn, v]T (11)

v =
[
v1, v2, . . . , vn+1

]T (12)

θ̂ =
− [v1, v2, . . . , vn]

T

vn+1
(13)

5 RECURSIVE LEAST SQUARES

The recursive least squares formulas are simple to derive from equation (??). For detailed description
refer to [?]. Derived formulas are directly usable as recursive algorithm

P(t) = P(t−1)−
P(t−1)

(
h(t)h(t)T

)
P(t−1)

1+h(t)T P(t−1)h(t)
(14)

k(t) = P(t)h(t) (15)

ε(t) = ỹ(t)−h(t)T
θ̂ (16)

θ̂(t) = θ̂(t)+k(t)ε(t), (17)

where ε(t) is prediction error and K(t) is gain factor. Although this algorithm can be further optimized
for less arithmetic operations, this form is best for comparison with recursive TLS algorithm described
in next section.

6 RECURSIVE TOTAL LEAST SQUARES

In contrast with RLS, the RTLS is not directly derivable from equations (??)-(??), because of the
dependency on SVD. In order to derive recursive total least squares, one can find a way to compute
TLS without SVD. This is not a major issue, since SVD is only used to find eigenvector corresponding
to the smallest eigenvalue, which can be computed in many different ways. One of such methods is
inverse iteration [?]

v(t) =
([

H̃, ỹ
][

H̃, ỹ
]T
)−1

v(t−1) = Pv(t−1) (18)

v(t) =
−v(t)

vn+1(t)
, (19)

which is iterative by definition. Although this method computes v for given P, there are no draw-
backs to update P with new data ỹ(t), h̃(t) after each iteration, resulting in recursive algorithm. This
alteration combined with extraction of θ̂(t) from v(t) results in RTLS algorithm.

v(t−1) =
[
θ̂(t−1)T , −1

]T
(20)

P(t) = P(t−1)−
P(t−1)

([
h̃(t)T , ỹ(t)

]T [
h̃(t)T , ỹ(t)

])
P(t−1)

1+
[
h̃(t)T , ỹ(t)

]
P(t−1)

[
h̃(t)T , ỹ(t)

]T (21)

v(t) = P(t)v(t−1) (22)

θ̂(t) =
− [v1(t), v2(t), . . . , vn(t)]

T

vn+1(t)
(23)
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7 VALIDATION

Both methods has to be validated and the results compared. To avoid comparison bias by author,
Akaike and Bayes information criteria has been selected as cross-validation method

AIC = 2n−2ln(L̂) (24)

BIC = n ln(k)−2ln(L̂), (25)

where n is number of identified parameters, k is number of observations and L̂ = p
(
ỹ|θ̂,M

)
is like-

lihood of the model M. Since data is generated by the same model, comparison is also based on the
same model. Model from equation (??) has been selected. Log-likelihood is computed as

ln(L̂) =−n
2 ln(2π)−n ln(σy)−

1
2σ2

y

k

∑
i=1

(
h(i)T

θ̂− ỹ(i)
)2
. (26)

Since log-likelihood formula requires knowledge of variance σy, only proportional part
−∑

k
i=1
(
h(i)T θ̂− ỹ(i)

)2
of the formula is used, which has no effect on comparison of the models.

8 EXPERIMENT

Both methods are implemented and tested on hardware in the loop configuration. The computational
part is implemented in MATLAB Simulink, inputs and outputs are provided by X20 CP 0484 B&R
PLC with 13bit input and output expansion cards. Identified hardware is a configurable RLC array
configured to a stable, underdamped linear system.

Figure 1: Configuration of experiment
workplace. The PLC is in the upper part of the

picture, and the RLC array is in the lower portion.

The experiment consists of four steps. The first
step is data acquisition, the second step is data
separation, the third step is the identification and
the fourth is cross-validation of identified mod-
els.

Data were acquired with a 1ms sample rate, the
input signal is PRBS. A combination of the in-
put and output quantization effect and nonlinear-
ities of the RLC array is expected to introduce
enough noise to the data.

Acquired data are resampled to 20ms, 50ms, and
100ms, and each of the data sets is identified
separately. The first 3s of acquired data, shown
in figure 2(a), containing part of one transition,
is used to find prior θ̂0 and P0 using a nonit-
erative algorithm. This assures, that none of
the compared methods is penalized by prior as-
sumptions. The next 150s of the data is used for
iterative identification. The remaining 500s of
the measured data are used for cross-validation.

9 RESULTS

As noticeable from figure 2(a), both methods resulted in a model satisfactory fitting to measured data.
Plotting θ̂(t) also proved, that RTLS converges faster. This is visualized in 2(b).
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In theory, the result of TLS identification should be more resilient to input and output noise, which
should be proved by AIC and BIC. As apparent from ??, this is proved to be true, since all of the
information criteria are smaller for TLS compared to LS.
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Figure 2(a): Fit of identified models on first 3s of
data for 100ms sample rate.
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Figure 2(b): Convergence of 4th element of θ̂(t) for
10ms sample rate.

T [ms] AICLS [−] AICT LS [−] BICLS [−] BICT LS [−]
100 10.45 10.399 49.731 49.681
50 5.4134 -5.5867 48.856 37.856
20 10.676 7.563 59.617 56.504
10 9.957 9.9184 63.057 63.019

Table 1: Cross-validation results using Akaike and Bayes information criteria.

10 CONCLUSION

Error in variables is a drawback of least squares type of identification methods, which according to
theory and presented experiment leads to worse identified model. This is confirmed by both AIC and
BIC of identified system, as presented in table ??. This table is the result of a practical experiment
implementing derived batch and recursive identification algorithms in hardware in the loop configu-
ration.

Further research could be dedicated to deriving likelihood function for model defined in equation (??),
deriving less computation heavy algorithms or generalizing TLS identification method to models with
specific nonlinearities.
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