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Summary
Numerical simulations have become an indispensable part of the design process in nanophotonics,
which inevitably led to the development of specialized software dedicated to this task. Although
there is a number of capable and commercially available options that can serve that purpose, many
applications require data analysis that goes beyond the standardly offered analysis tools. The data
post-processing lies at the focus of this thesis, with emphasis on the development of semianalytical
models that are tailored specifically to each type of experiment, providing better insight into its
physical background and improved agreement between theory and measurements. A major part of
the thesis is dedicated to the plasmon enhanced electron paramagnetic resonance (PE EPR), a novel
technique employing metallic antennas for enhancing the interaction between light and materials
exhibiting magnetic spin transitions. Fundamental principles of this effect are laid down and a model
facilitating rapid optimization of antenna arrays for thin film PE EPR spectroscopy is presented.
Particular attention is paid to the current distribution and to advantages it offers when dealing with
far-field projections and electromagnetic interaction between objects. This is further demonstrated on
several applications, namely the phase imaging of metasurfaces using coherence controlled holographic
microscope, the design of a metasurface-based fan-out element, and the multipolar analysis of far-fields
generated by objects embedded within stratified media.

Abstrakt
Numerické simulace se staly ned́ılnou součást́ı procesu navrhováńı v nanofotonice, což nevyhnutelně
vedlo k vývoji softwaru specializovaného pro tento úkol. Ačkoli je zde celá řada komerčně dos-
tupných produkt̊u, mnohé aplikace vyžaduj́ı datovou analýzu, která překračuje standardńı výbavu
těchto nástroj̊u. Zpracováńı výsledk̊u simulaćı je těžǐstěm této práce, kdy d̊uraz je kladen zejména na
vývoj semianalytických model̊u ušitých na mı́ru jednotlivým experiment̊um. Spolu s lepš́ı shodou mezi
teoríı a měřeńımi tyto modely poskytuj́ı také cenný vhled do studovaných fyzikálńıch proces̊u. Hlavńı
část této práce je věnována plazmonicky ześılené elektronové paramagnetické rezonanci (PE EPR),
nové metodě využ́ıvaj́ıćı kovové antény pro ześıleńı interakce mezi zářeńım a materiály s magnetickými
přechody mezi spinovými stavy. Jsou zde objasněny základńı principy ř́ıd́ıćı tento jev a představen
model umožňuj́ıćı rychlou optimalizaci poĺı antén pro PE EPR spektroskopii tenkých vrstev. Zvláštńı
pozornost je pak věnována roli indukovaného proudu a možnostem, které nab́ıźı při projekćıch do
dalekého pole nebo poč́ıtáńı elektromagnetické interakce mezi objekty. Toto je dále demonstrováno
na několika aplikaćıch, jmenovitě fázovém zobrazováńı metapovrch̊u pomoćı koherenćı ř́ızeného holo-
grafického mikroskopu, designu optického prvku pro generováńı pole svazk̊u na bázi metapovrchu a
multipólové analýze elektromagnetických vln emitovaných objekty nacházej́ıćımi se uvnitř multivrstvy.
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INTRODUCTION

Introduction
In recent years, numerical simulations have gradually become an integral part of the research in the
fields of plasmonics and nanophotonics. An easy access to powerful computer clusters and availability
of versatile simulation software spearheaded the progress in many areas ranging from metasurfaces and
non-linear optics to light-matter interaction in 2D materials and various photonic devices. Systems
that were previously considered to be too complex and impractical to simulate numerically can be
nowadays tackled almost effortlessly. This was mostly facilitated by the rapid upsizing of the com-
putation resources and the development of simulation software with specialized functionalities going
beyond the ordinary scenario of calculating the field in the vicinity of a single particle illuminated by
a plane wave.

This thesis strives to supplement this territory of advanced simulation analysis with a concept that
relies on the current distribution induced within simulated objects rather than the fields generated
by it. It should be stressed that this approach is by no means groundbreaking or overly innovative,
but the author believes that it might be worthwhile to point out its advantages to the scientific
community. Namely that the current distribution is better suited for the far-field radiation analysis
and it is also more handy for the task of calculating the response of systems that cannot be fitted
into a single simulation (e.g. large area metasurfaces or finite antenna arrays). Considering the fact
that many of the measurements performed within our research group take place in the far-field and
involve antenna arrays, the pursuit of this alternative approach seems to be relevant. Even though its
implementation goes inevitably hand in hand with a substantial amount of programming, it also means
that the resulting analysis procedures can be easily modified to suit the various situations one might
encounter. In this way, we are gradually building at our institute a superstructure of methods that use
the results provided by commercially available simulation software to calculate quantities that better
reflect the experimental configuration and other aspects of our measurements. This effort to develop
models that go beyond the standard analysis tools offered by the current versions of simulation software
is essentially the common denominator of all the various research topics presented in this thesis and
its title aims to highlight this fact.

To illustrate the benefits of using the current distribution instead of the electric field, let us review
the standard procedure for calculating the far-field projections in software like Lumerical FDTD or
Comsol. Using the method of stationary phase [1], it can be shown that the electromagnetic wave
emitted by a set of spatially confined sources is, at sufficiently large distances, polarized perpendicularly
to its propagation direction and it can be directly linked to the angular spectrum representation [2] of
the fields near the sources. Setting the source region close to the origin of the coordinate system and
denoting ~s = (sx, sy, sz) = (xr ,

y
r ,

z
r ) the unit vector spanning all the possible scattering directions, the

electric field at the distance r from the origin then reads

~EFF(sx, sy) = −2πi ksz
eikr

r
~E(sxk, syk, 0), (I.1)

where k designates the wavenumber and ~E(qx, qy, 0) stands for the Fourier representation of the fields
within the z = 0 plane. Note that throughout this thesis, we employ the following definition of the
spatial Fourier transform

~E(~q, z) =
1

4π2

∫∞∫
−∞

d~r 2
‖ e
−i~q·~r‖ ~E(~r‖, z), (I.2)

~E(~r‖, z) =

∫∞∫
−∞

d~q 2 ei~q·~r‖ ~E(~q, z), (I.3)
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INTRODUCTION

with ~r‖ and ~q denoting the lateral spatial coordinates and frequencies, respectively.
Generally, the fields generated by the sources extend over a large area (depending on the presence

of a substrate and other factors), the simulation region is, however, usually limited—at least in the
case of the widely used finite difference time domain (FDTD) and finite element (FEM) methods.
That inevitably leads to a cutoff in the integration over the spatial coordinates during the evaluation
of the above Fourier transform. Assuming the simulation region has the shape of a cube with a side
L, the Fourier representation of the fields captured within the simulation reads

~Esim(~q, z) =
1

4π2

∫∫
Ωsim

d~r 2
‖ e
−i~q·~r‖ ~E(~r‖, z) =

1

4π2

∫∞∫
−∞

d~r 2
‖ e
−i~q·~r‖ rect

(
x

L

)
rect

(
x

L

)
~E(~r‖, z), (I.4)

where the rectangular function rect(x) is defined as

rect(x) =

{
1 : |x| ≤ 1

2

0 : |x| > 1
2

. (I.5)

Recalling that the rectangular function forms a Fourier pair with the sinc function (sinus cardinalis)

1

2π

∞∫
−∞

dx e−iqx rect

(
x

L

)
=

1

2π

L
2∫

−L
2

dx e−iqx =
L

2π
sinc

(
qL

2

)
(I.6)

we find that the Fourier transform calculated from the fields enclosed within the spatially limited
simulation region amounts to the convolution of the actual Fourier transform with the sinc function

~Esim(~q, z) =
1

4π2

∫∞∫
−∞

d~r 2
‖

∫∞∫
−∞

d~q ′2 e−i(~q−~q ′)·~r‖ ~E(~q ′, z) rect

(
x

L

)
rect

(
y

L

)
=

=

∫∞∫
−∞

d~q ′2
L2

4π2
sinc

[
(qx − q′x)

L

2

]
sinc

[
(qy − q′y)

L

2

]
~E(~q ′, z). (I.7)

As a consequence, the angular spectrum becomes plagued by artificial ripples that increase in
magnitude as we shrink the simulation region. The only remedy is to make it large enough so that
it covers the entire area where the fields are appreciable. Naturally, that is accompanied by longer
simulation times and higher memory requirements.

The current distribution, on the other hand, is not vexed by this issue, since it is strictly confined
to the simulated object and the finite size of the simulation region entails in that respect no loss of
data. Invoking the Green’s function formalism [2], the electric field genereated by the object can be
written as

~E(~r ) =

∫
V

d~r ′3 G~

~

(~r, ~r ′) ~P (~r ′), (I.8)

where the dyadic Green’s function G~

~

(~r, ~r ′) fully describes the electric field created by a point source
at every position in space and ~P (~r ′) stands for the polarization currents induced within the object.
Assuming translational invariance of the environment hosting our object along the lateral spatial
coordinates (that covers the majority of situations we encounter in our experiments), the convolution
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INTRODUCTION

of the dyadic Green’s function with the current distribution translates into a simple product between
their respective Fourier transforms in the reciprocal space

~E(~q, z) = 4π2

∫
dz′ G~

~

(~q, z, z′) ~P (~q, z′). (I.9)

As we have stated above, the current distribution is not affected—in contrast to the electric field—by
the cutoff at the simulation region boundary and its Fourier representation is, therefore, devoid of
any undesired artefacts. Note that this improvement in accuraccy with which one can calculate the
far-fields generated by an object comes at the price of a more complex procedure that also requires
the knowledge of the dyadic Green’s function and its angular spectrum representation. Fortunately,
the most common and relevant case of a multilayer substrate with parallel planar interfaces belongs
to the list of situations in which these quantities are known and happen to posses a tractable form.

It is perhaps questionable, whether the increased precision in far-field calculations can be perceived
as a sufficient incentive to use this elaborate procedure. Putting aside the fact that the simulation
regions can be made smaller (which also leads to shorter simulation times), our concept relying on
currents enables the user to evaluate quantities that are inaccessible with the standard approach. As
an example, we can think of a situation, in which the simulation region contains several mutually
interacting objects and we would like to investigate them separately. The fields generated by the
individual objects are mixed together and they cannot be decoupled, unlike the current distributions
which are totally independent entities. That allows us to evaluate not only the far-field pattern for
each object separately, but also the near-field or any other imaginable quantity. In fact, we use this
feature in Section 2.3 to calculate the multipole expansion of Babinet dimers, i.e. a sandwich structures
consisting of two Babinet-complementary antennas (in this case a diabolo antenna and an aperture of
the same shape).

Another benefit derived from working with the current distribution is its easy handling when it
comes to calculations involving large arrays of interacting antennas that cannot be fitted into a single
simulation (e.g. due to an unfeasible memory requirements). For example, in our earlier study on
the phase measurements of plasmonic metasurfaces using coherence controlled holographic microscopy
(see Section 2.1 and the full article in Attachments), we approximated arrays of metallic discs by a
set of electric point dipoles with moments proportionate to the integral over the current distribution
induced within those discs. For larger structures, such as the titanium dioxide pillars often encountered
in dielectric metasurfaces, this simplification becomes inadequate and it is necessary to use the full
distribution.

This class of systems, i.e. dense arrays of strongly interacting structures, reveals yet another
advantage offered by the approach we try to promote here: if we simulate a small finite array of
identical objects (let us say 3 × 3), but choose to illuminate only the one in the center—a standard
option provided by the widely used Lumerical FDTD Solutions—we obtain a current distribution that
fully captures the interaction of that object with its immediate neighbors. At the same time, we
suppress considerably effects arising from the disparity between the various sites within the array (the
response of objects positioned in the center of an array and on its edge are different). Furthermore, by
adding to the current distribution induced within the central object also the sum of the distributions
induced within its neighbors, we can account for the indirect excitation stemming from the illumination
of the adjacent objects (this is facilitated by the fact that all the objects are identical). In this manner,
we can fully capture the interaction between adjoining structures and by increasing the size of the
array to 5× 5, 7× 7, and so on, we can even include the interaction with the more distant relatives.
Note that the reason for using this sophisticated procedure and not the simple and straightforward
periodic boundary conditions is that the latter often leads to occurence of unrealistically sharp features
caused by the excitation of lattice resonances. In some cases, e.g. large arrays of identical antennas,
this might be desirable, but in metasurfaces, where the individual constituents usually vary in optical
properties, it is not. To put this whole concept into some perspective, we employed it during the
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INTRODUCTION

creation of a database of building blocks for dielectric metasurfaces that was subsequently utilized for
the design of a 28× 28 beam fan-out element. The theoretical results of this project pursued together
with the Czech company Meopta are briefly outlined in Section 2.2.

Last but not least, current distributions played a crucial role also in our study of the plasmon
enhanced electron paramagnetic resonance (EPR) that actually represents the bulk of this thesis (see
Chapter 1) and that happens to be a part of an H2020 FET project dedicated to the development of a
novel, spatially resolved technique for material analysis combining plasmonics, atomic force microscopy
and EPR (https://www.peter-instruments.eu). Putting aside the various models developed for
the purpose of elucidating the fundamental mechanisms governing this effect, the practical calculations
aimed at finding the optimal antenna array design for EPR spectroscopy relied heavily on the concept
of current distribution—not only for the purpose of characterizing the far-field response of antenna
arrays, but more importantly, it served as a groundwork for a model we developed to account for the
interaction between antennas that allowed us to avoid time demanding simulations of large arrays and
to perform rapid optimization over several array and substrate parameters.

Regarding the amount of credit the author can take for the work presented in this thesis, the entire
main body (unless explicitly stated otherwise) can be attributed to him. As for the articles listed in
Attachments, the author is responsible for the calculations and to some degree also for writing of
the manuscripts. That said, it is obvious that none of that would see the light of day without the
collaboration and inspirational discussions with my colleagues and other researchers.

5
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1. Plasmon enhanced EPR
Electron paramagnetic resonance (EPR), also known as electron spin resonance (ESR), represents an
experimental technique widely used in material analysis [3, 4]. Fundamentally, it is very similar to the
more familiar nuclear magnetic resonance (NMR), as both rely on the interaction between magnetic
moments and electromagnetic radiation. They differ only in the source of the magnetic moments—
while NMR makes use of the nuclear spin, EPR exploits transitions between electron spin states. From
the practical point of view, there is, however, a substantial difference between these two techniques,
both in the instrumentation and the signal analysis. This partially stems from the fact that there
is a relatively low number of naturally occuring paramagnetic materials. This might be perceived
as a serious disadvantage, but it also opens the door to labeling techniques, where a tracer molecule
containing an electron spin center is attached to an object of interest. The spin center interacts with
its surroundings and this interaction is imprinted into the detected EPR signal, thus providing us
with information about the properties of the target object [5, 6]. Furthermore, using multiple spin
labels and their mutual interaction, one can even indirectly map the structure of complex synthetic
and biological macromolecules [7, 8]. There is an abundant variety of EPR applications spanning the
fields of physics, chemistry, biology, and even archeology, but their comprehensive overview is beyond
the scope of this thesis and we refer the reader to [9–11] for further information on this topic.

The fundamental mechanism behind EPR is the Zeeman effect: In presence of a strong static mag-
netic field, potential energy of an electron depends on the orientation of its spin angular momentum,
which ultimately leads to a splitting of electron energy levels. It can be most easily demonstrated on
the case of a single unpaired electron with two possible spin orientations given by the spin quantum
number ms = ±1

2 . Recalling that the magnetic dipole moment of an electron is anti-parallel to its spin
angular momentum and its magnitude is one Bohr magneton µB, the energy difference ∆E between
those two spin states simply reads

∆E = geµBB, (1.1)

where ge denotes the electron g-factor (ge ≈ 2 for a free electron) and B is the strength of the static
external magnetic field. Assuming the electron is initially in the state with the lower energy, it can
be promoted to the higher energy level by a photon, provided its energy matches the splitting energy
∆E. This resonant process is schematically depicted in Figure 1.1.

Figure 1.1: Splitting of an electron energy level in a static magnetic field. An electron transition can
be induced by a photon with an energy ~ω that matches the energy difference ∆E between two states
with opposite spin orientations.

Clearly, the energy of the electron transition is not fixed, but it depends on the magnitude of the
external magnetic field: the stronger is the field, the higher is the frequency of the electromagnetic
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radiation necessary to induce the transition. Measurements at high frequencies offer in general a better
resolution and sensitivity, it comes, however, at a price of increased demands on the instrumentation.
For example, standard measurements in the 10−100 GHz range require magnetic field strengths up to
3 T. In order to push the operating frequency to 1 THz, one would need a 30 T magnet. At the same
time, the issue of frequency scaling is not limited only to the magnets, but it concerns also sources,
spectrometers, resonators, and other components of the EPR machine.

In this regard, this thesis aims to investigate the potential of plasmonic antenna arrays to boost
the signal in high-field EPR measurements of thin films. Since standard single-mode cavity resonators
become too small to be manufactured in the THz spectral range, a different type of design must be
found. While there are several viable alternatives [12], including various Fabry-Perot resonators with
very high quality factors [13, 14], the design involving plasmonic antennas is appealing due to its
relative simplicity and robustness. Another promising prospect is the possibility to mount a single
plasmonic antenna on an AFM tip and build that way a scanning EPR probe, a novel concept that is
currently being developed in part by our research group.

In contrast to other spectroscopic techniques such as the surface enhanced infrared absorption
(SEIRA), where the plasmonic antennas are used to enhance the interaction between light and electric
dipoles associated with molecular bonds, we aim to improve the coupling between electromagnetic
waves and magnetic moments of electron spins, i.e. instead of antennas that exhibit strong local
electric fields, we look for designs with magnetic hotspots. There is a number of antenna types fitting
that requirement and each has its specific advantages. Crosses [15], for example, offer moderate
field enhancement with polarization independent response, split ring resonators [16] boast with an
excellent field enhancement over large area, and diabolo antennas [17] possess a very strong and
localized magnetic hotspot. In our investigation of plasmonic atennas as potential candidates for
replacing standard EPR resonators, we have decided to focus mainly on diabolo antennas since their
magnetic hotspot is relevant to the envisioned EPR scanning probe and, as it will be shown later,
they could be perspective also for large area thin film EPR spectroscopy.

Diabolo antenna consists of two large triangular wings connected by a narrow bridge, which means
current is allowed to flow freely between the two sections of the antenna, a situation that is quite
different from the perhaps more familiar concept of a bowtie antenna, where the wings are separated
by a small gap. The working principle of a diabolo antenna is illustratively depicted in Figure 1.2(a).
If an oscillating electric field is applied along the long axis of the diabolo, electrons in the wings are
forced to flow back and forth through the bridge. The narrower the bridge is, the higher is the current
density and consequently also the magnetic field around it. As indicated in Figure 1.2(b), there is
quite a number of parameters that can be tuned to achieve the optimal performance of the diabolo
antenna for a given application.

To provide the reader with some estimate of the attainable magnetic field enhancements, we
plot in Figure 1.2(c) the simulated distribution of the magnetic field within a plane 20 nm above a
single diabolo antenna with resonance at 3 THz (λ = 100µm). Its length was L = 11.4µm, height
H = 100 nm, the vertex angle of the triangular wings ϑ = 60◦, while both the length and the width
of the bridge were set to G = 500 nm and W = 200 nm, respectively. Regarding the materials, the
diabolo antenna was made of gold (fitted Drude model [18]) and placed on top of a silicon substrate with
refractive index n = 3.41. Furthermore, the structure was illuminated from the top by a plane wave at
normal incidence. As one would expect, the map of the magnetic field clearly shows a hotspot around
the bridge of the diabolo antenna, with a maximum value of the magnetic field enhancement close to
80. Even though this number may seem quite large, the volume of the hotspot is relatively small and
the overall signal enhancement for the EPR spectroscopy of thin films might be therefore comparatively
lower. On the other hand, the apparent strong localization of the hotspot could be beneficial for the
envisioned EPR microscopy. For completeness, we also show the electric field distribution of the same
antenna in Figure 1.2(d), where the dipolar character of the charge distribution with the highest field
intensity at the corners and far edges of the antenna is clearly visible. Note that the reason for plotting
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Figure 1.2: (a) The existence of a magnetic hotspot in a diabolo antenna is the result of funneling
current through a narrow bridge connecting two large electron reservoirs. (b) Various parameters of
the diabolo antenna that can be tuned to attain optimal antenna performance. (c) Magnetic field
distribution 20 nm above a diabolo antenna with a fundamental resonance at 3 THz. The magnetic
field enhancement in the hotspot reaches values up to 80 when tuned to the plasmonic resonance. (d)
Map of the z-component of the electric field reveals the dipolar character of the fundamental resonance
with a single node at the center of the antenna.

the imaginary part of Ez/E0 is the fact that right in the resonance, the driving field and the field
associated with the plasmon mode are mutually shifted in phase by π/2.

Since EPR is a spectroscopic technique, it is implicit that we need to know the response of our
plasmonic structure within a certain frequency range. Using finite-difference time-domain (FDTD)
calculations, we can simulate such a response quite efficiently. As FDTD simulations in the THz region
can be rather time-consuming, especially when the structure has small features such as the narrow
bridge in the large diabolo antenna, we decided at first to examine its behaviour in the infrared spectral
region. The simulations (see Figure 1.3) revealed that the resonant wavelength scales linearly with
the length of the diabolo antenna (similarly to a simple rod antenna). This enables us to easily tailor
the size of the diabolo to the desired operation frequency. Similar behaviour was also observed for the
maximum value of the magnetic field enhancement.

To confirm this simple linear scaling law experimentally, several antenna arrays with various nom-
inal resonance frequencies were fabricated and subsequently measured using the Fourier transform
infra-red spectroscopy (FTIR). At the same time, we also varied the array pitch to assess the effects
of inter-antenna interaction on the spectral position and quality of the resonance. Naturally, this
pressed us to run another set of simulations that would mimic the behaviour of the entire antenna ar-
ray. Working under the assumption that the response of an antenna is most affected by its immediate
neighbours and long range interaction can be neglected, we settled for simulations of a 5×5 sub-arrays,
which are computationally not too demanding and proved to be adequate for our purposes.

8



Figure 1.3: (a) Scattering cross-section spectra of diabolo antennas with lengths varying between 5
and 11µm. The simulation settings and remaining geometrical parameters [see panel (b)] were kept
the same as for the diabolo antenna shown in Figure 1.2. (c) Simulations indicate that the resonance
wavelength λres scales linearly with the antenna length L, making any adjustments to the operation
frequency quite straightforward. Extrapolation of the linear dispersion to the THz spectral range
then yields antenna length approximately 34µm for a plasmonic resonance centered at 1 THz. (d)
The maximum magnetic field enhancement also exhibits a linear dependence on the antenna length,
with projected value around 250 at the 1 THz frequency.

The experimental spectra along with the results of FDTD calculations are plotted in Figure 1.4.
Since the outputs of the measurements and simulations are different quantities (relative reflectance
vs. scattering efficiency), their comparison cannot be absolute. It does not prevent us, however,
from making some conclusions regarding the general behaviour and spectral positions of the observed
plasmonic resonances. Firstly, the linear scaling of the resonance frequency with the antenna length
was corroborated both by the experiment and the simulations of the small sub-arrays. Secondly, the
deviation of the actual resonance frequency from the nominal one depends on the array pitch (it gets
larger as the arrays become denser). This is not surprising, as the nominal frequencies were based
on single antenna simulations and the more closely are the antennas packed, the stronger is their
mutual interaction and the impact on their collective response. Nevertheless, this effect should be
taken into account when designing antenna arrays required to operate at a specific frequency. Lastly,
the simulations enabled us to identify the origin of the secondary peak that was not perceptible in the
calculations of solitary antennas and which becomes more and more pronounced as the array pitch is
decreased. It turns out that it belongs to the transverse mode of the diabolo antenna, i.e. plasmonic
oscillations perpendicular to the long axis of the diabolo. Still, in terms of its spectral position, it is
well separated from the fundamental mode and we can easily neglect it in our further analysis.

Apart from the length, one could naturally run simulation sweeps over all the remaining geometri-
cal paramaters of the diabolo antenna and various substrate and antenna materials, but without the

9



Figure 1.4: The top row panels show the measured relative reflectance of diabolo antenna arrays
designed to operate at 1 THz (a), 3 THz (b), and 10 THz (c). These nominal resonance frequencies
were determined from the linear scaling law observed for solitary antennas and shown in Figure 1.3.
The actual resonance frequencies differ from the nominal ones and the magnitude of this spectral shift
depends mainly on the array pitch, which we gradually decreased from 4 multiples of the antenna
length L to 2L and finally to 1.5L. The bottom row panels (d), (e), and (f) show the simulated
scattering efficiency (defined as the ratio of the scattering and geometrical cross-sections) of 5×5
diabolo antenna arrays with the same geometrical parameters as their counterparts in (a), (b), and
(c). Despite the substantial reduction of the array size in the simulations, the agreement with the
experimental data is very satisfactory. Note that the source employed in the FTIR spectrometer
used for the measurement was unpolarized. This is reflected also in the calculations where each of
the plotted spectra is a sum of the results obtained for two mutually orthogonal polarizations. The
appeareance of the secondary peak (that gets more pronounced as we decrease the pitch array) can
be then traced to the excitation of the diabolo antenna along its shorter axis. All the antenna arrays
were fabricated by Peter Kepič and subsequently characterized by Filip Ligmajer. The results of their
work are presented here with their permission.

knowledge which quantity should be optimized to achieve the best performance in EPR experiments,
such an effort would be rather pointless. To that end, we developed an analytical model that com-
prehensively describes the interaction between a plasmonic antenna and an EPR material and enables
us to identify the so far missing figure of merit necessary for the antenna design optimization. Before
we move on to the presentation of this model and its outputs, we need, however, to understand more
deeply the EPR process, namely the mathematical description of the interaction between electromag-
netic radiation and the electron spins. This is crucial not only for gaining a better insight into the
problem, but also for the ability to incorporate an EPR material into numerical simulations and thus
validate the findings and observations inferred from the analytical model.
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1.1. DYNAMIC PERMEABILITY MODEL OF PARAMAGNETIC MATERIALS

1.1. Dynamic permeability model of paramagnetic materials

Our intention to include EPR-active materials into electromagnetic simulations, so that we can rig-
orously assess the effect of plasmonic antennas on the strength of the EPR signal, goes hand in hand
with the necessity to introduce the magnetic interaction in a form that is compatible with the standard
tools used for optical simulations. In most of them, the dynamical permeability µ(ω) is the parameter
that carries the information about how a material responds to an external magnetic field. The EPR
community, on the other hand, works primarily with electron spins and their magnetic moments. The
two approaches can be unified, provided the collective behaviour of the spins can be described by a
macroscopic magnetization vector ~M and the response to the external magnetic field ~H is linear, i.e.
~M = χ~

~

m
~H, where χ~

~

m stands for the magnetic permeability tensor. We shall further treat the electrons
within the magnetic material as isolated so that their gyromagnetic ratio is simply γe ≈ −e/me, where
e designates the elementary charge and me stands for the electron rest mass. Even though there are
certain classes of EPR effects that are lost by making these approximations, the fundamental mecha-
nism leading to resonant absorption of electromagnetic radiation is preserved. Anyway, as our interest
lies mainly in the understanding of the basic interaction between plasmonic antennas and the spin
centers, this simplified description of their collective response is utterly sufficient for our purposes.
The influence of the plasmonic antennas on the more complex EPR effects can be in future assessed
by generalizing the findings presented in this thesis.

The time evolution of the macroscopic magnetization vector associated with the electron spins can
be phenomenologically described by the Bloch equations [10, 19]

d ~M

dt
= ~M × γe

[
~Bstat + ~Bosc(t)

]
− ~R

(
~M(t)− ~M0

)
, (1.2)

where the relaxation term ~R
(
~M(t)− ~M0

)
ensures that after switching off the perturbing time-

dependent field ~Bosc(t), the magnetization tends to some equilibrium value ~M0 given by the static
magnetic field ~Bstat. For simplicity, let us suppose that our static magnetic field is oriented along
the z-axis, while the vector of the perturbing field lies in the xy-plane, i.e. the static and the per-
turbing fields are perpendicular to each other. Moreover, we shall assume that the perturbing field
oscillates with a frequency ω and is circularly polarized with handedness determined by the sign in
the expression for By. Namely, the plus sign corresponds to the left-handed (	) and the minus sign
to the right-handed (�) circular polarization.

Bx = Bosc cosωt, (1.3)

By = ±Bosc sinωt, (1.4)

Bz = Bstat. (1.5)

With such a definition of magnetic fields, the Bloch equations read

dMx

dt
= γe (MyBz −MzBy)−

Mx

T2
, (1.6)

dMy

dt
= γe (MzBx −MxBz)−

My

T2
, (1.7)

dMz

dt
= γe (MxBy −MyBx)− Mz(t)−M0

T1
. (1.8)

Introduction of two different relaxation times T1 and T2 reflects the fact that the transverse components
of the magnetization vector (with respect to the static field) usually relax to the equilibrium at a
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1.1. DYNAMIC PERMEABILITY MODEL OF PARAMAGNETIC MATERIALS

different rate than the longitudinal one. In the stationary state, the longitudinal magnetization will
be constant so that only the transverse components will vary with time, hence

Mx = αx1 cosωt+ αx2 sinωt, (1.9)

My = αy1 cosωt+ αy2 sinωt, (1.10)

Mz = const., (1.11)

where the coefficients αx,yi are yet to be determined. After inserting all these expressions into Bloch
equations, capitalizing on the time invariance of Mz and comparing separately terms containing cosωt
and sinωt, we obtain

±αx1 = ±M0
γeBoscΩ±T

2
2

1 + Ω2
±T

2
2 + γ2

eB
2
oscT1T2

, (1.12)

±αx2 = ∓M0
γeBoscT2

1 + Ω2
±T

2
2 + γ2

eB
2
oscT1T2

, (1.13)

±αy1 = M0
γeBoscT2

1 + Ω2
±T

2
2 + γ2

eB
2
oscT1T2

, (1.14)

±αy2 = M0
γeBoscΩ±T

2
2

1 + Ω2
±T

2
2 + γ2

eB
2
oscT1T2

, (1.15)

Mz = M0
1 + Ω2

±T
2
2

1 + Ω2
±T

2
2 + γ2

eB
2
oscT1T2

, (1.16)

Ω± = ω ± ω0, (1.17)

where the Larmour frequency ω0 = γeBstat is inherently related to the energy of the magnetic transition
between the two possible spin states of our system. Note that the transition is always sensitive only
to one of the two circular polarization states. Which one depends on the orientation of the static
magnetic field ~Bstat. If it points in the positive direction of the z-axis, the transition is induced by
the left-handed polarization (keep in mind that γe < 0), while for the opposite orientation, it is the
right-handed polarization that is being absorbed by the magnetic material.

As we are looking for a complex anisotropic tensor ξ~

~

that would allow us to link the magnetiza-
tion and the perturbing magnetic field by a simple linear constitutive relation ~M = ξ~

~

~B, it will be
more convenient to switch to complex notation and work with expressions that describe the system’s
response to linearly polarized perturbing fields instead of the circularly polarized ones. Let us start
with a perturbing magnetic field polarized along the x-axis, ~Bosc = BoscRe

{
e−iωt

}
x̂, where x̂ denotes

the unit vector in the direction of the x-axis. The components of the tensor ξ~

~

can be constructed from

the coefficients αx,yi by taking their appropriate linear combination (x̂ ∼ 	 + �
2

).

Mx = Re
{
ξxxBosce

−iωt
}

= Bosc (Re {ξxx} cosωt+ Im {ξxx} sinωt) , (1.18)

My = Re
{
ξyxBosce

−iωt
}

= Bosc (Re {ξyx} cosωt+ Im {ξyx} sinωt) , (1.19)

Mx(y) =
+α

x(y)
1 + −α

x(y)
1

2
cosωt+

+α
x(y)
2 + −α

x(y)
2

2
sinωt, (1.20)

After comparing the terms in front of cosωt and sinωt, we obtain
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1.1. DYNAMIC PERMEABILITY MODEL OF PARAMAGNETIC MATERIALS

ξxx =
M0γeω0

ω2
0 − ω′2

, (1.21)

ξyx = −i
M0γeω

′

ω2
0 − ω′2

, (1.22)

with ω′ = ω + i/T2. Please note that in the above expression, we have entirely omitted the term
γ2

eB
2
oscT1T2, which is justifiable for sufficiently low microwave source powers. The two remaining

unknown components of ξ~

~

can be deduced in a similar manner. If we set the perturbing magnetic field

to ~Bosc = BoscRe
{
e−iωt

}
ŷ and recall that ŷ ∼ 	 − �

2
, transverse components of the magnetization

vector read

Mx = Re
{

iξxyBosce
−iωt

}
= Bosc (−Im {ξxy} cosωt+ Re {ξxy} sinωt) , (1.23)

My = Re
{

iξyyBosce
−iωt

}
= Bosc (−Im {ξyy} cosωt+ Re {ξyy} sinωt) , (1.24)

Mx(y) =
+α

x(y)
1 − −αx(y)

1

2
cosωt−

+α
x(y)
2 + −α

x(y)
2

2
sinωt, (1.25)

Then, comparison of the terms in front of cosωt and sinωt yields

ξxy = i
M0γeω

′

ω2
0 − ω′2

, (1.26)

ξyy =
M0γeω0

ω2
0 − ω′2

. (1.27)

The complex tensor ξ~

~

can be now written in the following compact form

↔
ξ =

M0γe

ω2
0 − ω′2

 ω0 iω′ 0
−iω′ ω0 0

0 0 0

 , (1.28)

where we have drawn on the fact that the magnetic transition can be induced only by a magnetic field
that oscillates in the plane perpendicular to the static magnetic field and all the components associated
with the z-axis are therefore zero. Although the above expression already links the magnetization
vector to the magnetic field, standard material relations are defined for the auxiliary magnetic field
~H. Recalling that ~B = µ0µ~

~

~H and ~M = ξ~

~

~B = χ~

~

~H = (µ~

~

− I~

~

) ~H, where χ~

~

represents the magnetic
susceptibility tensor, we find the relation between ξ~

~

and the magnetic permeability µ~

~

to be

µ~

~

= (I~

~

− µ0ξ~

~

)−1 , (1.29)

which eventually leads to

µ~

~

=


1 +

κ (ω0 − κ)

(ω0 − κ)2 − ω′2
i

κω′

(ω0 − κ)2 − ω′2
0

−i
κω′

(ω0 − κ)2 − ω′2
1 +

κ (ω0 − κ)

(ω0 − κ)2 − ω′2
0

0 0 1

 . (1.30)

where κ = M0γeµ0. So far, the sensitivity of our system to the handedness of the oscillating magnetic
field was encoded in the polarity of the static magnetic field Bstat. If we express it explicitly, i.e.
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1.2. EPR INTERACTION MODEL

Bstat = ±|Bstat|, and change the Larmour frequency ω0 and the magnetization M0 accordingly, the
magnetic permeability tensor becomes

µ~

~

=


1 +

κ (ω0 − κ)

(ω0 − κ)2 − ω′2
± i

κω′

(ω0 − κ)2 − ω′2
0

∓ i
κω′

(ω0 − κ)2 − ω′2
1 +

κ (ω0 − κ)

(ω0 − κ)2 − ω′2
0

0 0 1

 . (1.31)

The Larmour frequency is now defined as ω0 = γe|Bstat|, κ = |M0|γeµ0 and the choice of the sign in
the off-diagonal components explicitly states whether the static magnetic field points in the positive
(upper) or the negative (lower) direction of the z-axis.

Even though the above model is already suitable both for analytical calculations and implementa-
tion into majority of available simulation tools, it can be recast into a slightly more tractable form if
we put it into perspective and consider some realistic values for its parameters. Assuming the density
of the spin centers ns is of the order of 1027 m−3 and the magnitude of the static magnetic field is such
that the magnetic transition occurs at 300 GHz, then κ = |M0|γeµ0 = 1

2µ0~nsγ
2
e ≈ 0.001ω0 which

means it can be safely neglected against ω0. Furthermore, since the linewidths of EPR transitions
are generally very narrow, ω′ in the numerator of µxy and µyx can be replaced by −ω0 (the minus
sign comes from the fact that γe < 0). Consequently, the magnetic permeability tensor can be now
expressed in terms of a single Lorentzian function χ(ω)

χ(ω) =
κω0

ω2
0 − ω2 − 2iω/T2

, (1.32)

µ~

~

=

 1 + χ(ω) ∓ iχ(ω) 0
± iχ(ω) 1 + χ(ω) 0

0 0 1

 . (1.33)

This symmetrical form of the dynamical permeability tensor clearly demonstrates the sensitivity of
EPR transitions to circular polarization and we shall further use it in the analysis of the interaction
between magnetic materials and plasmonic antennas. Due to a restriction inherent to our software
(Lumerical FDTD) that the permeability tensor can possess only diagonal anisotropy, we will also
need the following simplified version

µ~

~

D =

 1 + χ(ω) 0 0
0 1 + χ(ω) 0
0 0 1

 . (1.34)

Note, that by dropping the off-diagonal terms, all the characteristic features of the magnetic transition
are preserved, except the sensitivity to circular polarization, which is inevitably lost. This is, however,
acceptable to us, since we use the FDTD simulations of antennas covered by a magnetic material only
for validation purposes.

Finally, we would like to point out that when one chooses to follow the eiωt convention (used e.g.
in Comsol), appropriate changes in signs have to be made. As it turns out, the resulting permeability
tensor is just the complex conjugate of the one derived above.

1.2. EPR interaction model

To better understand how the plasmonic antenna interacts with the magnetic material and which
parameters of the antenna should be optimized to maximize the EPR signal, we adopted a simple an-
alytical model, in which the antenna is treated as a point dipole [20]. Despite this gross simplification,
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1.2. EPR INTERACTION MODEL

the model proved to be rather accurate and provided a valuable insight into the mechanism of the
interaction. The validity of this approximation is further underlined by work of other research groups,
e.g. analysis of the interplay between scattering and absorption in SEIRA [21]. In the following, we
shall at first derive an analytical model for a single antenna without any magnetic interaction. Later,
we shall incorporate it as a perturbation to the response of the bare antenna. Finally, we shall adjust
the single antenna model to the case of an infinite antenna array which is perhaps more pertinent to
the real EPR spectroscopic measurements.

Let us start with writing down the equation of motion for the electric dipole moment ~p associated
with the plasmonic antenna

d2~p

dt2
+ γi

d~p

dt
+ ω2

0~p = β ~E(t) , (1.35)

where ω0 designates the natural resonance frequency of the antenna, γi its ohmic losses and the factor
β ties the electric dipole moment to the electric field ~E(t) that drives it. Assuming a harmonic time
dependence e−iωt for both the driving electromagnetic wave and the antenna response, the previous
equation becomes

~p
(
ω2

0 − ω2 − iωγi

)
= β

(
~E0 + ~ERR

)
. (1.36)

Note that the driving field comprises not only the incident field ~E0 but also the field ~ERR emitted by the
dipole itself. This back-action is often described as the radiation reaction force [2] and it is necessary
to include it in order to account for the scattering losses. In fact, this term grows in importance as we
shift towards the THz spectral region and eventually, scattering becomes the primary loss channel into
which the plasmonic antenna dissipates the energy imparted by the incident electromagnetic wave.
Since the radiation reaction term reflects the scattering properties of the antenna, the exact expression
for it depends on the surroundings of the antenna. Assuming it is embedded inside a homogeneous
medium with a refractive index n, the power radiated by the antenna reads

Prad =
n3ω4 |~p |2

12πε0c3
, (1.37)

with c denoting the speed of light and ε0 the vaccuum permittivity. At the same time, this radiated
power has to be identical to the rate with which the antenna dissipates energy [2]

Prad =
dW

dt
= −1

2

∫
V
dV Re

{
~ ∗ · ~E

}
=
ω

2
Im
{
~p ∗ · ~ERR

}
, (1.38)

where we used the fact that in the case of a point dipole, the current density reads ~ = −iω~p δ(~r),
with δ(~r) being the Dirac delta function. The expression for the radiation reaction term can then be
readily deduced by comparing Equations (1.37) and (1.38)

~ERR = i
n3ω3

6πε0c3
~p. (1.39)

Its insertion into Eq. (1.36) and introduction of a parameter γr = n3β/(6πε0c
3) allows us to express

the dipole moment of the antenna in the following concise form

~p =
6πε0c

3

n3

γr

ω2
0 − ω2 − iω (γi + γrω2)

~E0. (1.40)

The new parameter γr plays a similar role as γi, except it corresponds to radiative losses. It is worth
noting that according to the above equation, the ohmic losses become more dominant as we decrease
the frequency. This would seem to be, however, in contradiction with our previous statement that it

15



1.2. EPR INTERACTION MODEL

is actually the other way around. The catch is hidden in the distinction between making ω smaller
and shifting the whole system towards lower frequencies. The latter is usually achieved by making the
antenna larger and it is well known that scattering scales with the object size more rapidly than the
absorption [22]. In our model, this will be reflected in the gradual relative increase of γr with respect
to γi, with scattering ultimately gaining the upper hand.

The optical properties of antennas are usually described in terms of their scattering and absorption
cross-sections. With the expression for the dipole moment of the antenna at hand, these two quantities
are readily calculated using the following formulas

Csca =
n3ω4 |~p |2

12πε0c3I0
=

6πc2

n2

γ2
r ω

4(
ω2

0 − ω2
)2

+ ω2 (γi + γrω2)2
, (1.41)

Cabs = − ω

2I0
Im
{
~p ∗ ·

(
~E0 + ~ERR

)}
=

6πc2

n2

γrγiω
2(

ω2
0 − ω2

)2
+ ω2 (γi + γrω2)2

. (1.42)

where I0 = 1
2ε0cn| ~E0|2 stands for the intensity of the incident electromagnetic wave. Note that while

the calculation of the radiative energy dissipation in Eq. (1.38) involves only the field ~ERR emitted
by the antenna itself, the losses due to absorption are related to the total field at the position of the
antenna. To verify the plausibility of this model, we tried to fit it to the spectra obtained from fully
numerical FDTD simulations of a single gold diabolo antenna on top of a silicon substrate. The fitting
parameters were the resonance frequency ω0, the refractive index n, and the scattering and absorption
rates γr and γi. The reason for n not to be fixed is the presence of the air-silicon interface. The
model was derived under the assumption of a homogeneous environment and by letting n to be a free
parameter, we can compensate for this anisotropy. Figure 1.5 then shows the comparison between the
calculated and fitted spectra. Apparently, the analytical model can quite adequately reproduce the
results of numerical simulations, despite the crude approximation of the antenna as a point dipole.
For completeness, we also present the optimal fitting parameters of the model: ω0 = 2.04 · 1012 s−1,
n = 3.86, γi = 0.022ω0, γrω

2
0 = 0.269ω0. This confirms our notion that scattering is the primary loss

channel for THz metallic antennas.

Figure 1.5: Scattering (blue) and absorption (red) cross-sections of a single 112µm gold diabolo
antenna placed on top of a silicon substrate calculated by FDTD (solid line). The spectra were
subsequently fitted (dots) using the analytic formulas given by Eq. (1.41) and Eq. (1.42). The values
of the other relevant geometrical parameters (except the antenna height which we set to 200 nm) are
specified in the schematical drawing of the diabolo antenna on the right.
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So far, we have considered the medium, in which the antenna is embedded, to be non-magnetic. At
this point, we shall cover the antenna by a thin layer of a material with a single magnetic transition
at a frequency ωm that coincides with the antenna resonance. Recalling Section 1.1, the magnetic
properties of such a material can be described by a frequency dependent anistropic permeability
tensor µ~

~

. As the magnetic transitions in EPR are usually rather weak, we shall assume that both the
charge distribution inside and field distribution outside the antenna will remain the same as before
and the only parameter that will change is the overall amplitude of the plasmonic oscillation. This
amounts to treating the magnetic material as a first order perturbation. There are several possible
approaches to the evaluation of how the presence of the magnetic material affects the response of
the antenna. We chose one based on energy dissipation considerations. First, let us write down the
general expression for the energy dissipation within some volume V

dW

dt
=

∫
V

dV

(
~H · ∂

~B

∂t
+ ~E · ∂

~D

∂t
+ ~ · ~E

)
. (1.43)

Assuming harmonic time dependence and taking the average over one cycle, previous equation becomes

dW

dt
=
ω

2

∫
V

dV Im
{
~H∗ · ~B + ~E∗ · ~D + ~ ∗ · ~E

}
. (1.44)

If we further assume that there are no external currents and the electric displacement ~D and magnetic
field ~B satisfy the constitutive relations ~D (ω) = ε0ε(ω) ~E(ω) and ~B(ω) = µ0µ(ω) ~H(ω), Equation 1.44
can be rewritten as

dW

dt
=
ω

2

∫
V

dV
(
µ0µ

′′| ~H|2 + ε0ε
′′| ~E|2

)
, (1.45)

where µ′′ and ε′′ denote the imaginary part of the magnetic permeability and electric permittivity,
respectively. If we now realize that the second term on the right hand side must be connected to the
ohmic losses inside the antenna,

Cabs =
6πc2

n2

γrγiω
2(

ω2
0 − ω2

)2
+ ω2 (γi + γrω2)2

=
ωε0ε

′′(ω)

2I0

∫
V

dV | ~E(ω)|2, (1.46)

we can use the similarity between the electric and magnetic losses displayed in Eq. (1.45) and introduce
the latter via a magnetic loss rate γm(ω), i.e. a parameter analogous to γi. As a consequence, the
expression for the electric dipole moment given by Eq. (1.40) will change to

~pm =
6πε0c

3

n3

γr

ω2
0 − ω2 − iω [γi + γm(ω) + γrω2]

~E0 (1.47)

and there will be now a magnetic contribution to the absorption cross-section

6πc2

n2

γrγm(ω)ω2(
ω2

0 − ω2
)2

+ ω2 [γi + γm(ω) + γrω2]2
=
ωµ0µ

′′(ω)

2I0

∫
V

dV | ~H(ω)|2. (1.48)

Note that unlike γr and γi, γm is a function of frequency. This stems from the fact that the linewidth
of magnetic transitions is generally much narrower than the linewidth of the plasmonic resonance
and the strength of the magnetic interaction can therefore change quite rapidly on the scale of the
plasmonic resonance. At the same time, it is safe to assume that majority of the other terms in
Eq. (1.48), including the magnetic field distribution of the antenna, are constant within the spectral
region spanned by the magnetic transition and any frequency dependence in γm(ω) comes solely from
the permeability µ(ω) of the magnetic material. Therefore, if the distribution of the magnetic field
around the antenna is known (e.g. from FDTD simulations), Equation (1.48) allows us to determine
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1.2. EPR INTERACTION MODEL

the magnetic loss rate γm(ω) in terms of the other parameters (in the spirit of the perturbation method,
we presume that they remain unchanged by the magnetic interaction).

In the light of the above argument, the magnetic contribution to the absorption cross-section now
becomes

6πc2

n2

γrγm(ω)[
γi + γm(ω) + γrω2

0

]2 =
ω0µ0µ

′′(ω)

2I0

∫
V

dV | ~H(ω0)|2, (1.49)

where all the terms except γm(ω) and µ(ω) were approximated by their value at the frequency of
the magnetic resonance, which incidentally coincides with the resonance frequency of the antenna ω0.
Let us now focus on the right hand side of Eq. (1.49). After insertion of I0 = 1

2µ0c| ~H0|2, it can be
rewritten as

ω0µ0µ
′′(ω)

2I0

∫
V

dV | ~H(ω0)|2 =
ω0

c
µ′′(ω)

∫
V

dV
| ~H(ω0)|2

| ~H0|2
=
ω0

c
µ′′(ω)V ηavg, (1.50)

where the newly introduced parameter

ηavg =
1

V

∫
V

dV
| ~H(ω0)|2

| ~H0|2
(1.51)

stands for the average enhancement of the second power of the magnetic field within the volume
V occupied by the magnetic material. To avoid this rather unwieldy definition, we shall adopt a
more manageable, albeit slightly less precise designation for this quantity: average magnetic field
enhancement. Also note that we used here a slightly different expression for the intensity of the
incident electromagnetic wave than before—it lacks the refractive index of the surrounding medium.
Though it may seem inconsistent, it has to do with the fact that we shall eventually extract the
magnetic field distribution around the antenna from an exact FDTD simulation, where we implicitly
assume that the incident wave propagates from an environment with a refractive index equal to 1. In
other words, to ensure the proper scaling of the magnetic losses with respect to the absorption and
scattering cross-sections in our analytical model, we have to use an incident intensity that is consistent
with the magnetic field distribution entering the calculation of the magnetic loss rate.

Up to this point, we have implicitly presumed the magnetic permeability to be isotropic, but
as we have learnt in the previous section, this is not true for EPR materials. Clearly, we should
have considered the more general constitutive relation ~B(ω) = µ0µ~

~

(ω) ~H(ω) during the evaluation
of Eq. (1.44). We did it to keep the derivation lucid, knowing that the anisotropy has no effect
on the major points of the presented concept and that it ultimately affects only the way how the
average magnetic field enhancement is calculated: Invoking the magnetic permeability tensor given
by Eq. (1.33), the magnetic losses amount to

dW

dt
=
µ0ω

2

∫
V

dV Im

[ H∗x H∗y H∗z
]  1 + χ(ω) ∓ iχ(ω) 0
± iχ(ω) 1 + χ(ω) 0

0 0 1

 Hx

Hy

Hz

 =

=
µ0ω

2

∫
V

dV Im
{
χ′′(ω)

(
|Hx|2 ± iHxH

∗
y ∓ iH∗xHy + |Hy|2

)}
=

1

2
µ0ω χ

′′(ω)

∫
V

dV |Hx ∓ iHy|2.

(1.52)

If we next express the in-plane (i.e. parallel to the plane of the antenna) components of the magnetic
field in terms of the left-hand (H	) and right-hand (H�) circularly polarized contributions

18



1.2. EPR INTERACTION MODEL

Hx =
H	 +H�

2
, (1.53)

Hy =
H	 −H�

2i
, (1.54)

the parameter ηavg representing the average magnetic field enhancement becomes

η�/	avg =
1

V

∫
V

dV
|H�/	(ω0)|2

|H�/	
0 |2

. (1.55)

The decision which polarization of the magnetic field to choose then depends on the orientation of the
static external magnetic field—the left-handed (	) for ~Bstat pointing in the positive direction of the
z-axis and the right-handed (�) for the opposite orientation. This sensitivity to circular polarization
can be tracked all the way back to the Bloch equations describing the time evolution of the electron
spins. Since the FDTD software we use for validation of the interaction model can accommodate
only permeability tensors with a diagonal anisotropy, we need to evaluate the magnetic loss term also
for the simplified version of the permeability tensor given by Eq. (1.34). In that case, the resulting
average magnetic field enhancement reads

η‖avg =
1

V

∫
V

dV
| ~H‖(ω0)|2

| ~H‖0 |2
, (1.56)

where the symbol ‖ indicates, that we take into account only the components parallel to the plane of
the antenna and the air-substrate interface. Generally, any anisotropy in the dynamic permeability
can be incorporated into the model simply by adjusting the expressions for the average magnetic field
enhancement ηavg and the imaginary part of the magnetic permeability µ′′(ω), without any need to
change the overall notation. For the particular anisotropies discussed above, µ′′(ω) is replaced by
χ′′(ω) from Eq. (1.32).

The last issue that needs to be addressed before we can finally determine γm(ω) is the scaling of
the magnetic field ~H(ω0). At the very beginning, we have assumed that even though its distribution
remains unaffected by the magnetic interaction, its overall amplitude should be allowed to vary in
accordance with the changes in the amplitude of the dipole moment of the antenna. This degree
of freedom can be simply implemented by multiplying the magnetic field by the ratio of the dipole
moment magnitudes |~pm|/|~p | calculated in the presence and in the absence of the magnetic interaction.
The right hand side of Eq. (1.49) then reads

ω0

c
µ′′(ω)V ηavg

|~pm(ω0)|2

|~p(ω0)|2
=
ω0

c
µ′′(ω)V ηavg

(
γi + γrω

2
0

)2[
γi + γm(ω) + γrω2

0

]2 . (1.57)

Insertion of Eq. (1.57) into Eq. (1.49) eventually leads to the expression for the magnetic loss rate
γm(ω)

γm(ω) =
ω0n

2

6πc3
µ′′(ω)V ηavg

(
γi + γrω

2
0

)2
γr

. (1.58)

To verify that our assumptions about the strength of the magnetic interaction were correct and
the use of the perturbation approach is valid, it is necessary to evaluate the above expression using
some realistic values for the magnetic permeability and the average magnetic field enhancement.
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Assuming that each spin center comprising the magnetic material carries a magnetic moment of one
Bohr magneton µB, the imaginary part of the magnetic permeability given by Eq. (1.32) becomes

µ′′(ω) = χ′′(ω) =
µ0~nsγ

2
eωm

ω

τ

(ω2
m − ω2)2 + 4

ω2

τ2

, (1.59)

where ns designates the density of spin centers, γe the electron gyromagnetic ratio, and τ the relaxation
time of the magnetic transition. Choosing ns = 5 · 1027 m−3 and τ = 0.1 ns, the maximum value of
the imaginary part of the magnetic permeability reads µ′′(ωm) = 0.51. All that now remains to do
is to set the value of the product V ηavg. For the sake of simplicity, let us suppose that a 1µm thick
layer made of the magnetic material described above covers the 112µm long diabolo antenna already
considered in Figure 1.5. Furthermore, let us assume that the layer is not infinite but it was etched
away so that there is nothing left except a 170µm×170µm large square with the antenna in its center.
The average magnetic field enhancement within this volume is according to the FDTD simulations

ηavg = η
‖
avg ≈ 13.5 and the resulting magnetic loss rate equals γm(ωm) = 0.021ω0. This value seems to

be reasonably small to justify the use of the perturbation approach for the description of the magnetic
interaction between the antenna and the magnetic material.

With the magnetic loss rate γm(ω) determined, let us now write down the new expressions for the
scattering and absorption cross-sections

Cm
sca =

6πc2

n2

γ2
r ω

4(
ω2

0 − ω2
)2

+ ω2 [γi + γm(ω) + γrω2]2
, (1.60)

Cm
abs =

6πc2

n2

γr [γi + γm(ω)]ω2(
ω2

0 − ω2
)2

+ ω2 [γi + γm(ω) + γrω2]2
. (1.61)

In the context of EPR experiments, we are interested mainly in the changes of the scattering properties
of the antenna. Subtraction of Eq. (1.41) from Eq. (1.60) yields

∆Csca =
6πc2

n2
γ2

r ω
4

{
1(

ω2
0 − ω2

)2
+ ω2 [γi + γm(ω) + γrω2]2

− 1(
ω2

0 − ω2
)2

+ ω2 (γi + γrω2)2

}
, (1.62)

As before, all the terms except γm(ω) can be considered approximately constant within the spectral
interval spanned by the magnetic transition. After fixing ω to ω0, the above expression becomes

∆Csca =
6πc2

n2
γ2

r ω
2
0

{
1[

γi + γm(ω) + γrω2
0

]2 − 1(
γi + γrω2

0

)2
}
. (1.63)

This can be further simplified by expanding the term with the magnetic loss rate into a Taylor series
and by keeping only those terms linear in γm(ω).

∆Csca ≈ −
6πc2

n2

2γm(ω)γ2
r ω

2
0(

γi + γrω2
0

)3 . (1.64)

Finally, replacement of γm(ω) with its full form given by Eq. (1.58) leads to

∆Csca ≈ −
2ω0

c
µ′′(ω)V ηavg

γrω
2
0

γi + γrω2
0

≈ −2ω0

c
µ′′(ω)V ηavg, (1.65)

where we have also utilized the fact that γrω
2
0 � γi. Apparently, the interaction of the antenna with

the magnetic material should manifest itself as a dip in the scattering spectrum and the magnitude of
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this dip should be directly proportional to the average magnetic field enhancement around the antenna.
To corroborate this finding, we calculated the scattering cross-section of a diabolo antenna covered by
a magnetic layer using FDTD solver and compared it to the spectrum obtained from the analytical
model. We used exactly the same antenna geometry as in the calculation shown in Figure 1.5 and the
parameters of the magnetic layer were identical to those used for the estimation of the magnetic loss
rate γm made earlier. The two spectra are plotted together in Figure 1.6 and the agreement between
the numerical simulation and the analytical prediction is rather good, with the latter underestimating
the exact value only by 25%.

Figure 1.6: Scattering cross-section of a single 112µm gold diabolo antenna placed on top of a silicon
substrate and covered by a material with a magnetic transition at a frequency of 327.5 GHz, calculated
by FDTD (blue) and the analytical formula (red) given by Eq. (1.60). The magnetic transition
manifests itself as a pronounced dip in the spectrum. The analytical model predicts that the magnitude

of the dip ∆Csca is proportional to the average magnetic field enhancement ηavg = η
‖
avg within the

volume V occupied by the magnetic material and the imaginary part of its permeability µ′′(ω).

The fact that the simple analytical model derived above is able to correctly describe the interaction
between the antenna and the magnetic material is important for several reasons. Firstly, it gives
us an intelligible picture of how the plasmonically enhanced EPR signal is formed: the magnetic
transitions imprint themselves via near field interaction into the optical response of the antenna and
this information is then carried to the detector within the radiation emitted by the plasmonic antenna.
This is, in fact, practically the same process as the one standing behind surface enhanced infrared
absorption spectroscopy (SEIRA), except the interaction and the transitions encountered in SEIRA are
electric in their nature. Secondly, the analytical model tells us that the main attribute that determines
the performance of an antenna in EPR spectroscopy is the average magnetic field enhancement ηavg.
In other words, this is the parameter that should serve as a figure of merit in the search for an optimal
antenna design. The last major contribution of the analytical model is the downscaling of the time
required to assess, for example, the performance of an antenna or to estimate the strength of the EPR
signal for a different magnetic material. Without the model, one would be forced to run a full set of
simulations for any sweep over one of the parameters of the magnetic layer, e.g. its thickness, spin
density etc.

To summarize it, the analytical model enables us to characterize any antenna and its potential for
EPR spectroscopy solely on the basis of our knowledge of the magnetic field distribution around the
antenna and therefore independently of the particular choice of a magnetic material. On the other
hand, the model is also not without its flaws. There is a certain ambiguity in the definition of the
average magnetic field enhancement ηavg since it depends on the volume of the region in which we
choose to evaluate it. If we want to make comparison between various antennas, it is not clear what
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the lateral size of this region should be. Furthermore, EPR analysis of thin magnetic films requires a
significant field enhancement over a large area and for that purpose, an array of antennas would be
more fitting. To that end, we decided to develop another variant of the model, in which the solitary
antenna would be replaced by a periodic antenna array.

Let us start by writing down a general expression for the polarization vector ~P that fully describes
the charge and current distribution within the antenna array

~P (~r, ω) = f(~r )ε0χe(ω) ~E(~r, ω) = α(~r ) ~E(~r, ω), (1.66)

where χe(ω) denotes the electric susceptibility of the metal from which the antennas are made of, and
f(~r ) represents a binary function that defines the distribution of the metal in space (and incidentally
the overall geometry of the antenna array). Not to make the problem needlessly complicated, we shall
for the time being disregard the presence of a substrate and treat the array as if it was free-standing.
We shall incorporate its effects in the final steps of the derivation. Invoking the Green’s function
formalism [2], the electric field at any point in space can be consequently written as a sum of the
incident field ~E0(~r ) = ~E0 exp(ikz) and the field generated by the antennas

~E(~r ) = ~E0(~r ) +

∫
d~r ′3 G~

~

(~r, ~r ′) ~P (~r ′), (1.67)

where the dyadic Green’s function G~

~

(~r, ~r ′) determines the response of the system at ~r due to a point
dipole located at ~r ′. Insertion of Eq. (1.67) into Eq. (1.66) then leads to a self-consistent equation for
the polarization vector ~P

~P (~r ) = α(~r )

[
~E0(~r ) +

∫
d~r ′3 G~

~

(~r, ~r ′) ~P (~r ′)

]
. (1.68)

Since the system is periodic, the polarizability factor α(~r ) of the whole array is essentially the
polarizability factor of a single antenna α0(~r ) copied repeatedly to form the array lattice. In mathe-
matical notation,

α(~r ) =
∑
j

α0(~r − ~Rj), (1.69)

with the summation running over all the sites in the array lattice defined by a set of position vectors ~Rj .
In the light of this periodicity, we find it more convenient to switch to the reciprocal space, where the
polarizability factor transforms into

α(~q, z) =
1

(2π)2

∫∞∫
−∞

d~r ′2‖ α(~r )e−i~q·~r‖ = α0(~q, z)
∑
j

e−i~q ·~Rj . (1.70)

Note that since the array is two dimensional, the inverse Fourier transform is calculated only over the
lateral coordinates ~r‖, while the vertical coordinate z is left as it was. To keep things simple, let us
now assume that the array is rectangular with the same period equal to L in the two lateral directions
and that the height of the antennas (≈ 200 nm) is negligible compared to the wavelength so that it
can be effectively treated as a 2D structure and the z dependence can be dropped (this is perfectly
justifiable in the THz region, where the wavelength is in hundreds of microns). Application of the
following equality

∞∑
n=−∞

exp (iqnL) =
2π

L

∞∑
n=−∞

δ

(
q − n2π

L

)
, (1.71)

22



1.2. EPR INTERACTION MODEL

then leads to

α(~q ) = α0(~q)

(
2π

L

)2 ∞∑
m,n=−∞

δ (~q − ~qmn) , (1.72)

with the wavevector ~qmn defined as ~qmn = (2πm/L, 2πn/L). Next, we need to transform into the
reciprocal space also the polarization vector ~P (~r ) = ~P (~r‖) δ(z) (the delta function reflects the 2D

character of the antenna). Denoting ~P (~q) and G~

~

(~q) the inverse Fourier transforms of ~P (~r‖) and G~

~

(~r‖),
exploiting the convolution theorem and recalling that the incident wave is planar and propagates in
the direction perpendicular to the antenna array, Equation (1.68) becomes

~P (~q ) = α(~q ) ~E0 + (2π)2

∫∞∫
−∞

d~q ′2 α(~q − ~q ′)G~

~

(~q ′) ~P (~q ′). (1.73)

The above equation is, among other things, the cornerstone of the Fourier expansion method [23].
It also nicely illustrates the fact that the antenna facilitates the scattering of the incident wave into
other directions (or into evanescent waves) by providing the additional momentum that is necessary
to overcome the associated momentum mismatch. Anyway, replacement of the general polarizability
factor by the expression from Eq. (1.72) and use of the filtration property of the delta function
effectively shrinks the space of allowed wavevectors to the set ~qmn

~P (~qmn) =

(
2π

L

)2

α0(~qmn)

 ~E0 + (2π)2
∞∑

m′,n′=−∞
G~

~

(~qmn − ~qm′n′) ~P (~qmn − ~qm′n′)

 . (1.74)

Despite this reduction in complexity, the above system of equations is generally still too involved
and further simplifications are necessary. Ultimately, we are looking for a single equation analogous
to Eq. (1.35) that would adequately describe the collective response of the whole antenna array. The
solution is to impose a restriction on the distance between the antennas in the periodic array. If we
make the pitch subwavelength, destructive interference will suppress radiation in all directions except
~q = 0~ . In other words, the antenna array will behave on the outside as a homogeneous medium that
can be described by some effective reflection and transmission coefficients. Adopting this ”dense”
array approximation, the system of equations (1.74) can be cast into a more illuminating form if we
single out the equation for ~P (0~ ) and rearrange some of its elements

~P (0~ )−
(

2π

L

)2

α0(0~ ) (2π)2
∑

~qmn 6=0~

G~

~

(~qmn) ~P (~qmn) =

(
2π

L

)2

α0(0~ )
[
~E0 + (2π)2G~

~

(0~ ) ~P (0~ )
]
. (1.75)

This equation bears a conspicuous resemblence to the equation of motion for a single antenna given
by (1.36). In the term (2π)2G~

~

(0~ ) ~P (0~ ) on the right hand side, we easily recognize the radiation reaction
force that is responsible for radiative losses (the fact that ~P (0~ ) is the only component that radiates
into the far-field is the consequence of our ”dense” array approximation). The left hand side of
Equation (1.75) then contains interaction of ~P (0~ ) with the evanescent components of the polarization
vector ~P (~r ). It is our assumption that the result of this interaction is again a response that can be
adequately described by a single Lorentz oscillator with a resonance frequency ω0 and an intrinsic
damping rate γi, i.e.

~P (0~ )
(
ω2

0 − ω2 − iωγi

)
= β

[
~E0 + (2π)2G~

~

(0~ ) ~P (0~ )
]
. (1.76)

At this point, it only remains to express the dyadic Green’s function G~

~

(0~ ) in terms of known
parameters. We have so far considered the antenna array to be free-standing, but ultimately, we would
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like it to be placed on top of a substrate with a refractive index n. As it turns out, its incorporation is
easily accomplished by replacing the incident electric field in Eq. (1.76) with tp ~E0, where the Fresnel
transmission coefficient tp = 2/(n+ 1) accounts for the reduction in the amplitude of the driving field
due to the reflections at the air-substrate interface. Similar treatment is required also for the radiation
reaction term. Referring the reader to Appendix A for the angular spectrum representation of the
dyadic Green’s function G~

~

(0~ ), the equation for the component ~P (0~ ) in the presence of a substrate
reads

~P (0~ )
(
ω2

0 − ω2 − iωγi

)
= β

[
tp ~E0 + itp

ω

2ε0c
~P (0~ )

]
. (1.77)

Finally, by introducing the radiative loss rate γr = βtp/(2ε0c), we acquire the desired analytical model
for the response of an infinite antenna array

~P (0~ ) =
2ε0cγr

ω2
0 − ω2 − iω (γi + γr)

~E0. (1.78)

To assess its plausibility, we need to ascertain whether it can be successfully fitted to the exact
spectra calulcated by numerical simulations. While the optical response of a solitary antenna is usually
evaluated in terms of its scattering and absorption cross-section, an extended antenna array is best
characterized by its transmittance T and reflectance R. Let us start with the transmittance, defined
as the ratio between the transmitted and the incident power

T =
1
2ε0cn| ~Etr|2

1
2ε0c| ~E0|2

. (1.79)

The electric field amplitude of the transmitted wave ~Etr is simply the sum of the incident electric field
and the field generated by the antenna array

~Etr = tp

[
~E0 + i

ω

2ε0c
~P (0~ )

]
. (1.80)

Its insertion into Eq. (1.79) yields

T = (1 + rp) tp

∣∣∣∣1 +
iωγr

ω2
0 − ω2 − iω (γi + γr)

∣∣∣∣2 = n t2p

(
ω2

0 − ω2
)2

+ ω2γ2
i(

ω2
0 − ω2

)2
+ ω2 (γi + γr)

2
. (1.81)

Similarly, the amplitude of the reflected wave ~Eref reads

~Eref = −rp
~E0 + itp

ω

2ε0c
~P (0~ ), (1.82)

where rp = (n − 1)/(n + 1) stands for the Fresnel reflection coefficient of the air-substrate interface.
The ratio of the reflected and the incident power then gives us the reflectance

R =
1
2ε0c| ~Eref |2
1
2ε0c| ~E0|2

=

∣∣∣∣−rp + tp
iωγr

ω2
0 − ω2 − iω (γi + γr)

∣∣∣∣2 =
r2

p

(
ω2

0 − ω2
)2

+ ω2 (rpγi + γr)
2(

ω2
0 − ω2

)2
+ ω2 (γi + γr)

2
. (1.83)

Finally, the power dissipation in the antenna array due to ohmic losses can be quantified in terms of
the absorbance

A = 1−R− T = tp
2ω2γrγi(

ω2
0 − ω2

)2
+ ω2 (γi + γr)

2
. (1.84)
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The structure that we used to test the validity of the new analytical model was an array of gold
diabolo antennas (length 112µm) placed on top of a silicon substrate. The distance between antennas
was set to 170µm (a value that is subwavelength in both air and silicon throughout the spectral
region of our interest) and the fitting parameters of the model were the resonance frequency ω0, the
radiative loss rate γr and the absorption loss rate γi. The comparison between the calculated and fitted
spectra is shown in Figure 1.7. Even though the fit is not perfect, it still adequately reproduces the
numerically calculated transmission and reflection spectra. For completeness, we also list the optimal
fitting parameters of the model: ω0 = 2.25 · 1012 s−1, γi = 0.021ω0, γr = 0.319ω0.

Figure 1.7: Reflectance (blue) and transmittance (red) spectra of an infinite antenna array calculated
by FDTD (solid line). The spectra were subsequently fitted (dots) using the analytic formulas given
by Eq. (1.83) and Eq. (1.81). The array was built from 112µm gold diabolo antennas placed on top
of a silicon substrate and the distance between individual antennas was fixed to 170µm. The height
of the antennas was set to 200 nm.

The inclusion of the losses due to the interaction of the antenna array with a magnetic layer can be
carried out in the same manner as we did with the solitary antenna, i.e. by introducing a phenomeno-
logical magnetic loss rate γm(ω) into the expression for the polarization vector ~P (0~ )

~Pm(0~ ) =
2ε0cγr

ω2
0 − ω2 − iω [γi + γm(ω) + γr]

~E0. (1.85)

This will ultimately lead to new expressions for the trasmittance, reflectance, and absorbance

Tm = nt2p

(
ω2

0 − ω2
)2

+ ω2 [γi + γm(ω)]2(
ω2

0 − ω2
)2

+ ω2 [γi + γm(ω) + γr]
2
, (1.86)

Rm =
r2

p

(
ω2

0 − ω2
)2

+ ω2 [rpγi + rpγm(ω) + γr]
2(

ω2
0 − ω2

)2
+ ω2 [γi + γm(ω) + γr]

2
, (1.87)

Am = tp
2ω2γr [γi + γm(ω)](

ω2
0 − ω2

)2
+ ω2 [γi + γm(ω) + γr]

2
. (1.88)
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The magnetic loss rate γm(ω) can be determined from the relation between the absorbance Am and
the general expression for energy dissipation given by Eq. (1.45). Namely, power lost within one unit
cell of the periodic antenna array reads

Am I0Scell = I0Scell tp
2ω2γr [γi + γm(ω)](

ω2
0 − ω2

)2
+ ω2 [γi + γm(ω) + γr]

2
=
ω

2

∫
Vcell

dV
(
µ0µ

′′| ~H|2 + ε0ε
′′| ~E|2

)
, (1.89)

where Scell stands for the area of the unit cell and the integration volume Vcell is the product of the
unit cell area and the thickness d of the magnetic layer covering the antenna array. Note that for
the sake of simplicity, we again treat the magnetic material as isotropic, knowing that any anisotropy
can be easily incorporated later. Apparently, the absorption can be broken down into two distinct
parts—the ohmic losses in the metal and the energy dissipation inside the magnetic layer—and we are
interested in the latter

2tpω
2γrγm(ω)(

ω2
0 − ω2

)2
+ ω2 [γi + γm(ω) + γr]

2
=

ω

2I0Scell

∫
Vcell

dV µ0µ
′′| ~H(ω)|2. (1.90)

Provided one makes a couple of assumptions about the nature of the magnetic transition and the
response of the antenna array, the above equation can be used to determine γm(ω). Firstly, we expect
the linewidth of the magnetic transition to be much narrower than the linewidth of the plasmonic
resonance, so that the magnetic field distribution of the antenna array and other terms in Eq. (1.90)
can be considered to be nearly constant within the spectral range spanned by the magnetic transition
and they can be therefore approximated by a single value taken at the frequency ω0 (recall that
the frequency of the transition ωs is set to coincide with the plasmonic resonance). Secondly, we
suppose that while the interaction with the magnetic layer can affect the amplitude of the magnetic
field generated by the antenna array, its distribution remains the same. Adopting these assumptions,
Equation (1.90) can be rewritten as

2tpγrγm(ω)

[γi + γm(ω) + γr]
2 =

ω0

2I0Scell

|~Pm(0~ , ω0)|2

|~P (0~ , ω0)|2

∫
Vcell

dV µ0µ
′′| ~H(ω0)|2, (1.91)

where the factor |~Pm(0~ , ω0)|2/|~P (0~ , ω0)|2 accounts for the drop in the amplitude of the plasmonic
oscillations supported by the antenna array due to the increased damping. Upon replacing the intensity
of the incident electromagnetic wave with I0 = µ0c/2 | ~H0|2 and rearranging some of the terms in the
above equation, we obtain the expression for the magnetic loss rate γm(ω)

γm(ω) =
ω0

c

(γr + γi)
2

2tpγr
µ′′d

1

Vcell

∫
Vcell

dV
| ~H(ω0)|2

| ~H0|2
=
ω0

c

(γr + γi)
2

2tpγr
µ′′d ηavg. (1.92)

With γm(ω) at hand, we can proceed with validation of the analytical model against numerical
simulations. The thickness of the magnetic layer was set to d = 2.4µm and the parameters of
the magnetic permeability were chosen to be the same as in the case of the solitary antenna. The
comparison between the spectra predicted by the analytical model and those obtained from FDTD
simulations is shown in Figure 1.8. The analytical model reproduces the exact spectra quite well,
including the magnitude of the imprint that the magnetic transition leaves in the underlying plasmonic
resonance of the antenna array. Note that while there is a dip in the power reflected by the system,
the transmittance shows a bump that is relatively smaller in its magnitude. This would suggest that
an experimental setup in the reflection configuration might offer some advantage over a setup in the
transmission configuration. Conveniently, the analytical model enables us to analyse and quantify the
strength of the EPR signal in both of them. In the transmission mode, the EPR signal amounts to
the difference between the response in the presence and in the absence of the magnetic layer
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Figure 1.8: Reflectance (left panel) and transmittance (right panel) spectra of an infinite antenna
array covered by a material with a magnetic transition at a frequency of 372 GHz, calculated by
FDTD (blue) and the analytical formulas (red) given by Eq. (1.87) and Eq. (1.86). The thickness
d of the magnetic layer was set to 1µm, while the parameters of the array were the same as in
Figure 1.7. The magnetic transition manifests itself as a pronounced dip in the reflection spectrum
and a comparatively smaller bump in the transmittance spectrum. The analytical model predicts that

their magnitude is proportional to the average magnetic field enhancement ηavg = η
‖
avg within the

magnetic layer and the imaginary part of its permeability µ′′(ω).

∆T (ω0) = Tm(ω0)− T (ω0) = (1 + rp) tp

{
[γi + γm(ω)]2

[γi + γm(ω) + γr]
2 −

γ2
i

(γi + γr)
2

}
≈

≈ (1 + rp) tp
2γiγm(ω)

(γi + γr)
2 =

ω0

c
µ′′d ηavg (1 + rp)

γi

γr
. (1.93)

Similarly, the EPR signal in the reflection mode corresponds to

∆R(ω0) = Rm(ω0)−R(ω0) =
[rpγi + rpγm(ω) + γr]

2

[γi + γm(ω) + γr]
2 − (rpγi + γr)

2

(γi + γr)
2 ≈

≈ −tp
2γm(ω) γr (rpγi + γr)

(γi + γr)
3 = −ω0

c
µ′′d ηavg

rpγi + γr

γi + γr
. (1.94)

Our model reveals that the ratio ∆R(ω0)/∆T (ω0), i.e. the parameter that can be used to assess
the performance of the two configurations relative to each other, does not depend on our choice of
the magnetic material. It is entirely determined by the properties of the antenna array and in this
particular geometry, ∆R(ω0)/∆T (ω0) ≈ 15. Interestingly, the situation is completely reversed when
we evaluate relative changes instead

∆T (ω0)

T (ω0)
=
ω0

c
µ′′d ηavg

(γi + γr)
2

γiγr
≈ ω0

c
µ′′d ηavg

γr

γi
, (1.95)

∆R(ω0)

R(ω0)
= −ω0

c
µ′′d ηavg

γi + γr

rpγi + γr
≈ −ω0

c
µ′′d ηavg. (1.96)

This is due to the fact that while the reflectance of the antenna array dramatically rises within the
plasmonic resonance, its transmittance approaches zero and even a small perturbation can cause a
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large relative change in the measured signal. The decision, which configuration is more suitable for
the EPR spectroscopy, might therefore depend on the signal to noise ratio and other parameters of
the detection system that will be eventually used in measurements.

Let us conclude this section by summarizing the key findings and observations it contains. First
of all, the strength of the EPR signal is proportional to the average magnetic field enhancement
ηavg within the volume occupied by the magnetic material. It does not apply only to the geometries
investigated above, i.e. the solitary antenna and the dense antenna array. It holds universally, as
long as the magnetic interaction is weak and it can be perceived only as a small perturbation to the
system. As a consequence, we identified ηavg as the figure of merit in the search for a design that
maximizes the EPR plasmonic enhancement effect. Secondly, during this optimization procedure, we
should keep in mind that only the magnetic field components perpendicular to the static magnetic field
will participate in the magnetic interaction, a fact that we can track to the anisotropic nature of the
magnetic permeability describing the collective response of magnetic centers. The last point concerns
the limitations of the presented analytical models, more specifically the geometries that we have
considered. Neither the solitary antenna nor the infinite antenna array are particularly suitable as a
representation of a realistic sample for plasmon enhanced EPR. The signal from a single antenna would
be too weak, while strong lattice resonances give rise to unphysical feaures in the optical response of
antenna arrays (note that by making our array dense, it did not support any lattice resonances and we
could therefore disregard them in the above model). The natural solution would be to focus on finite
antenna arrays instead. Those can be, however, quite costly to simulate, making any optimization
over multiple parameters virtually impossible. In order to remedy that, we developed a semi-analytical
model that allows us to efficiently calculate the response of a finite antenna array of an arbitrary size
and pitch. The derivation and results of this model are presented in the next section.

1.3. Antenna array interaction model

The standard approach to calculating the response of large finite antenna arrays is to replace in-
dividual antennas with point dipoles and evaluate their interaction in terms of lattice sums. This, so
called, coupled dipole approximation (CDA) has been successfully employed to gain insight into the
problematics of diffractive coupling in periodic arrays [24, 25]. It turns out that the long range interac-
tion between antennas gives rise to lattice resonances that can significantly alter their overall response
and even grant them an entirely new functionality. Lattice resonances can be, for example, used to
control the linewidth of plasmonic resonances and consequently improve the sensitivity of techniques
based on phase-shift detection [26]. They can further enhance emission efficiency of molecules and
quantum dots [27–29], facilitate large phase modulation in actively tunable arrays based on graphene
[30, 31] and lead to extraordinary transmission in periodic arrays of holes [32].

We also intend to exploit the lattice resonances, in this instance to boost the EPR signal. The basic
formulation of the coupled dipole approximation is, however, too crude to provide reliable description
of diabolo antenna arrays and their optical response in the THz spectral region. More specifically,
even though it can offer some qualitative estimates, we deem it insufficient for the purpose of design
optimization, where quantitative precision is vital. To that end, we devised a semi-analytical inter-
action model that combines the framework of the coupled dipole approximation [33] with numerical
simulations and elements of the waveguide theory. It is built on the notion that the charge distribution
of an antenna can be written as a linear combination of eigenmodes that are specific to the particular
antenna geometry and the mutual interaction between antennas does not change the nature of these
eigenmodes, it affects only their excitation amplitudes (the second assumption is valid as long as the
antennas are not clumped together too closely). We adhere to the coupled dipole approximation in the
sense that the response of individual antennas in the spectral range of our interest can be described by
a single quantity, namely the excitation amplitude of the fundamental antenna mode (in contrast to
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the electric dipole moment encountered in the standard CDA). To implement this idea into the exist-
ing CDA framework, we borrowed the concept of overlap integrals from the waveguide theory, where
the excitation amplitude of a mode essentially represents a measure of how well the spatial profile of
an external field matches the field distribution of that particular mode. For the purpose of our model,
this just needs to be slightly reformulated: the excitation amplitude of the fundamental antenna mode
reflects the similarity between its charge distribution and the spatial profile of the driving field which
comprises both the incident electromagnetic wave and the field generated by other antennas. Finally,
we should stress that the charge distribution of the fundamental antenna mode, a crucial ingredient
of the whole model, is extracted from numerical simulations of a solitary antenna.

Having outlined all the key aspects of our interaction model for antenna arrays, we shall go through
them now in more detail and build step by step the underlying mathematical framework. Let us start
with writing down the general self-consistent equation for the polarization vector ~P (~r, ω) within a
plasmonic antenna in the absence of any external field

~P (~r, ω)− α(~r, ω)

∫
d~r ′3 G~

~

(~r, ~r ′, ω) ~P (~r ′, ω) = 0, (1.97)

where the spatial dependence of the polarizability factor α(~r, ω) carries the information about the
antenna geometry and the dyadic Green’s function G~

~

(~r, ~r ′, ω) accounts for the interaction between
different parts of the antenna. We shall denote the solutions ~Pn(~r, ω) to the above equation as natural
eigenmodes of the antenna and assume that any current distribution can be expressed as their linear
combination

~P (~r, ω) =
∑
n

pn(ω) ~Pn(~r, ω), (1.98)

with excitation amplitudes pn(ω) representing the weights of the individual eigenmodes. Note that
here and in what follows, we freely interchange the polarization vector for the current distribution, even
though we are well aware that they are not the same. They are, however, closely related (~ = ∂ ~P/∂t)
and during this derivation, we can treat them as a single entity without doing any harm.

In the visible region, the eigenmodes of plasmonic antennas are often spectrally overlapping, i.e.
the maxima of excitation amplitudes pn(ω) are close together and it can be difficult, for example,
to tell them apart in the scattering spectrum or the electric field distribution (this of course largely
depends on the type of illumination and possibly other parameters—here we refer to the most common
scenario involving a plane wave illumination under normal incidence). In the THz spectral range, on
the other hand, the modes are usually well separated, as evidenced both by the simulations and the
reflectance measurements of diabolo arrays presented earlier in Figure 1.4 on page 10. The fact, that
the fundamental dipolar mode (and incidentally also the mode associated with the largest magnetic
field enhancement) practically dominates the response of the diabolo antenna throughout the spectral
window of our interest, entitles us to disregard all the other eigenmodes and reduce the sum in
Eq. (1.98) to a single term

~P (~r, ω) = p(ω) ~P(~r, ω). (1.99)

At the same time, it enables us to extract the current distribution of the fundamental mode directly
from FDTD simulations, without any need to perform an actual eigenmode expansion. There is a
certain ambiguity in the definition of the fundamental mode ~P(~r, ω), we eventually settled on the
following version

~P(~r, ω) =
~Psim(~r, ω) ‖~E0(~r, ω)‖

1

V

∫
V

d~r 3 ~Psim(~r, ω) · ~E∗0 (~r, ω)

, (1.100)

29



1.3. ANTENNA ARRAY INTERACTION MODEL

where the norm ‖~E0(~r, ω)‖ =

√
1

V

∫
V

d~r 3 |~E0(~r, ω)|2 denotes the average value of the incident electric

field within the volume V of an antenna and the current distribution extracted from the numerical
simulations ~Psim(~r, ω) is divided by an overlap integral with the electric field distribution of the incident
electromagnetic wave ~E0(~r, ω) to eliminate any dependence on the illumination. It turns out that this
normalization is not really necessary, one could directly designate ~P(~r, ω) as the current distribution
of the fundamental mode. It allows us, however, to compare spatial profiles of the fundamental
eigenmode at different frequencies and between different simulations, an option that can be sometimes
useful and elucidating. Similarly to ~Psim(~r, ω), the field distribution of the incident electromagnetic
wave ~E0(~r, ω) should be extracted from reference simulations without antennas to suppress possible
errors due to discretization and any other artifacts inherent to the simulation software.

If we now take a step further and consider a whole ensemble of mutually interacting diabolo
antennas, it is our assumption that the current distribution of the fundamental eigenmode in each
antenna remains the same, the only quantity that changes is the excitation amplitude. Denoting α(ω)
the proportionality factor between the excitation amplitude and the amplitude E0(ω) of the incident
electromagnetic wave, the weight of the fundamental eigenmode in the i-th antenna of the ensemble
amounts to

pi(ω) = α(ω)

E0(ω) +
∑
j

gij(ω) pj(ω)

 . (1.101)

The above equation represents a linear equation system for the excitation amplitudes that is easily
solvable by direct inversion, provided we are able to determine the parameters gij(ω) capturing the
mutual interaction between antennas. The measure of how much one antenna affects another is not
simply given by the strength of the field that the former generates at the position of the latter (like
in the case of point dipoles), but it depends also on its spatial profile, namely how well it matches
the current distribution of the fundamental eigenmode. Designating ~Ej(~r, ω) as the field generated by
the fundamental eigenmode of the j-th antenna at the position of the i-th antenna, the interaction
parameter reads

gij(ω) =

∫
V

d~r 3 ~P∗(~r, ω) · ~Ej(~r, ω)∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

. (1.102)

The division by the overlap integral containing the incident field distribution ensures that the above
expression is compatible with the amplitude scaling defined in Eq. (1.101): if the field generated by
j-th antenna pj(ω) ~Ej(~r, ω) was identical to the field distribution of the incident electromagnetic wave

E0(ω) ~E0(~r, ω), the interaction term gij(ω) pj(ω) would be equal to E0, effectively doubling the ampli-
tude of the incident wave. The last parameter that remains to be determined is the proportionality
factor α(ω) in Eq. (1.101). Using the definition of the fundamental eigenmode from Eq. (1.100) and
demanding that in the limit of a solitary antenna, the above expressions lead to the original current
distribution ~Psim(~r, ω) extracted from numerical simulations, we obtain the following equality

~Psim(~r, ω) = α(ω) ~P(~r, ω) = α(ω)
~Psim(~r, ω) ‖~E0(~r, ω)‖

1

V

∫
V

d~r 3 ~Psim(~r, ω) · ~E∗0 (~r, ω)

. (1.103)

The comparison of the terms on the left and right hand side then yields

α(ω) =
1

‖~E0(~r, ω)‖
1

V

∫
V

d~r 3 ~Psim(~r, ω) · ~E∗0 (~r, ω). (1.104)
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Note that in the course of determining α(ω), we implicitly set the amplitude of the incident wave
to E0(ω) = 1 and we could have done so from the very beginning. The reason for introducing this
apparently redundant parameter into the above formalism is to keep open the option of having an
inhomogeneous illumination. We have assumed so far that the complex amplitude of the incident
wave is the same for all the antennas in the ensemble, but the experimental setup will most probably
employ beams with a gaussian or possibly some other spatial profile. We can account for that simply
by letting E0(ω) to vary from antenna to antenna. In the mathematical notation, this amounts to
adding an index i to the respective term in Eq. (1.101)

pi(ω) = α(ω)

E0i(ω) +
∑
j

gij(ω) pj(ω)

 . (1.105)

Equations (1.99) – (1.105) constitute the groundwork on which the rest of our interaction model
is built on. It still remains to specify the exact procedure for calculating the interaction parameter
gij(ω) or the quantities characterizing the overall response of the antenna array, but these issues are
of a rather technical nature. The essential aspects of the whole concept, including the underlying
assumptions and approximations, are contained in the paragraphs above.

Figure 1.9: Definition of the various position vectors involved in the evaluation of the interaction
between antennas. The red dots mark the centers of the antennas, while the green ones refer to the
positions of the source (~r ′) and the target point (~r ), at which the field generated by that source is
calculated.

Next, let us focus on the interaction parameter gij(ω), namely its evaluation in the case of two
identical antennas located some distance apart. Marking the vector connecting the centers of the two
antennas as ~rij , the electric field generated by the j-th antenna at a position ~r within the i-th antenna
can be written as

~Ej(~r, ω) =

∫
V

d~r ′3 G~

~

(~r + ~rij , ~r
′, ω) ~P(~r ′, ω), (1.106)

where the vectors ~r and ~r ′ are measured relatively to the position vectors ~ri and ~rj of the respective
antenna centers. To help the reader to get a grip on the roles played by these various vectors, we
schematically depict the considered coordinate system in Figure 1.9. Finally, insertion of ~Ej(~r, ω) into
Eq. (1.102) yields

gij(ω) =

∫
V

d~r 3 ~P∗(~r, ω) ·
∫
V

d~r ′3 G~

~

(~r + ~rij , ~r
′, ω) ~P(~r ′, ω)∫

V
d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

. (1.107)

The dyadic Green’s function G~

~

(~r, ~r ′, ω) linking the electric field to its source generally depends on
the environment. While there exists a closed form expression for G~

~

(~r, ~r ′, ω) in a homogenenous space,
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there is none for geometries that contain a substrate—even the presence of a single planar interface
between two media poses in this respect an insurmountable obstacle. Fortunately, the possibility to
decompose the free space dyadic Green’s function into plane waves and treat their reflection at the
planar interface between the substrate and the superstrate individually allows us to express G~

~

(~r, ~r ′, ω)
as a Fourier integral

G~

~

(~r, ~r ′, ω) =

∫∞∫
−∞

d~q 2 G~

~

(~q, z, z′, ω) e
i~q·(~r‖−~r ′‖). (1.108)

We should stress that the presence of a substrate does not disrupt the translational invariance of
the dyadic Green’s function along the lateral coordinates (parallel to the substrate surface), i.e.
G~

~

(~r, ~r ′, ω) = G~

~

(~r‖ − ~r ′‖, z, z
′, ω), which entitles us to perform the above plane wave expansion.

The fact that the Fourier components G~

~

(~q, z, z′, ω) are readily accessible, while G~

~

(~r, ~r ′, ω) requires
prior integration, brings us to the alluring alternative of switching to the reciprocal space and evalu-
ating the interaction parameter gij(ω) there. Expressing the current distribution of the fundamental
eigenmode in terms of its Fourier spectrum and making the notation less cumbersome by dropping
the dependence on ω for a moment, the numerator in Eq. (1.107) becomes

gij ∼
∫
V

d~r 3

∫∞∫
−∞

d~q 2 e−i~q·~r‖ ~P∗(~q, z) ·
∫
V

d~r ′3 G~

~

(~r + ~rij , ~r
′)

∫∞∫
−∞

d~q ′2 e
i~q ′·~r ′‖ ~P(~q ′, z′). (1.109)

After changing the order of integrations and expanding the equation by ei~q ′·(~r‖+~rij)e−i~q ′·(~r‖+~rij), we
obtain

gij ∼
∫∞∫
−∞

d~q 2

∫∞∫
−∞

d~q ′2
∫
V

d~r 3 e−i(~q−~q ′)·~r‖ei~q ′·~rij ~P∗(~q, z) ·
∫
V

d~r ′3 G~

~

(~r + ~rij , ~r
′) e
−i~q ′·(~r‖+~rij−~r ′‖) ~P(~q ′, z′),

(1.110)
where the last integral can be partly recognized as the inverse Fourier transform (note that since we
deal with a two dimensional antenna array, ~rij is always parallel to the substrate surface)

G~

~

(~q ′, z, z′, ω) =
1

4π2

∫
d~r ′2‖ G~

~

(~r‖ + ~rij − ~r ′‖, z, z
′) e
−i~q ′·(~r‖+~rij−~r ′‖). (1.111)

Finally, by exploiting the identity
1

4π2

∫
d~r 2
‖ e
−i(~q−~q ′)·~r‖ = δ2(~q−~q ′), we acquire the following expres-

sion for gij(ω)

gij(ω) =

(
4π2
)2 ∫∞∫
−∞

d~q 2

∫
dz

∫
dz′ ei~q·~rij ~P∗(~q, z, ω) ·G~

~

(~q, z, z′, ω) ~P(~q, z′, ω)

∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

. (1.112)

The evaluation of the interaction parameter in the reciprocal space leads to a Fourier integral that
enables us, using fast Fourier transform (FFT) algorithm, to calculate gij(ω) for a whole set of inter-
antenna separations ~rij in a single pass. It turns out, however, that certain aspects of FFT, namely
its periodic nature and the cutoff of high spatial frequencies, give rise to inaccuracies that render this
approach unsuitable. There is no other option but to perform the integration in the real space.
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First, let us recast Equation (1.107) into a form more convenient for numerical processing. After
expressing the scalar and tensor product in terms of a double sum and adopting the substitution
~r ′‖ = ~s+ ~r‖, it becomes

gij(ω) ∼
∫

dz

∫
dz′
∫

d~r 2
‖
~P∗(~r‖, z) ·

∫
d~r ′2‖ G~

~

(~r‖ + ~rij − ~r ′‖, z, z
′) ~P(~r ′‖, z

′) =

=

∫
dz

∫
dz′
∫

d~r 2
‖
∑
uv

P∗u(~r‖, z)

∫
d~r ′2‖ Guv(~r‖ + ~rij − ~r ′‖, z, z

′)Pv(~r ′‖, z
′) =

=
∑
uv

∫
dz

∫
dz′
∫

d~r 2
‖ P

∗
u(~r‖, z)

∫
d~s 2 Guv(~rij − ~s, z, z′)Pv(~s+ ~r‖, z

′). (1.113)

where the summation runs over all the possible combinations of the Cartesian coordinates. If we now
change the order of integrations and replace ~r‖ with −~s ′, we obtain

gij(ω) ∼
∑
uv

∫
dz

∫
dz′
∫

d~s 2 Guv(~rij − ~s, z, z′)
∫

d~s ′2 Pv(~s− ~s ′, z′)P∗u(−~s ′, z). (1.114)

The two two-dimensional convolutions over the lateral coordinates, together with the summation and
the double integration over the z-coordinate add up to a computationally time consuming procedure,
with the most critical part being the numerical calculation of the dyadic Green’s function G~

~

(~s, z, z′) for
every possible combination of z and z′. The overall complexity of this procedure can be substantially
reduced if some simplifications based on the geometrical parameters of our antennas are adopted.
Recognizing that the height of the plasmonic structures (≈ 200 nm) is minute compared to both their
lateral dimensions (30 - 150µm) and the optical wavelength (300 - 1000µm) in the THz and sub-THz
spectral range, the dependence of G~

~

(~s, z, z′) on the vertical coordinates z and z′ can be neglected
and approximated by the value taken at the surface of the substrate G~

~
(~s, z, z′) ≈ G~

~
(~s, 0, 0) = G~

~
(~s )

(note that we implicitly set the boundary between the substrate and the superstrate to z = 0). As
a consequence, the integration over z and z′ is now limited only to the current distribution of the
fundamental mode and the expression for gij(ω) simplifies to

gij(ω) =

∑
uv

∫
d~s 2 Guv(~rij − ~s, ω)

∫
d~s 2 Pv(~s− ~s ′, ω)P∗u(−~s ′, ω)∫

V
d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

, (1.115)

where ~P(~s ) stands for the z-integrated current distribution

∫
dz ~P(~s, z).

The above formula for the interaction parameter is suitable for a practical implementation and
we employ it in all further calculations including the parameter optimization of antenna arrays. Its
crucial ingredient is the dyadic Green’s function, which has, as we have mentioned earlier, no closed
form representation in the real space (at least in the presence of a substrate). There is, however, an
integral representation that relies on the decomposition of fields into plane waves. Here, we shall just
list the final expressions without delving into their detailed derivation, for that we refer the reader to
e.g. Principles of Nano-Optics [2], Chapter 10.

Let us start with writing down the angular spectrum representation of the free space dyadic Green’s
function G~

~

0(~r, ~r ′)

G~

~

0(~r‖ − ~r ′‖, z, z
′) =

iω2µ0

8π2

∫∞∫
−∞

d~q 2 M~

~

(~q ) e
i~q·(~r‖−~r ′‖) eikz |z−z′|, (1.116)
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with kz defined as kz =
√
k2 − |~q |2 and components of the tensor M~

~

(~q ) given by

M~

~

(~q ) =
1

k2kz

 k2 − q2
x −qxqy ∓qxkz

−qxqy k2 − q2
y ∓qykz

∓qxkz ∓qykz k2 − k2
z

 . (1.117)

The choice of the sign in M~

~

(~q ) depends on the relative positions of the source and the point at which
the field is calculated: the upper sign applies for z>z′, the lower one for when the situation is reversed.
Furthermore, k = ω/c denotes the free space wavenumber and implicitly sets the threshold between
the propagating (|~q | ≤ k) and evanescent (|~q | > k) waves.

Figure 1.10: Specular reflection of an electromagentic wave at a planar interface between two media,
each characterized by a permittivity ε and a permeability µ. The amplitude of the reflected wave
depends, besides the optical properties of those media, on the propagation direction ~kinc and the
polarization (designated by the subscripts s and p) of the incident wave. The mutual orientation
of the electric and magnetic fields in those two possible polarization states is indicated by the red
(electric) and green (magnetic) arrows. Note that this particular geometrical representation is valid
only for propagating waves, visualization of evanescent waves would require some minor modifications.
The essential aspects of the reflection process, i.e. the distinction between the two polarization states
and the conservation of the lateral momentum, would be, however, preserved.

When a substrate is added, each wave undergoes a reflection at the substrate-superstrate interface
and the amplitude of the reflected wave depends on the polarization and the propagation direction of
the original one. Usually, this process is described in terms of the Fresnel reflection coefficients rp(~q )
and rs(~q ), where the subscripts p and s, derived from the German words for parallel and perpendicular,
differentiate between the two possible polarization states of the incident wave: rp(~q ) for waves with
the electric field oscillating within the plane perpendicular to the substrate surface and rs(~q ) for
waves with the electric field aiming strictly along the substrate-superstrate interface. The situation is
schematically depicted in Figure 1.10. To acquire a dyadic Green’s function that would account for
the presence of a substrate, we just need to break down the tensor M~

~

(~q ) into two parts corresponding
to the two different polarizations and multiply each with a respective Fresnel reflection coefficient.
Denoting them M~

~

ref
s (~q ) and M~

~

ref
p (~q ), the total dyadic Green’s function in the z > 0 halfspace then

reads

G~

~

(~r‖ − ~r ′‖, z, z
′) =

iω2µ0µ1

8π2

∫∞∫
−∞

d~q 2
{
M~

~

0(~q ) eikz1|z−z′| +
[
M~

~

ref
p (~q ) +M~

~

ref
s (~q )

]
eikz1(z+z′)

}
e

i~q·(~r‖−~r ′‖),

(1.118)
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M~

~

0(~q ) =
1

k2
1kz1

 k2
1 − q2

x −qxqy ∓qxkz1
−qxqy k2

1 − q2
y ∓qykz1

∓qxkz1 ∓qykz1 k2
1 − k2

z1

 , (1.119)

M~

~

ref
p (~q ) =

−rp(~q )

k2
1|~q |2

 q2
xkz1 qxqykz1 qx|~q |2

qxqykz1 q2
ykz1 qy|~q |2

−qx|~q |2 −qy|~q |2 −|~q |4/kz1

 , (1.120)

M~

~

ref
s (~q ) =

rs(~q )

kz1|~q |2

 q2
y −qxqy 0

−qxqy q2
x 0

0 0 0

 . (1.121)

Note that the tensor M~

~

0 is the same as the one given by Eq. (1.117), except the free space wavenumber
k was replaced with k1 =

√
ε1µ1 ω/c and the vertical component of the wavevector kz made way for

kz1 =
√
k2

1 − |~q |2, by which we account for the possibility that the superstrate might be some medium

with a refractive index different from 1 (similar changes were adopted for all the other relevant terms
in the above equations). Finally, recalling that we decided to drop the dependence of the dyadic
Green’s function on the vertical coordinates z and z′ and approximate it by its value at the substrate
surface, the full G~

~

(~r, ~r ′) from Eq. (1.118) reduces to

G~

~

(~r‖ − ~r ′‖) = G~

~

(~r‖ − ~r ′‖, 0, 0) =
iω2µ0µ1

8π2

∫∞∫
−∞

d~q 2
[
M~

~

0(~q ) +M~

~

ref
p (~q ) +M~

~

ref
s (~q )

]
e

i~q·(~r‖−~r ′‖). (1.122)

From the computational point of view, the above set of equations is already quite manageable. One
can, however, avoid the double integral by switching to polar coordinates (q, ϕ), where the integration
over the azimuthal angle ϕ can be carried out analytically [2, 34] (provided that the substrate material
is isotropic, i.e. the Fresnel coefficients depend only on the magnitude of the lateral wavevector
|~q | = q). Before we do that, it is useful to set the origin of the coordinate system to coincide with the
position of the source so that the following coordinate transformation can be implemented

x− x′ = x = r cosψ, (1.123)

y − y′ = y = r sinψ. (1.124)

This enables us, after converting the integral in Eq. (1.122) to polar coordinates, to write down the
individual components of the dyadic Green’s function in the following illuminating form

Guv(r, ψ) =
iω2µ0µ1

8π2

∞∫
0

dq

2π∫
0

dϕ q eiqr cos(ϕ−ψ)Muv(q, ϕ). (1.125)

The exponential factor in the above equation is characteristic for Bessel functions (it often appears in
their integral representations). For our purposes, we shall require mainly the following two identities
[35] featuring the Bessel function of the first kind Jn(qr)

2π∫
0

dϕ cosnϕ eiqr cos(ϕ−ψ) = 2π in Jn(qr) cosnψ, (1.126)

2π∫
0

dϕ sinnϕ eiqr cos(ϕ−ψ) = 2π in Jn(qr) sinnψ, (1.127)

35



1.3. ANTENNA ARRAY INTERACTION MODEL

where the various harmonics of the cosine and sine functions are directly linked to the order of the
Bessel function n. By employing these mathematical relations, we dispose of the integral over the
azimuthal angle, which leaves us only with a single integral over q for each component of the dyadic
Green’s function that have to be evaluated numerically (there are 9 components, but the number of
integrals that need to be calculated is actually smaller). After several straightforward steps involving
the use of basic trigonometric identities, these components are found to be

Gxx(r, ψ) =
iω2µ0µ1

8π

∞∫
0

dq

{
q

k2
1kz1

[(
2k2

1 − q2
)
J0(qr) + q2J2(qr) cos 2ψ

]
+

+ rs(q)
q

kz1
[J0(qr) + J2(qr) cos 2ψ]− rp(q)

qkz1
k2

1

[J0(qr)− J2(qr) cos 2ψ]

}
, (1.128)

Gyy(r, ψ) =
iω2µ0µ1

8π

∞∫
0

dq

{
q

k2
1kz1

[(
2k2

1 − q2
)
J0(qr)− q2J2(qr) cos 2ψ

]
+

+ rs(q)
q

kz1
[J0(qr)− J2(qr) cos 2ψ]− rp(q)

qkz1
k2

1

[J0(qr) + J2(qr) cos 2ψ]

}
, (1.129)

Gxy(r, ψ) =Gyx(r, ψ) =
iω2µ0µ1

8π
sin 2ψ

∞∫
0

dq J2(qr)

[
q3

k2
1kz1

+ rs(q)
q

kz1
+ rp(q)

qkz1
k2

1

]
. (1.130)

Gxz(r, ψ) =
ω2µ0µ1

4π
cosψ

∞∫
0

dq
q2

k2
1

J1(qr) [1 + rp(q)] , (1.131)

Gyz(r, ψ) =
ω2µ0µ1

4π
sinψ

∞∫
0

dq
q2

k2
1

J1(qr) [1 + rp(q)] , (1.132)

Gzz(r, ψ) =
iω2µ0µ1

4π

∞∫
0

dq
q3

k2
1kz1

J0(qr) [1 + rp(q)] , (1.133)

Gzx(r, ψ) =
ω2µ0µ1

4π
cosψ

∞∫
0

dq
q2

k2
1

J1(qr) [1− rp(q)] , (1.134)

Gzy(r, ψ) =
ω2µ0µ1

4π
sinψ

∞∫
0

dq
q2

k2
1

J1(qr) [1− rp(q)] . (1.135)

Even though it is not strictly necessary, it proves to be beneficial if we express the electric field
generated by the source in the polar basis instead of the cartesian one. By doing that, we slightly
descrease the number of integrals that have to be evaluated and incidentally also gain a more lucid
representation of G~

~

(r, ψ) with no mixing between the various harmonics of the trigonometric functions.
The polar projections Grβ(r, ψ) and Gψβ(r, ψ), where β represents any of the Cartesian coordinates,
are readily obtained from the cartesian ones by taking their appropriate linear combination

Grβ(r, ψ) = cosψ Gxβ(r, ψ) + sinψ Gyβ(r, ψ) (1.136)

Gψβ(r, ψ) = − sinψ Gxβ(r, ψ) + cosψ Gyβ(r, ψ). (1.137)
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Utilizing the above relations, the radial and the azimuthal components of the dyadic Green’s function
read

Grx(r, ψ) =
iω2µ0µ1k1

8π
cosψ I1(k1r), (1.138)

Gψx(r, ψ) = − iω2µ0µ1k1

8π
sinψ I2(k1r), (1.139)

Gry(r, ψ) =
iω2µ0µ1k1

8π
sinψ I1(k1r), (1.140)

Gψy(r, ψ) =
iω2µ0µ1k1

8π
cosψ I2(k1r), (1.141)

Grz(r, ψ) =
ω2µ0µ1k1

4π

∞∫
0

dλ λ2J1(λk1r) [1 + rp(λ)] , (1.142)

Gψz(r, ψ) = 0, (1.143)

with the integrals I1(k1r) and I2(k1r) defined as

I1(k1r) =

∞∫
0

dλ

{
λ√

1− λ2

[(
2− λ2

)
J0(λk1r) + λ2J2(λk1r)

]
+ rs(λ)

λ√
1− λ2

[J0(λk1r) + J2(λk1r)]−

− rp(λ)λ
√

1− λ2 [J0(λk1r)− J2(λk1r)]
}
, (1.144)

I2(k1r) =

∞∫
0

dλ

{
λ√

1− λ2

[(
2− λ2

)
J0(λk1r)− λ2J2(λk1r)

]
+ rs(λ)

λ√
1− λ2

[J0(λk1r)− J2(λk1r)]−

− rp(λ)λ
√

1− λ2 [J0(λk1r) + J2(λk1r)]
}
. (1.145)

It is worth noting that we changed the integration variable in the above integrals to λ = q/k1 so
that they are all now only a function of a single dimensionless parameter k1r. This change highlights
the fact that all the above integrals do not explicitly depend on frequency, ω enters them only through
the parameter k1r in the argument of the Bessel functions. This is of a great practical import since it
allows us, for a given substrate, to calculate the dyadic Green’s function only once for a sufficient range
of values of the parameter k1r and save it into a database. The value of the dyadic Green’s function
for some specific frequency ω and distance r can be then simply recovered from such a database using
interpolation.

We should stress that the above notion is built on the assumption that the substrate can be
considered semi-infinite and its optical properties constant within the spectral range relevant to EPR.
While the latter seems to be a reasonable requirement, the thickness of typical substrates will be in
reality probably comparable to or even less than the optical wavelengths encountered in the EPR
spectroscopy. It turns out, however, that introduction of a finite substrate does not pose a serious
problem. The presence of the additional interface will affect only the Fresnel reflection coefficients.
More specifically, reflections at the bottom surface of a substrate with a thickness d will give rise

to an exponential factor exp(2ikz2d) in the functions rp(λ) and rs(λ), where kz2 =
√
k2

2 − k2
1λ

2 =

k2

√
1− (ε1µ1)/(ε2µ2)λ2 denotes the vertical component of the wavevector describing the propagation

of a plane wave inside the substrate. Capitalizing on the analogy with the parameter k1r, we can
expand our previous statement and point out that the integrals appearing in Eqs. (1.128) - (1.145)
do not explicitly depend on ω even in the presence of a finite substrate. The frequency enters those
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expressions only indirectly through the parameters k1r and k2d. Consequently, we can still build a
database of dyadic Green’s functions that can be used to quickly find their value at any frequency ω
and at any distance r within a certain interval, except now the interpolation will be performed within
a two-dimensional parameter space spanned by k1r and k2d.

Let us briefly comment on the necessity of creating a database of dyadic Green’s functions. If
our goal was to calculate the response of only one particular antenna array, its creation could be
considered superfluous, but for a design optimization, where multiple geometrical parameters are
varied, the existence of such a database is without a doubt vital. On that note, it is equally important
to possess a similar database for the interaction parameter gij(ω), since its tabulation in terms of the
inter-antenna separation ~rij can substantially reduce the time required for finding the optimal spacing
between antennas within an array.

Figure 1.11: Validation of the integration procedure employed in the calculation of the dyadic Green’s
function. The extension of the integration path into the complex plane and the cut-off of high frequency
contributions using the Hann function (dots) leads only to minute deviations from the exact analytical
expression (solid line).

One of the last issues that should be addressed before we embark on the benchmark tests of the
array interaction model is the integration procedure used for the computation of the above dyadic
Green’s function. Inspection of Eqs. (1.144) and (1.145) reveals two potential difficulties: the first

are the singularities such as 1/
√

1− λ2 or those lurking inside the Fresnel reflection coefficient, the
second is the overall slow convergence of the integrals for small values of the parameter k1r. A common
solution to these problems is to extend the integration path into the complex plane [2], i.e. add a
small imaginary part to the integration variable q. To further improve the rate of convergence, we
also decided to multiply the integrands by the Hann function g(q) defined as

g(q) =


1

2
+

1

2
cos

(
2πq

qmax

)
, q ≤ qmax

0, q > qmax

 . (1.146)

The parameter qmax, acting effectively as a new upper integration limit, was dynamically varied de-
pending on the value of the parameter k1r. The validity of these steps is demonstrated by Figure 1.11,
where the integral I(k1r)—appearing, for example, in Eq. (1.133) and evaluated using the integration
procedure outlined above—is compared to the exact analytical solution f(k1r) given below

f(k1r) = i
eik1r

k1r

[
1

(k1r)2
− i

k1r
− 1

]
=

∞∫
0

dλ
λ3

√
1− λ2

J0(λk1r) = I(k1r). (1.147)
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The relative difference between those two was, in this particular calculation, well below 5% in the
k1r/(2π)<1 range and less than 0.1% for k1r/(2π)≥1. The precision could be improved by increasing
the value of the parameter qmax, but considering the whole spectrum of approximations that were
adopted up to this point, the merits would not probably outweigh the inevitable increase in the
computation time.

With the dyadic Green’s function at hand, we are finally able to calculate the interaction parameter
gij(ω) and using Eq. (1.105), subsequently determine the excitation amplitudes of the fundamental
eigenmode in the antenna ensemble. The last missing piece of the ”puzzle” is a tool that would enable
us to characterize the overall response of the ensemble. One option is to look at the total scattering
cross-section, others include calculation of the scattering amplitude along the propagation direction of
the incident electromagnetic wave (de facto the extinction) or the integral magnetic field enhancement
around the antennas. We shall address them one by one, starting with the scattering cross-section
Csca(ω) defined as the total scattered power divided by the intensity of the incident plane wave I0(ω).
Referring the reader to Appendix A for the detailed derivation of the far-field projections in stratified
media, the scattering cross-section can be broken down into two contributions C↑sca(ω) and C↓sca(ω)
corresponding to the power radiated into the upper (↑) and lower (↓) halfspaces

C↑sca(ω) = 4π2

∫∫
q≤k1

d~q 2 kz1
k1

| ~E↑ens(~q, ω)|2

| ~E0(ω)|2
=

4π2

| ~E0(ω)|2

∫∫
q≤k1

d~q 2 kz1
k1

∣∣∣∣[ E+s
src(~q, ω) + rs

1n(~q, ω)E−s
src(~q, ω)

E+p
src (~q, ω) + rp

1n(~q, ω)E−p
src (~q, ω)

]∣∣∣∣2 ,
(1.148)

C↓sca(ω) = 4π2

∫∫
q≤kn

d~q 2 kzn
k1

| ~E↓ens(~q, ω)|2

| ~E0(ω)|2
=

4π2

| ~E0(ω)|2

∫∫
q≤kn

d~q 2 kzn
k1

∣∣∣∣[ ts1n(~q, ω)E−s
src(~q, ω)

tp1n(~q, ω)E−p
src (~q, ω)

]∣∣∣∣2 . (1.149)

where the electric field ~E
↑/↓
ens (~q, ω) generated by the ensemble of antennas in those two halfspaces is

expressed in the two component basis of s- and p-polarized waves. The Fresnel reflection r
s/p
1n (~q, ω)

and transmission t
s/p
1n (~q, ω) coefficients account for the interaction of the downward emitted waves with

the substrate (the use of the subscript n was made in preparation for a situation, when the substrate

if finite, possibly made of several layers). The electric field amplitudes E
±s/p
src (~q, ω) of the upward (+)

and downward (−) emitted waves are calculated from the Fourier components of the ensemble current
distribution ~Pens(~q, ω)

[
E±s

src(~q, ω)

E±p
src (~q, ω)

]
=

iω2µ0µ1

2kz1

 −qy
q

qx
q

0

±qx
q

kzj
kj

±qy
q

kzj
kj

− q

kj


 P xens(~q, ω)
P yens(~q, ω)
P zens(~q, ω)

 . (1.150)

In the real space, the ensemble current distribution ~Pens(~r, ω) is constructed from a set of spatially
shifted distributions of the fundamental eigenmode ~P(~r, ω), each weighted by the respective excitation
amplitude pi(ω) previously determined from Eq. (1.105) of the interaction model. Replacing the full
current distribution with its z-integrated value (an acceptable approximation considering the deeply
subwavelength vertical size of our antennas)

~Pens(~r‖, ω) =
∑
i

~Pi(~r‖, ω) =
∑
i

pi(ω) ~P(~r‖ − ~ri, ω) =
∑
i

pi(ω)

∫
dz ~P(~r‖ − ~ri, z, ω), (1.151)

the Fourier representation of the ensemble current distribution can be written as a product of the
current distribution of the fundamental eigenmode and the structure factor

∑
i
pi(ω) e−i~q·~ri
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~Pens(~q, ω) =
1

4π2

∫∞∫
−∞

d~r 2
‖
~Pens(~r‖, ω) e−i~q·~r‖ =

∑
i

pi(ω)
1

4π2

∫∞∫
−∞

d~r 2
‖
~P(~r‖ − ~ri, ω) e−i~q·~r‖ =

= ~P(~q, ω)
∑
i

pi(ω) e−i~q·~ri . (1.152)

As it turns out, this factorization can be extended all the way up to the level of the far-field represen-
tation of the electric fields

~E↑/↓ens (~q, ω) = ~E↑/↓sng (~q, ω)
∑
i

pi(ω) e−i~q·~ri , (1.153)

where the electric field ~E
↑/↓
sng (~q, ω) generated by the fundamental eigenmode in the upper and lower

halfspaces is constructed in the same way as ~E
↑/↓
ens (~q, ω), except the ensemble current distribution

~Pens(~q, ω) in Eq. (1.150) has to be swapped for ~P(~q, ω). Consequently, the expressions for the scattering
cross-section become

C↑sca(ω) = 4π2

∫∫
q≤k1

d~q 2 kz1
k1

| ~E↑sng(~q, ω)|2

| ~E0(ω)|2

∣∣∣∑
i

pi(ω) e−i~q·~ri
∣∣∣2, (1.154)

C↓sca(ω) = 4π2

∫∫
q≤kn

d~q 2 kzn
k1

| ~E↓sng(~q, ω)|2

| ~E0(ω)|2

∣∣∣∑
i

pi(ω) e−i~q·~ri
∣∣∣2. (1.155)

The next quantity that can be used to assess the response of antenna arrays (and is closely related
to the extinction) is the scattering amplitude in the directions associated with the propagation of
the incident wave. In a homogeneous space, this would be simply the radiation scattered along the
wavevector ~k0 of the indicent wave. In the presence of a substrate, however, one should rather consider
the propagation directions of the transmitted and specularly reflected waves. Even though these two
distinctive scattering amplitudes can be in principle used for characterization of any ensemble of
antennas, our interest in them stems mainly from their importance for the case of regular dense arrays
that can be effectively regarded as possibly anisotropic, but homogeneous 2D materials. The fact that
their optical response can be then described in terms of effective Fresnel coefficients is used later in
this chapter in our analysis of Fabry-Perot modes and their practical impact on measurements.

Since the use of an illumination in the form of a plane wave would, in this instance, lead to
calculations involving an infinite antenna array (to deserve the denomination ”homogeneous”, the
extent of our artificial 2D material needs to be at least the same or larger than the lateral size of
the source wave), we settled for a gaussian beam with a large enough waist radius w0 for it to be a
passable approximation of a plane wave. Assuming the waist of the beam coincides with the plane
z= 0 forming the base of the antennas, the amplitudes E0i(ω) of the driving electric field appearing
in Eq. (1.105) become a gaussian function of the antenna positions ~ri = (xi, yi)

E0i(xi, yi, ω) = E0(ω) exp

(
−x

2
i + y2

i

w2
0

)
, (1.156)

where E0(ω) stands for the amplitude of the electric field in the center of the beam. The optical
response of the whole system including the substrate can be conveniently expressed in terms of effective
Fresnel reflection reff(ω) and transmission teff(ω) coefficients relating the total field reflected from
~E↑tot(0

~ , ω) and transmitted through ~E↓tot(0
~ , ω) the system to the field of the impinging beam ~E0(0~ , ω)
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reff(ω) =
~E↑tot(0

~ , ω) · ~E∗0(0~ , ω)

| ~E0(0~ , ω)|2
=

[
~E↑ens(0~ , ω) + r1n(ω) ~E0(0~ , ω)

]
· ~E∗0(0~ , ω)

| ~E0(0~ , ω)|2
=

= r1n(ω) +
4π

w2
0

~E↑sng(0~ , ω) · ~E∗0(ω)

| ~E0(ω)|2
∑
i

pi(ω), (1.157)

teff(ω) =
~E↓tot(0

~ , ω) · ~E∗0(0~ , ω)

| ~E0(0~ , ω)|2
=

[
~E↓ens(0~ , ω) + t1n(ω) ~E0(0~ , ω)

]
· ~E∗0(0~ , ω)

| ~E0(0~ , ω)|2
=

= t1n(ω) +
4π

w2
0

~E↓sng(0~ , ω) · ~E∗0(ω)

| ~E0(ω)|2
∑
i

pi(ω), (1.158)

with the angular spectrum representation of the gaussian beam given by

~E0(qx, qy, ω) = ~E0(ω)
w2

0

4π
exp

[
−
w2

0 (q2
x + q2

y)

4

]
. (1.159)

Note that while there might be other possible formulations, our definition of the effective Fresnel
coefficients via the ~q=0~ Fourier component of the electric field complies best with the original definition
based on the response of the system to a plane wave propagating at normal incidence.

The third and perhaps the most relevant quantity that we employ in characterization of antenna

arrays in EPR is the average magnetic field enhancement η
�/	
avg . As we have shown in the previous

section, it is the primary parameter that determines whether the structure is suitable for the EPR
spectroscopy. In other words, this is the quantity that should be maximized in our search for the
optimal antenna array design. Invoking its definition given by Eq. (1.55), the average magnetic field
enhancement within an EPR layer of thickness hEPR uniformly covering an antenna array reads

η�/	avg (ω, hEPR) =
1

V

∫
V

dV
|H�/	(~r, ω)|2

|H�/	
0 (~r, ω)|2

, (1.160)

where the choice, which circular polarization to take, depends on the orientation of the static magnetic
field. Assuming the array consists of N×N antennas and it can be broken down into N2 identical
cells, each with an area Scell, the single volume integral becomes a sum of integrals over the individual
cells

1

V

∫
V

dV → 1

N2Vcell

N2∑
i

∫
Vcell

dV =
1

N2ScellhEPR

N2∑
i

∫∫
Scell

d~r 2
‖

z0(~r‖)+hEPR∫
z0(~r‖)

dz . (1.161)

Note that the limits of integration over the vertical coordinate z are a function of the lateral position ~r‖.
This just reflects the terrace-like nature of the surface onto which the EPR-active material is deposited
(simply put, EPR layer copies the profile created by the antennas).

The total magnetic field H�/	(~r, ω) in Eq. (1.160) can be written as a sum of the field generated

by the antennas H
�/	
ens (~r, ω) and the field H

�/	
0 (~r, ω) that would be detected in their absence. The

calculation of H
�/	
ens (~r, ω) from the ensemble current distribution and its subsequent integration over

each cell might be computationally quite demanding. That situation can be avoided, if the following
approximation is embraced. Let us suppose that the magnetic field of an antenna is mostly localized
close to its surface and the growth of the average enhancement rapidly falls off as we increase the
integration area beyond the immediate vicinity of this antenna. In that case, we can neglect the

contributions of the antennas to the magnetic field in the surrounding cells and replace H
�/	
ens (~r, ω)
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with the magnetic field of a single antenna H
�/	
sng (~r, ω) weighted by the corresponding excitation

amplitude pi(ω). Finally, after realizing that H
�/	
sng (~r, ω) can be obtained directly from the solitary

antenna simulations, the procedure for calculating the average magnetic enhancement is simplified
substantially

η�/	avg (ω, hEPR) =
1

N2Vcell

N2∑
i

∫
Vcell

dV

∣∣∣∣H�/	
0 (~r, ω) +

pi(ω)

α(ω)
H

�/	
sim (~r, ω)

∣∣∣∣2
|H�/	

0 (~r, ω)|2
=

= 1 +

N2∑
i
|pi(ω)|2

N2Vcell |α(ω)|2

∫
Vcell

dV

∣∣∣H�/	
sim (~r, ω)

∣∣∣2
|H�/	

0 (~r, ω)|2
+ 2Re

{ N2∑
i
pi(ω)

N2Vcell α(ω)

∫
Vcell

dV
H

�/	∗
0 (~r, ω)H

�/	
sim (~r, ω)

|H�/	
0 (~r, ω)|2

}
,

(1.162)

where the proportionality factor α(ω) from Eq. (1.101) ensures proper scaling between H
�/	
sng (~r, ω)

and the magnetic field H
�/	
sim (~r, ω) extracted from the simulations. The validity of the above approach

was verified by FDTD simulations of antenna dimers, showing only minor discrepancies between the
integrations of the full field and the field cut-off at the cell boundary even for small antenna separations.
This issue is further discussed in the following section dedicated to benchmark tests of the antenna
array interaction model.

1.4. Benchmark tests

To verify the validity and assess the limits of our approximate model for interacting plasmonic an-
tennas, we used it to calculate the response of an antenna dimer in various configurations and en-
vironments and compared the results to those obtained from exact FDTD simulations. In all the
benchmark tests, the dimer was composed of two identical diabolo antennas, the only parameters that
were varied were their mutual separation, and thickness and material composition of the substrate. At
the same time, the only external input to the interaction model was the current distribution induced
within a single antenna placed on top of a semi-infinite substrate.

The aim of the first test (probably the most fundamental and crucial) was to ascertain whether the
interaction model is able to correctly reproduce the scattering cross-section spectra of two antennas
separated by distances that are relevant to our overarching ambition of finding the optimal parameters
of antenna arrays for the plasmon enhanced EPR spectroscopy. Figure 1.12 gives evidence that our
interaction model passed this test almost effortlessly, with only slight deviations from the exact FDTD
spectra even for antennas merely 20µm apart (∆x equal to 100µm), which amounts, in this instance,
to the quarter of their length.

This auspicious result surpassed our expectations and prompted us to proceed with tests involving
various substrate configurations, the first one being 200µm silicon dioxide layer on top of a semi-infinite
silicon block. The purpose of this calculation was mainly of technical nature, namely to check whether
the reflections at interfaces of multilayer systems were properly implemented into the computation
routines for the antenna interaction parameter and the radiation emitted into the far-field. The
resulting scattering cross-section spectra were again validated against exact FDTD simulations (see
Figure 1.13), revealing a very good agreement between the two approaches.

That enabled us, eventually, to consider an experimentally more relevant case of antennas on top
of a finite, free standing substrate. Unlike the previous configuration, this type of substrate supports
guided modes that can both mediate interaction between antennas and trap or carry away a portion
of the energy that would otherwise reach the far-field detectors. At the same time, it prevents us from
comparing directly the results of the interaction model and the FDTD simulations in terms of the
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Figure 1.12: Scattering cross-section of an antenna dimer placed on top of a semi-infinite silicon
substrate, where the spectra calculated by our antenna interaction model (dots) are compared to
those obtained from FDTD simulations (solid line). The dimer consisted of two identical diabolo
antennas, each 80µm in length, and two different orientations were studied: the diabolos were aligned
either along their (a) long or (b) short axis, with a mutual separation (center to center) ranging from
300µm down to 100µm. The interaction model performed exceedingly well, reproducing accurately
the FDTD spectra even at separation distances (edge to edge) corresponding to a fraction of the
antenna length.

scattering cross-section (although not impossible, it can be somewhat tricky to separate the far-fields
from the guided modes in the latter). Recognizing this hindrance, we chose to evaluate the average
magnetic field enhancement η	avg instead—not only it gave us means to validate our method, it also
enabled us to check the correct implementation and reveal certain limits of the simplified procedure
outlined in the previous section: it is built on the premise that the near-fields of individual antennas
do not overlap. But as Figure 1.14 indicates, this condition is not always fulfilled, inevitably leading to
perceptible deviations from the correct values (in this instance, it happens only for very small antenna
separations). This should be kept in mind during any antenna array optimization, especially when
collective antenna modes are expected to affect the overall magnetic field distribution. In that case, our
simplified procedure is completely inadequate and a different approach should be considered. On that
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Figure 1.13: Validation of the antenna interaction model against FDTD simulations in the presence
of a layered substrate (200µm of fused silica on top of a semi-infinite silicon block). The object of
study was an antenna dimer formed by two identical, 140µm long diabolo antennas aligned either
along their (a) long or (b) short axis. Apart from their mutual separation, every other parameter
of the antennas was kept fixed. The comparison of the scattering cross-section spectra calculated by
the interaction model (dots) and the exact spectra obtained from the FDTD simulations (solid line)
revealed only minor differences between the two approaches, reinforcing further the good impression
instilled by our interaction model in the benchmark tests involving the semi-infinite silicon substrate.

note, the systems investigated in this thesis are not particularly inclined to support these collective
modes. Therefore, it is plausible to assume that the magnetic field enhancement derives mainly
from the near-field and that the above simplified procedure can be employed despite its apparent
shortcomings.
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Figure 1.14: Average magnetic field enhancement η	avg around an antenna dimer as a function of
the frequency and the antenna separation distances (a) ∆x and (b) ∆y. The dimer consists of two
80µm long diabolo antennas and is situated on top of a 200µm thick silicon substrate, capable of
supporting lateral waveguide modes that can mediate interaction between antennas. The perceptible
discrepancy between the spectra supplied by the interaction model and the FDTD simulations at small
antenna separations illustrates the limitations of the simplified procedure for calculating the average
magnetic field enhancement in antenna arrays. For it to be valid, the overlap between the magnetic
field generated by individual antennas has to be minimal.
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1.5. Antenna array optimization

The antenna array optimization presented in this thesis was carried out with the specific intent of test-
ing the whole concept of plasmon enhanced EPR spectroscopy experimentally. As such, the specimen
is required to conform to the technical specifications of the EPR machine situated at the University
of Stuttgart, where the testing is eventually going to take place. The diameter of the bore through
which the sample is inserted into the strong magnetic field inside the helium cryostat limits the size
of the sample roughly to 3 mm× 3 mm. Furthermore, the experimental setup enables the employment
of the double pass transmission configuration, where the sample is placed on top of a mirror, thus
enhancing the interaction of the spins with the incident THz radiation. To that end, we decided to
consider not only the slightly unrealistic case of a completely free standing substrate, but also the
configuration with a gold mirror glued to its back side. Lastly, the choice of the operation frequency
is largely limited by the source bandwidth and the maximum value of the static magnetic field that
can be attained at the sample location. In the case of the EPR machine currently used at the Uni-
versity of Stuttgart, this amounts to a frequency window between 300 and 400 GHz. Note that even
though the calculations presented here focus on this particular spectral interval, the transition to a
different operation frequency can be achieved simply by scaling appropriately the optimal antenna
array geometrical parameters.

Clearly, our object of study, i.e. an array of diabolo antennas placed on top of a dielectric substrate,
possesses many degrees of freedom that can be optimized in order to achieve maximum performance
in the EPR spectroscopy measurements. Apart from the geometrical parameters of the individual
diabolo antennas, we can tune the pitch of the array in two independent lateral directions (assuming
the array is rectangular) or change the material and the thickness of the substrate that supports it.
Optionally, we can also play with the material beneath the substrate, making it, for example, metallic
and thus obtain the aforementioned mirror configuration. Due to the considerable extent of the space
spanned by these various parameters, we decided to limit ourselves only to two substrate materials:
silicon (Si) and fused silica (SiO2) with refractive indices nSi ≈ 3.4 and nSiO2 ≈ 2. As for the antenna
parameters, we varied the wing angle (i.e. the vertex angle of the triangles forming the diabolo)
together with the length and the width of the diabolo bridge, while the overall length of the antenna
was fixed—to 80µm in the case of silicon and to 140µm in the case of the fused silica substrate—
ensuring that the antenna resonance falls somewhere within or close to the target frequency window.
Another parameter that was always kept the same was the height of the antenna, set for the sake of
easy future fabrication by electron lithography to 200 nm.

Our first step in the optimization process was to understand how the individual antenna parameters
affect the figure of merit, in this instance the average magnetic field enhancement within a thin layer
covering the antenna array. As our antenna interaction model allows for a rapid search over the various
array configurations and to a lesser extent also over the substrate thickness, while any change in the
geometry of individual antennas requires a separate FDTD simulation, we adjusted accordingly also
the resolution of the initial sweeps over these various parameters. More specifically, for each antenna
geometry and a set of six substrate thicknesses (∞, 100µm, 200µm, . . . , 500µm), we searched for the
best array configuration granting the maximum average field enhancement. This search spanned array
pitches in the interval of 1.4 to 5.0 with a step of 0.1 multiples of the antenna length. The results of
these parameter sweeps are comprehensively shown in Figures 1.15 – 1.17. The common hallmark in
these calculations is a strong dependence of the array response on the substrate thickness. Apart from
that, one can observe certain trends linked to the geometrical parameters of the individual antennas,
but except the case of an infinite silicon block, these tend to be obscured by the effects originating
from the finite thickness of the substrate.

The most plausible and natural explanation for this behaviour is the formation of Fabry-Perot
oscillations between the upper and lower side of the silicon substrate: depending on the frequency,
these oscillations can either boost or suppress the field driving the antennas, leading to the percepti-
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Figure 1.15: Average magnetic field enhancement within a thin layer covering a 3 mm × 3 mm an-
tenna array as a function of frequency for various widths of the diabolo bridge. Other geometrical
parameters of the antennas were kept fixed, their values are specified in the schematic drawing at the
top. Each panel (a-f) corresponds to a different thickness of the silicon substrate and the line style
(solid vs. dotted) discriminates between the two different thicknesses (50 nm vs. 500 nm) of the layer
within which the field enhancement was evaluated. The numbers in the square brackets indicate the
array pitches ∆x and ∆y (expressed in multiples of the antenna length) that gave the largest field
enhancement for the particular combination of the bridge width and the substrate thickness.
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Figure 1.16: Average magnetic field enhancement within a thin layer covering a 3 mm × 3 mm an-
tenna array as a function of frequency for various lengths of the diabolo bridge. Other geometrical
parameters of the antennas were kept fixed, their values are specified in the schematic drawing at the
top. Each panel (a-f) corresponds to a different thickness of the silicon substrate and the line style
(solid vs. dotted) discriminates between the two different thicknesses (50 nm vs. 500 nm) of the layer
within which the field enhancement was evaluated. The numbers in the square brackets indicate the
array pitches ∆x and ∆y (expressed in multiples of the antenna length) that gave the largest field
enhancement for the particular combination of the bridge length and the substrate thickness.
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Figure 1.17: Average magnetic field enhancement within a thin layer covering a 3 mm×3 mm antenna
array as a function of frequency for various wing angles of the diabolo antenna. Other geometrical
parameters of the antennas were kept fixed, their values are specified in the schematic drawing at the
top. Each panel (a-f) corresponds to a different thickness of the silicon substrate and the line style
(solid vs. dotted) discriminates between the two different thicknesses (50 nm vs. 500 nm) of the layer
within which the field enhancement was evaluated. The numbers in the square brackets indicate the
array pitches ∆x and ∆y (expressed in multiples of the antenna length) that gave the largest field
enhancement for the particular combination of the wing angle and the substrate thickness.
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ble modulation observed in our calculations. This interpretation is further reinforced by the refined
sweeps over the substrate thickness shown in Figure 1.18 and the simplified model treating the an-
tenna array as a thin anisotropic layer presented in Section 1.6. More specifically, the frequency vs.
substrate thickness maps of the average magnetic field enhancement plotted in Figure 1.18 reveal a
set of periodically occuring bands that are consistent with the picture of a broad plasmonic resonance
modulated by narrower Fabry-Perot oscillations that are getting sharper (notice the gradual slanting
of the bands) as we increase the substrate thickness. Similar behaviour can be observed also in the
configuration with the gold mirror underneath the substrate, as evidenced by the average magnetic
field enhancement maps displayed in Figure 1.19. Interestingly, this mirror configuration generally
yields significantly larger field enhancements than those we attained in the free standing substrates.
This apparent amplification of the Fabry-Perot oscillations in the presence of a mirror further un-
derlines their importance for the design development of a functional sample for EPR spectroscopy
measurements.

Figure 1.18: Average magnetic field enhancement within a 50 nm layer covering a 3 mm×3 mm antenna
array as a function of frequency and substrate thickness. Two different substrates were considered: (a)
silicon and (b) fused silica. The bands apparent in the field enhancement maps can be attributed to
the formation of Fabry-Perot oscillations between the top and bottom sides of the substrate. Panel (c)
then shows two spectra, one for each substrate material, corresponding to sets of antenna and substrate
parameters that exhibited the largest average magnetic field enhancement. These sets match those
listed in Table 1.1 in the section dedicated to free standing substrates.

If we accept the premise that the substrate thickness essentially affects only the overall efficiency
with which the antennas are driven and it has no direct effect on the magnetic field distribution (none of
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Figure 1.19: Average magnetic field enhancement within a 50 nm layer covering a 3 mm × 3 mm
antenna array as a function of frequency and substrate thickness. As in Figure 1.18, two different
substrates were considered—(a) silicon and (b) fused silica—except in this instance, the bottom side
of the substrate was attached to a gold mirror. The bands apparent in the field enhancement maps
can be attributed to the formation of Fabry-Perot oscillations between the top and bottom sides of the
substrate. Panel (c) then shows two spectra, one for each substrate material, corresponding to sets
of antenna and substrate parameters that exhibited the largest average magnetic field enhancement.
These sets match those listed in Table 1.1 in the section dedicated to substrates placed on top of a
gold mirror.

the calculations we performed suggested that it would be otherwise), we can simplify the optimization
procedure by decoupling this parameter from the rest. The subsequent finer sweeps over the wing
angle and the length and the width of the bridge brought a surprising discovery: the saturation of the
average magnetic field enhancement that is largely independent of the antenna parameters. In other
words, as long as we allow the array pitch and the substrate thickness to relax to their optimal values at
which the plasmonic resonance coincides with a maximum in the Fabry-Perot oscillations, the average
magnetic field enhancement never exceeds a certain value, whatever the antenna geometry is. At this
point, we are still not clear about the reasons for this peculiar behaviour. It seems to do with the fact
that for highly reflecting structures such as our diabolo antennas, there is a limit to the magnitude of
the current that can flow through the antennas, since they cannot reflect more power than the source
provides. With a finite total amount of current at our disposal, we can only play with its distribution,
which in the case of the diabolo antenna arrays, fails to bring any significant improvement to their
performance. The situation could be different in other antenna types and configurations, where the
current flow is more intricate and where there is more leeway for its build-up.
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substrate antenna bridge bridge substrate array pitch maximum
material length (µm) length (µm) width (µm) thickness (µm) (µm× µm) enhancement

free standing substrate

Si 80 32 2 110 272× 224 85

SiO2 140 64 2 640 392× 336 83

substrate + gold mirror

Si 80 32 2 400 176× 168 185

SiO2 140 64 2 960 308× 336 206

Table 1.1: The optimized antenna array parameters for the various substrate configurations considered
in this study (the wing angle equal to 90◦ in all cases). Presence of a gold mirror can significantly boost
the magnetic field enhancement, while variation of the substrate material or parameters of individual
antennas seems to have only limited impact on the overall performance.

To summarize the matter, we did not succeed in finding a single antenna design that would
outperform the rest, but rather came to the conclusion that within the parameter space spanned
in our optimization attempts, there seem to be many equivalent options with no apparent winner.
Therefore, we chose one representative set of parameters for each substrate configuration that we
studied. They are listed in Table 1.1, together with the maximum values of the average magnetic field
enhancement reached within a 50 nm thick layer covering the antennas. The full spectra are plotted in
Figures 1.18(c) and 1.19(c). Though not overwhelming (traditional Fabry-Perot resonators employed
in EPR boast with signal enhacement factors larger by a one order of magnitude [13]), these values
for the magnetic field enhancement represent a definitive improvement when compared to the simple
double pass transmission setup and as such could translate into a perceptible boost of the EPR signal
in the thin film spectroscopy.

1.6. Antenna array as a thin anisotropic layer

The search for the optimal antenna array parameters maximizing the average magnetic field enhance-
ment that was carried out in the previous section led us to the conclusion that the Fabry-Perot
oscillations building up between the top and the bottom sides of the substrate mainly control the
amplitude of the field driving the antennas, but besides that, they have only a little impact on the
magnetic field distribution or the interaction between antennas. In other words, they scale the overall
response of the antenna array, but otherwise leave it intact.

To provide the reader with a more solid evidence for our statements than just the field enhancement
maps shown in Figures 1.18 and 1.19, we decided to develop an analytical model, in which the antenna
array is perceived as a thin anisotropic layer that can be effectively characterized in terms of Fresnel
reflection and transmission coefficients. If our conclusions are correct, the response of the whole
system, i.e. the antenna plus the finite substrate, should then amount to the reflection from (or the
transmission through) a slab with modified optical properties at one of its interfaces. Denoting the
two different polarizations of the incident electric field by the superscripts 0 (polarization along the
long axis of the diabolo) and 90 (polarization along its short axis, i.e. rotated by 90 degrees), the
amplitudes of the reflected and transmitted waves are according to the effective model equal to
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where the substrate thickness d and the wavenumber k2 largely determine, whether the waves bouncing
between the top and bottom interfaces of the slab will add up constructively, destructively or something
in between. Assuming the antenna array is located on the upper side of the substrate, the reflection
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The situation at the upper interface is, on the other hand, slightly more complicated. Apart from
the ordinary Fresnel coefficients, there have to be also additional terms accounting for the presence
of the antenna array. Invoking our antenna interaction model—namely Equations (1.157) and (1.158)
quantifying the amplitudes of the waves scattered from a dense antenna array illuminated by a broad
gaussian beam—the reflection and transmission coefficients associated with the upper side of the
substrate can be written as
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where ~E
↑/↓ 0/90

ij (0~ , ω) stands for the ~q=0 Fourier component of the electric field emitted by the antenna
array either upwards (↑) or downwards (↓). The order of the indices in the subscript then indicates,
whether the antenna array was illuminated from the top (12) or from the bottom (21). Finally, w0

designates the width of the Gaussian beam, while ~E
0/90
0 denotes the electric field in its center. The

above mathematical framework perhaps best illustrates the aims of this section: by replacing the
response of the antenna array at a particular frequency with a single fixed number, we effectively
freeze it and prevent any additional objects (e.g. the bottom interface between the substrate and the
air or a mirror) from affecting the mutual interaction of antennas within the array.
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For the purpose of verifying our conjectures regarding the role played by the Fabry-Perot oscilla-
tions, we chose as a subject of our study a 9 mm×9 mm antenna array with a silicon as the supporting
substrate. To suppress any scattering outside the ~q=0 direction, we fixed the array pitches along the
x and y axes to double of the antenna length, which was in this instance equal to 80µm. The width
of the illuminating Gaussian beam was set to 3 mm, making it a passable approximation for a plane
wave in this spectral range.

Figure 1.20: Effective reflection and transmission coefficients characterizing a single planar silicon-air
interface infused with a dense array of diabolo antennas. The red and blue color discriminates between
the two mutually orthogonal polarizations of the incident electric field, while the line style specifies,
whether the real (solid) or the imaginary (dashed) part of the coefficient is being considered. Finally,
the arrows indicate, whether the incoming wave propagates from air to silicon (left panels) or vice versa
(right panels). Note how the response of the system strongly depends on the polarization. When in the
active position (0 deg), the antenna array essentially acts as a mirror, but it is practically transparent,
if we rotate the polarization by 90 degrees. In the case of the Si → Air reflection coefficient plotted
in (b), this massive anisotropy (stemming from the excitation of the fundamental dipolar mode in the
diabolo antennas) causes a complete sign reversal as we switch between the active (0 deg) and inactive
(90 deg) positions.

The spectral dependences of the reflection and transmission coefficients characterizing this system
are plotted in Figure 1.20. Clearly, the antenna array hardly affects the waves polarized along the
short axis of the diabolo antennas (90 deg), leaving the silicon substrate as the main element dictating
the response of the system. As one would expect, the situation is quite different for the polarization
along the long axis of the diabolo (0 deg). The efficient coupling of the incoming radiation to the
dipolar mode of the antenna significantly increases the amount of the power that is reflected, while
reducing substantially the transmission through the system.

Nothing prevents us now from inserting these single interface coefficients into the above analytical
expressions for a finite substrate given by Eqs. (1.163) and (1.164). The acquired spectra are then
presented in Figures 1.21 and 1.22, alongside the results supplied by our full antenna interaction model
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presented in the previous section. Consequently, if there are any other significant effects apart from
the scaling of the overall antenna array response due to the Fabry-Perot oscillations, they should
manifest themselves as deviations from the effective model. To bring to light any possible dependence
on the substrate thickness, we varied it in the range between 100µm and 2 mm and only after a close
inspection of the results, we were able to spot some minor discrepancies between the two approaches
in the instance of very thick substrates.

Figure 1.21: Amplitude of the wave reflected from a silicon slab with an antenna array on top of its
upper surface, calculated using the full apparatus of our antenna interaction model for stratified media
(solid line) and the effective model (dots), in which the response of the array is approximated by a set
of Fresnel coefficients. The excellent agreement between the two approaches corroborates our notion
that the reflections from the bottom interface hardly affect the mutual interaction between antennas
in this type of systems. Each panel shows the spectral dependence of the reflected wave amplitude for
a different substrate thickness. As it turns out, the substrate thickness affects mainly the frequency by
which the Fabry-Perot oscillations modulate the spectra. Also, note the mutual spectral shift between
the Fabry-Perot oscillations for the active (0 deg) and inactive (90 deg) positions of the antenna array
that can attributed to an apparent change in the optical densities perceived by the incoming wave,
caused by the onset of the plasmonic resonance in the diabolo antennas.

We should point out that these calculations should not be perceived as some attempt to proove
that one can always decouple the response of an antenna array from the photonic modes sustained
by the substrate. In truth, we intended initially to exploit these modes and enhance the mutual
interaction between antennas for the purpose of reaching higher magnetic fields, but as it turned out,
the system we chose for our investigation (we mean the diabolo antenna arrays on top of silicon in
general, not just this specific case of a dense array) is not particularly inclined to support them. Let
us suppose for a moment that it does. Then we could, in principle, reverse our train of thought and
use the above effective model, which treats the antenna array as a thin anisotropic layer, to identify
any conspicuous features in the response of the system and separate them from the familiar amplitude
scaling effects caused by the Fabry-Perot oscillations.
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Figure 1.22: Amplitude of the wave transmitted through a silicon slab with an antenna array on
top of its upper surface for various substrate thicknesses. The definition and meaning of the labels
is exactly the same as in Figure 1.21. As in the case of the reflected wave amplitudes, we can
observe a disalignment between the Fabry-Perot oscillations for the active (0 deg) and inactive (90
deg) positions of the antenna array, with the maximal spectral shift reached right in the center of the
plasmonic resonance.

There remains one last item related to the above calculations that we deemed worthwhile to
discuss, namely the spectral shift between the amplitude oscillations for the two mutually orthogonal
polarizations, clearly visible in both the reflection and the transmission configurations and for all the
investigated substrate thicknesses. This disparity is perhaps most striking in the dSi = 100µm case,
where one polarization is mostly reflected, while the other passes through the slab practically intact.
This effect is definitely linked to the plasmonic resonance, since away from it, the oscillations—and this
is far better noticeable in the thicker substrates—become much more ”in phase”. A simple explanation
for this behaviour can be found if we look closely on the reflection and transmission coefficients plotted
in Figure 1.20. When the incident wave travels from the halfspace filled with air to the other one made
up by silicon (the panels on the left), the spectra for the two polarizations are qualitatively similar—
the coefficients differ in magnitude, but their phase is more or less the same. After we reverse the
propagation direction (the two panels on the right), the situation, however, dramatically changes: as
we hit the center of the plasmonic resonance, the phase of the reflection coefficient for the polarization
along the long axis of the diabolo (0 deg) becomes shifted by π with respect to its 90 deg counterpart.
That inevitably leads to a shift in the frequencies at which the Fresnel coefficients characterizing
the whole slab reach their maximum or minimum, causing the palpable spectral disalignment of the
Fabry-Perot oscillations for the two different polarizations of the incident electric field.

This flip in the sign can be viewed, in fact, as the consequence of a change in the contrast between
optical densities perceived by the incoming wave as it propagates across the interface between air and
silicon. Due to the highly reflective nature of the antenna array (at least when it finds itself in the
active position with respect to the incident polarization), the environment into which the incoming
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wave aims to propagate appears to be optically denser than it actually is. In the case of a wave
traveling from air into silicon (Air→ Si), it does not matter as much, since silicon is already optically
denser than air, but when we reverse the propagation direction (Si → Air), it will be as if the wave
hit an optically denser material (although it does not) and the phase of the reflected wave will be
opposite compared to the reflection from an ordinary Si-Air interface (or one infused with an inactive
antenna array).

All of this has some practical implications for experimental measurements: one might be tempted
to exploit the configuration with the antenna array in the inactive position (90 deg) as a reference,
hopefully expecting the Fabry-Perot oscillations to be canceled out after adopting this reference for
normalization of the meaurements with antennas in the active position (0 deg). Unfortunately, the
mutual disalignment of the Fabry-Perot oscillations discussed above prevents us from doing so and
some other type of reference should be used (e.g. a mirror).

1.7. Rigorous treatment of the plasmon enhanced EPR effect

Our understanding of how an EPR material imprints itself into the optical response of a nearby plas-
monic antenna was based so far on the simplified analytical oscillator model introduced in Section 1.2,
in which the term describing absorption losses suffered by the antenna was generalized to include also
the magnetization currents induced within the EPR material. It led us to the realization that the
magnitude of the EPR signal encoded within the radiation emitted by the antenna is directly propor-
tional to the average magnetic field enhancement within the volume occupied by the EPR material.
We subsequently used this finding in the search of an antenna array design that would maximize the
plasmon enhancement effect and improve the detection limits in spectroscopic EPR measurements of
thin films. Recognizing the oscillator model as possibly too rudimentary (sort of a weak point of the
whole concept), the aim of this section is to provide the reader with a more rigorous description of the
interaction between a plasmonic antenna and an EPR material and to corroborate our earlier state-
ments regarding the origin and the magnitude of the EPR signature embedded within the antenna
radiation.

Using the framework of modal decomposition developed earlier in Section 1.3, the measure of how
the EPR material affects the excitation amplitude of the fundamental antenna mode can be expressed
in terms of an interaction parameter gEPR(ω)

gEPR(ω) =
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Analogously to the interaction parameter gij(ω), it is calculated as an overlap integral between the
current distribution of the fundamental mode and the electric field generated by the magnetization
~M induced within the EPR material. The magnetization itself is then a product of the magnetic

susceptibility tensor χ~

~

m(~r, ω)—taking, for example, the form as in Eq. (1.33)—and the total magnetic
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Disregarding for a moment the incident magnetic field ~H0, the above equations clearly illustrate the
self-consistent nature of the plasmon enhanced EPR effect: the antenna interacts with itself via the
surrounding material and this back-action then translates into the far-field emission properties of the
antenna.
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Even though formally the EPR and the inter-antenna interaction parameters gEPR(ω) and gij(ω)
are the same, there are some practical differences, mainly the substitution of the dyadic Green’s
function with its variants G~

~

E
m and G~

~

H . While the former gives us the electric field distribution in the
vicinity of a point magnetic dipole, these roles are interchanged in the latter, i.e. G~

~

H expresses the
magnetic field generated by a point electric dipole. Fortunately, one can simplify the situation and
avoid the calculation of two additional dyadic Green’s functions by exploiting the duality between the
fields generated by an electric and a magnetic dipole [2]. Namely, G~

~

E
m and G~

~

H are linked through the
following relation

G~

~

E
m (~r, ~r ′, ω) = −µ0G~

~

H(~r, ~r ′, ω) (1.175)

that leads to a slightly modified version of the EPR interaction parameter gEPR(ω)

gEPR(ω) =

−µ0

∫
V

d~r 3 ~P∗(~r, ω) ·
∫
VEPR

d~r ′3 G~

~

H(~r, ~r ′, ω) ~M(~r ′, ω)∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

. (1.176)

The explicit expressions for the magnetic dyadic Green’s function G~

~

H(~r, ~r ′, ω) in the presence of a
substrate can be derived from their electric counterparts prescribed by Eqs. (1.118) – (1.121) using the
basic Maxwell-Faraday equation iωµ0µ ~H = ∇× ~E

G~

~

H(~r‖−~r ′‖, z, z
′) = − iω

8π2

∫∞∫
−∞

d~q 2
{
M~

~

H
0(~q ) eikz1|z−z′| +

[
M~

~

H ref
p (~q ) + M~

~

H ref
s (~q )

]
eikz1(z+z′)

}
e

i~q·(~r‖−~r ′‖),

(1.177)

M~

~

H
0(~q ) =

1

kz1

 0 ±kz1 −qy
∓kz1 0 qx
qy −qx 0

 , (1.178)

M~

~

H ref
p (~q ) =

−rp(~q )

kz1|~q |2

 qxqykz1 q2
ykz1 qy|~q |2

−q2
xkz1 −qxqykz1 −qx|~q |2
0 0 0

 , (1.179)

M~

~

H ref
s (~q ) =

rs(~q )

kz1|~q |2

 −qxqykz1 q2
xkz1 0

−q2
ykz1 qxqykz1 0

qy|~q |2 −qx|~q |2 0

 . (1.180)

As before, we find it expedient to switch to polar coordinates

ρ =
√

(x− x′)2 + (y − y′)2, (1.181)

cosψ =
x− x′

ρ
, (1.182)

sinψ =
y − y′

ρ
, (1.183)

where the integrals assume a form that is partially reducible to Bessel functions. Adhering to the
distinction between the free space (G~

~

H
0 ) and reflected (G~

~

H
ref) contributions, the individual components

of the magnetic dyadic Green’s function read
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GH (0)
yx (~r, ~r ′) = ± i

ωk2
1

4π

∞∫
0

dλ λJ0(λk1ρ) ei
√

1−λ2k1|z−z′|, (1.184)

GH (0)
zx (~r, ~r ′) =

ωk2
1

4π
sinψ

∞∫
0

dλ
λ2

√
1− λ2

J1(λk1ρ) ei
√

1−λ2k1|z−z′|, (1.185)

GH (0)
zy (~r, ~r ′) = − ωk2

1

4π
cosψ

∞∫
0

dλ
λ2

√
1− λ2

J1(λk1ρ) ei
√

1−λ2k1|z−z′|, (1.186)

G
H (0)

βα(~r, ~r ′) = − G
H (0)

αβ(~r, ~r ′), (1.187)

GH (0)
αα(~r, ~r ′) = 0, (1.188)

GH ref
yx (~r, ~r ′) = i

ωk2
1

8π

[
IH1 (k1ρ) + cos 2ψ IH2 (k1ρ)

]
, (1.189)

GH ref
xy (~r, ~r ′) = − i

ωk2
1

8π

[
IH1 (k1ρ)− cos 2ψ IH2 (k1ρ)

]
, (1.190)

GH ref
zx (~r, ~r ′) =

ωk2
1

4π
sinψ IH3 (k1ρ), (1.191)

GH ref
xz (~r, ~r ′) = − ωk2

1

4π
sinψ IH4 (k1ρ), (1.192)

GH ref
zy (~r, ~r ′) = − ωk2

1

4π
cosψ IH3 (k1ρ), (1.193)

GH ref
yz (~r, ~r ′) =

ωk2
1

4π
cosψ IH4 (k1ρ), (1.194)

GH ref
xx(~r, ~r ′) = − i

ωk2
1

8π
sin 2ψ IH2 (k1ρ), (1.195)

GH ref
yy (~r, ~r ′) = − GH ref

xx(~r, ~r ′), (1.196)

GH ref
zz (~r, ~r ′) = 0, (1.197)

with the integrals I1(k1ρ), I2(k1ρ), I3(k1ρ), and I4(k1ρ) defined as

IH1 (k1ρ) =

∞∫
0

dλ λJ0(λk1ρ) [rs(λ)− rp(λ)] ei
√

1−λ2k1(z+z′), (1.198)

IH2 (k1ρ) =

∞∫
0

dλ λJ2(λk1ρ) [rs(λ) + rp(λ)] ei
√

1−λ2k1(z+z′), (1.199)

IH3 (k1ρ) =

∞∫
0

dλ
λ2

√
1− λ2

rs(λ) J1(λk1ρ) ei
√

1−λ2k1(z+z′), (1.200)

IH4 (k1ρ) =

∞∫
0

dλ
λ2

√
1− λ2

rp(λ) J1(λk1ρ) ei
√

1−λ2k1(z+z′) (1.201)

The evaluation of the above integrals can be efficiently carried out in the same manner as in the case
of the electric dyadic Green’s function, i.e. by extending the integration path into the complex plane
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and cutting off the high spatial frequencies, one can achieve rapid convergence at the expense of minor
deviations at very small distances from the origin. Note that in spite of this procedure, the evaluation
can take substantially more computation time than in the electric case since close to the antenna,
we can no longer disregard the variations in the spatial dependence and in the polarization current
along the vertical coordinate and evaluate everything in the z = 0 plane. That renders this whole
approach not particularly suitable for extensive optimization tasks, yet it does not prevent us from
the fundamental analysis of the plasmon enhanced EPR effect.

One could evaluate Eq. (1.176) as it is and compare the result with the value obtained from the
approximate oscillator model, observing either good or poor agreement between the two. We deemed
it to be more insightful, however, to look closer at the respective analytical expressions and try to find
some link between them. If we switch to a more tractable representation of the dot and tensor-vector
products in Eq. (1.176) and shuffle a bit with the order of individual terms, one acquires yet another
version of the EPR interaction parameter

gEPR(ω) ∼ −µ0

∑
αβ

∫
V

d~r 3 P∗α(~r, ω)

∫
VEPR

d~r ′3 GHαβ(~r, ~r ′, ω)Mβ(~r ′, ω) ∼

∼ −µ0

∑
αβ

∫
VEPR

d~r ′3 Mβ(~r ′, ω)

∫
V

d~r 3 GHαβ(~r, ~r ′, ω)P∗α(~r, ω). (1.202)

Similarly, the magnetic loss rate—the parameter accounting for the EPR interaction within the oscil-
lator model prescribed by Eq. (1.58)—can be recast into the following illuminating form

γm(ω) ∼
∑
β

∫
VEPR

d~r ′3 Mβ(~r ′, ω)H∗β(~r ′, ω) ∼
∑
αβ

∫
VEPR

d~r ′3 Mβ(~r ′, ω)

∫
V

d~r 3 GH∗βα (~r ′, ~r, ω)P∗α(~r, ω).

(1.203)
Evidently, the expression for gEPR(ω) bears a strong resemblance to the one for γm(ω), the only
difference being the absence of the complex conjugate and the interchange of the indices and the
coordinate vectors in the magnetic dyadic Green’s function. The question, whether this failure to
reproduce exactly the predictions of the oscillator model is severe enough to discard it altogether, can
be resolved only through a careful analysis of the symmetry properties of the magnetic dyadic Green’s
function.

Let us start by writing down the closed form expression for G~

~

H in free space [2] (like in the electric
case, no such form exists in the presence of a substrate)

G~

~

H (0)(~r, ~r ′) =
ωk2

1

4π

eik1R

k1R

(
1 +

i

k1R

)
1

R

 0 (z′ − z) (y − y′)
(z − z′) 0 (x′ − x)
(y′ − y) (x− x′) 0

 , (1.204)

where R =
√

(x− x′)2 + (y − y′)2 + (z − z′)2 stands for the distance between the source and the
position at which the field is evaluated. Apparently, their interchange leads only to sign change and

the same happens when we switch the indices, i.e. we replace G
H (0)

αβ(~r, ~r ′) with G
H (0)

βα(~r, ~r ′). The fact
that

G
H (0)

βα(~r ′, ~r ) = G
H (0)

αβ(~r, ~r ′) (1.205)

partially lifts the discrepancy between the oscillator model and the more rigorous approach involving
overlap integrals. The only problem left to solve (at least in the free space) is the absence of the
complex conjugate in the latter. To that end, it prooved to be instructive to evaluate the magnetic
Green’s function close to the origin, namely its real part. By expanding the exponential function eik1R
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into a Taylor series, it becomes clear, after several steps, that the real part of all the components of
G~

~

H (0)(~r, ~r ′) tends to zero at the origin

lim
R→0

Re
{
G

H (0)
αβ(~r, ~r ′)

}
∼ lim

R→0
Re

{
ωk2

1

4π

eik1R

k1R

(
1 +

i

k1R

)}
=

= lim
R→0

ωk2
1

4π
Re

{
1 + ik1R− 1

2k
2
1R

2 + . . .

k1R
+

i− k1R− 1
2 ik2

1R
2 + 1

6k
3
1R

3 + . . .

k2
1R

2

}
=

= lim
R→0

ωk2
1

4π

[
−1

3
k1R+R2(· · · ) + . . .

]
= 0. (1.206)

If we next add to G
H (0)

αβ(~r, ~r ′) its counterpart from the oscillator model G
H (0)∗

βα (~r ′, ~r ) (and subtract it
immediately afterwards)

G
H (0)

αβ(~r, ~r ′) = G
H (0)

αβ(~r, ~r ′) + G
H (0)∗

βα (~r ′, ~r )− G
H (0)∗

βα (~r ′, ~r ) = ∆ G
H (0)

αβ(~r, ~r ′)− G
H (0)∗

βα (~r ′, ~r ) (1.207)

and exploit successively the identity from Eq. (1.205) and vanishing of the real part of the magnetic
Green’s function at the origin

lim
R→0

∆ G
H (0)

αβ(~r, ~r ′) = lim
R→0

2Re
{
G

H (0)
αβ(~r, ~r ′)

}
= 0, (1.208)

we find that at close range (k1R� 1)

G
H (0)

αβ(~r, ~r ′) ≈ − G
H (0)∗

βα (~r ′, ~r ). (1.209)

This further reconciles the two approaches as the magnetic field is expected to be significant mainly
close to the antenna, where the condition k1R� 1 should be well satisfied.

The catch that prevents us from stating conclusively that the oscillator model and its outcomes are
valid is the fact that in the course of the above derivation, we have completely ignored the substrate.
Inspection of Eqs. (1.189) – (1.197) immediately reveals that in its presence, no symmetry relation
such as the one formulated in Eq. (1.205) exists

GH ref
βα(~r ′, ~r ) 6= GH ref

αβ(~r, ~r ′). (1.210)

As a consequence, the real part of the magnetic Green’s function does not vanish at the origin and
we fail to reproduce the desired equivalence between GHαβ(~r, ~r ′) and GH∗βα (~r ′, ~r ) as we were able in
the free space. In order to ascertain the gravity of this setback, we decided to carefully examine the
behaviour of the ”reflected” part of the magnetic Green’s function near the origin. Choosing the GH ref

yx

component as our subject of study, we evaluated analytically the term that thwarts our efforts to link
it directly to GH∗xy (~r ′, ~r )

lim
R, z→0

GH ref
yx (~r, ~r ′) + GH ref∗

xy (~r ′, ~r ) = lim
R, z→0

i
ωk2

1

4π

[
Re
{
IH1 (k1ρ)

}
+ i cos 2ψ Im

{
IH2 (k1ρ)

}]
6= 0. (1.211)

If we look at the spatial dependence of the real and imaginary parts of the auxiliary integrals IH1 (k1ρ)
and IH2 (k1ρ) shown in the left panel of Figure 1.23, it becomes clear that our difficulties arise from
the singularity in the real part of the integral IH1 (k1ρ), while the second term involving the imaginary
part of IH2 (k1ρ) poses no problems.

The presence of Fresnel reflection coefficients makes any general analysis of these integrals rather
tricky, but luckily for us, the situation is not so chaotic close to the origin—as we approach it, high
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Figure 1.23: Auxiliary integrals IH1 (k1ρ), IH2 (k1ρ), IH3 (k1ρ), and IH4 (k1ρ) as a function of the lateral
distance from the origin ρ. The line scan was evaluated 100 nm above a point source sitting right on
top of a silicon substrate. Note the disparate behavior of the real and imaginary parts of the integral
close to the origin, where one usually diverges, while the other saturates or tends to zero.

spatial frequencies gain the upper hand and represent the largest contribution to the integral. At the
same time, the Fresnel coefficients saturate at large wavevectors and tend to their static limit, namely

rp
∞ =

ε2 − ε1

ε2 + ε1
, (1.212)

rs
∞ = 0, (1.213)

where ε1 and ε2 stand for the dielectric permittivities of the superstrate and substrate, respectively.
That allows us to factor them out of the integrals

lim
R, z→0

IH1 (k1ρ) = lim
R, z→0

∞∫
0

dλ λJ0(λk1ρ) [rs(λ)− rp(λ)] ei
√

1−λ2k1(z+z′) ≈

≈ −rp
∞

∞∫
0

dλ λJ0(λk1ρ) ei
√

1−λ2k1(z+z′) (1.214)

and obtain approximate expressions that can be not only evaluated analytically, but which have
also a clear physical meaning: they represent the magnetic field of an image dipole mirrored by the
substrate, with an amplitude dictated by the dielectric contrast between the superstrate and the
substrate (the fact that it is indeed a mirror image of the original dipole stems from the plus sign
between the vertical coordinates in the exponential factor). Consequently, the problematic expression
from Equation (1.211) is reduced to

lim
R, z→0

GH ref
yx (~r, ~r ′) + GH ref∗

xy (~r ′, ~r ) ≈ −i
ωk2

1

4π
rp
∞

∞∫
0

dλ λJ0(λk1ρ) ei
√

1−λ2k1(z+z′)

= rp
∞ GH (0)

xy (~r ′‖ − ~r‖, z
′+z) = rp

∞ GH img
xy (~r ′, ~r ), (1.215)

where the superscript img indicates that this variant of the magnetic Green’s function should be
associated with the mirror image of the source. It seems to be evident now that the direct equivalence
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between GHαβ(~r, ~r ′) and GH∗βα (~r ′, ~r ) has to be abandoned and replaced with a new one that would
account for the above extra term. One can easily derive it using the same procedure as in Eq. (1.207)

GH ref
yx (~r, ~r ′) = GH ref

yx (~r, ~r ′) + GH ref∗
xy (~r ′, ~r ) + rp

∞ GH img∗
xy (~r ′, ~r )−

[
GH ref∗
xy (~r ′, ~r ) + rp

∞ GH img∗
xy (~r ′, ~r )

]
=

= ∆ GH ref
yx (~r, ~r ′)−

[
GH ref∗
xy (~r ′, ~r ) + rp

∞ GH img∗
xy (~r ′, ~r )

]
. (1.216)

Recalling the symmetry relation from Eq. (1.205) linking the various components of the free space
magnetic Green’s function, the correction term ∆ GH ref

yx (~r, ~r ′) is found to tend to zero as we approach
the origin

lim
R, z→0

∆ GH ref
yx (~r, ~r ′) = lim

R, z→0
2rp
∞Re

{
GH img
xy (~r ′, ~r )

}
= lim

R, z→0
2rp
∞Re

{
GH (0)
xy (~r ′‖ − ~r‖, z

′+z)
}

= 0,

(1.217)
whence it follows that at close range, GH ref

yx (~r, ~r ′) is practically equivalent to

GH ref
yx (~r, ~r ′) ≈ −

[
GH ref∗
xy (~r ′, ~r ) + rp

∞ GH img∗
xy (~r ′, ~r )

]
. (1.218)

The above series of steps yields similar results also when applied to the rest of the components
of the magnetic Green’s function, with the exception of GH ref

zx (~r, ~r ′) and GH ref
zy (~r, ~r ′) which differ

by an opposite sign in front of the term corresponding to the image dipole. We note that this
inconsistency is probably connected to the disparate screening experienced by dipoles oriented in
parallel or perpendicularly to a planar interface between two materials. We list here for completeness
also the correction terms for some of these other magnetic Green’s function components (the rest can
be easily deduced from them)

lim
R, z→0

GH ref
xy (~r, ~r ′) + GH ref∗

yx (~r ′, ~r ) = lim
R, z→0

−i
ωk2

1

4π

[
Re
{
IH1 (k1ρ)

}
− i cos 2ψ Im

{
IH2 (k1ρ)

}]
≈

≈ i
ωk2

1

4π
rp
∞

∞∫
0

dλ λJ0(λk1ρ) ei
√

1−λ2k1(z+z′) = rp
∞ GH (0)

yx (~r ′‖ − ~r‖, z
′+z), (1.219)

lim
R, z→0

GH ref
xz (~r, ~r ′) + GH ref∗

zx (~r ′, ~r ) = lim
R, z→0

−ωk
2
1

4π
sinψ

[
IH4 (k1ρ) + IH∗3 (k1ρ)

]
≈

≈ −ωk
2
1

4π
rp
∞ sinψ

∞∫
0

dλ
λ2

√
1− λ2

J1(λk1ρ) ei
√

1−λ2k1(z+z′) = rp
∞ GH (0)

zx (~r ′‖ − ~r‖, z
′+z), (1.220)

lim
R, z→0

GH ref
zx (~r, ~r ′) + GH ref∗

xz (~r ′, ~r ) = lim
R, z→0

ωk2
1

4π
sinψ

[
IH3 (k1ρ) + IH∗4 (k1ρ)

]
≈

≈ ωk2
1

4π
rp
∞ sinψ

 ∞∫
0

dλ
λ2

√
1− λ2

J1(λk1ρ) ei
√

1−λ2k1(z+z′)

∗= rp
∞ GH (0)∗

xz (~r ′‖ − ~r‖, z
′+z), (1.221)

lim
R, z→0

GH ref
xx(~r, ~r ′) + GH ref∗

xx (~r ′, ~r ) = lim
R, z→0

ωk2
1

4π
sin 2ψ Im

{
IH2 (k1ρ)

}
= 0. (1.222)
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Finally, by combining all these equations into one, we acquire a single concise expression for the
magnetic dyadic Green’s function

GHαβ(~r, ~r ′) = −
[
GH∗βα (~r ′, ~r ) + rp

∞ GH img∗
βα (~r ′, ~r )

]
+ ∆GHαβ(~r, ~r ′), (1.223)

G~

~

H
img(~r ′, ~r ) =


0 G

H (0)
xy (~r ′‖ − ~r‖, z

′+z) − G
H (0)

xz (~r ′‖ − ~r‖, z
′+z)

G
H (0)

yx (~r ′‖ − ~r‖, z
′+z) 0 − G

H (0)
yz (~r ′‖ − ~r‖, z

′+z)

G
H (0)

zx (~r ′‖ − ~r‖, z
′+z) G

H (0)
zy (~r ′‖ − ~r‖, z

′+z) 0

 (1.224)

that allows us to assess the validaty of the oscillator model and its outcomes.
Before we do that, it remains to verify whether this entire construct is actually correct and the

deviation term ∆G~

~

H(~r, ~r ′) truly goes to zero as we approach the origin. To that end, we evaluated
the above expressions along a line running 100 nm above a point source that is placed right on top
of a silicon substrate. The results plotted in Figure 1.24 confirm that close to the source, one can
approximate the magnetic dyadic Green’s function with the following expression

lim
R, z→0

GHαβ(~r, ~r ′) ≈ −
[
GH∗βα (~r ′, ~r ) + rp

∞ GH img∗
βα (~r ′, ~r )

]
. (1.225)

Its insertion back into Equation (1.202) yields a formula for the EPR interaction parameter

gEPR(ω) ≈
µ0

∫
VEPR

d~r 3 ~M(~r, ω) ·
[
~H∗ant(~r, ω) + rp

∞
~H∗img(~r, ω)

]
∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

(1.226)

that at last enables us to clearly identify the discrepancies between the oscillator model and the more
rigorous approach employing the framework of overlap integrals (for clarity, the newly introduced term
~Hant simply denotes the magnetic field generated by the antenna). Its comparison with the expression
for the magnetic loss rate given by Eq. (1.58) and now recast as

γm(ω) ∼
∫
VEPR

d~r 3 ~M(~r, ω) ·
[
~H∗0 (~r, ω) + ~H∗ant(~r, ω)

]
(1.227)

tells us two things: the oscillator model lacks the extra term associated with the mirror image of
the antenna ( ~Himg) and contains another one that appears to be superfluous ( ~H0). Considering the
systems that we are dealing with in this thesis, the weight of these individual terms will generally
depend on the particular antenna geometry and the choice of the substrate.

On that note, we decided to validate our advanced EPR interaction model and to study the impact
of these various terms it contains on the simplest system consisiting of a single 80µm long diabolo
antenna placed on top of a semiinfinite silicon substrate. The magnetically active layer covering the
antenna was 500 nm thick and it was etched away except a 160 × 160µm2 area with the antenna
in its center. The results of the FDTD simulation and the EPR interaction model are plotted in
Figure 1.25(a), showing a very good agreement between the two approaches both in terms of the
linewidth and the depth of the imprint left by the magnetic material in the scattering spectrum of the
antenna. The density of spins was varied to verify that the depth of the observed dip scales properly
with the strength of the interaction, meanwhile the frequency and the linewidth (τ = 100 ps) of the
magnetic transition were kept fixed.

In order to assess the relative importance of the various terms appearing in the expression for
the EPR interaction parameter and the necessity to include them in our predictions, we calculated
scattering cross-section spectra for the same antenna and magnetic layer parameters as before, but
using different versions of the EPR interaction parameter. Namely, the full original form gfull

EPR(ω),
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Figure 1.24: Weights of the various terms constituting the individual components of the magnetic
dyadic Green’s function GHαβ(~r, ~r ′). Note that close to the origin, the correction term ∆GHαβ(~r, ~r ′)

becomes negligible compared to the leading terms GH∗βα (~r ′, ~r ) and rp
∞ GH img∗

βα (~r ′, ~r ), which supports
our explanation of their origin and relative importance. The lateral line scans were evaluated 100 nm
above a point source located right on top of an air-silicon interface. Also, the direction of the line
scan (indicated by the green double-arrow) differs between the individual components of GHαβ(~r, ~r ′),
as each possesses a different dependence on the azimuthal angle.

an approximate form deduced from the symmetry properties of the magnetic dyadic Green’s function
gapprox

EPR (ω), and an alternative variant based on the oscillator model gosc
EPR(ω)

gfull
EPR(ω) =

−µ0

∫
V

d~r 3 ~P∗(~r, ω) ·
∫
VEPR

d~r ′3 G~

~

H(~r, ~r ′, ω) ~M(~r ′, ω)∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

, (1.228)

gapprox
EPR (ω) =

µ0

∫
VEPR

d~r 3 ~M(~r, ω) ·
[
~H∗ant(~r, ω) + rp

∞
~H∗img(~r, ω)

]
∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

, (1.229)

gosc
EPR(ω) =

µ0

∫
VEPR

d~r 3 ~M(~r, ω) ·
[
~H∗0 (~r, ω) + ~H∗ant(~r, ω)

]
∫
V

d~r 3 ~P∗(~r, ω) · ~E0(~r, ω)

. (1.230)

65



1.8. SUMMARY AND OUTLOOK

Figure 1.25: (a) Validation of the advanced EPR interaction model employing mode decomposition
and overlap integrals against the exact FDTD simulations of a single 80µm diabolo antenna on top
of a silicon substrate. The three scattering cross-section spectra for the three different spin densities
were artificially shifted along the vertical axis for the sake of a more lucid visualization. (b) Scattering
cross-section spectra of the same plasmonic antenna as in (a), but calculated using three different
variants of the EPR interaction parameter (gfull

EPR, gapprox
EPR , and gosc

EPR) plus the oscillator model from
Section 1.2. These results correlate well with our analysis of the plasmon enhanced EPR effect and
corroborate the limited precision of the oscillator model, in which the implementation of the interaction
with a magnetic transition is based solely on energy dissipation considerations.

Finally, we also fitted the scattering cross-section spectrum of a bare antenna using the analytical
oscillator model introduced in Section 1.2 and after infusing it with the magnetic loss rate accounting
for the EPR interaction, we obtained the last missing piece of our puzzle. Comparison with those
other three spectra shown in Figure 1.25(b) demonstrates that the approximate expression for the
EPR interaction parameter can more than adequately act as a substitute for the full form and that
the results of the oscillator model correspond well to the situation, when the term in gEPR(ω) as-
sociated with the mirror image of the antenna is replaced with the incident magnetic field. As for
the quantitative difference between the oscillator model and the more accurate approach involving
mode decomposition and overlap integrals, the former underestimates the magnitude of the EPR sig-
nal roughly by 25% with respect to the latter. We suspect that for other antenna geometries and
substrates with very high index of refraction, this deviation could go as high as 50%. Still, it seems
that from the qualitative point of view, the oscillator model captures the fundamental aspects of the
plasmon enhanced EPR effect rather well. Consequently, the premise that the stronger the magnetic
field is, the more pronounced also becomes the EPR signature remains valid and so does our conviction
that the magnetic field enhancement is the crucial parameter that determines the performance of an
antenna in EPR spectroscopy measurements.

1.8. Summary and outlook

To summarize the contents of this chapter dedicated to the study of the plasmon enhanced EPR
effect: the reader was provided with an intelligible description of its fundamental aspects, using a
simplified oscillator model, in which a plasmonic antenna is treated as a point dipole and its interaction
with the surrounding EPR material is fully captured by a single phenomenological parameter with a
clear physical meaning. According to this model, the magnitude of the footprint left by a magnetic
transition in the far-field response of the antenna is directly proportional to the average magnetic field
enhancement around the antenna. A more rigorous approach combining mode decomposition, FDTD
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simulations and overlap integrals later revealed that this is not entirely true and for truly accurate
results, some additional terms should be included. Nevertheless, the outcomes of the oscillator model
proved to be qualitatively valid and from that point onward, we considered the average magnetic field
enhancement to be the most crucial quantity that determines how well a particular plasmonic antenna
shall perform in EPR spectroscopy measurements of thin films.

Since real sample sizes are expected to exceed the dimensions of a single antenna at least by one
order of magnitude, the use of antenna arrays seems to be almost inevitable. From the computational
viewpoint, it represents a certain challange, but it also opens new avenues for shaping the response of
the system using e.g. lattice resonances, possibly leading to a further amplification of the interaction
between the antennas and the EPR material. To that end, we developed an advanced antenna inter-
action model that is capable to accurately and efficiently quantify the forces exerted by an antenna on
its neighbours, even in the presence of a substrate. Despite its limitations, we are convinced that this
model represents a versatile tool transferable also to other spectral regions (e.g. infra-red), where it
can substantially reduce the computation times associated with the simulations of large finite antenna
arrays.

We employed our antenna interaction model in the search for an optimal antenna array design that
would maximize the magnitude of the signature imprinted by the EPR material into the radiation
emitted by the antennas. Thanks to the ability of our model to scan rapidly over various array
and substrate configurations, we managed to cover a significant portion of the space spanned by the
various geometrical parameters inherent to our system. In the end, we failed at finding a design that
would significantly outperform the others. In fact, our figure of merit—the average magnetic field
enhancement—seemed to saturate at a certain value, unwilling to increase beyond it. This somewhat
surprising result, along with the study of other types of antennas and array configurations, will be a
subject of our future investigations in this research area.

On that note, it is also our intention to further expand the antenna interaction model, making it
applicable to a wider range of systems. As an example, we could name arrays of inverted plasmonic
structures, i.e. apertures in otherwise homogeneous metallic layers. Their potential advantage in
comparison to the systems presented here in this thesis is the strong interaction between individual
antennas mediated by surface plasmon polaritons that could lead to a more efficient excitation of lattice
resonances and ultimately also to a better level of performance in the EPR spectroscopy measurements.
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2. Miscellany of applications

2.1. Phase imaging of metasurfaces

Metasurfaces can be essentially perceived as ensembles of structures with subwavelentgh mutual
spacing, granting them a semblance of smooth homogeneous materials. By tailoring the fundamental
building blocks of a metasurface, one can locally modify its optical properties and acquire range of
functions otherwise unattainable with standard optical materials [36, 37]. The modification of the
optical properties can be realized in several ways, the most common being the adjustment of the
geometrical parameters of the building blocks, which slightly alters the complex amplitude of the
electromagnetic wave passing through the metasurface. On the global scale, the variations in phase
and amplitude can result in a broad spectrum of wavefront shapes—from a simple convergent wave
mimicking a passage through an ordinary lense to complex optical vortices with a nonzero orbital
angular momentum [38, 39].

The practical fabrication of metasurfaces brings a question of how to verify that the resulting
phase and amplitude profiles truly match those envisioned in the theoretical design. To that end, we
successfully employed coherence controlled holographic microscopy (CCHM), a technique originally
developed at our institute for the study of objects other than metasurfaces [40, 41]. We demonstrated
that the holographic microscopy can be used for phase imaging of metasurfaces and by changing the
defocus of the optical system, one can even create 3D phase maps showing how the wavefront evolves as
the distance from the metasurfaces increases. We refer the reader for a more detailed discussion of this
technique to Attachments, where the full article can be found. Here, we would like to focus exclusively
on the calculations that constituted the theoretical basis of our measurements and facilitated their
correct interpretation.

The first, perhaps the most crucial step is to have a clear picture of how an image is formed in
a microscope. It turns out that even the most rudimentary configuration with the image projected
onto the back focal plane of an optical system made of two lenses is sufficient for understanding the key
aspects of this process (an example of such a system is schematically depicted in Figure 2.1). Putting
aside effects like the image inversion and magnification, the most profound impact of the optical system
on the image is its inability to convey high spatial frequencies, placing a limit on the resolution with
which we can discern the fine features of the subject of our studies. In other words, if we perform
a plane wave decomposition of the field in the object plan (i.e. we calculate its Fourier transform),
the optical system can transfer only those waves fulfilling the condition that the magnitude of their
lateral wavevector ~q does not exceed certain value, namely the free space wavenumber k multiplied by
the numerical aperture NA of the system. In mathematical notation, this amounts to

~E(~rimg, zimg) =

∫∫
|~q |≤kNA

d~q 2 ei~q·~rimg eikz(zimg−zobj) ~E(~q, zobj) =

=

∫∫
|~q |≤kNA

d~q 2 ei~q·~rimg eikz(zimg−zobj)
1

4π2

∫∞∫
−∞

d~r 2
obj e

−i~q·~robj ~E(~robj, zobj), (2.1)

where the subscripts specify, whether we evaluate the field in the object plane (obj) or the image
(img) plane and the meaning of the individual spatial variables can be easily deciphered by consulting
Figure 2.1.

Since metasurfaces are usually large area objects that cannot be fitted into a single simulation,
it makes sense to calculate the response of their building blocks individually and subsequently piece
them together. Considering, however, the issues one encounters when dealing with an electric field
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Figure 2.1: Sketch of a simple optical system roughly illustrating how an image of a metasurface is
formed in the back focal plane of a CCHM microscope. Apart from inverting and magnifying the
object, the optical system also removes high spatial frequencies, placing a limit on the attainable
spatial resolution. Note that we use ~robj to establish the lateral position with respect to the optical
axis within the object plane, while ~rimg serves the same purpose in the image plane.

distribution that suffers a cut-off at the boundary of the simulation region (see Introduction for the
detailed clarification of this point), we opted for a less troublesome approach relying on the Green’s
function formalism [2]

~E(~robj, zobj) =

∫
V

d~r 3 G~

~

(~robj−~r‖, zobj, z) ~P (~r ) =
∑
j

∫
Vj

d~r 3 G~

~

(~robj−~r‖, zobj, z) ~Pj(~r‖ − ~rj , z), (2.2)

where the field anywhere in the object plane is given by the convolution of the dyadic Green’s function
G~

~

(~robj−~r‖, zobj, z) with the global distribution of the polarization current ~P (~r ) induced within our

hypothetical metasurface and where we used the fact that due to its “granular” nature, ~P (~r ) can be
further broken down into distributions of currents flowing inside individual building blocks

~P (~r ) =
∑
j

~Pj(~r‖ − ~rj , z). (2.3)

The lateral position of the building blocks within the object plane is specified by the set of vectors ~rj .
Also note that we implicitly expect the environment hosting our structures to possess translational
invariance along the lateral coordinates ~r‖, a requirement that is always met as long as we use planar
substrates.

If we now turn our attention back to Equation (2.1) capturing the spatial filtering in optical
microscopy and proceed with the evaluation of the electric field and its Fourier transform in the
object plane, we obtain—after some shuffling with exponentials and the order of integration—the
following equality
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~E(~q, zobj) =
1

4π2

∫∞∫
−∞

d~r 2
obj e

−i~q·~robj
∑
j

∫
Vj

d~r 3 G~

~

(~robj−~r‖, zobj, z) ~Pj(~r‖ − ~rj , z) =

=
1

4π2

∫∞∫
−∞

d~r 2
obj e

−i~q·~robj
∑
j

∫
Vj

d~r 3 G~

~

(~robj−~r‖, zobj, z)

∫∞∫
−∞

d~q ′2 ei~q ′·~r‖ ~Pj(~q
′, z) =

=
∑
j

∫
dz

∫∞∫
−∞

d~q ′2 e−i~q ′·~rj
∫∞∫
−∞

d~r 2
‖ e
−i(~q−~q ′)·~r‖ 1

4π2

∫∞∫
−∞

d~r 2
obj e

−i~q·(~robj−~r‖)G~

~

(~robj−~r‖, zobj, z) ~Pj(~q
′, z) =

=
∑
j

∫
dz

∫∞∫
−∞

d~q ′2 e−i~q ′·~rj 4π2δ(~q − ~q ′)G~

~

(~q, zobj, z) ~Pj(~q
′, z) =

= 4π2

∫
dz G~

~

(~q, zobj, z)
∑
j

e−i~q·~rj ~Pj(~q, z), (2.4)

where G~

~

(~q, zobj, z) and ~Pj(~q, z) stand for the Fourier representations of the dyadic Green’s function
and the current distribution induced within the j-th building block. The optical system then crops
the high spatial frequencies so that only the plane waves with |~q | ≤ kNA participate in the image
formation

~E(~rimg, zimg) = 4π2

∫∫
|~q |≤kNA

d~q 2 ei~q·~rimg eikz(zimg−zobj)

∫
dz G~

~

(~q, zobj, z)
∑
j

e−i~q·~rj ~Pj(~q, z). (2.5)

Although the above expression already permits practical calculations of the fields in the image
plane, the evaluation of the integral over the allowed spatial frequencies can cause some troubles,
namely occurence of artificial ripples at the edges of the calculated image associated with the way how
computers handle the calculation of Fourier transforms. One can avoid this problem, for example, by
increasing the size of the image and cropping it afterwards. We found, however, the following approach
utilizing the convolution of the current distribution with a point spread function of the optical system
to be more reliable and ultimately also computationally less demanding.

Its employment goes hand in hand with the necessity of defining a single regular grid of points
spanned by a position vector ~ri at which we shall evaluate the fields both in the object plane and in
the image plane

~ri ≡ ~robj ≡ ~rimg. (2.6)

Furthermore, the current distribution needs to be projected onto this grid as well (using an in-
terpolation procedure that preserves the total polarization current), which means we will no longer
associate ~rj with the positions of the individual building blocks. Instead, it will be congruent with
the position vector ~ri

~rj ≡ ~ri, (2.7)

and ~Pj(~r ) gets replaced by

~Pj(~r ) = δ(~r‖) ~Pj(z), (2.8)

where ~Pj(z) stands for the polarization current assigned to the j-th grid point. Finally, insertion of
the above expression into Equation (2.5) yields the distribution of the electric field within the image
plane
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~E(~ri, zimg) =

∫
dz
∑
j

∫∫
|~q |≤kNA

d~q 2 ei~q·(~ri−~rj) eikz(zimg−zobj)G~

~

(~q, zobj, z) ~Pj(z) =

=

∫
dz
∑
j

PSF(~ri − ~rj , zimg, z) ~Pj(z). (2.9)

The point spread function

PSF(~r, zimg, z) =

∫∫
|~q |≤kNA

d~q 2 ei~q·~r eikz(zimg−zobj)G~

~

(~q, zobj, z), (2.10)

an entity well known from the classical optics describing the field generated by a single point source,
fully captures the propagation of electromagnetic waves through the optical system. Depending on the
level of accuracy one strives to achieve, it can be modified to account for the various abberations and
optical effects occuring in a real optical system and distorting the resulting image. For the purpose
of interpreting our phase measurements, however, the basic form written above, addressing solely the
trimming of high spatial frequencies, is entirely sufficient.

Figure 2.2: Numerically calculated amplitude (a) and phase (b) distribution of the electric field gener-
ated behind a plasmonic zone plate after it was illuminated by a plane wave. The size of the annular
zones was designed to provide a focal point at the distance of 100µm from the metasurface. Only two
types of building blocks were used, namely silver discs with diameters equal to either 90 or 160 nm,
yielding a phase difference between adjacent zones around π/5. Ideally, the phase should change by
π at the zone boundaries, but our metasurface exhibited an acceptable focusing performance despite
this modest value.

To demonstrate the usefulness of the above concept combining the Green’s function formalism and
the current distributions on some practical example, we show in Figure 2.2 the numerically calculated
amplitude and phase distribution of an electromagnetic wave propagating behind a plasmonic meta-
surface specifically designed to focus light into a single spot 100µm away from it. It consists of two
types of silver discs arranged into regularly alternating concentric annuli with gradually decreasing
radial size. Together, they form the so called zone plate, an optical element invented by the French
physicist Augustin-Jean Fresnel already in the 19th century. The comparison with the experimental
data measured by a coherence controlled holographic microscope, together with the detailed layout
of the metasurface, can be found in the respective article in Attachments. Our theoretical calcula-
tions not only validated the suitability of the CCHM for the characterization of phase-modulating
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metasurfaces, but their careful analysis led to the elucidation of a discrepancy in the positions of the
subsidiary focal points which slightly differed from those predicted by the analytical model for an ideal
zone plate.

To conclude this passage dedicated to phase imaging, the presented theoretical apparatus prooved
to be an excelent tool for modeling the optical response of large area metasurfaces and this impression
was further reinforced during the development of a metasurface-based beam splitter, which we present
in the next section.

2.2. Tailoring the far-field response of metasurfaces

The ability to integrate several functions in a single optical element is perhaps one of the most
important and intriguing assets offered by metasurfaces. In certain areas, they cannot compete with
the classical optical elements in terms of efficiency and price, but the possibility to replace a complex
optical system with a single metasurface should definitely arouse interest not only within the scientific
community, but also the industry. In that respect, we have recently established collaboration with the
Czech company Meopta, and started to work on several metasurface designs that could potentially
improve the performance of specific optical systems, one of them being a fan-out element for parallel
laser ablation [42].

It is basically an optical element that diffracts light into a set of diverging beams that upon
refocusing by a lense, form a regular array of hotspots [43]. To help the reader with picturing how
such a beam splitter functions, the optical paths of the individual beams as they propagate from the
metasurface towards the back focal plane of the lense are outlined in Figure 2.3 . In this schematical
drawing, we limited ourselves to merely 4 beams, but in real devices, this number can be significantly
higher. In the case of our design, we aim for an array of 28× 28 beams, to be precise.

Figure 2.3: Schematical depiction of a metasurface converting an incident wave into multiple beams
that, upon refocusing by a lense, form a regular array of hotspots in its back focal plane. The
propagation directions of the individual beams can be conveniently described in terms of the azimuthal
(ϕ) and declination (θ) angles or alternatively, using the directional cosines sx and sy defined by
Eqs. (2.11) and (2.12).

Note that it is rather easy to obtain a regular beam array with a predefined angular separation,
one just needs to fabricate a grating with the right pitch and the diffraction will take care of the rest.
The tricky part are the additional requirements placed on the system: the beams should preferably
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have an uniform intensity, the overall efficiency of the device should be as high as possible and there
should not be any significant leakage of radiation in directions other than those we want. For practical
reasons, it is also desirable that the intensity along the propagation direction of the original beam (the
so called zeroth order) is minimal. All these constraints make the task of designing the beam splitter
significantly more difficult.

Figure 2.4: The inner structure of a metasurface for the beam array generation can be broken down
into four levels. By grouping several building blocks (yellow) of the same type into a pixel (green),
one can suppress the emission of radiation into directions corresponding to high declination angles.
An assembly of pixels—each housing a single type of a building block—forms a supercell (red) with
a far-field profile in the shape of a rectangular window. Finally, periodic repetition of the supercell
(black) leads to a grating effect with regularly spaced spikes in the angular spectrum corresponding
to our beam array. The spacing between the individual spikes is set through the size of the supercell,
while their sharpness is determined by the number of supercells that are illuminated by the incident
beam. Note that the use of the “pixel” level is not strictly necessary, we introduced it to have control
over the number of free parameters in our optimization scheme.

The standard approach to solving this problem is to divide the metasurface into periodically repeat-
ing supercells [44]—the periodicity ensures the formation of beams with constant angular separation,
while the inner features of the supercell are designed to yield a far-field profile in the shape of a rect-
angular function. The combination of those two then leads to the desired array with equally strong
beams and no radiation outside the area bounded by the rectangular window. Let us for a moment for-
get about the supression of the zeroth order, we shall return back to that point later on. This concept
of synthesizing the far-field response of our metasurface by structuring intelligently its composition,
starting at the level of individual pillars and ending with the complete optical element, is illustrated
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in Figure 2.4. Note that apart from dividing the metasurface into supercells and building blocks, we
also introduce an intermediate “pixel” level that allows us to control the computational complexity of
the optimization procedure for finding the ideal metasurface design satisfying our requirements.

Regarding the mathematical description of the angular spectrum generated by the metasurface
and its sub-elements, it is convenient to express it in terms of the directional cosines sx, sy and sz
defined as

sx =
x

r
=
qx
k

= cosϕ sin θ, (2.11)

sy =
y

r
=
qy
k

= sinϕ sin θ, (2.12)

sz =
z

r
=
kz
k

=
√

1− s2
x − s2

y = cos θ, (2.13)

where ϕ designates the azimuthal and θ the declination angle. For completeness, we list also the
other possible representations based on the position vector ~r = (x, y, z) and the propagation vector
~k = (qx, qy, kz). Note that the z-component of the propagation vector is implicitly assumed to be
positive, since throughout this section, we shall be working exclusively in the z > 0 halfspace (we set
the z = 0 plane at the upper substrate surface supporting the metasurface).

Invoking once again the relation linking the far-field to the Fourier components of the near field

~E↑(sx, sy) = −2πi ksz
eikr

r
~E↑(sxk, syk, 0), (2.14)

and employing the Green’s function formalism, we find the distribution of the electric field in the
upper (↑) hemisphere spanned by the unit vector ~s to be

~E↑(~q, z) = 4π2

∫
dz′ G~

~

(~q, z, z′) ~P (~q, z′), (2.15)

where G~

~

(~q, z, z′) designates the dyadic Green’s function and ~P (~q, z) stands for the Fourier transform of
the polarization current distribution ~P (~r ) induced within the metasurface. Considering its structured
nature, we can break the current distribution down to the level of its smallest constituents, the
individual building blocks. Using the cascade of position vectors displayed in Figure 2.5, ~P (~r ) can be
written as

~P (~r ) =
∑
jmn

~Pn(~r‖ − ~rj − ~rn − ~rm, z), (2.16)

with ~Pn(~r ′) representing the polarization current flowing within one of the M2 pillars occupying the
n-th pixel inside the j-th supercell.
As a consequence, ~P (~q, z) becomes a product of sums over exponential factors that can be traced back
to the various levels of the metasurface structure

~P (~q, z) =
1

4π2

∫∞∫
−∞

d~r 2
‖ e
−i~q·~r‖

∑
jmn

~Pn(~r‖ − ~rj − ~rn − ~rm, z) =

=
∑
j

e−i~q·~rj
∑
n

e−i~q·~rn
∑
m

e−i~q·~rm ~Pn(~q, z)︸ ︷︷ ︸
pillar︸ ︷︷ ︸

pixel︸ ︷︷ ︸
supercell︸ ︷︷ ︸

supercell array

. (2.17)
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Figure 2.5: Definition of the cascade of position vectors used to specify the sites of the various
entities within the structural hierarchy of our metasurface. The current distribution extracted from
the FDTD simulations of individual building blocks is expressed relatively to their centers (~r ′). In the
global reference frame, this amounts to ~r ′ = ~r‖ − ~rj − ~rn − ~rm and z′ = z.

Its insertion into Equation (2.15) finally yields an expression for the electric field

~E↑(~q, z) = 4π2

∫
dz′ G~

~

(~q, z, z′)
∑
j

e−i~q·~rj
∑
n

e−i~q·~rn
∑
m

e−i~q·~rm ~P ↑n(~q, z′) =

=
∑
j

e−i~q·~rj
∑
n

e−i~q·~rn
∑
m

e−i~q·~rm ~E↑n(~q, z), (2.18)

that has the form of a discrete Fourier transform and is therefore suitable for the calculations aimed
at finding the optimal supercell design.

Before we get to this point, we should first address the procedure for obtaining the electric field
~E↑n(sx, sy) generated by the individual building blocks, which were, in this particular application,
titanium dioxide pillars on top of a SiO2 substrate. Utilizing the advanced simulation setup accounting
for the interaction of the pillars with their immediate neighbours (the finer points of this approach are
outlined in Introduction), we calculated the current distribution induced within pillars with a square
base (to ensure isotropic response), constant height of H = 600 nm, and width ranging from 100 to
300 nm with a step of 5 nm. The spacing between the pillars included in the FDTD simulations (we
used 3×3 arrays) was set to Λ = 400 nm, i.e. the same value as in the future metasurface. The layout
of the simulated structures is for convenience displyed in Figure 2.6(a).

There is one thing we have completely disregarded so far and that is the field ~E↑0(~r) of the original
wave illuminating the metasurface and propagating further along the optical axis. For our calculations
to be correct, we have to incorporate it into the above analysis. As it turns out, the remedy is rather
simple and straightforward, since our approach based on the current distribution instead of fields
allows us to easily decouple the scattered field from the driving field. Let us, for a moment, imagine
the upper surface of the substrate supporting the metasurface as a regular array of square apertures
(each with area Λ2) smoothly sewn together. If we decide to focus on only one of these apertures
(essentialy a single unit cell of the metasurface) and blind the rest, the driving electric field within
the z = 0 plane reads

~E↑0(x, y, 0) = ~E↑0 rect
(x

Λ

)
rect

( y
Λ

)
, (2.19)

with the rectangular function rect(x) defined by Equation (I.5). Note that we implicitly assume the
driving field to be roughly constant within one unit cell of the metasurface. As long as the beam
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width is much larger than Λ, this simplification is perfectly justifiable. Also, by adding together the
contributions—properly weighted, of course—from all the illuminated unit cells, one should recover
the original beam profile. Anyway, recalling that in the reciprocal space, the rectangular function
translates into the sinc function

~E↑0(~q, 0) =
~E↑0

4π2

∞∫
−∞

dx

∞∫
−∞

dy rect
(x

Λ

)
rect

( y
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2

)
, (2.20)

we obtain the following expression for the contribution of the driving wave to the far-field from a single
unit cell of the metasurface

~E↑0(sx, sy) = ~E↑0
−iΛ2

2π
ksz

eikr

r
sinc

(
sxkΛ

2

)
sinc

(
sykΛ

2

)
. (2.21)

If we now add it to the field scattered by a single pillar with a current distribution ~Pn(~r ), the total
field generated by one unit cell becomes

~E↑n(sx, sy) = −2πi ksz
eikr

r

 ~E↑0 Λ2

4π2
sinc

(
sxkΛ

2

)
sinc

(
sykΛ

2

)
+ 4π2

H∫
0

dz′ G~

~

(k~s‖, 0, z
′) ~Pn(k~s‖, z

′)

 .
(2.22)

We should stress the importance of breaking down the driving field into separate contributions for
each unit cell: it puts the scattered field into perspective and allows us to quantify the transmission
efficiency of the individual pillars. In other words, we could have introduced the illuminating beam
as a whole, but then we would have no direct way to tell, how much the metasurface building blocks
affect the passing electromagnetic wave (although we could still compare them between themselves).

On that note, we plot in Figure 2.6(b) the relative field amplitudes generated in the ~s‖=0~ direction
by the assortment of titanium dioxide pillars with widths ranging between 100 and 300 nm (from now
on, we presume the driving field to be a part of the pillar field, even though we do not explicitly state
it). The roughly circular distribution of the field amplitudes in the complex plane signifies that we
should be able, at least in theory, to cover the full 0 to 2π range with a set of structures that are feasible
to fabricate in reality. As for the transmission efficiency, the magnitude of the relative field amplitudes
oscillating around 1 promises a potentially good overall efficiency of the whole metasurface. One could
argue that transmission efficiency larger than 1 is a cause for alarm, yet it is not so—the pillars can
effectively reduce the dielectric contrast between the SiO2 substrate and the air and consequently
suppress the reflections and power loss that the incident wave experiences at this interface.

Before we proceed with the description of our approach to finding the layout of a metasurface
that would act as a fan-out element, it remains to clarify three things. Firstly, we evaluated the
field amplitude only in the ~s‖ = 0~ direction because the angular separation between the diffracted
beams is in practice usually very small (e.g. 0.1 degrees) and we can therefore adopt the paraxial
approximation (assuming we use sufficiently large pixels to quench any parasitic side lobes that could
appear at higher declination angles as a result of this simplification). Secondly, the requirement to
suppress the zeroth order beam implies certain constraints to the inner structure of our metasurface.
Inspection of Eq. (2.18) reveals that for the electric field in the ~s‖ = 0~ direction to be zero, the
contributions from individual building blocks have to completely cancel each other out. An elegant
solution to this problem is to have two supercells with an exactly opposite phase profile (but that are
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Figure 2.6: (a) Geometrical layout of titanium dioxide pillars in our FDTD simulations aimed at
creating a database of building blocks for metasurfaces. By using a small 3×3 array in which only the
central pillar is being illuminated by a plane wave source, one can account for the interaction of a pillar
with its immediate neighbours. (b) Relative electric field amplitudes generated in the ~s‖=0~ direction
by titanium dioxide pillars placed on top of a semi-infinite SiO2 substrate. The width of the pillars
was varied in the range between 100 and 300 nm, while their height was set identically to 600 nm.
The visualization in the complex plane allows for a direct mutual comparison of the pillars both in
terms of the strength (the radial distance from the origin) and the phase (the angular position) of the
electromagnetic waves they emit. The chosen spectrum of pillars spans the whole 0 to 2π interval,
granting the full phase modulation capacity to our metasurface designs.

otherwise identical) and tile with them the metasurface in a chessboard fashion. That way, the sum
over the exponential factors associated with the supercell array will yield a Dirac comb profile with
zero in its center. Finally, in order to keep the discussion clear and simple, we have withheld one
important information regarding the far-field profile of a solitary supercell: the rectangular window
does not have to be rectangular at all. Or more precisely, we need to adhere to the rectangular profile
only in those scattering directions that will not become suppressed due to the periodical nature of
our metasurface (see Figure 2.4 for better understanding of this point). Luckily for us, the discrete
Fourier transform (DFT) inherently works under the assumption of periodical arrangement. Thus, as
long as we set up correctly the grid of points (sx, sy) in which the DFT is evaluated so that it matches
the angular distribution of our beam array, we do not need to be overly concerned about this fact.

The DFT and its numerical implementation in the form of the fast Fourier transform (FFT)
lie at the core of many algorithms developed for finding the optimal distribution of phase within
metasurfaces, e.g. the Gerchberg-Saxton algorithm and its numerous variants [45, 46]. In the end, we
decided to employ a different method, namely the parallel recombination simulated annealing (PRSA)
[44] which combines a genetic algorithm with a decision routine that is gradually adjusted throughout
the evolution process and its formulation originates in the cooling process encountered in annealing of
materials. As any other technique, PRSA has both its virtues and its faults. On one hand, it allows
us to define a figure of merit (FOM) function that integrates all the various requirements such as the
overall efficiency, uniformity, and suppression of the zeroth order. Furthermore, unlike some of the
other algorithms, it is impervious to the inadvertent relaxation of the optimization process into a local
minimum (we strive for the global one, naturally). On the other hand, as the genom of an object
becomes larger—one supercell of our metasurface contains over 104 pixels corresponding to a genom
of the same size—so does the number of iterations and the population size that are necessary for
thorough exploration of the vast parameter space formed by all the possible genetical combinations.
Having a database with 41 different pillars, this amounts to hardly imaginable 41104

unique pixel
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configurations. Fortunately for us, the beam splitter possesses a 90 degree rotational symmetry that
permits us to decompose its 2D phase profile into the superposition of two identical and mutually
independent 1D phase profiles along the x and y axes. That reduces the previous enormous number
to a more managable level tallying “only” 41102

of possible genetical combinations.

Figure 2.7: (a,b) Distribution of the phase within the two supercells constituting the metasurface for
beam array generation. The phase was unwrapped to yield a continuous 2D profile, but upon reversing
this step, one can map it directly onto the discrete phase distribution presented in Figure 2.6(b). The
two phase maps clearly resemble each other, the only apparent difference between them being the
overall π phase shift necessary for supression of the zeroth diffraction order. (c) The far-field profile
generated by either of these two supercells has the desired form of a rectangular window with only
slight deviations from the ideal rectangular shape, visible at close inspection. (d) Their chessboard
arrangement then yields the 28×28 beam array with a 0.1 degree angular separation and a 76% overall
energy conversion efficiency.

Without delving into the finer details of our rendition of PRSA, we present in Figure 2.7 the
optimized phase distribution within the two supercells constituting our metasurface. Note that due to
the variations in the magnitudes of the electric field amplitudes generated by individual TiO2 pillars
and their nonlinear phase distribution within the 0 to 2π interval, the two supercells cannot be derived
from each other simply by adding π to their phase distribution. Instead, a more sophisticated approach
involving minor adjustments to the FOM function needs to be adopted. More specifically, the two

78



2.3. MULTIPOLE EXPANSION IN STRATIFIED MEDIA

supercells are optimized separately and the π difference in their phase profiles is ensured by imposing
a severe penalty on the FOM of supercell pairs that do not comply with this constraint.

At last, panels (c) and (d) in Figure 2.7 show the 2D far-field power distributions generated by a
single supercell and the whole metasurface assembled from the two supercell types using the chessboard
arrangement. Our optimization procedure yielded a 28× 28 beam array with roughly 76% conversion
efficiency, high degree of uniformity and less than 0.13% of the original power transmitted in the ~s‖=0~

direction. One can hardly expect from the fabricated metasurface to exceed these theoretical values. If
acting as an optical element with a sole purpose of diffracting light into a beam array, our metasurface
probably cannot outperform the already existing devices. As we have stated at the beginning, the
situation might be different, if our intention was to replace several lossy elements at once and the
metasurface could serve a multi-purpose role.

To conclude this section, we successfully utilized the technique combining the Green’s function
formalism with FDTD simulations of individual building blocks for designing a metasurface that upon
illumination produces a regular beam array with predefined properties. This type of an optical element
is rather common and there are quite many publications dealing with its design, including those based
on metasurfaces [47]. That perhaps questions the novelty of this work and the impact it carries. It
should be, however, perceived in the larger context of our extensive efforts to acquire the know-how
necessary for development and subsequent fabrication of advanced dielectric metasurfaces with novel
functionality.

2.3. Multipole expansion in stratified media

The analysis of far-field radiation patterns generated by light-scattering objects is often discussed
in terms of the multipole expansion [48, 49], i.e. decomposition of the field into contributions from
individual multipole moments. It facilitates the classification of modes excited in particles and often
provides a valuable insight into the mechanisms governing certain effects, e.g. the Kerker effect [50,
51], in which various multipole moments mutually interfere, causing an object to radiate preferentially
into one direction.

In free space, there is a direct relationship between the multipoles induced within an object and
the far-field patterns they generate. Namely, to each multipole moment, we can assign exactly one
of the vector spherical harmonics ~Y m

l (ϕ, θ). This set of functions—see Appendix B for their de-
tailed definition—forms a complete basis in the spherical coordinate system and represents a standard
mathematical tool for the description of vector fields in physics. The introduction of a substrate spoils
this straightforward relationship and one vector spherical harmonics can be assigned to numerous
multipole moments. Employing the plane wave decomposition of vector spherical harmonics [52] in
combination with the matrix formalism describing the wave propagation in stratified media (presented
in Appendix A), we evaluate in the paragraphs below the reflections experienced by the individual
multipoles due to the presence of a general multilayer substrate with parallel planar interfaces and
demonstrate the capabilities of this whole apparatus on one particular example, the multipole expan-
sion of the field scattered by a diabolo cross-dimer [53].

The individual multipole moments can be calculated directly from the current distribution using
relatively simple formulas [54]. This approach has, however, one drawback: it cannot be applied to
inverted structures, i.e. apertures in otherwise homogeneous films. This is due to the unbounded
nature of the currents flowing within the films—they can extend over a very large area, especially in
metallic layers supporting surface plasmon polaritons (SPPs). In the light of the fact that SPPs do not
radiate into the far-field, one could, in principle, use some form of adiabiatic truncation, artificially
limiting the integration volume involved in the calculation of the multipole moments. Instead, we
propose a “cleaner” method treating apertures as particles embedded inside dielectric (or possibly
metallic) layers. Furthermore, the multipole moments should not be determined directly from the
current distribution, but rather from the generated far-field pattern, or to be more precise, the far-
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field pattern that would be produced by the investigated structure (i.e. the aperture including the film)
if it was located in a free space. This approach elegantly dodges the issue of the unbounded currents
by switching the roles of the aperture and the film, perceiving the former as the actual place, where
the currents are flowing. At the same time, this concept is fully compatible with the aforementioned
matrix formalism and can be utilized for the multipole analysis of complex structures (such as the
diabolo cross-dimer, for example).

Let us start the derivation of the expressions quantifying the contributions of individual multipole
moments to the far-field in the presence of a substrate by writing down their free space counterparts.
Adopting the mathematical notation employed in [54], the angular distribution of the electric field
~EFF(ϕ, θ) generated by the first four multipoles at the distace r from the origin reads

~EFF(ϕ, θ) =
k2

0

4πε0

eik0r

r

[
~n× (~p e × ~n) +

1

c
(~pm × ~n)− ik0

6
~n× ( ~Qe × ~n)− ik0

6c
( ~Qm × ~n)

]
, (2.23)

where k0 stands for the free space wavenumber and ~n represents the unit vector pointing from the origin
towards the position at which the field is being evaluated. As for the rest of the symbols appearing
in the above equation, ~p denotes the dipole moment and we use the two superscripts to indicate its
electric (e) or magnetic (m) nature. Similarly, the auxiliary vectors ~Qe and ~Qm can be related to the
electric and magnetic quadrupole moments. We refrained from including higher multipole moments,
since their presence would needlessly clutter the discussion, without bringing any valuable insight to
the matter. Anyway, the general formulation of our rendition of the multipole expansion permits their
straightforward incorporation during the last stage of the derivation.

While the electric and magnetic dipole moments

~p e/m =

 p
e/m
x

p
e/m
y

p
e/m
z

 (2.24)

appear in the above expression for the angular distribution of the electric field directly, the quadrupole
moments
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~

e/m =
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 (2.25)

enter it via the auxiliary vectors ~Qe/m, defined as

Qe/m
α =

∑
β

Q
e/m
αβ nβ. (2.26)

Note that in the above definition of the quadrupole moments, we have fully embraced their symmetric

nature, in other words Q
e/m
yx = Q

e/m
xy , Q

e/m
zx = Q

e/m
xz , and Q

e/m
zy = Q

e/m
yz . Considering the fact that far

away from the origin, the electric field is always orthogonal to the propagation direction, i.e. ~EFF ⊥ ~n,
it is more convenient to operate in the spherical coordinate system instead of the Cartesian one. The
two are related via

r̂ =

 cosϕ sin θ
sinϕ sin θ

cos θ

 ≡ ~n, (2.27)

80



2.3. MULTIPOLE EXPANSION IN STRATIFIED MEDIA

ϕ̂ =

 − sinϕ
cosϕ

0

 , (2.28)

θ̂ =

 cosϕ cos θ
sinϕ cos θ
− sin θ

 . (2.29)

Consequently, the electric field generated by the electric dipole moment can be rewritten in the fol-
lowing concise form  Er

Eϕ
Eθ

 ∼ ~n× (~p e × ~n) = ~n×

 0
−pe

θ

pe
ϕ

 =

 0
pe
ϕ

pe
θ

 , (2.30)

where pe
ϕ and pe

θ correspond to the projections of ~p e onto the basis vectors of the spherical coordinate
system

pe
ϕ = ~p e · ϕ̂ = −pe

x sinϕ+ pe
y cosϕ, (2.31)

pe
θ = ~p e · θ̂ = pe

x cosϕ cos θ + pe
y sinϕ cos θ − pe

z sin θ (2.32)

Similar treatment can be applied also to the rest of the terms occuring in the multipole expansion
given by Eq. (2.23), namely

~pm × ~n =

 0
−pm

θ

pm
ϕ

 , (2.33)

~n× ( ~Qe × ~n) =

 0
Qe
ϕ

Qe
θ

 , (2.34)

~Qm × ~n =

 0
−Qm

θ

Qm
ϕ

 , (2.35)

with

pm
ϕ =− pm

x sinϕ+ pm
y cosϕ, (2.36)

pm
θ = pm

x cosϕ cos θ + pm
y sinϕ cos θ − pm

z sin θ, (2.37)
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ϕ = (Qe/m

yy −Qe/m
xx )

1

2
sin 2ϕ sin θ +Qe/m

xy cos 2ϕ sin θ +Qe/m
yz cosϕ cos θ −Qe/m

xz sinϕ cos θ, (2.38)

Q
e/m
θ = (Qe/m

xx cos2 ϕ+Qe/m
yy sin2 ϕ+Qe/m

xy sin 2ϕ−Qe/m
zz ) sin θ cos θ +

+ (Qe/m
xz cosϕ+Qe/m

yz sinϕ) cos 2θ. (2.39)

As we have outlined at the beginning, it is our intention to determine the multipole moments
induced within an object from the far-field pattern it would generate in free space. Let us assume that
the investigated object—it can be a particle or an aperture in an otherwise homogeneous film—is fully
contained within a region bounded by two parallel planes designated as z↓ and z↑. Furthermore, let
us express the far-field relatively to the z† plane located right in the center of the region. The layout
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Figure 2.8: Layout of the coordinate system used for the calculation of the multipole moments. The
object is fully contained within a source region bounded by two parallel planes z↓ and z↑ and the
electric field ~T (~q, z)—we work with its projection onto the spherical basis vectors—is evaluated with
respect to the z† plane located in the center of the source region.

of the situation is schematically depicted in Figure 2.8. It should be stressed that for the moment,
we ignore any other structures, a substrate or a superstrate surrounding the object of our interest.
We tear it out, figuratively speaking, from the whole system, put it into free space and then study
its far-field pattern. We shall eventually put it back into its original environment, but only after we
calculate its multipole expansion.

Recalling Equation (I.1) linking the far-field to the angular spectrum representation of the near-
field [2], the Fourier components of the electric field ~T ↑/↓(~q, z) in the upper (↑) and the lower (↓)
halfspaces read

~T ↑/↓(~q, z) =
re−ik0r

−2πikz0
~EFF

(
qx
k0
,
qy
k0

)
eikz0|z−z†| =

ik2
0

8π2ε0kz0
eikz0|z−z†|

[
~n× (~p e × ~n) + · · ·

]
, (2.40)

where all the vectors in the square brackets should be expressed in terms of the lateral components
of the propagation vector ~k. For completeness, we provide below their definition with respect to the
spherical coordinate system

q = k0 sin θ, (2.41)

qx = k0 cosϕ sin θ, (2.42)

qy = k0 sinϕ sin θ, (2.43)

kz0 = ±k0 cos θ. (2.44)

Note that the plus sign in the vertical component of the propagation vector applies to the upper
halfspace, while the minus sign to the lower one.

The electric field ~T ↑/↓(~q, z↑/↓) generated by the object at the borders of the region bounded by
the z↑/↓ planes can be calculated from the current distribution using the framework presented in

Appendix A. Denoting by E
±s/p
src the s- and p-polarized components of the upward (+) and downward

(−) propagating waves emitted by the currents within the source region (†), we find that
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~T ↑(~q, z↑) =

[
T ↑s (~q, z↑)

T ↑p (~q, z↑)

]
=

[
t† ↑↑s (~q )E+s
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src (~q )

]
, (2.45)

~T ↓(~q, z↓) =
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]
=
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]
, (2.46)

with the transmission coefficients t† ↑↑s/p(~q ), t† ↓↑s/p(~q ), t† ↑↓s/p(~q ), and t† ↓↓s/p(~q ) accounting for all the re-
flections experienced by the waves before they leave the source region and propagate freely. Without
going into unnecessary details (for those we refer the reader to Appendix A), the most efficient and
convenient way of determining these coefficients is to view the propagation of electromagnetic waves
inside a stratified medium as a linear transformation between various states. In this particular case
of a free standing source region, we have

[
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]
+

[
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0

]
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, (2.47)[

E+
†

E−†

]
+

[
0
E−src

]
= M~

~

†0

[
0
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v11 v12
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] [
0
T ↓

]
, (2.48)

where the transformation matrix M~

~

†0 captures the reflection process at the upper and lower boundaries
of the source region, P~

~

† describes the propagation inside it and the field amplitudes E+
† and E−† sew

the two equations (and incidentally also the two halfspaces) together. Their mutual subtraction then
yields the sought expressions for the transmission coefficients

t† ↑↑(~q ) =
v22(~q )

u11(~q ) v22(~q )− u21(~q ) v12(~q )
, (2.49)

t† ↑↓(~q ) =
v12(~q )

u11(~q ) v22(~q )− u21(~q ) v12(~q )
, (2.50)

t† ↓↑(~q ) =
u11(~q )

u11(~q ) v22(~q )− u21(~q ) v12(~q )
, (2.51)

t† ↓↓(~q ) =
u21(~q )

u11(~q ) v22(~q )− u21(~q ) v12(~q )
. (2.52)

The key step in the process of finding the multipole moments characterizing our object is to
match the multipole expansion of the electric field given by Eq. (2.40) to the above pair of Equa-
tions (2.45) and (2.46) relying on the full current distribution. Instead of using the Cartesian-based
representation of the multipole moments, we shall adopt an alternative notation, in which they are
viewed as coefficients in the expansion of the electric field into vector spherical harmonics. Conse-
quently, Eq. (2.40) can be recast as

~T ↑/↓(~q, z↑/↓) =

∞∑
l=1

l∑
m=−l

Q1lm
~T
↑/↓

1lm (~q, z↑/↓) +Q2lm
~T
↑/↓

2lm (~q, z↑/↓), (2.53)

where the functions ~T
↑/↓

1lm (~q, z↑/↓) and ~T
↑/↓

2lm (~q, z↑/↓) stand for the angular spectrum representation of

the vector spherical harmonics ~Y m
l (ϕ, θ) and ~n × ~Y m

l (ϕ, θ) (see [52] for the detailed analysis of their
plane wave decomposition)
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~T
↑/↓

1lm (~q, z↑/↓) =
ik2

0

8π2ε0kz0
e±ikz0(z↑/↓−z†) ~Y
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l (~q ), (2.54)

~T
↑/↓

2lm (~q, z↑/↓) =
ik2

0

8π2ε0kz0
e±ikz0(z↑/↓−z†) ~n× ~Y

m↑/↓
l (~q ). (2.55)

The definition of the vector spherical harmonics, including the expressions linking the expansion
coefficients Q1lm and Q2lm to the Cartesian-based multipole moments can be found in Appendix B.

Note that the functions ~Y
m↑/↓
l (~q ) and ~Y m

l (ϕ, θ) are identical in all respects except their arguments
and special care is required while working in the reciprocal space due to the ambiguity in the sign of
the vertical wavevector component kz0. We emphasize this fact by placing arrows in the superscript

of ~Y
m↑/↓
l (~q ). We have now all ingredients necessary for the calculation of the expansion coefficients

Q1lm and Q2lm. Exploiting the mutual orthogonality of the vector spherical harmonics

2π∫
0

dϕ

π∫
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dθ sin θ ~Y m
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n′ (ϕ, θ)
]

= 0, (2.58)

we find, after switching back to the spherical coordinate system and expressing the electric field
~T ↑/↓(~q, z↑/↓) in terms of the azimuthal and declination angles, that
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]
. (2.60)

The general formulation of the above overlap integrals allows us to expand an electric field into
multipoles of any order, all one needs is an analytical expression for the respective vector spherical
harmonics. The subsequent conversion of the expansion coefficients into the Cartesian-based multipole
moments can be somewhat tricky but feasible. We should point out that even though the quadrupole
moment tensor has nine components, only five of them are actually linearly independent. This stems
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Figure 2.9: Layout of the coordinate system after the source region is reinstated back to its original
position within the multilayer system as its j-th layer. The boundaries of the source region become
interfaces separating it from the adjacent layers, each described by its own dielectric permittivity
and magnetic permeability. The multipolar fields ~E↑nlm(~q, z12) and ~E↓nlm(~q, zN−1N ) are obtained by
propagating the waves emitted by the individual multipoles embedded within the j-th layer through
the system, while accounting for all the possible reflections occuring inside it.

from the fact that for l = 2 (index l inherently defines the order of the multipole), there are only five
possible values of the index m.

Let us recall that the investigated object is actually a part of a larger system that we have ignored
for the purpose of calculating the multipole moments. For our analysis to be correct, it is now
necessary to plug the object back into its original place and evaluate, how its surroundings affects
the far-field patterns of the individual multipoles. Assuming the source region represents a j-th
layer in the system consisting of N layers in total—the first and the last are in fact semi-infinite
and correspond to the upper and lower halfspaces—each described by its own dielectric permittivity
and magnetic permeability, the amplitudes of the electromagnetic waves emitted by the individual
multipole moments and leaving the system have to account for all the possible reflections that could
have occured inside the multilayer system (see Figure 2.9 for its schematical representation and the
definition of the coordinate system used in our analysis). Denoting z12 and zN−1N the two interfaces
separating all the various structures and substrate layers from the upper and lower halfspaces, the
Fourier components of the multipolar electric field generated in these two halfspaces can be expressed
as
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~E↑nlm(~q, z12) =

[
E↑snlm(~q, z12)

E↑pnlm(~q, z12)

]
=

[
t↑↑s (~q )T ↑snlm(~q, z↑) + t↑↓s (~q )T ↓snlm(~q, z↓)

t↑↑p (~q )T ↑pnlm(~q, z↑) + t↑↓p (~q )T ↓pnlm(~q, z↓)

]
, (2.61)

~E↓nlm(~q, zN−1N ) =

[
E↓snlm(~q, zN−1N )

E↓pnlm(~q, zN−1N )

]
=

[
t↓↑s (~q )T ↑snlm(~q, z↑) + t↓↓s (~q )T ↓snlm(~q, z↓)

t↓↑p (~q )T ↑pnlm(~q, z↑) + t↓↓p (~q )T ↓pnlm(~q, z↓)

]
. (2.62)

As before, the transmission coefficients t↑↑s , t↓↑s , t↑↓s , and t↓↓s , acting as proportionality factors between
the electric fields inside the source region and the outer space, are determined from a coupled system
of two equations treating the propagation inside stratified media as a linear transformation between
states
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After several steps, we obtain the following relations

t↑↑(~q ) =
r22(~q )u11(~q )− r12(~q )u21(~q )

q11(~q ) r22(~q )− q21(~q ) r12(~q )
, (2.65)

t↑↓(~q ) =
r12(~q ) v22(~q )− r22(~q ) v12(~q )

q11(~q ) r22(~q )− q21(~q ) r12(~q )
, (2.66)

t↓↑(~q ) =
q21(~q )u11(~q )− q11(~q )u21(~q )

q11(~q ) r22(~q )− q21(~q ) r12(~q )
, (2.67)

t↓↓(~q ) =
q11(~q ) v22(~q )− q21(~q ) v12(~q )

q11(~q ) r22(~q )− q21(~q ) r12(~q )
, (2.68)

where uij(~q ) and vij(~q ) can be recognized as the coefficients from Eqs. (2.47) and (2.48) describing
wave propagation in an isolated source region. Finally, summation over all the multipolar contributions
yields the angular distribution of the total electric field in the far-field zone

~E↑FF(ϕ, θ) = −2πi k1 cos θ
eik1r

r
e−ik1 cos θ z12

∞∑
nlm

Qnlm ~E ↑nlm(k1 cosϕ sin θ, k1 sinϕ sin θ, z12), (2.69)

~E↓FF(ϕ, θ) = 2πi kN cos θ
eikNr

r
e−ikN cos θ zN−1N

∞∑
nlm

Qnlm ~E ↓nlm(kN cosϕ sin θ, kN sinϕ sin θ, zN−1N ).

(2.70)

Note that once again, we invoke the link between the far-field and the Fourier representation of the
near-field. We also diligently discriminate between the upper and lower halfspaces, keeping open the
option of different optical properties in each. The last remark concerns the radial distance r, which
is no longer measured with respect to the z† plane inside the source region, but with respect to the
absolute origin of the global coordinate system. This can lead to a phase shift in the fields that should
be properly compensated. The exponential factors in the above equations take care of this problem
in the vertical direction, but any misalignment in the lateral positions of the “source” and “global”
origins would call for additional corrections.
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The transition back to the Cartesian-based multipole moments can be carried out by retracing
our steps and replacing the multipolar fields T ↑pnlm(~q, z↑) and T ↑pnlm(~q, z↑) in Eqs. (2.61) and (2.62) with
their counterparts from Eq. (2.40). After embracing the spherical basis representation of the multipole
moments introduced in Eqs. (2.30)–(2.39), the above two equations can be recast as

~E↑FF(ϕ, θ) =

[
E↑sFF(ϕ, θ)

E↑pFF(ϕ, θ)

]
=
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0
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)  , (2.71)
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where we adopt the following new definitions of the multipole moments

p↑/↓ e/m
ϕ =− pe/m

x sinϕ+ pe/m
y cosϕ, (2.73)

p
↑/↓ e/m

θ =± pe/m
x cosϕ cos θ ± pe/m

y sinϕ cos θ − pe/m
z sin θ, (2.74)

Q↑/↓ e/m
ϕ =

[(
Qe/m
yy −Qe/m

xx

) 1

2
sin 2ϕ+Qe/m

xy cos 2ϕ

]
sin θ ±

(
Qe/m
yz cosϕ−Qe/m

xz sinϕ
)

cos θ, (2.75)

Q
↑/↓ e/m

θ =±
(
Qe/m
xx cos2 ϕ+Qe/m

yy sin2ϕ+Qe/m
xy sin 2ϕ−Qe/m

zz

)
sin θ cos θ+

+
(
Qe/m
xz cosϕ+Qe/m

yz sinϕ
)

cos 2θ. (2.76)

As the arrows in the left superscript suggest, it takes into consideration a certain disparity between
the upward and downward emitted waves, which get mixed up due to the reflections occuring inside
the multilayer system. To be more specific, waves with a lateral wavevector |~q | = k sin θ can propagate
either upwards under the angle θ or downwards under the angle π−θ with respect to the vertical axis.
Insertion of these two angles into the expressions for the vector spherical harmonics yields opposite
signs in all the terms containing cos θ, while the rest of them are left unaffected. As a result, we must
carefully keep the distinction between the upward (↑) and downward (↓) emitted waves and use the
proper signs in the above expression for the multipole moments, namely the upper sign for ↑ and the
lower one for ↓.

Although it is not strictly necessary, we find it instructive to group together all the terms with
the same dependence on the azimuthal angle—at the price of slightly more complex expressions, it
allows us to readily identify any interference between various components of the multipole moments,
which could be a valuable asset in the multipole analysis of light scattering objects. First, let us
simplify the notation by factoring out the transmission coefficients so that we can return to the
original representation of the Cartesian-based multipole moments
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t↑↑s/p p↑ e/m
ϕ + t↑↓s/p p↓ e/m
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If we now replace the transmission coefficients in the brackets with a new set of symbols, stating
explicitly the link between the declination angle and the lateral wavevector, their natural argument,

t± ↑s/p(θ) = t↑↑s/p(k1 sin θ)± t↑↓s/p(k1 sin θ), (2.81)

t± ↓s/p(θ) = ±t↓↑s/p(kN sin θ) + t↓↓s/p(kN sin θ), (2.82)

the individual components of the electric field generated in the far-field zone assume the following
illuminating form
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with the functions f↑(θ) and f↓(θ) defined as
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Since we do not usually directly map the electric field distribution during the measurements at our
institute, but rather collect a signal integrated over a wide solid angle, it might be prudent to wield
also expressions for the scattering cross-section. Recalling its definition in Appendix A and exploiting
the mutual orthogonality of trigonometric functions, the integration of the Poynting vector over the
azimuthal angle ϕ yields
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A similar expression can be obtained also for the lower halfspace contribution to the scattering cross-
section

C↓sca =
kN
k1

π∫
π
2

dθ

2π∫
0

dϕ r2 sin θ
| ~E↓FF(ϕ, θ)|2

| ~E0|2
=

k4
0

16πε2
0| ~E0|2

kN
k1

π∫
π
2

dθ sin θ
k2
N cos2 θ

k2
0 − k2

N sin2 θ

{
· · ·
}
, (2.88)

where apart from changing the layer index and multiplying the expression by the factor kN/k1, one

needs only to replace the transmission coefficients t± ↑s/p with their “downward” counterparts t± ↓s/p.

89



2.3. MULTIPOLE EXPANSION IN STRATIFIED MEDIA

The above set of equations facilitates the multipole analysis of objects going well beyond the
classical scenario of a free standing particle or even a particle on top of a substrate. To demonstrate
the capabilities of the presented framework, we employ it for the decomposition of the fields generated
by a diabolo cross-dimer, an object composed of two Babinet-complementary diabolo antennas placed
on top themselves. Babinet’s principle, a theoretical concept stating that there is a link between the
fields generated by a particle and an aperture of the same shape, is one of the long-term topics pursued
in our research group [53, 55, 56]. The diabolo cross-dimer then represents a theoretical design of a
sandwich antenna that possesses overlapping electric and magnetic hotspots. The detailed description
of this antenna and its properties, including the general role of the Babinet principle in plasmonics,
can be found in the full article included in Attachments. Here, we limit ourselves only to the multipole
analysis of its far-field pattern and for that purpose, it suffices just to get a bit more familiar with
its geometry, which is shown in the left panel of Figure 2.10: a diabolo with 110 nm long wings lies
underneath an inverted diabolo (i.e. an aperture in the shape of a diabolo) with 200 nm wings in
length, the two structures are mutually rotated by 90 degrees and separated by a 10 nm thick spacer
layer with the refractive index equal to 1.5. Both the diabolo and its inverted counterpart are made
of gold, their height is 30 nm and the whole sandwich structure is placed on top of a semi-infinite
glass substrate. The dimensions of the diabolo cross-dimer were chosen so as to provide a maximum
intensity of both the electric and the magnetic field at the telecommunication wavelength of 1550 nm.

Figure 2.10: (a) Drawing of a diabolo cross-dimer, a sandwich antenna consisting of a gold diabolo
underneath a larger inverted diabolo (an aperture in the shape of a diabolo milled into an otherwise
homogeneous gold film). The two structures are separated by a thin dielectric spacer layer and
mutually rotated by 90 degrees, hence the word “cross” in the name. By illuminating the antenna by
an electromagnetic wave polarized along the long axis of the diabolo (and short axis of the inverted
diabolo), the small region above the diabolo bridge becomes a hotspot with increased intensity of both
the electric and the magnetic field. (b) Scattering cross-section of the diabolo cross-dimer calculated
with three different procedures. The approach employing the full current distribution (solid line)
corroborates the validity and the proper implementation of the presented scheme for the multipole
expansion in stratified media (dashed line). The measurement of power flowing through a monitor box
(dotted line), a standard procedure offered by the Lumerical FDTD Solutions software, also includes
the power carried by evanescent waves and is, therefore, incompatible with the other two approaches.

In the right panel of Figure 2.10, we plot the scattering cross-section of our sandwich antenna
calculated with three different procedures. While the multipole expansion and the approach based
on the framework developed in Appendix A utilizing the full current distribution give very similar
results, the spectral dependence obtained by measuring the power flowing through a monitor box
surrounding the structure (FDTD) is completely off. This is due to the fact that the last approach
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also incorporates the power carried by surface plasmon polaritons propagating along the gold film
of the inverted diabolo, whereas the other two take into account only the freely propagating waves.
Nevertheless, the observed agreement between the results offered by the multipole expansion and
the calculations based on the full current distribution validates the correct implementation of the
apparatus presented above and we can proceed with the analysis of the individual multipole moments
and their contributions to the total scattering cross-section.

The large number of different multipole moments (4 multipoles for each structures) and various
cross-terms (28 in total) prevents us from plotting them all in a single figure without creating a
complete chaos. Instead, we picked only those which contribute significantly to the total scattering
cross-section, more than by 10% of its maximum value, to be precise. Keeping the distinction between
the power scattered into the upper (↑) and lower (↓) halfspaces, we show in Figure 2.11 the scattering
cross-section spectra of the most prominent contributors. We immediately see that the inverted
diabolo (particle 2), being larger, dominates the optical response of our sandwich structure. The
diabolo (particle 1) is strongly screened by the gold film extending above it, so there is only a slight
direct contribution from its electric dipole moment to the power radiated into the lower halfspace. Its
interaction with the electric dipole moment of the inverted diabolo (~p e

1 − ~p e
2 ) is, on the other hand,

much more significant. Note that as long as the total scattering cross-section remains positive, there
is no need to be concerned about the negative sign of some of its parts.

Figure 2.11: Decomposition of the scattering cross-section from Figure 2.10 into individual multipolar
contributions. Being larger, the inverted diabolo (particle 2) dominates the response of the compound
structure. The less prominent diabolo (particle 1) radiates preferentially into the lower halfspace (the
right panel) due to the screening caused by the overarching gold film of its Babinet counterpart. Note
that we plot only those multipoles that contribute significantly to the scattering cross-section, we
discarded the rest to keep the figure intelligible.

Our original motivation for carrying out the multipolar analysis of the diabolo cross-dimer was a
question posed by one of the referees during the peer-review process we went through to publish our
article on Babinet’s principle included in Attachments. The question was, whether such a sandwich
structure composed of a particle and an aperture—which is known to radiate partially as a magnetic
dipole [57]—could exhibit the Kerker effect [50], i.e. preferential scattering of light into one direction.
As it turns out, this particular geometrical configuration does not lead to this effect, the inverted
diabolo dominates the response and the power is radiated more or less isotropically (at least in the
sense of the energy going upwards or downwards). Still, this question fueled our efforts to develop this
valuable tool enabling calculation of the multipole expansion in objects embedded within stratified
media.

91



CONCLUSIONS

Conclusions
This thesis represents a mixture of various simulation problems from nanophotonics and plas-

monics that the author has come accross during his involvement in research projects conducted at
the Institute of Physical Engineering, Brno University of Technology. Their common denominator has
been the necessity to venture beyond the standard analysis tools offered by commercial software and to
develop procedures and semianalytical models that would more adequately reflect specific conditions
encountered in our experiments. This has not only led to better agreement between measurements and
theoretical predictions, but it has also improved our understanding of physical principles governing
the processes that we have studied.

The most illustrative example of this is, perhaps, the plasmon enhanced electron paramagnetic
resonance spectroscopy (plasmon enhanced EPR), a novel technique employing plasmonic antennas to
locally enhance magnetic field and consequently boost absorption of radiation in materials exhibiting
magnetic transitions between electronic states. Our theoretical calculations based on a simple oscillator
model show that the magnetic transitions imprint themselves into the optical response of a plasmonic
antenna by changing the oscillation amplitude of the electric dipole moment that is being induced
within the antenna by incoming radiation. If we perceive the antenna as an open resonator, then its
interaction with the magnetic material opens up an additional loss channel that reduces the quality of
the resonator and leads to a slight drop in the power radiated by the antenna. We found that this drop
in the radiated power—essentially the EPR signal that we aim to measure—is directly proportional
to the average enhancement of the second power of the magnetic field within the volume V occupied
by the studied magnetic material. This quantity, which we shall, for the sake of brevity, denote in
the following as the average magnetic field enhancement, is the principal parameter that determines
the ability of an antenna to enhance the EPR signal. As such, it should serve as the primary figure
of merit during any search for antenna parameters that provide an optimized performance in EPR
spectroscopic measurements.

As these measurements usually involve large area specimens, it seems only logical to upscale
our system from a single antenna to a whole antenna array. This poses a computational challenge,
since it introduces a new set of parameters (an array pitch) that substantially increase the time
needed to find the optimal configuration. Another parameter that has to be taken into account is
the substrate thickness: the optical wavelength in the 100 GHz–1 THz spectral range, where high-
field EPR measurements take place, is comparable to typical dimensions of wafers used as substrates
for EPR active materials. That leads inevitably to a build-up of Fabry-Perot oscillations inside the
substrate that can significantly affect the antenna array optical response. Our calculations actually
suggest that the Fabry-Perot oscillations forming between the antenna array and the backside of the
substrate (possibly augmented with a mirror) play a major role in the enhancing effect of the antenna
array system on the EPR signal.

To tackle the problem of finding the optimal configuration of an antenna array, and substrate
parameters that would maximize the average magnetic field enhancement, we developed a semian-
alytical interaction model that combines numerical simulations with elements of waveguide theory
and eigenmode expansion. Using the framework of overlap integrals as a tool to parametrize the
interaction between antennas constituting our array and adopting several approximations regarding
the optical response of plasmonic antennas within the THz spectral region, we were able to reduce
the time consuming problem of simulating a large ensemble of mutually interacting antennas into a
self-consistent system of linear equations, where each antenna is represented by a single parameter,
namely its excitation amplitude. Apart from enabling rapid sweeps over the various antenna array
parameters, our semianalytical interaction model also allowed us to formulate a more rigorous descrip-
tion of the plasmon enhanced EPR effect that classifies the interaction between the antenna and the
magnetic material as a back-action of the polarization current flowing within the antenna on itself.
This back-action is mediated by the magnetization current induced within the EPR active material.
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A thorough analysis of both the electric and the magnetic dyadic Green’s functions revealed that it
is, in fact, proportional to the second power of the magnetic field generated by the antenna (even
though there are some correction terms arising from the presence of a substrate). We consider this
result to be very important as it corroborates our earlier statements based on the grossly simplified
oscillator model and places them on a more solid ground. Although originally developed for the pur-
pose of parameter optimization in the plasmon enhanced EPR, our antenna interaction model is not
limited to the THz spectral region—the validity of its underlying assumptions stretches as far as the
near-infrared frequency range—and it could find its use in a number of applications, especially those
involving arrays made of several types of antennas, such as spatially varying metasurfaces.

The entire framework of our antenna interaction model is built on numerical simulations and fur-
ther processing of their results. A pivotal role in this post-processing is played by the polarization
current that is induced within plasmonic antennas under an external illumination. Despite the need to
handle large amount of data and develop procedures involving Green’s function formalism and wave
propagation in stratified media, our preference of the polarization current over the electromagnetic
field distribution (which is directly accessible in most simulation software) offers important advan-
tages: firstly, it enables parametrization of the interaction between individual antennas, and secondly,
far-field projections are not plagued by artifacts stemming from the finite size of a simulation region
(in contrast to the electromagnetic field, there is no truncation at the simulation region boundary as
the polarization current is fully confined to the interior of the antenna). The benefits of embracing the
polarization current distribution as the primary quantity characterizing the optical response of simu-
lated objects were highlighted the most in our study of plasmon enhanced EPR (Chapter 1), but the
concept proved to be quite valuable also in other scenarios, such as the phase imaging of metasurfaces
using coherence controlled holographic microscopy (Section 2.1), design of a metasurface-based opti-
cal element generating a regular beam array (Section 2.2), or multipole expansion of electromagnetic
waves emitted by an object embedded within a stratified medium (Section 2.3).

Though not groundbreaking, the ideas and calculations presented in this thesis constitute a plat-
form upon which the author intends to build more advanced models that would offer insight into the
experiments conducted at our institute and also to address open issues in the exciting fields of optical
metasurfaces and plasmon enhanced EPR spectroscopy. At the same time, this work will hopefully
inspire others and help them, perhaps, with their own research, or just serve as a useful handbook of
equations and formulas.

93



APPENDIX A

Appendix A

Far-field projections

The purpose of this appendix is to establish a link between the current distribution induced within some
object and the radiation it generates in the far-field. Utilizing a matrix approach for the description of
wave propagation inside stratified media [1], we gradually build a general framework that is applicable
to a whole spectrum of situations, ranging from the calculation of the conventional scattering and
extinction cross-sections to the evaluation of the Kerker effect in plasmonic dimers (Section 2.3),
numerical simulations of experiments in the dark field configuration [58] or the design optimization of
certain classes of metasurfaces (Section 2.2).

The cornerstone of the whole apparatus of far-field projections is the angular spectral representation
of fields and the fact that a field distribution in a single plane z = z0 incidentally determines the
distribution in the rest of the space [2] (assuming this space is homogeneous)

~E(~r ) =

∫∞∫
−∞

d~q 2 ei~q·~r‖ ~E(~q, z0) eikz(z−z0), (A.1)

An intuitive interpretation of the above equation would be that any field distribution can be de-
composed into a spectrum of electromagnetic waves with lateral momenta ~q that can be individually
propagated to the desired position ~r and their superposition gives us the field ~E(~r ) at this new lo-
cation. Note that the vertical wavevector component kz =

√
k2 − q2 decides, whether the wave is

propagating (the wavenumber k is larger than the magnitude of the lateral wavevector q = |~q |, i.e.
k≥q) or evanescent (k<q).

Our goal is the calculation of the far-field generated by an arbitrary current distribution that is
spatially confined between two parallel planes positioned at z↑ and z↓. The region between these two
planes can be inhabited by various objects such as antennas or multilayered substrates, but outside
of it, we require the space to be homogeneous so that the above wave projection concept can be
employed. Assuming for the moment that the field distributions within those two planes are known
(we shall return to this point later on), the electric field in the two halfspaces z≥z↑ and z≤z↓ reads

~E↑(~r ) =

∫∞∫
−∞

d~q 2 ei~q·~r‖ ~E(~q, z↑) eikz1(z−z↑), (A.2)

~E↓(~r ) =

∫∞∫
−∞

d~q 2 ei~q·~r‖ ~E(~q, z↓) e−ikzn(z−z↓) (A.3)

where the indices in the subscripts of the vertical wavevector components suggest that while the two
halfspaces have to be homogeneous, each can have different optical properties.

Furthermore, the far-fields are not usually evaluated in the Cartesian coordinate system but it
is more convenient to express them as a function of directional cosines x/r, y/r, and z/r (with
r denoting the radial distance from the origin). Together, they form a unit vector ~s that allows
us to unambiguously distinguish between different emission directions. After switching to spherical
coordinates, its components become
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Figure A.1: The coordinate system used for the projection into the far-field. The sources are fully
confined within the region z↓≥z≥z↑ and the radiation in the upper (lower) hemisphere is calculated
from the field distribution in the z = z↑ (z = z↓) plane. The position on the hemispheres is usually
expressed in terms of the directional cosines which together form the unit vector ~s = [x/r, y/r, z/r].
Furthermore, far away from the sources where the radiative part of fields dominates, the electric field
is mostly perpendicular to the propagation direction and it can be conveniently projected onto a two
component basis corresponding to the s- and p-polarized waves, i.e. ~E = [Eϕ, Eθ] = [Es, Ep].

sx =
x

r
= cosϕ sin θ, (A.4)

sy =
y

r
= sinϕ sin θ, (A.5)

s‖ =
√
s2
x + s2

y = sin θ, (A.6)

sz =
z

r
= ±

√
1− s2

‖ = cos θ, (A.7)

where the choice of the sign in the vertical component sz is obviously related to the hemisphere in
which the fields are calculated – the plus sign applies to the upper and the minus sign to the lower
hemisphere. For clarity, the various coordinate systems are shown in Figure A.1, along with the region
containing the sources of radiation.

The next step in the build-up of the apparatus facilitating projections into the far-field is perhaps
the most crucial. Provided the radial distance from the origin is much greater than the optical
wavelength (r�λ), the application of the stationary phase method [1] on the double integrals occuring
in Eqs. (A.2) and (A.3) reveals that for any direction ~s we choose, there is always only one plane wave
from the whole angular spectrum that contributes to the far-field. The rest of them cancel each
other out via interference. It is no surprise that the propagation direction of the one surviving plane
wave coincides with the vector ~s, the direction in which the far-field is being evaluated. Naturally,
the suppression of all the other waves, both propagating and evanescent, substantially simplifies the
calculation of the far-field, as it can be directly mapped onto the Fourier representation of the near-
field, namely

~E↑FF(sx, sy) = −2πi k1sz ~E
↑(k1sx, k1sy, z

↑) e−iszk1z↑ e
ik1r

r
, (A.8)

~E↓FF(sx, sy) = 2πi knsz ~E
↓(knsx, knsy, z

↓) e−iszknz↓ e
iknr

r
. (A.9)
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A distinctive property of plane waves is the perpendicularity of their propagation wavevector to
the electric field (it is not necessarily true for anisotropic media, but we discarded those from our
considerations earlier). It is, therefore, fitting to switch to spherical coordinate basis, in which the
electric field has only two nonzero components Eϕ and Eθ, alternatively labeled also as Es and Ep

(derived from the German words ”senkrecht” and ”parallel”)

~E
↑/↓
FF (sx, sy) =

[
E
↑/↓
s (sx, sy)

E
↑/↓
p (sx, sy)

]
, (A.10)

~E↑/↓(qx, qy, z
↑/↓) =

[
E
↑/↓
s (qx, qy, z

↑/↓)

E
↑/↓
p (qx, qy, z

↑/↓)

]
. (A.11)

The reason for changing the coordinate basis is not only to make the notation slightly more esthetic,
but it brings also some practical benefits. Suppose that the sources are embedded within or placed on
top of a substrate. Then the waves emitted by those sources will experience reflections at any interface
they have to pass and it is well known that the reflection process depends on the polarization state
of these waves – the reflection and transmission coefficients the for s- and p-polarization can differ
dramatically. By expressing the fields in the spherical coordinate basis, we can treat these two cases
separately and avoid unnecessary chaos in the notation.

It now remains to concretize the link between the sources and the Fourier components of the
electric field they generate in the two planes z↓ and z↑ enclosing the entire source region. Let us
consider a general system consisting of n− 2 material layers indexed from 2 to n− 1, with the source
currents fully confined within the j-th layer (for a sketch of this system see Figure A.2). Identifying
z12 and zn−1n, the topmost and the most bottom interfaces separating the multilayer from the upper
and lower halfspaces, as the planes z↑ and z↓, the electric field within these two planes can be written
as

~E↑(~q, z↑) =

[
E↑s (~q, z12)

E↑p(~q, z12)

]
=

[
t↑↑s (~q )E+s

src(~q ) + t↑↓s (~q )E−s
src(~q )

t↑↑p (~q )E+p
src (~q ) + t↑↓p (~q )E−p

src (~q )

]
, (A.12)

~E↓(~q, z↓) =

[
E↓s (~q, zn−1n)

E↓p(~q, zn−1n)

]
=

[
t↓↑s (~q )E+s

src(~q ) + t↓↓s (~q )E−s
src(~q )

t↓↑p (~q )E+p
src (~q ) + t↓↓p (~q )E−p

src (~q )

]
(A.13)

where the transmission coefficients t↑↑(~q ), t↑↓(~q ), t↓↑(~q ), and t↓↓(~q ) account for all the possible re-
flections that the upward (E+s

src, E+p
src ) and the downward (E−s

src, E−p
src ) propagating waves generated by

the source currents have to undergo before they leave the multilayer system.
The amplitudes of the source waves (E±s

src, E±p
src ) can be calculated from the current distribution

using the dyadic Green’s function G~

~

(~r, ~r ′) [2]

~E(~r ) =

∫
V

d~r ′3 G~

~

(~r, ~r ′) ~P (~r ′) =

∫
V

d~r ′3 G~

~

(~r‖ − ~r ′‖, z, z
′) ~P (~r ′‖, z

′), (A.14)

where we implicitly assume that the hosting environment possesses translational invariance along the
lateral spatial coordinates ~r‖. Note that instead of the current distribution ~ (~r ), we prefer to work

with the polarization vector ~P (~r ). Since those two are closely related to each other (~ = −iω ~P in
the frequency domain), it does not make, from the conceptual viewpoint, much of a difference which
one we choose to use. Anyway, in the reciprocal space, the convolution reduces to a straightforward
multiplication of the Fourier components and only the integration over the vertical coordinate remains

~E(~q, z) = 4π2

∫
dz′ G~

~

(~q, z, z′) ~P (~q, z′). (A.15)
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Figure A.2: Schematic depiction of a p-polarized plane wave with a lateral momentum ~q propagating
inside a stratified medium. Each layer is characterized by a relative permittivity εj and a relative
permeability µj , and the position of the interface between two subsequent layers indexed j and j + 1
is designated as zjj+1. Finally, the sign in the superscript indicates whether the wave propagates in
the positive (+) or the (−) negative direction of the z-axis. Note that the situation for an s-polarized
is qualitatively similar, one has to only interchange the electric and magnetic field vectors.

Utilizing the above relation and recalling our decision to operate in the spherical coordinate basis, we
finally obtain expressions for the amplitudes of the s- and p-polarized waves generated by the source
currents

[
E±s

src(~q )

E±p
src (~q )

]
=

iω2µ0µj
2

zj−1 j∫
zj j+1

dz′ M~

~

±
sph(~q ) ~P (~q, z′) e±ikzj(z

′−zj j+1), (A.16)

M~

~

±
sph(~q ) =

[
M±ϕx(~q ) M±ϕy(~q ) M±ϕz(~q )

M±θx(~q ) M±θy(~q ) M±θz(~q )

]
, (A.17)

where the components of the tensor M~

~

±
sph can be constructed, for example, from the Cartesian tensor

M~

~

±
cart using the following relations

M ±
ϕβ = − sinϕM ±

xβ + cosϕM ±
yβ, (A.18)

M ±
θβ = cosϕ cos θM ±

xβ + sinϕ cos θM ±
yβ − sin θM ±

zβ . (A.19)
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Since the detailed derivation of the whole apparatus of Green’s functions can be easily found elsewhere
(e.g. in [2]), we deem it sufficient to write down the expression for the Cartesian tensor M~

~

±
cart without

any further explanation

M~

~

±
cart(~q ) =

 M±xx(~q ) M±xy(~q ) M±xz(~q )

M±yx(~q ) M±yy(~q ) M±yz(~q )

M±zx(~q ) M±zy(~q ) M±zz(~q )

 =
1

k2
jkzj

 k2
j − q2

x −qxqy ∓qxkzj
−qxqy k2

j − q2
y ∓qykzj

∓qxkzj ∓qykzj k2
j − k2

zj

 . (A.20)

Employing Eqs. (A.18) and (A.19), the components of the tensor M~

~

±
sph are found to be

M~

~

±
sph(~q ) =

1

kzj

 −qy
q

qx
q

0

±qx
q

kzj
kj

±qy
q

kzj
kj

− q

kj

 . (A.21)

The last missing piece of the mosaic are the transmission coefficients t↑↑(~q ), t↑↓(~q ), t↓↑(~q ), and
t↓↓(~q ) occurring in Eqs. (A.12) and (A.13). On that note, the transmission of plane waves through a
stack of layers with varying optical properties (as well as the reflection from it) can be comprehensibly
described in terms of Fresnel coefficients. First, let us consider a single planar interface between two
isotropic materials, at which the electric and magnetic fields have to satisfy the customary boundary
conditions [2]. Adopting the notation introduced in Figure A.2, these conditions yield the following
relations for the amplitudes of the upward (+) and downward (−) propagating waves with a lateral
momentum ~q

E+
1 (~q ) = t21(~q )E+

2 (~q ) + r12(~q )E−1 (~q ), (A.22)

E−2 (~q ) = t12(~q )E−1 (~q ) + r21(~q )E+
2 (~q ), (A.23)

where the order of indices in the subscript of Fresnel coefficients t12, r12, t21, and r21 indicates the
direction in which an electromagnetic wave passes through or is reflected from the interface. Note
that these relations hold universally for both the p- and s-polarized electromagnetic waves. Equa-
tions (A.22) and (A.23) can be recast into a more compact matrix form[

E+
1

E−1

]
=

1

t12

[
t21t12 − r21r12 r12

−r21 1

] [
E+

2

E−2

]
= M~

~

12

[
E+

2

E−2

]
, (A.24)

or alternatively [
E+

2

E−2

]
= M~

~

21

[
E+

1

E−1

]
, (A.25)

where the transformation matrices M~

~

21 and M~

~

12 are inversion of one another

M~

~

21 = M~

~

−1
12 =

1

t21

[
1 r21

−r12 t21t12 − r21r12

]
. (A.26)

For completeness, let us write down the expressions for the Fresnel coefficients r
s/p
12 (~q ) and t

s/p
12 (~q )

in the case of an ordinary material interface without any additional surface conductivity (arising, for
example, from a 2D material such as graphene)
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rs
12(~q ) =

µ2kz1 − µ1kz2
µ2kz1 + µ1kz2

, (A.27)

rp
12(~q ) =

ε2kz1 − ε1kz2
ε2kz1 + ε1kz2

, (A.28)

ts12(~q ) =
2µ2kz1

µ2kz1 + µ1kz2
, (A.29)

tp12(~q ) =
2ε2kz1

ε2kz1 + ε1kz2

√
µ2ε1

µ1ε2
, (A.30)

with kzj =
√
k2
j − q2 denoting the vertical wavevector component. The Fresnel coefficients r

s/p
21 (~q )

and t
s/p
21 (~q ) corresponding to the reverse propagation across the interface are acquired simply by

interchanging the indices in the above expressions.
The view of the reflection process as a linear transformation between two states has some far-

reaching practical consequences: not only it gives us a direct relationship between the fields in the
two media, but more importantly, it allows us to propagate plane waves even through more complex
systems consisting of several layers using a mathematically clear and elegant procedure. As the
amplitudes of the plane waves existing within such a system also have to obey the above relations, the
overall response of the multilayer can be characterized by a single matrix M~

~

created by stacking the
transformation matrices associated with the various material interfaces present in the system. There is
only one additional aspect of the process that needs to be taken into account – the phase accumulated
by the plane waves during their propagation through the individual layers. Referring the reader to the
schematic representation of a general stratified medium shown in Figure A.2, the complex amplitudes
of the upward and downward propagating waves at the opposing interfaces demarcating the j-th layer
are mutually related through

E+
j (zj−1 j) = e+ikzjdjE+

j (zj j+1), (A.31)

E−j (zj−1 j) = e−ikzjdjE−j (zj j+1), (A.32)

where the accumulated phases amount simply to the layer thickness dj = zj−1 j − zj j+1 times the

vertical components ±kzj = ±
√
k2
j − q2 of the wavectors ~k±j . In the matrix notation, these relations

translate to [
E+

1 (zj−1 j)
E−1 (zj−1 j)

]
=

[
eikzjdj 0

0 e−ikzjdj

] [
E+

1 (zj j+1)
E−1 (zj j+1)

]
= P~

~

j

[
E+

1 (zj j+1)
E−1 (zj j+1)

]
. (A.33)

The usefulness of the above matrix formalism is best demonstrated on the basic problem of finding
the amplitudes of waves reflected (r1n) from and transmitted through (t1n) a multilayer system com-
prised of n− 2 layers (indexed from 2 to n− 1). By stacking alternetaly the transformation matrices
corresponding to interface crossings M~

~

and propagation P~

~

, a direct link between the waves in the
1-st and the n-th medium is established. Setting the amplitude of the incident wave to E−1 = 1 and
realizing that E+

n = 0, we obtain a linear system of two equations for the two unknown amplitudes
r1n and t1n

[
r1n

1

]
= M~

~

12 P~

~

2M~

~

23 · · · M~

~

n−2n−1 P~

~

n−1M~

~

n−1n

[
0
t1n

]
= M~

~

1n

[
0
t1n

]
=

=

[
m11 m12

m21 m22

] [
0
t1n

]
(A.34)
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with the following solution

r1n(~q ) =
m12(~q )

m22(~q )
, (A.35)

t1n(~q ) =
1

m22(~q )
. (A.36)

We should point out, that apart from the clarity it offers, the matrix approach is appealing also for
its straightforward and easy implementation in computation algorithms.

In the context of this thesis and the issues it addresses, we are particularly interested in the
scenario, where the source of the plane waves is not outside but embedded within the stratified
medium (technically, this applies also to the case of plasmonic antennas placed on top of a substrate).
Assuming the source is located inside the j-th layer, the fields in that layer and the upper halfspace
are connected via a linear transformation

[
E+
j

E−j

]
+

[
E+

src

0

]
= P~

~

−1
j M~

~

j j−1 · · · P~

~

−1
2 M~

~

21

[
E↑

0

]
=

[
m11 m12

m21 m22

] [
E↑

0

]
, (A.37)

where E+
src(~q ) designates the amplitude of the wave emitted by the source in the positive direction

of the z-axis and E↑ stands for the amplitude of the wave leaving the multilayer upwards. Similar
equation can be written also for the wave transmitted into the lower halfspace (E↓)[

E+
j

E−j

]
+

[
0
E−src

]
= M~

~

j j+1P~

~

j+1 · · · M~

~

n−1n

[
0
E↓

]
=

[
n11 n12

n21 n22

] [
0
E↓

]
, (A.38)

except E+
src(~q ) is now replaced by the amplitude E−src(~q ) of the wave emitted by the source in the

negative direction of the z-axis. A key role is played by the intermediary fields E+
j and E−j , as

they sew together the halfspaces above and below the layer containing the source and ensure that the
upward emitted wave can contribute to the amplitude of the wave transmitted into the lower halfspace
and vice versa. Mathematically, this statement translates to

E↑(~q ) = t↑↑(~q )E+
src(~q ) + t↑↓(~q )E−src(~q ), (A.39)

E↓(~q ) = t↓↑(~q )E+
src(~q ) + t↓↓(~q )E−src(~q ), (A.40)

where the transmission coefficients t↑↑(~q ), t↑↓(~q ), t↓↑(~q ), and t↓↓(~q ) are easily obtained by subtracting
Eqs. (A.37) and (A.38) from each other and matching the terms in front of the source amplitudes E+

src

and E−src with their counterparts in Eqs. (A.39) and (A.40)

t↑↑(~q ) =
n22(~q )

m11(~q )n22(~q )−m21(~q )n12(~q )
, (A.41)

t↑↓(~q ) =
n12(~q )

m11(~q )n22(~q )−m21(~q )n12(~q )
, (A.42)

t↓↑(~q ) =
m21(~q )

m11(~q )n22(~q )−m21(~q )n12(~q )
, (A.43)

t↓↓(~q ) =
m11(~q )

m11(~q )n22(~q )−m21(~q )n12(~q )
. (A.44)
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Far-field characterization of objects

The framework of far-field projections presented in this appendix serves as a platform for the calcula-
tion of various quantities characterizing the response of systems encountered in this thesis. The basic
and most common is the scattering cross-section Csca(ω) defined as the ratio of the power scattered by
an object Wsca and the intensity I0 of the plane wave illuminating it. Adhering to the notation used
in the above paragraphs, the total power scattered by the object can be broken down into two distinct
contributions W ↑sca and W ↓sca, i.e. power emitted into the upper (↑) and lower (↓) halfspaces. Assum-
ing the object is illuminated from above so that I0 = k1| ~E0|2/(2µ0ω), the scattering cross-section is
obtained by integrating the far-field Poynting vector over the azimuthal and declination angles ϕ and θ

Csca =
W ↑sca +W ↓sca

I0
=

π
2∫

0

dθ

2π∫
0

dϕ r2 sin θ
| ~E↑FF(ϕ, θ)|2

| ~E0|2
+
kn
k1

π∫
π
2

dθ

2π∫
0

dϕ r2 sin θ
| ~E↓FF(ϕ, θ)|2

| ~E0|2
. (A.45)

If necessary, one can easily change the integration variables to the directional cosines sx and sy or the
lateral wavevector components qx and qy by means of the substitutions prescribed by Eq. (A.4) – (A.7)
and the interconnection between the far-field and the Fourier components of the near-field captured
by Eqs. (A.8) and (A.9). Splitting the total scattering cross-section into two parts (one for each
halfspace), we arrive at the following alternative integration schemes

C↑sca = r2

1∫
0

ds‖

2π∫
0

dϕ
s‖√

1− s2
‖

| ~E↑FF(ϕ, s‖)|2

| ~E0|2
= r2

∫∫
s‖≤1

dsxdsy
1√

1− s2
‖

| ~E↑FF(sx, sy)|2

| ~E0|2
=

= 4π2

∫∫
q≤k1

dqxdqy
kz1
k1

| ~E↑(qx, qy, z↑)|2

| ~E0|2
, (A.46)

C↓sca =
kn
k1
r2

1∫
0

ds‖

2π∫
0

dϕ
s‖√

1− s2
‖

| ~E↓FF(ϕ, s‖)|2

| ~E0|2
=
kn
k1
r2

∫∫
s‖≤1

dsxdsy
1√

1− s2
‖

| ~E↓FF(sx, sy)|2

| ~E0|2
=

= 4π2

∫∫
q≤kn

dqxdqy
kzn
k1

| ~E↓(qx, qy, z↓)|2

| ~E0|2
. (A.47)

Note that our definition of the scattering cross-section does not include the power scattered into guided
waves such as surface plasmon polaritons occurring at metal-dielectric interfaces or waveguide modes
supported by dielectric layers.

Another attribute frequently used for characterization of objects is the extinction cross-section
Cext. It essentially quantifies, how well an object dissipates the energy supplied by the source – in our
case a plane wave propagating along a wavevector ~k0. The losses suffered by the incident wave can
be either due to scattering (into the far-field and guided modes) or absorption (within the substrate
and the object itself). The expression for Cext can be elegantly inferred from the balance between the
power entering and leaving the region V enclosed by the planes z↑ and z↓. Let us begin by specifying
the spatial profile of the incident wave within the plane z↑. Embracing the spherical coordinate basis,
its electric field components are

~E0(~r‖, z
↑) = ~E0 e

i~k0·~r =

[
Es0

Ep0

]
ei~q0·~r‖ e−ik

(0)
z1 z
↑
, (A.48)
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where the minus sign in front of the vertical wavevector component k
(0)
z1 =

√
k2

1 − |~q0|2 indicates that
the wave is propagating downwards.

Obviously, the power Win entering the laterally unbound region V is in principle infinite, but since
it does not appear in the final expression for the extinction cross-section, we have no reason to be
concerned. As for the power leaving that region, it can be broken down into two parts: power emitted
into the upper (W ↑out) and the lower (W ↓out) halfspace. Importantly, we have to take into account not
only the scattered waves, but also the original wave that can be, in the presence of a substrate, partially
reflected and contribute, therefore, to both the upward and the downward power flux. Employing one
of the integration schemes shown in Eq. (A.46), the energy flowing into the upper halfspace amounts
to

W ↑out =
4π2

2µ0ω

∫∫
q≤k1

d~q 2 kz1

∣∣∣ ~E↑0(~q, z↑) + ~E↑(~q, z↑)
∣∣∣2 =

= W
↑(0)
out +W ↑sca +

4π2

µ0ω

∫∫
q≤k1

d~q 2 kz1 Re
{
~E↑∗0 (~q, z↑) · ~E↑(~q, z↑)

}
, (A.49)

where the single non-zero Fourier component of the reflected electric field reads

~E↑0(~q, z↑) =
1

4π2

∫∞∫
−∞

d~r 2
‖ e
−i~q·~r‖ ~E↑0(~q0) ei~q0·~r‖ e−ik

(0)
z1 z
↑

=

[
rs

1n(~q0)Es0

rp
1n(~q0)Ep0

]
δ(~q − ~q0) e−ik

(0)
z1 z
↑
. (A.50)

Similarly, the power flux through the z↓ plane can be written as

W ↓out =
4π2

2µ0ω

∫∫
q≤kn

d~q 2 kzn

∣∣∣ ~E↓0(~q, z↓) + ~E↓(~q, z↓)
∣∣∣2 =

= W
↓(0)
out +W ↓sca +

4π2

µ0ω

∫∫
q≤kn

d~q 2 kzn Re
{
~E↓∗0 (~q, z↓) · ~E↓(~q, z↓)

}
(A.51)

with the transmitted electric field given by

~E↓0(~q, z↓) =
1

4π2

∫∞∫
−∞

d~r 2
‖ e
−i~q·~r‖ ~E↓0(~q0) ei~q0·~r‖ e−ik

(0)
z1 z
↑

=

[
ts1n(~q0)Es0

tp1n(~q0)Ep0

]
δ(~q − ~q0) e−ik

(0)
z1 z
↑
. (A.52)

The Fresnel reflection (r
s/p
1n ) and transmission (t

s/p
1n ) coefficients appearing in the above expressions

and capturing the passage of the incident wave through the bare substrate can be calculated using
Eqs. (A.35) and (A.36). Also note, that the square modulus in Eqs. (A.49) and (A.51) gives rise to

three terms, two of which can be readily identified as the purely scattered power W
↑/↓
sca and the power

reflected from (W
↑(0)
out ) or transmitted through (W

↓(0)
out ) the substrate in the absence of the object. The

affiliation of the remaining term can be established via the realization that the total power flux out of
the region V must be equal to the incoming power minus the losses due to absorption. Splitting the

absorption into two contributions, the power that would be lost within the bare substrate W
(0)
abs and

the correction brought about by the presence of the object Wabs, we obtain the following equality

Wout = W ↑out +W ↓out = Win −W (0)
abs −Wabs. (A.53)
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Finally, recalling the definition of the extinction as the sum of the scattering and absorption Wext =

Wsca +Wabs and recognizing that W
↑(0)
out +W

↓(0)
out = Win−W (0)

abs, we find the term corresponding to the
interference between the incident and scattered waves to be directly linked to the sought extinction
cross-section

C↑ext = −4π2

∫∫
q≤k1

d~q 2 kz1
k1

2Re
{
~E↑∗0 (~q, z↑) · ~E↑(~q, z↑)

}
| ~E0|2

= − 8π2

| ~E0|2
k

(0)
z1

k1
Re

{[
rs∗

1n(~q0)E∗s0 rp∗
1n(~q0)E∗p0

]
×

× eik
(0)
z1 z
↑

[
t↑↑s (~q0)E+s

src(~q0) + t↑↓s (~q0)E−s
src(~q0)

t↑↑p (~q0)E+p
src (~q0) + t↑↓p (~q0)E−p

src (~q0)

]}
, (A.54)

C↓ext = −4π2

∫∫
q≤kn

d~q 2 kzn
k1

2Re
{
~E↑∗0 (~q, z↓) · ~E↑(~q, z↓)

}
| ~E0|2

= − 8π2

| ~E0|2
k

(0)
zn

k1
Re

{[
ts∗1n(~q0)E∗s0 tp∗1n(~q0)E∗p0

]
×

× eik
(0)
z1 z
↑

[
t↓↑s (~q0)E+s

src(~q0) + t↓↓s (~q0)E−s
src(~q0)

t↓↑p (~q0)E+p
src (~q0) + t↓↓p (~q0)E−p

src (~q0)

]}
. (A.55)

We should point out that in certain circumstances, one or even both of the above expressions
can be negative. This seemingly unreasonable and counterintuitive result is made possible by the
generalization of the whole concept of extinction and scattering cross-sections to systems with a
substrate. If an object is added to such a system, it can redistribute the flow of energy into the upper
and lower halfspaces to such extent that in one of them, the new power flux exceeds the original value
and we obtain a negative contribution to the extinction. Similarly, when a substrate is absorbing, the
introduction of an object can alleviate these substrate losses, which leads to a negative correction to
the overall absorption. Provided this reduction in absorption exceeds the energy dissipation due to
scattering, the total extinction cross-section of the object will be negative.
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Appendix B

Vector spherical harmonics

Vector spherical harmonics represent a complete set of orthogonal functions used for expressing vector
fields in the spherical coordinate basis [22]. In electromagnetism, they constitute the bedrock on
which the Mie theory, multipole expansion of fields and classical theory of light-matter interaction are
built. Here, we recapitulate only their basic definition and properties necessary for understanding and
implementation of the advanced procedure for calculating the multipole expansion in stratified media,
developed in Section 2.3.

Designating r, ϕ, and θ as the variables forming the spherical coordinate system and r̂, ϕ̂, and θ̂ as
the associated basis vectors, vector spherical harmonics ~Y m

l (ϕ, θ) are generated from scalar spherical

harmonics Y m
l (ϕ, θ) by means of the vector differential operator ~∇

~Y m
l (ϕ, θ) = r~∇Y m

l (ϕ, θ), (B.1)

r̂ × ~Y m
l (ϕ, θ) = ~r × ~∇Y m

l (ϕ, θ), (B.2)

where the index l can assume values from zero to infinity, while the index m is limited to integers
running from −l to l. Note that we omit here the “radial” vector spherical harmonics r̂ Y m

l (ϕ, θ),
since it does not appear in the multipole expansion of transverse electromagnetic waves. The scalar
spherical harmonics themselves are built from associated Legendre polynomials Pml (cos θ)

Y m
l (ϕ, θ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Pml (cos θ) eimϕ (B.3)

which are, in turn, generated by Rodrigue’s formula

Pml (x) =
(−1)m

2ll!
(1− x2)

m
2

dl+m

dxl+m
(x2 − 1)l, (B.4)

valid for m ≥ 0. Finally, associated Legendre polynomials with a negative m are obtained via the
relation

P−ml (x) = (−1)m
(l −m)!

(l +m)!
Pml (x). (B.5)

To gain a clearer picture of what hides behind the rather abstract concept of vector spherical harmonics,
we list below the first few of them:

~Y 0
0 (ϕ, θ) = r̂ × ~Y 0

0 (ϕ, θ) = 0~ , (B.6)

~Y 0
1 (ϕ, θ) = −

√
3

4π
sin θ θ̂, (B.7)

~Y ±1
1 (ϕ, θ) = −

√
3

8π
e±iϕ

(
i ϕ̂± cos θ θ̂

)
, (B.8)

r̂ × ~Y 0
1 (ϕ, θ) = −

√
3

4π
sin θ ϕ̂, (B.9)

r̂ × ~Y ±1
1 (ϕ, θ) =

√
3

8π
e±iϕ

(
∓ cos θ ϕ̂+ i θ̂

)
, (B.10)
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~Y 0
2 (ϕ, θ) = −3

2

√
5

π
sin θ cos θ θ̂, (B.11)

~Y ±1
2 (ϕ, θ) = −

√
15

8π
e±iϕ

(
i cos θ ϕ̂± cos 2θ θ̂

)
, (B.12)

~Y ±2
2 (ϕ, θ) =

√
15

8π
sin θ e±2iϕ

(
±i ϕ̂+ cos θ θ̂

)
, (B.13)

r̂ × ~Y 0
2 (ϕ, θ) = −3

2

√
5

π
sin θ cos θ ϕ̂, (B.14)

r̂ × ~Y ±1
2 (ϕ, θ) =

√
15

8π
e±iϕ

(
∓ cos 2θ ϕ̂+ i cos θ θ̂

)
, (B.15)

r̂ × ~Y ±2
2 (ϕ, θ) =

√
15

8π
sin θ e±2iϕ

(
cos θ ϕ̂∓ i θ̂

)
. (B.16)

The multipole expansion presented in Section 2.3 jumps forth and back between a Cartesian-based
formulation of multipole moments and expansion coefficients Q1lm and Q2lm of individual vector
spherical harmonics ~Y m

l and r̂ × ~Y m
l . The following list specifies, how they are related to each other:

pe
x = −

√
3

8π
(Q111 −Q11−1), (B.17)

pe
y = −i

√
3

8π
(Q111 +Q11−1), (B.18)

pe
z =

√
3

4π
Q101, (B.19)

pm
x = c

√
3

8π
(Q211 −Q21−1), (B.20)

pm
y = ic

√
3

8π
(Q211 +Q11−1), (B.21)

pm
z = −c

√
3

4π
Q201, (B.22)

Qe
xx =

6i

k0

√
15

2π

(
Q122 +Q12−2

2
− Q120√

6

)
, (B.23)

Qe
yy = − 6i

k0

√
15

2π

(
Q122 +Q12−2

2
+
Q120√

6

)
, (B.24)

Qe
zz =

12i

k0

√
15

2π

Q120√
6
, (B.25)

Qe
xy = − 6

k0

√
15

2π

(
Q122 −Q12−2

2

)
, (B.26)

Qe
xz = − 6i

k0

√
15

2π

(
Q121 −Q12−1

2

)
, (B.27)

Qe
yz =

6

k0

√
15

2π

(
Q121 +Q12−1

2

)
, (B.28)
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Qm
xx = −6ic

k0

√
15

2π

(
Q222 +Q22−2

2
− Q220√

6

)
, (B.29)

Qm
yy =

6ic

k0

√
15

2π

(
Q222 +Q22−2

2
+
Q220√

6

)
, (B.30)

Qm
zz = −12ic

k0

√
15

2π

Q220√
6
, (B.31)

Qm
xy =

6c

k0

√
15

2π

(
Q222 −Q22−2

2

)
, (B.32)

Qm
xz =

6ic

k0

√
15

2π

(
Q221 −Q22−1

2

)
, (B.33)

Qm
yz = −6c

k0

√
15

2π

(
Q221 +Q22−1

2

)
. (B.34)
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ABSTRACT: Coherence-controlled holographic microscopy (CCHM) is a real-
time, wide-field, and quantitative light-microscopy technique enabling 3D
imaging of electromagnetic fields, providing complete information about both
their intensity and phase. These attributes make CCHM a promising candidate
for performance assessment of phase-altering metasurfaces, a new class of
artificial materials that allow to manipulate the wavefront of passing light and
thus provide unprecedented functionalities in optics and nanophotonics. In this
paper, we report on our investigation of phase imaging of plasmonic
metasurfaces using holographic microscopy. We demonstrate its ability to
obtain phase information from the whole field of view in a single measurement
on a prototypical sample consisting of silver nanodisc arrays. The experimental data were validated using FDTD simulations and
a theoretical model that relates the obtained phase image to the optical response of metasurface building blocks. Finally, in order
to reveal the full potential of CCHM, we employed it in the analysis of a simple metasurface represented by a plasmonic zone
plate. By scanning the sample along the optical axis we were able to create a quantitative 3D phase map of fields transmitted
through the zone plate. The presented results prove that CCHM is inherently suited to the task of metasurface characterization.
Moreover, as the temporal resolution is limited only by the camera framerate, it can be even applied in analysis of actively tunable
metasurfaces.

KEYWORDS: metasurface, plasmonic, phase, nanoantenna, holographic microscopy, 3D imaging

One of the fastest-growing areas of research in photonics is
the field of metasurfaces,1−3 where nanoantennas and

their ability to control light−matter interaction are utilized in
light focusing,4−12 polarizing,13−16 and holography.17−20 In
many of these metasurfaces, tailoring the near-field phase
response among the individual building blocks is used to
modify (e.g., to focus or to bend) the wavefront of light beam
and thus modulate its far-field projection. In order to assess the
performance of metasurfaces and verify their characteristics
predicted by numerical simulations, it is of great importance to
be able to quantitatively assess the phase distribution of the
electric field in the sample plane, a process which is usually
referred to as quantitative phase imaging. However, there are
only few methods adequate to this task: (1) Traditionally,
ellipsometry has been a method of choice for characterizing
optical properties of materials,21 giving access also to their
phase-altering properties.22 Its use in analysis of metasurfaces is,
however, restricted to the special cases where the working
principle of respective metasurface is manipulation of phase
difference between s- and p-polarized light. Moreover, it often
involves an inverse analysis, which becomes troublesome when
dealing with samples of unknown structure and composition.
(2) Scattering-type scanning near-field optical microscopy (s-
SNOM), on the other hand, provides remarkable subdiffraction

lateral resolution and allows investigation of complex near-field
patterns generated by nanoantennas, including the phase
response.23 Yet as it is a scanning probe technique, it is
inherently slow. Further, its spectral window is usually limited
to the infrared region, as the possibility of its extension to the
visible has been only rarely reported.24,25 (3) The most
straightforward acquisition of metasurfaces’ phase spectra has
been achieved with methods based on interferometry. These
involve spectroscopic interferometries either with broadband
continuous light sources26−31 or ultrashort laser pulses,32−36

where the phase shift between the reference and sample beam
is determined with the aid of Fourier transformations between
relevant domains (temporal/spatial and their corresponding
reciprocals). The drawbacks associated with these methods
involve problematic dispersion compensation, necessity of
introducing a precise delay, and necessity of spectrum sampling
with high resolution. Moreover, all aforementioned interfero-
metric approaches provide phase information only from a single
spot of a sample (whether optically focused or not). This
seriously limits their use for characterization of metamaterials,
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as the measured phase is either an average from a large sample
area or a single value from a diffraction-limited spot.
Here we present a powerful quantitative phase-imaging

technique that keeps all the benefits of the aforementioned
interferometric approaches, provides unambiguous phase
information from the whole field of view and thus overcomes
the necessity for lateral sample scanning. Our method, which is
based on principles of holographic microscopy, is fast and real-
time, limited only by the speed of a CCD detector, and allows
wide-field analysis of phase properties in situ, even in the diffuse
environment.37 To validate our approach, we first applied it to
well-known plasmonic disc-shaped nanoantennas, where the
phase of transmitted light can be easily predicted and
controlled. Then we present an analytical model that relates
the obtained phase image to the resonant properties of
nanoantennas and thus provides a general framework for the
use of holographic microscopy in metamaterial phase analysis.
Finally, we demonstrate the unique features and large potential
of this method by performing a 3D phase mapping of
wavefronts behind a plasmonic zone plate.

■ RESULTS AND DISCUSSION
The principal element of our work is the coherence-controlled
holographic microscopy (CCHM) and its ability to image both
the amplitude and the phase of optical fields. Until now, it has
found its use exclusively in fast characterization of live
biological samples, where the phase contrast arises from the
optical path difference.38 Here, we employ it for the first time
for spectrally resolved imaging of plasmonic metasurfaces,
where the phase change is governed by the scattering properties
of individual plasmonic building blocks. This included an
upgrade of the conventional CCHM optical setup with a
tunable laser and generalization of its theoretical framework
toward arbitrary-distributed scatterers (see Methods for
detailed description of CCHM and our experimental setup).
The imaging of plasmonic nanoantennas by digital holographic
microscopy was previously reported by Suck et al.,39 who
demonstrated the use of digital heterodyne holography for
imaging of far-field maps produced by plasmonic nanoantennas.
In their work, however, they focused only on measuring the
intensity of the scattered field using the Kretschmann
configuration40 and monochromatic illumination. We take full
advantage of the ability of CCHM to reconstruct the optical
fields including their phase, which gives us more complete
information about the fundamental properties of plasmonic
antennas and which could be extremely valuable for design and
optical characterization of metasurfaces and metamaterials.
Benchmark Sample. To demonstrate the capabilities of

our method, we evaluated the phase response of a benchmark
sample consisting of multiple arrays of plasmonic nanostruc-
tures (Figure 1). In order to have a simple, polarization
independent response, we used silver disc-shaped nanoantennas
with diameters ranging from 50 to 200 nm. In each array (10 ×
10 μm), the pitch was set to double of the disc diameter, so that
the nanoantennas covered the same percentage of the surface
(≈20%). SEM analysis (see Supporting Information, Figures S1
and S2) revealed that due to limited resolution of PMMA, the
fabrication of the arrays with 50 and 60 nm nanodiscs was not
successful, and we left them out from subsequent optical
measurements.
First, we measured extinction spectra of the aforementioned

nanodisc arrays using conventional confocal optical spectros-
copy (spot size 2 μm) to verify their quality and spectral

position of their plasmonic resonances (Figure 2a). Strong
dipolar plasmonic modes of the nanodiscs are apparent in the
visible and near-infrared part of the spectrum, and in line with
our expectations, they shift toward longer wavelengths with
increasing nanodisc diameter.
The measurements were complemented by FDTD simu-

lations of nanodisc arrays with geometrical parameters identical
to those from the experiment. As simulations of the entire
nanodisc arrays would require unreasonable computational
power, we decided to simplify the task by employing periodic
boundary conditions. In this way we were able to account for
the mutual interaction while keeping the computational time
short. The resulting extinction spectra are displayed in Figure
2b, with the resonance peaks blue-shifted with respect to the
experimental ones roughly by 20 nm for larger discs and by
almost 90 nm for the smallest one. Additional simulations
revealed that this spectral shift can be attributed to fabrication
imperfections and a thin oxide layer that rapidly forms on the
surface of silver nanodiscs (see Figures S3 and S4 in Supporting
Information). Also note that the use of periodic boundary
conditions leads to the appearance of a pronounced dip in the
extinction spectrum, which moves toward longer wavelengths
with increasing disc size and which is the result of a strong
diffractive coupling between nanodiscs.41,42 However, in view of
the fact that the calculated spectra adequately capture the
resonant nature of the optical response of the fabricated
nanodisc arrays and the absolute spectral position of the
resonance is not central for our analysis of the image formation
in CCHM (we are more interested in its relative position with
respect to the phase profile obtained by CCHM), we consider
the agreement between the simulations and the experiment to
be sufficient for our purposes.
Next, we used our CCHM setup to obtain a series of images

of the amplitude and phase distribution in the plane of
nanodisc arrays (sample plane) while we swept the illumination
wavelength in the 10 nm steps across the whole accessible
spectral range of our microscope. In the subset of measured
series of phase images, presented in Figure 2c (top), we can
observe a rapid phase flip that moves toward arrays filled with
larger discs (and with resonances at higher wavelengths) as the
illumination wavelength is increased. The speckles observed in
Figure 2c do not correspond to individual antennas as the size
of these speckles (about 1.4 μm) is pronouncedly larger than
the antenna pitch (up to 400 nm for the largest antennas), as
apparent from the zoom-in view (see Supporting Information,
Figure S5). The random noise is caused by fabrication
imperfections in terms of a variation of nanodisc dimensions
(see further discussion in Supporting Information). To better
visualize the information contained in the phase images, we

Figure 1. Benchmark sample consisted of silver nanodisc arrays (blue
squares). Diameter d of nanodiscs (in nm) is denoted in each blue
square; pitch of all arrays was fixed as 2d.
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have extracted the average phase value for each array at all
measured wavelengths and plotted the resulting spectra in
Figure 2d (while compensating for a small background signal
by subtracting the phase outside the arrays). Note that there is
no need for phase unwrapping and corrections for 2π phase
ambiguity when dealing with plasmonic metasurfaces since
their phase shifts are typically smaller than 2π.
Apparently, the phase measured by CCHM exhibits an S-

shaped flip from positive (above resonance) to negative values
(below resonance) and goes to zero in both regions far from
the resonance. That is in contrast with considerations based on
a classical model of simple resonant systems, where the phase

changes monotonically from 0 to π (with π/2 at the
resonance).43 Although a single silver disc can be definitely
considered such a simple resonant system, propagation of the
scattered field through the microscope can lead to its significant
phase shift. Furthermore, as the CCHM microscope detects the
superposition of this scattered field with the original incident
wave, the final phase image strongly depends on their relative
amplitudes and phases. In the following, we will present a
theoretical description of CCHM image formation that
incorporates both of these aspects and is capable to fully
reproduce the experimental data. With the optical response of
individual building blocks as the only input of our model, we

Figure 2. (a) Experimental and (b) FDTD-calculated extinction spectra of silver nanodisc arrays on glass. Both show characteristic plasmon
resonances that red-shift with increasing disc diameter (indicated by line colors). The experimental extinction in (a) has been calculated by eq 1, T/
TREF, where T is the transmission through the nanodisc array and (TREF) the transmission through the bare substrate. (c) Quantitative phase images
of silver nanodisc arrays at a selected subset of illumination wavelengths, measured in CCHM (top) and theoretically calculated (bottom). Scale bars
are 20 μm. (d, e) Spectra of the total field phase at nanodisc arrays of various dimensions extracted from the full set of measured CCHM images (d)
and from numerical simulations (e). The small mismatch between measured extinction maxima and zero-crossings in the measured phase spectra is
caused by a slight oxidation of our silver nanodiscs during the time between the two measurements.
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can thus calculate the phase distribution produced by an
arbitrary metasurface that is directly comparable with the
experiment.
Theoretical Description. To describe how the fields in the

object plane translate into the image plane and how the spatial
filtering (diffraction) affects the detected phase distribution, we
shall invoke the theory of CCHM imaging, which is
fundamentally similar to the classical Abbe theory.44,45

Disregarding the geometrical effects like inversion and
magnification, the image formed in the image plane
corresponds to the convolution of the distribution of sources
in the object plane with the amplitude point spread function
(PSF) of the microscope. In the reciprocal space this amounts
to multiplying the Fourier transform of the sources’ distribution
by the coherent transfer function (CTF) of the microscope
(i.e., the Fourier transform of the PSF). The above can be
mathematically put as

∬
∫ ∫

∼ − −

=
−∞

∞

E x y x y x x y y P x y

k k P k k k k

( , ) d d PSF( , ) ( , )

d d e e ( , )CTF( , )x y
k x k y

x y x y

sca img img obj obj img obj img obj obj obj

i ix yimg img

(1)

where ximg, yimg denote the spatial coordinates in the image
plane, xobj, yobj are the spatial coordinates in the object plane, kx,
ky stand for the coordinates in the reciprocal space, and P(xobj,
yobj) defines the distribution of the sources within the object
plane. Note that throughout this work we shall use PSF and
CTF to describe the impulse response of our system to a
radiating point dipole. In this way the sources P(xobj, yobj) can
be readily identified as the polarization vector induced within

our plasmonic structures. Furthermore, instead of using the
continuous polarization vector we shall work with its integral
over the volume of the individual discs, thus approximating
them with a set of discrete point dipoles p(xobj, yobj) of
matching strength and orientation. Since the size of the discs is
relatively small and we are interested only in the dipolar mode,
such simplification should not significantly affect our results.
The electric field in the object plane produced by a single

point dipole located at (xobj, yobj) can be written in a compact
form using the formalism of the dyadic Green’s functions

∫ ∫

ω μ

ω μ

= ̂ − −

= ̂
−∞

∞
− −

E x y G x x y y p

k k e M k k p

( , ) ( , )

d d e ( , ) e ex y
k x ik y

x y
k x k y

sca
dip 2

0 obj obj

2
0

i i ix y x yobj obj

(2)

where ω is the angular frequency, μ0 the free space
permeability, and p denotes the complex amplitude of the
dipole. Note that the dyadic Green’s function Ĝ and its Fourier
transform M̂ generally depend on the surroundings of the
dipole. In the context of our experiment, we consider the dipole
to be situated right on top of a planar glass substrate with an
index of refraction n = 1.47. The relevant expressions for Ĝ and
M̂ can be found in ref 46.
Due to a cutoff in the spatial frequencies that can be

transferred by an optical microscope (a fact that also manifests
as the inherent inability to resolve two objects less than roughly
half a wavelength apart), we need to restrict the integration in

eq 2 to a region + ≤ π
λ

k k NAx y
2 2 2 , where λ denotes the free

Figure 3. (a) Phasor diagram of the fields forming the signal measured in CCHM. Note that we follow a convention where a phase shift in the
counterclockwise direction represents a phase delay. The field that drives the plasmonic structures is denoted as Edr and it is phase-shifted with
respect to the reference field Eref by φbg due to an inevitable path difference between sample and reference arms. The field scattered by nanodiscs
(Esca) lags behind the driving one by an angle φsca. The total measured field Etot is a sum of Edr and Esca, and its phase shift φtot with respect to the
driving field is the ultimate quantity measured in CCHM. (b) Calculated distribution of the electric field amplitude produced in the image plane of
the microscope (NA = 0.95, λ = 580 nm) by a single silver nanodisc with diameter 154 nm. (c) Calculated scattered field phase (blue) and amplitude
(green) spectra for the 154 nm nanodisc; the values at each wavelength are extracted from the central part of field distributions that were obtained
the same way as in (b); the values of the amplitude and phase at selected wavelengths λA − λE (labeled by dots) are used in (d) to elucidate the total
field phase formation using phasor diagrams. (d) Calculated phase spectrum of the total field resulting from the superposition of scattered and
driving fields (with the superposition of phasors sketched in the boxes).
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space wavelength and NA is the numerical aperture of the used
microscope objective (NA = 0.95 in our experiment).44

Although a more elaborate procedure incorporating parameters
such as the numerical apertures of all microscope components
or the type of illumination is available,47 the simple cutoff is
sufficient for our purposes since it adequately captures the
major principle of image formation in CCHM. Finally, the
expressions for CTF and PSF, which allow us to mathematically
propagate the fields produced by an arbitrary planar
distribution of dipoles, are obtained by comparing eq 2 to eq 1
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where Θ(z) is the Heaviside step function and IFFT{} stands
for the inverse Fourier transform.
Relying on the assumption that our nanodiscs are small

enough to be approximated by point dipoles of matching
optical properties, we used eq 4 to calculate the field
distribution (essentially the PSF) produced in the image
plane of the microscope by a single D = 150 nm silver disc at λ
= 580 nm (see Figure 3b). Note that although we consider here
a solitary disc, its optical response already incorporates the
interaction with neighboring nanodiscs since it was obtained
from the FDTD simulations of infinite nanodisc arrays (that
were presented in Figure 2b). As expected for a point-like
source, the calculated field distribution is very similar to an Airy
disc. We repeated the calculations for all other experimentally
relevant wavelengths, extracted the amplitudes and also the
values of phase at centers of the Airy discs, and plotted the
resulting spectra in Figure 3c. The phase spectrum strongly
resembles the aforementioned ideal resonant system with two
exceptions: The minor ones are the sharp feature around 460
nm and the incomplete π-shift when crossing the resonance.
The former is due to the diffractive coupling between
nanodiscs, while the latter has its origin in the optical
properties of silver, namely in the interband transitions that
affect the real part of its dielectric function even far away from
their spectral positions.47 The third, more important difference,
is that the scattered field gains an additional π/2 phase delay
after it propagates through the microscope. This can be readily
explained on mathematical grounds: The field of a point dipole
at its origin can be broken down into two parts, a purely real
diverging term that is in phase with the driving field and a
purely imaginary term, which is finite but shifted in phase by π/
2. Importantly, only the latter is transferred through the
microscope and participates in the image formation.46 Thus, in
the end, the diffraction not only limits the spatial resolution we
can achieve, but it can also distort the information about the
phase distribution in the object plane. As we shall see below,
the additional π/2 phase delay is the main reason why our
experimental data assume both positive and negative values.
Note that one encounters the same phase shift when looking at
the field scattered by an infinite plane of dipoles.48 In that case,
however, the reason for the π/2 lag is not the integration limits
(i.e., spatial-frequency cutoff) but the singularity in the
integrand itself (i.e., the P(kx,ky) being the Dirac function).

Diffraction effects obviously play a critical role in the
quantitative phase imaging. However, there is one more aspect
of CCHM that must be taken into account in order to explain
the characteristic S-shape of the measured phase spectra: In
holographic microscopy, the electromagnetic field in the object
arm is generally a superposition of scattered (or otherwise
perturbed) and incident waves. It is this “total field” that
eventually interferes with the field transferred by the reference
arm. We present a simple phasor representation of the
aforementioned process in Figure 3a. The phasor of the
reference field Eref (violet arrow) is fixed to the x-axis, the
phasor of the driving field Edr (black arrow) is shifted with
respect to the reference field by an angle φbg that corresponds
to the path difference between the object and reference arms
caused by instrument imperfections. This background signal is
eventually compensated by simple subtraction from the
resulting image. The phasor of the field scattered by the
plasmonic structures Esca (green arrow) lags behind the driving
field by an angle φsca, as discussed above (see Figure 3c). The
quantity we ultimately measure with CCHM is the phase delay
φtot of the total field Etot = Edr + Esca (red arrow) with respect to
the driving field.38 The presented phasor representation helps
us to recognize the fact that the driving field is superposed to
the scattered field and significantly alters the wavefront unless
we filter it out, for example, via polarization resolved
measurements. Therefore, a valid comparison between experi-
ment and theory requires not only consideration of the field
scattered by individual nanodiscs as in Figure 3c, but rather the
full analysis of the total field Etot, as we will demonstrate now
using the schematics in Figure 3d: For wavelengths well above
the resonance (λA), the phasor of the scattered field is almost
perpendicular to the driving field (≈π/2 delay), which is a
crucial prerequisite for a high phase contrast. However, the
amplitude of the scattered field is rather small and the total
phase delay is therefore only minute. As we move closer toward
the resonance (λB), the orientation of the scattered field
becomes largely antiparallel to the driving field (≈4π/5 delay).
This is, however, redeemed by a substantial increase in its
amplitude, resulting in a high total phase contrast. Once the
scattered and driving fields become purely antiparallel (λC), the
total phase rapidly falls to zero and turns increasingly negative
as the phase delay of the scattered field exceeds π (λD).
Eventually, by moving away from the resonance (λE) the
amplitude of the scattered field starts to drop again and the
phase contrast vanishes.
In order to theoretically validate the measured CCHM

images that are shown in Figure 2d, we employed the same
procedure as in the calculation of the field intensity and total
phase maps of a single disc: First of all, we approximate each
disc by a point dipole positioned at its center. The strength and
the phase of the dipole was estimated from FDTD simulations,
which were performed separately for each disc size. The
resulting scattered field in the image plane is obtained, after
transition from the continuous (eq 1) to the discrete
representation, either by taking the convolution of PSF
(defined in eq 4) with the discrete distribution of dipoles or
alternatively by multiplying its Fourier transform by CTF
(defined in eq 3) and taking the inverse Fourier transform
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where pj are the complex amplitudes of the individual dipoles
and p(kx,ky) = Σj=1

N pje
−ikxxj e−ikyyj is the Fourier transform of their

distribution. Even though CTF offers a closed form expression
and the equidistant distribution of dipoles in arrays of a
particular size makes the calculation of its Fourier transform
rather straightforward, the calculations in the reciprocal space
are prone to numerical errors. For that reason, we decided to
follow the PSF convolution approach and utilize the whole
framework established so far to calculate a series of total phase
images. We present the results directly below the correspond-
ing experimentally obtained images in Figure 2c. From their
comparison, it is clear that our model reproduces well all the
important features observed in the measured CCHM images. In
order to make a quantitative comparison, we have extracted the
average phase from each array in our calculated images and
plotted the resulting spectra in Figure 2e. While there are slight
differences in the phase flip amplitudes and spectral positions,
our model reproduces nicely the experimental data shown in
Figure 2d, with their characteristic S-shaped phase flips situated
close to the disc resonances. The ability of our theoretical
model to reliably predict and interpret the outcomes of
measurements facilitates the use of CCHM for design of
plasmonic devices with complex functionality, namely for direct

inspection and verification of inner workings of metasurfaces
based on new and unexplored concepts.

3D Phase Imaging. So far we have used CCHM only for
evaluation of phase distribution in a single plane. Its major
benefit, however, is the ability to produce 3D phase maps by z-
stacking images taken at different defocus levels. To
demonstrate the usefulness of this feature for characterization
of plasmonic metamaterials, we have decided to perform a 3D
phase imaging of the electric field produced behind a focusing
plasmonic metasurface based on the principle of a zone plate
(see Figure 4a). The zone plate was designed and fabricated
according to a well-known analytical model which, for a desired
focal length (100 μm), defines the overall geometry.49 We have
chosen the operational wavelength in the middle of our
experimental range (630 nm) and filled the individual zones
with previously studied nanodiscs (130 and 190 nm) that
maximized the phase difference at this wavelength (approx-
imately π/5, see Figure 2d). Although the analytical model
prescribes a π-phase difference between the neighboring zones,
even such a considerably smaller phase step is sufficient for
acceptable focusing performance.
Using the precise sample positioning, we were then able to

create a 3D experimental quantitative phase map of wavefronts
propagating from the zone plate by z-stacking a series of
CCHM phase images acquired above the sample plane in 1 μm
steps (Figure 4b). The detail of the cross-section in the xz-
plane, displayed in Figure 4c, clearly reveals stripes of constant
phase originating at the sample surface and converging toward
the main focal point at z ≈ 100 μm, which is in good agreement
with its planned position. We can also observe subsidiary focal
points. Their positions, however, do not coincide with those of

Figure 4. (a) SEM micrograph of the fabricated zone plate where individual zones are formed by silver nanodiscs (130 and 190 nm). (b) 3D
visualization of the measured total phase distribution in the half-space above the plasmonic zone-plate. Measured (c) and simulated (d) phase map in
the xz-plane above the zone plate where the main (z ≈ 100 μm) and subsidiary (z ≈ 50 μm, z ≈ 25 μm) focal points are clearly distinguishable close
to the zero radial distance.
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an ideal zone plate (e.g., the secondary focal point should be
situated at one-third and not at one-half of the zone plate focal
length). We ascribe this discrepancy to the fact that the field
distribution produced by our nanodiscs does not fully match
the one from the design. More specifically, the transition
between neighboring zones is not abrupt but gradual which
makes them effectively narrower (see Figure S6 and related
discussion in Supporting Information). Nevertheless, by
feeding the real nanodisc distribution into the theoretical
apparatus described above, we obtained a phase distribution
(see Figure 4d) that perfectly matches experimental results,
including the positions of the subsidiary focal points. The large
phase values near the focal point nicely illustrate the fact that
the total phase is a product of both phase and also amplitude of
the scattered wave.

■ CONCLUSIONS

We have demonstrated the suitability of CCHM for optical
characterization of plasmonic metasurfaces, especially those
where the desired optical properties are achieved by an
appropriate modulation of the phase of the passing electro-
magnetic wave. As a benchmark test we performed
spectroscopic measurements of phase shifts produced by silver
nanodisc arrays. The major advantage of CCHM over other
phase-measuring techniques is its ability to provide spatially
resolved phase information in the whole field of view in a single
measurement at time scales limited only by the camera
framerate. For a first time, we have utilized this unique
property to create a 3D phase map of fields transmitted through
a plasmonic zone plate. In addition, by recalling the basic
principles governing the image formation in conventional
microscopy, we have developed a model that enables
theoretical prediction of the CCHM measurement results.
This includes even measurements of phase changes caused by
arbitrarily distributed scatterers, which constitutes a major and
novel extension of the CCHM to the domain of nanophotonics.
Although all our measurements are performed with plasmonic
metasurfaces in the visible range, the whole concept can be
extended not only to shorter or longer wavelengths (provided
that the setup is composed of suitable optical elements and
detector) but also to other types of metasurfaces (e.g., dielectric
ones). We believe that the qualities described in this
contribution justify our view of CCHM as a unique imaging
technique with the potential to become a versatile tool in
metamaterial and metasurface research.

■ METHODS

Coherence Controlled Holographic Microscopy. In our
experiments, we used a coherence-controlled holographic
microscope (CCHM) that was developed at our institute and
is now commercially available (Tescan Q-Phase).50 Although it
is conventionally used for fast imaging of live biological samples
using incoherent light sources,38 we equipped it with a
supercontinuum laser (Fianium SC480−10) with an acousto-
optic tunable filter (AOTF) to perform spectrally resolved
imaging of plasmonic nanostructures. The principle of CCHM
is based on off-axis incoherent holography.38,47 Briefly, the light
coming from a source is split into object and reference arms
first (see Figure 5). The light in the object arm interacts with a
studied sample, whereas the light in the identical reference arm
passes only through a reference sample without nanoantennas.
Both beams then interfere in a CCD detector plane, forming a

pattern of interference fringes. As the beams interfere at an
angle (off-axis setup), the phase-containing terms in the Fourier
transform of the resulting interference pattern are (spatially)
separated from amplitude-only ones. This allows us to
independently extract these terms and then numerically
reconstruct the complex amplitude of the wave at each point
of the studied sample.51 Note that the lateral resolution of
CCHM is comparable to conventional wide field optical
microscopes, as discussed and demonstrated in ref 38. The
temporal resolution depends on the camera sensitivity and light
source intensity. Typical acquisition time for one phase image
was approximately 300 ms with the current experimental setup.
Covering the whole spectral region with 31 phase images
usually took us several minutes, mainly due to lags caused by
slow manual control of the laser wavelength.

Sample Fabrication. All nanostructures were fabricated by
electron beam lithography (Tescan Mira 3 SEM with Raith
Elphy EBL system) in 140 nm thick PMMA layer on a glass
substrate. A thin layer of conductive polymer (Allresist Electra
92) was spin-coated on top of the resist to reduce charging
effects during the exposure. Samples were developed in
MIBK:IPA (1:3) solution (immersed for 60 s) and rinsed in
IPA for 30 s. The development was followed by evaporation of
3 nm of Ti and 40 nm of Ag. The fabrication was finished by
the lift-off process in acetone.
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We theoretically study plasmonic antennas featuring areas of extremely concentrated electric or mag-
netic field, known as hot spots. We combine two types of electric-magnetic complementarity to increase
the degree of freedom for the design of the antennas: bowtie and diabolo duality and Babinet’s principle.
We evaluate the figures of merit for different plasmon-enhanced optical spectroscopy methods and optical
trapping: field enhancement, decay rate enhancement, quality factor of the plasmon resonances, and trap-
ping potential depth. The role of Babinet’s principle in interchanging electric and magnetic field hot spots
and its consequences for practical antenna design are discussed. In particular, diabolo antennas exhibit
slightly better performance than bowties in terms of larger field enhancement and larger Q factor. For
specific resonance frequency, diabolo antennas are considerably smaller than bowties, which makes them
favorable for the integration into more complex devices but also makes their fabrication more demanding
in terms of spatial resolution. Finally, we propose a Babinet-type dimer antenna featuring electromagnetic
hot spot with both the electric and magnetic field components treated on an equal footing.

DOI: 10.1103/PhysRevApplied.13.054045

I. INTRODUCTION

Plasmonic antennas (PAs) are metallic particles widely
studied for their ability to control, enhance, and concen-
trate electromagnetic field [1]. Strikingly, the field in the
vicinity of plasmonic antennas, the so-called near field,
can be focused into a deeply subwavelength region. At the
same time, the field is strongly enhanced with respect to the
driving field, which can be, e.g., a plane wave. Focusing
of the field stems from the excitation of localized sur-
face plasmons (LSP)—quantized oscillations of the free
electron gas in the metal coupled to the evanescent elec-
tromagnetic wave propagating along the boundary of the
metal.

In judiciously designed plasmonic antennas, local spots
of particularly enhanced electric or magnetic field can be
formed, referred to as hot spots. The hot spots typically
arise from the interaction between adjacent parts of a plas-
monic antenna separated by a small gap [2,3] but they can
be also based on the lightning rod effect (a concentration of
the field at sharp features of the antenna) [4–6] or combina-
tion of both. In various studies, electric hot spots have been
reported over a broad spectral range from THz [5] (hot spot
size λ/60000 predicted from electromagnetic simulations,

*vlastimil.krapek@ceitec.vutbr.cz

with λ denoting the wavelength of the incident wave) to
visible [7] (hot spot size λ/600 and enhancement >500).

Depending on the enhanced field, hot spots can be clas-
sified as electric, magnetic, or electromagnetic. A variety
of plasmonic antennas with specific shapes, sizes, and
materials exists for both electric and magnetic hot spots.
Electric hot spots have been observed in the nanorod
dimer antennas, bowtie antennas [8], or chains of plas-
monic nanoparticles [2,9]. Magnetic hot spots are formed
in diabolo antennas [10], nanorings [11], or split-ring res-
onators [12]. Electromagnetic hot spots with simultaneous
enhancement of both electric and magnetic field are unique
for plasmonic antennas [13]. Their formation has been
observed in dielectric resonators (silicon nanodimers) [14].

Hot spots can be involved in many applications includ-
ing surface-enhanced Raman scattering [2,15,16], more
efficient photocatalysis [17], or fluorescence of individ-
ual molecules [18]. Metallic resonators with enhanced
magnetic field (magnetic hot spots) are used to increase
the efficiency of magnetic spectroscopies such as elec-
tron paramagnetic resonance [19]. Electromagnetic hot
spots can be useful for studies of materials with com-
bined electric and magnetic transitions such as rare earth
ions [20,21]. Combined enhancement of electric and mag-
netic field finds applications also in optical trapping [22],
metamaterials [23], or nonlinear optics [24].
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For experimental characterization of plasmonic hot
spots, the available methods are, e.g., scanning near-field
optical microscopy [14,25–27], photon-scanning tunneling
microscopy [3], two-photon luminescence spectroscopy
[28], or photothermal-induced resonance [29].

Bowtie geometry of plasmonic antennas features a par-
ticularly strong electric hot spot. Bowtie antennas are pla-
nar antennas consisting of two metallic triangular prisms
(wings) whose adjacent apexes are separated by a sub-
wavelength insulating gap. The hot spot arises from the
interaction between the apexes combined with the light-
ning rod effect (the charge of LSP accumulates at the
apexes). When the insulating gap is replaced with a con-
ductive bridge, a diabolo plasmonic antenna is formed.
Instead of charge accumulation, electric current is fun-
neled through the bridge, resulting in a magnetic hot spot.
Both the bowtie and diabolo antennas have been frequently
studied [8,10,18,30–35].

Various optimization and modification approaches have
been proposed with the aim to enhance the properties
of the bowtie and diabolo antennas, including the gap
optimization [30], fractal geometry [36], or Babinet’s prin-
ciple. Babinet’s principle relates the optical response of
a (direct) planar antenna and an inverted planar antenna
with interchanged conductive and insulating parts. Both
the direct and inverted antennas shall support LSP with
identical energies, but with interchanged electric and mag-
netic near field [37,38]. Consequently, when the direct
antenna features an electric hot spot, the inverted antenna
features a magnetic hot spot and vice versa. The validity
of Babinet’s principle for the plasmonic antennas has been
experimentally verified [39,40], although some quantita-
tive limitations have been found in particular in the visible
spectral range [41,42].

A unique combination of Babinet’s complementarity
and bowtie and diabolo duality extends a degree of free-
dom for the design of plasmonic antennas featuring hot
spots. In our contribution we compare the two antennas
featuring an electric hot spot (bowtie and inverted diabolo)
and the other two featuring a magnetic hot spot (diabolo
and inverted bowtie). By electromagnetic modeling we
retrieve the characteristics of the hot spots and figures of
merit of relevant plasmon-enhanced optical spectroscopy
methods. Finally, we design Babinet dimer antennas fea-
turing electromagnetic hot spots.

II. METHODS

In all simulations, the bowtie and diabolo antennas
are represented by two gold triangles or triangular aper-
tures (as shown in Fig. 1) of 30 nm height on a semi-
infinite glass substrate. Babinet dimers are formed by
two complementary PAs (direct and inverted, each of 30
nm height) vertically separated by a 10-nm-thick layer
with the refractive index equal to 1.5 corresponding to

(a) (b)

(c)

(e)

(d)

FIG. 1. Schemes of four plasmonic antennas featuring hot
spots: (a) bowtie, (b) diabolo, (c) inverted bowtie, (d) inverted
diabolo. Metallic and hollow parts are represented by golden and
white color, respectively. Driving electric field is indicated by
red arrows. Charge or current accumulation and formation of the
electric or magnetic hot spot are shown as well. The dotted white
line in (c) indicates the qualitative correspondence between the
diabolo and inverted bowtie antennas, while the dotted white line
in (d) indicates a similar correspondence between the bowtie and
inverted diabolo antennas. Dimension parameters of the antennas
are shown in (e).

poly(methyl methacrylate). The whole dimer lies on a
semi-infinite glass substrate. The dielectric function of
gold is taken from Ref. [43] and the refractive index of
the glass is set equal to 1.47.

The electromagnetic field is calculated with the finite
difference in time domain (FDTD) method using a com-
mercial software Lumerical.

Scattering efficiencies and the near-field distribution are
calculated using a plane wave as illumination. Transition
decay rates are calculated as the decay rate of the power
radiated by an oscillating electric or magnetic dipole into
its surrounding (total decay rate) and into far field (radia-
tive decay rate). The dipole is positioned at the vertical
symmetry axis of the antenna. The decay rates are averaged
over three orthogonal polarizations of the dipole.
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III. RESULTS AND DISCUSSION

A. Plasmonic antennas, modes, and hot spots

Plasmonic antennas involved in the study and their
operational principle are illustrated in Fig. 1. The bowtie
antenna consists of two disjoint triangular gold prisms. An
oscillating electric field applied along the long axis of the
antenna drives the oscillations of charge that is funneled
by the wings of the antenna and accumulated at the adja-
cent tips [Fig. 1(a)]. Combined effects of plasmonic field
confinement, charge funneling, and charge concentration
(lightning rod effect) give rise to an exceptionally high field
in the area between the triangles, by orders of magnitude
higher than the driving field. In the diabolo antenna, the
triangles are connected with a conductive bridge, through
which a concentrated current flows instead of charge accu-
mulation [Fig. 1(b)]. A magnetic hot spot is formed around
the bridge. The inverted bowtie antenna is formed by two
disjoint triangular apertures in an otherwise continuous
gold film. Babinet’s principle predicts that for a comple-
mentary illumination (i.e., transverse oscillating electric
field) a complementary magnetic hot spot is formed. This
can be understood also intuitively as the antenna resem-
bles a rotated diabolo antenna [see dotted line in Fig. 1(c)].
Finally, the inverted diabolo antenna, which on the other
hand resembles the bowtie antenna, features an electric hot
spot Fig. 1(d).

The dimension parameters of the antennas are schemat-
ically depicted in Fig. 1(d). The thickness of the gold film
is set to H = 30 nm. The size of the right isosceles trian-
gles (i.e., ϑ = 90◦) is described by the wing length v. The
opposite triangles share a common apex. The isolating gap

in bowtie antennas and the conductive bridge in diabolo
antennas have the length G equal to the width W. These
dimensions do not scale with the size of the antenna (the
only scalable parameter is thus v) and are set to 30 nm to
reflect a convenient resolution of fabrication methods such
as electron-beam lithography and focused ion-beam lithog-
raphy. In general, one could expect stronger hot spots for
narrower gaps or bridges due to stronger charge or cur-
rent concentration. All edges are rounded with a radius of
10 nm. The antennas are placed on a semi-infinite glass
substrate (refractive index 1.47). The dielectric function of
gold is taken from Johnson and Christy [43].

One of the quantities characterizing plasmonic response
of antennas is their scattering efficiency Qscat. It describes
the power Pscat scattered by the antenna illuminated with
a monochromatic plane wave with an intensity I0 and is
defined as Qscat = Pscat/(I0S), where S denotes the geomet-
rical cross section of the antenna. Spectral dependencies
of Qscat for all four PA types are shown in Fig. 2 and the
energies of the lowest scattering peak corresponding to a
dipole plasmonic mode are shown in Fig. 3. We observe
that Babinet’s principle holds reasonably well. The peak
energies of the scattering efficiency in the complemen-
tary PA (i.e., bowtie and inverted bowtie, diabolo and
inverted diabolo) of the same size differ by less than 11%.
The difference is less pronounced for large antennas, in
line with the requirements of Babinet’s principle: perfectly
thin and opaque metal [42]. For the bowtie geometry, the
scattering peaks of inverted PAs are less intense and red-
shifted with respect to direct PAs (as is the case also for
disc-shaped antennas [42]), while opposite is true for the
diabolo geometry.

(a) (b)

(c) (d)

FIG. 2. Spectral dependence
of the scattering efficiency Qscat
of (a) bowtie, (b) diabolo, (c)
inverted bowtie, (d) inverted
diabolo PAs for several values of
the wing length v of the antennas.
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(a) (b)

FIG. 3. (a) Peak energies of the scattering efficiency Qscat of bowtie (red full circles), diabolo (blue full squares), inverted bowtie
(blue empty circles), and inverted diabolo (red empty squares) PAs as functions of the PA dimension—length of the wing v. (b) Quality
factors of LSP (represented by the peak energy of scattering cross sections divided by their full width at half maximum). Notice that
circles and squares correspond to bowtie and diabolo PAs, full and empty symbols correspond to particles (direct PAs) and apertures
(inverted PAs), and red and blue color corresponds to electric and magnetic hot spots, respectively.

Not surprisingly, the peak energies of the scattering
cross section for the diabolo PAs are considerably smaller
than that for the bowtie PAs of the same wing length v.
In other words, for the same energy, the diabolo PAs are
smaller by a factor of more than 2 than the bowtie PAs.
This effect is explained by a larger effective size of con-
nected (i.e., diabolo) antennas in comparison with disjoint
ones (bowtie), which can be seen from Figs. 1(a) and 1(b),
and has been observed previously [44]. There is an impor-
tant practical consequence. The bowtie geometry allows
achievement of the high resonance energies for which
diabolo-type PAs can be too small for an involved fabri-
cation technique. Considering the minimum wing length
of 50 nm, diabolo antennas cover the LSP energy range
up to 1.2 eV while bowtie antennas operate up to 2.0 eV.
On the other hand, diabolo geometry allows for a more
compact PA design and better integration to more com-
plex devices, such as a scanning near-field probe with the
electric hot spot [45]. Further, their lower footprint repre-
sents an advantage for the fabrication of PA arrays, where
a higher planar density of hot spots is achieved.

Diabolo antennas, either direct or inverted, feature con-
siderably more intense and narrower scattering peaks cor-
responding to larger quality factors than bowtie antennas
(Fig. 3). This is probably related to lower radiative losses
due to their smaller volume.

In the following, we compare the properties and perfor-
mance of all four types of PAs. We adjust the dimensions
of the compared PAs so that they all feature the LSP res-
onance (LSPR) at the same energy. Table I shows the
dimensions of the antennas for two specific energies: 1.8
eV corresponding to the minimum absorption of gold (i.e.,
minimum of the imaginary part of dielectric function) and
0.8 eV corresponding to one of the optical communication
wavelengths (1550 nm). We note that the former energy is
accessible only with bowtie antennas. We therefore focus
on the energy of 0.8 eV.

Figure 4 shows the formation of the hot spot. PAs featur-
ing the lowest LSPR at the energy of 0.8 eV are illuminated
by a plane wave with the same photon energy. Bowtie and
inverted diabolo PAs feature the electric hot spot and delo-
calized magnetic field, while diabolo and inverted bowtie
PAs feature the magnetic hot spot and delocalized electric
field. Interestingly, the volume of all the hot spots is com-
parable despite pronounced differences in the dimensions
of PAs. The fields exhibit clear Babinet’s complementar-
ity: their spatial distribution in direct and complementary
antennas is qualitatively similar with interchanged electric
and magnetic components. Nevertheless, the magnitudes
of the complementary fields differ rather significantly. As
an example, the electric field within the hot spot of the
bowtie antenna has the relative magnitude around 25 while
the magnetic field of the inverted bowtie has the maximal
relative magnitude less than 10, i.e., almost three times
weaker than expected. This observation is attributed to the
finite thickness and conductivity of gold, which both limit
the validity of Babinet’s principle. As for the direct and
inverted diabolo, the difference in the magnitudes of the
electric and magnetic fields is less pronounced, but still
quite significant. The bowtie and diabolo duality can be
observed for the field forming the hot spot (e.g., electric for
bowtie and magnetic for diabolo), which has a very similar
spatial distribution in both cases. However, the distribu-
tion of the delocalized field (e.g., electric for bowtie and
magnetic for diabolo) differs. In general, magnetic fields

TABLE I. Dimensions (wing length) of the antennas featuring
the lowest LSPR at energies of 0.8 and 1.8 eV.

Bowtie Diabolo Inverted bowtie Inverted diabolo

0.8 eV 300 nm 95 nm 270 nm 100 nm
1.8 eV 75 nm . . . 55 nm . . .
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(a) (b)

(c) (d)

FIG. 4. Planar cross sections of the electric (|�E|) and magnetic (| �H |) field magnitudes divided by related magnitudes of the driving
plane wave. The top two subplots in each panel show field distributions in the plane parallel to the PA plane, 10 nm above the upper
PA boundary. The bottom two subplots then show field distributions in the vertical plane with the orientation indicated by white dotted
lines in the in-plane field plots. The size of all PAs is set so that they feature the lowest LSPR at 0.8 eV, which is also the photon
energy of the driving field. Solid white lines indicate antenna boundaries, while the hot spots are marked by the green point and the
numbers correspond to the field enhancement in the hot spot. The figures show only the central part of the antennas with the metallic
parts being denoted as Au for clarity.

are weaker than electric fields in agreement with previous
findings [42,46].

B. Figures of merit for optical spectroscopy

Plasmonic antennas can be used to enhance absorp-
tion and emission of light. Consequently, they enhance
the signal of interest in various optical spectroscopy tech-
niques, including absorption spectroscopy, Raman spec-
troscopy, photoluminescence spectroscopy, and absorption
spectroscopy of magnetic transitions. Here we define fig-
ures of merit (FOM) for plasmonic enhancement of dif-
ferent spectroscopy techniques and evaluate them for all
four types of PAs. We consider a small volume of the
analyzed material (e.g., molecule, quantum dot, nanostruc-
tured material, or just nanosized crystal) that fits into the
size of the hot spot.

In the case of absorption spectroscopy, absorbed power
(per unit volume) can be expressed using Fermi’s golden
rule as P = 0.5Re[σ(ω)]|E|2 where ω is the frequency of
the probing radiation (in the following referred to as light),
Re[σ ] is the real part of the complex conductivity of the
analyte, and |E| is the magnitude of the electric compo-
nent of light. For simplicity we consider that the transition
dipole moment of the analyte is parallel to the electric field
in the hot spot, which is polarized along the axis of the
PA. The presence of plasmonic antennas alters the magni-
tude of electric field exciting the analyte. For the driving
field (a plane wave) with the electric field intensity E0,
the electric intensity in the hot spot reads EHS. We define
the electric field enhancement ZE = |EHS|/E0. Clearly,
absorbed power is enhanced by the factor of Z2

E , which is
thus suitable FOM for plasmon-enhanced absorption spec-
troscopy. Raman scattering is a two-photon process, where
each of the subprocesses, i.e., absorption of the driving
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MARTIN HRTOŇ et al. PHYS. REV. APPLIED 13, 054045 (2020)

photon and re-emission of the inelastically scattered pho-
tons, is enhanced by Z2

E (spectral dependence of ZE can
be neglected considering a low relative energy shift in
the Raman scattering and large energy width of plasmon
resonances). Therefore, FOM for the plasmon-enhanced
Raman spectroscopy reads Z4

E .
Absorption spectroscopy of magnetic transitions is rel-

evant for the study of rare-earth ions in the visible region
[20,21]. Electron paramagnetic resonance is, in principle,
also an absorption spectroscopy involving magnetic dipole
transitions in the microwave spectral range. The absorbed
power can be expressed as P = 0.5ωIm[μ(ω)]|H |2 where
ω is the frequency of light, Im[μ] is the imaginary part
of the complex permeability of the analyte, and |H | is
the magnitude of the magnetic component of light. For
the magnetic field enhancement ZH defined analogously
to ZE , the FOM for absorption spectroscopy of magnetic
transition reads Z2

H .
We should note that the choice of the location in which

we should evaluate the enhancement factors is somewhat
arbitrary. In the case of the bowtie and inverted diabolo,
we decide to take the values from a spot positioned in the
center of the gap, 10 nm above the substrate, while for the
inverted bowtie and diabolo, the spot is situated 10 nm
above the center of the bridge. This choice gives us rea-
sonable estimates that are close to the average values over
the whole hot spots and it also ensures sufficient separa-
tion from the metal, which is relevant for dipolar emitters
and their quenching. Ultimately, we can afford this slight
inconsistency in the definition of the hot spot as we always
compare a bowtie with an inverted diabolo and an inverted
bowtie with a diabolo, i.e., PAs with the same definition of
the hot spot. With this in mind, we can turn our attention
back to the field enhancements ZE and ZH . The inspection
of Fig. 5 shows that both ZE and ZH decrease with increas-
ing energy as a consequence of decreased funneling effect
(the size of the wings decreases while the size of the bridge
or the gap is kept constant). The electric field enhancement
ZE ranges between 18 and 34 with the inverted diabolo PA
having slightly better performance than the bowtie. The
magnetic field-enhancement ranges between 10 and 17 for
the diabolo PA but only between 4 and 8 for the inverted
bowtie. Thus, the inverted diabolo presents an excellent
option for the electric field enhancement while the inverted
bowtie does not perform particularly well for the magnetic
field enhancement.

Luminescence spectroscopy is another important method
that can benefit from plasmon enhancement. We consider
a simple model based on the rate equation. A metastable
excitonic state with the degeneracy g is populated through
an external excitation with the rate γG. The generation is
only efficient when the metastable state is unoccupied. For
its population n, the total generation rate reads (g − n)γG.
Excitons decay into the vacuum state via radiative and non-
radiative recombination paths with the rates γR0 and γNR0,

FIG. 5. Electric (red) and magnetic (blue) field enhancements
for bowtie, diabolo, and their Babinet complements in their
respective hot spots. The electric field enhancement ZE , defined
as the ratio of magnitudes of the local electric field |�EHS| and the
driving field E0, enters the figures of merit for plasmon-enhanced
absorption spectroscopy (Z2

E) and Raman scattering (Z4
E). On the

other hand, the magnetic field enhancement ZH , defined as the
ratio of the magnitudes of the local magnetic field intensity | �HHS|
and the magnetic field intensity H0 of the driving field, is impor-
tant for plasmon-enhanced absorption spectroscopy of magnetic
transitions (Z2

H ).

respectively. The rate equation reads

dn
dt

= (g − n)γG − nγR0 − nγNR0. (1)

In the steady state, dn/dt = 0 and

n = gγG/(γG + γR0 + γNR0). (2)

Two regimes can be distinguished. In the linear (weak
pumping) regime, γG � γR0 + γNR0 and

n ≈ gγG/(γR0 + γNR0), (3)

i.e., the population is proportional to pumping. In the satu-
ration (strong pumping) regime, γG � γR0 + γNR0 and n ≈
g, i.e., the metastable state is fully occupied. The emitted
power reads

PPL = nγR0�ω, (4)

where �ω is the photon energy. In the linear regime, the
emitted power can be expressed using the internal quantum
efficiency η0 = γR0/(γR0 + γNR0) as

Pl = gγGη0�ω (5)

and in the saturation regime

Ps = gγR0�ω. (6)

The presence of plasmonic antennas affects all three
processes (generation, radiative decay, and nonradiative
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decay). The effect on generation varies from very impor-
tant in the case of photoluminescence [18] to negligible
in the case of electroluminescence. In general, generation
is a sequential inelastic process and cannot be described
by a simple model. For that, we do not consider plasmon
enhancement of generation in the following and focus on
its influence on the radiative and nonradiative decay rates.

Spontaneous emission is affected via Purcell effect [47].
The emitter transfers its energy to PA where it is partially
radiated into far field and partially dissipated. It is cus-
tomary to express the rates of both processes in multiples
of the spontaneous emission rate γR0: ZR being the radia-
tive enhancement and ZNR the nonradiative enhancement
[48,49]. The total radiative and nonradiative decay rates
in the presence of plasmonic particles read γR = ZRγR0
and γNR = ZNRγR0 + γNR0, respectively, and the internal
quantum efficiency reads η = γR/(γR + γNR).

The figure of merit for plasmon-enhanced luminescence
(only its emission part) is the rate of the powers emitted
with and without the presence of the PA. For the linear
regime, FOM is

Fl = η/η0, (7)

while for the saturation regime it reads simply

Fs = ZR. (8)

Consequently, only emitters with a poor internal quantum
efficiency can benefit from plasmon enhancement in the
linear regime while the emitters with a high internal quan-
tum efficiency will suffer from the dissipation in metallic

PA. On the other hand, in the saturation regime plasmon
enhancement is benefitable as long as ZR > 1.

Figure 6 shows the spectral dependence of radiative and
nonradiative enhancement factors (ZR and ZNR, respec-
tively) for different types of PA with the maximum field
enhancement at 0.8 eV. A pointlike isotropic emitter (i.e.,
all polarizations are involved with the same intensity) is
positioned in the center of the PA 10 nm above the sub-
strate (bowtie and inverted diabolo) or 10 nm above the
surface of gold (diabolo and inverted bowtie). Such a
separation shall suppress emission quenching due to non-
radiative decay of the emitter. For the electric dipole tran-
sitions, a large radiative enhancement (several hundreds)
is obtained for both the bowtie and inverted diabolo. The
inverted diabolo offers approximately twice larger peak
enhancement [Fig. 6(a)] than the bowtie PA. However, the
bowtie benefits from a much lower nonradiative enhance-
ment and is thus preferable for most emitters in the linear
regime [Fig. 6(c)]. For magnetic dipole transitions, the dia-
bolo provides a considerably larger radiative enhancement
than the inverted bowtie, but it also suffers from the con-
siderably larger nonradiative enhancement [Fig. 6(b)]. In
addition, the resonance of the inverted bowtie is consid-
erably wider, which can prioritize this type of antenna for
emitters with broad spectral bands. The preferred PA type
therefore depends on specific application. We note that
the peaks in the enhancement are spectrally shifted from
the maximum field enhancement; the effect is particularly
pronounced for the inverted bowtie.

At this point it is worthwhile to estimate the accu-
racy of the electromagnetic simulations and the relevance

(a) (b)

(c) (d)

FIG. 6. Radiative and nonra-
diative enhancement factors ZR
and ZNR, respectively, as func-
tions of the photon energy for
the (a) electric dipole transition
and (b) magnetic dipole transi-
tion. The values are averaged
over all possible polarizations of
the transitions. Panels (c) and
(d) then show enhancement of
the overall quantum efficiency
for two values of the internal
quantum efficiency, namely η0 =
0.9 (good emitter) and η0 = 0.05
(poor emitter). Note that even
though the radiative enhancement
for direct and inverted diabolos
is significantly higher than for
their bowtie counterparts, their
enhancement of quantum effi-
ciency is due to their equally
larger nonradiative enhancement
more or less the same.
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of their results for the experiment. Several authors com-
pared experimental and calculated values of luminescence
enhancement factors in various systems, including organic
dyes coupled to bowtie antennas [18] (measured, up to
1340; calculated, 1690), MoS2 coupled to bowtie anten-
nas [50] (measured, 980; calculated, 982), and WSe2
monolayer coupled to cavity-backed slot antennas [51]
(measured: 340; calculated: 400). Apparently, there is a
reasonable agreement between simulations and experiment
with differences up to 20%. Further, the differences con-
sist in a rather systematic overestimation of calculations
due to model simplifications. Hence, the conclusions based
on the simulations shall be robust and reproducible in the
experiment.

C. Optical trapping

Apart from enhancing optical processes, electric hot
spots can also serve as optical tweezers, i.e., they can be
used to trap small objects. In the dipole limit, the opti-
cal force that facilitates this trapping is proportional to
the gradient of the square of the electric field. Consider-
ing the evanescent nature of plasmonic near fields, electric
hot spots in the vicinity of plasmonic structures can lead to
very strong forces, stronger even than those encountered in
tightly focused beams that are routinely used to manipulate
both metallic and dielectric particles, living cells, DNA, or
bacteria [52].

To estimate the strength of the trapping force provided
by our structures, we calculated the energy required by
a 20-nm polystyrene sphere to escape the potential well
formed by the plasmonic hot spot. Considering the small
size of the particle, we deem it sufficient to work within
the dipole approximation, where the potential energy of the
small sphere reads [53]

V = −α

2

∣
∣�E∣

∣
2

, (9)

where α is the polarizability of the polystyrene particle
(permittivity 2.46). Note that we limit ourselves only to
structures with electric hot spots as the magnetic dipole
moment and consequently also the magnetic trapping
potential for such a small polystyrene particle is negligi-
ble. Considering an illumination in the form of a 1-mW
beam focused into a 2-μm spot (corresponding to the inten-
sity of 318 kWm−2) with the investigated structure in its
centre, the magnitudes of the trapping potential (which
we define as the potential difference between the hot spot
and when we are away from it) are plotted in Fig. 7. As
one might expect, the trapping potential mimics the field
enhancement shown in Fig. 5, with larger values attained at
lower resonance energies. Assuming that the system is
at the room temperature (T = 300 K), the trapping energy
at 0.8 eV becomes comparable to the thermal energy of the
polystyrene particles, which indicates that these structures

FIG. 7. Depth of the trapping potential for 20-nm polystyrene
spheres induced by bowtie and inverted diabolo PAs illuminated
by the light with the intensity of 318 kWm−2. The potential is
expressed at the energy of the lowest LSPR and displayed as a
function of this energy. The dashed line indicates the thermal
energy at room temperature (kBT = 26 meV).

have a potential to serve as a dual purpose tool that is capa-
ble of capturing an object and enhance its optical response
at nanoscale.

D. Materials beyond gold

To demonstrate the general validity of our results we
now discuss two other plasmonic materials: silver and
zirconium nitride (ZrN). Silver is a traditional plasmonic
metal, which supports surface plasmon polaritons (SPP)
in a broader spectral range than gold (up to the energy of
3 eV) and exhibits slightly lower electron scattering rate.
On the other hand, silver PAs are not as stable as gold
PAs and can degrade over time [54]. ZrN is a semiconduc-
tor from a class of transition-metal nitrides that supports
SPP in the visible spectral range (up to 3 eV) under suffi-
ciently large doping [55]. The electron scattering in ZrN
is significantly larger than in gold. For our simulations,
the dielectric function of silver has been taken from John-
son and Christy [43] and the dielectric function of the
doped ZrN has been taken from Naik et al. [55]. The elec-
tron scattering time τ can be estimated from the dielectric
function ε(ω) as τ = −Im(ε)/[ωRe(ε)], where Re and Im
denote the real and imaginary part, and ω is the angular
frequency. At the photon energy of 0.8 eV, τ reads 32 fs
for silver, 8.2 fs for gold, and 0.8 fs for ZrN.

The energies of the lowest LSPR supported by silver
and ZrN PAs are shown as Figs. S1(a) and S2(a) within
the Supplemental Material [56]. The energy is only weakly
dependent on the material of the PA, with a slight blueshift
observed for the smallest silver PAs attributed to the large
plasma frequency and the absence of interband transitions
in silver in the respective energy range. The energies of
LSPR in the Babinet-complementary PAs are nearly iden-
tical, with the differences up to 10% for gold and silver.
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Notably, ZrN exhibits larger differences (up to 15%) at
the energy of 2 eV (due to proximity of the plasma fre-
quency and a related zero-cross-point of the real part of the
dielectric function) but very low differences (below 5%)
at energies below 1 eV where ZrN rapidly approaches the
limit of perfect electric conductor.

The Q factors of the lowest LSPR supported by silver
and ZrN PAs are shown as Figs. S1 and S2 within the Sup-
plemental Material [56]. Typical values for silver PAs are
by about 25% higher than for gold PAs, while the values
for ZrN PAs are about four times lower. As expected, the
Q factor decreases for decreasing electron scattering time.
The relation is weaker than linear, since the total plasmon
damping is in addition to the collision damping contributed
also by the radiation damping and the Landau damping
[57].

Figure 8 compares all three materials in terms of the
figures of merit of optical spectroscopy and trapping. We
show the results only for the better PA of the pair sup-
porting a specific hot spot, which is the inverted diabolo
PA for the electric hot spot and the diabolo PA for the

magnetic hot spot. Complete characterization including
also the bowtie and inverted bowtie PAs is provided as
Figs. S1 and S2 within the Supplemental Material [56].
The trends observed for gold PAs are qualitatively repro-
duced for silver and ZrN PAs. Low-scattering materials
provide better FOM. The effect is most pronounced for the
decay-rate enhancement factors, where the low scattering
results in both high radiative decay-rate enhancement ZR
and low nonradiative decay-rate enhancement ZNR.

Tables II and III summarize the FOM at the energy
of 0.8 eV corresponding to the telecommunication wave-
length of 1.55 μm. The dimensions of the antennas are
adjusted to set the energy of the lowest LSPR to 0.8 eV
(represented by the peak of the scattering cross section)
so that we evaluate the resonant (maximum) values of the
FOM. The antenna footprint F is defined as the area of
smallest rectangle fully containing the antenna. Table II
presents the FOM related to the electric hot spot: the Q
factor defined as the peak energy divided by the FWHM of
the scattering cross section, the electric field enhancement
ZE , the radiative (ZR) and nonradiative (ZNR) decay-rate

(a) (b)

(c) (d)

FIG. 8. Comparison of gold, silver, and ZrN PAs. (a) Field-enhancement factors for the electric field in inverted diabolo PAs (red)
and the magnetic field in diabolo PAs (blue) expressed at the energy of the lowest LSPR as functions of this energy. (b) Depth of
the trapping potential for 20-nm polystyrene spheres induced by inverted diabolo PAs illuminated by the light with the intensity of
318 kWm−2. The potential is expressed at the energy of the lowest LSPR and displayed as a function of this energy. The dashed line
indicates the thermal energy at room temperature (kBT = 26 meV). (c),(d) Radiative and nonradiative enhancement factors ZR and ZNR,
respectively, as functions of the photon energy for (c) the inverted diabolo PA and the electric dipole transition and (d) the diabolo PA
and the magnetic dipole transition. The values are averaged over all possible polarizations of the transitions. The energy of the lowest
LSPR in the PAs is set to 0.8 eV.

054045-9
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TABLE II. Figures of merit related to the electric hot spot at the energy of 0.8 eV.

Material Geometry F [nm2] Q ZE ZR ZNR VTB [meV]

Silver i. diabolo 5.8 × 104 5.6 33 952 48 37
bowtie 41 × 104 2.4 24 304 1 16

Gold i. diabolo 5.3 × 104 4.9 30 775 268 25.6
bowtie 40 × 104 2.4 25 338 37 19.4

ZrN i. diabolo 5.3 × 104 2.1 12 112 350 5.7
bowtie 36 × 104 1.6 16 142 140 7.3

enhancements for an electric dipole transition, and the
trapping barrier VTB defined as the depth of the trapping
potential for the illumination intensity of 318 kWm−2. It
includes only PAs with the electric hot spot, i.e., bowtie
and inverted diabolo. Table III presents the FOM related
to the magnetic hot spot: the Q factor, the magnetic field
enhancement ZH , and the radiative (ZR) and nonradiative
(ZNR) decay-rate enhancements for a magnetic dipole tran-
sition. It includes PAs with the magnetic hot spot, i.e.,
inverted bowtie and diabolo.

There is a clear qualitative correlation between all FOM.
Large values of Q factor correspond to a large field
enhancement and large radiative decay enhancements,
while nonradiative decay enhancements are small. Sil-
ver with the highest electron scattering time of all three
materials involved in the study shows better performance
compared to gold, which is superior to ZrN, the material
with the lowest electron scattering time. The diabolo PAs
offer better FOM (and lower footprint) than the bowtie PAs
due to reduced radiation losses. This finding holds for both
the bowtie and the inverted diabolo PAs supporting the
electric hot spot and the inverted bowtie and the diabolo
PAs supporting the magnetic hot spot.

E. Babinet dimer with electromagnetic hot spot

Bowtie and diabolo PAs enhance either an electric or
a magnetic component of the field, while the other com-
ponent is only weakly enhanced and spatially focused. In
this section we propose a Babinet dimer antenna that forms
an electromagnetic hot spot enhancing and focusing both
components of the electromagnetic field equally. The Babi-
net dimer antenna is formed by a direct and an inverse PA,
vertically stacked so closely that their individual electric

and magnetic hot spots overlap. We explore and com-
pare two configurations, namely the Babinet bowtie dimer
(BBD) [schematically depicted in Fig. 9(a)], consisting of
a bowtie on top of an inverted bowtie PA, and the Babi-
net diabolo dimer (BDD) [sketched in Fig. 9(c)] made
up by an inverted diabolo on top of a diabolo PA. In
both configurations, the upper PA is rotated with respect
to the bottom one by 90◦ so that both of them can be
excited by the same source polarization (oriented along the
long axis of the direct PA) and the upper and bottom PAs
are separated by a 10-nm spacer layer with the refractive
index equal to 1.5. As the individual modes in the closely
spaced PAs exhibit strong interaction, the dimensions of
the dimer constituents are adjusted so that the maximum
field enhancement occurs at 0.8 eV for both the electric and
magnetic component. For the BBD, the wing lengths of the
top (↑) and bottom (↓) PAs are set to v↑ = 110 nm and
v↓ = 200 nm, while for the BDD, the optimal dimensions
read v↑ = 200 nm and v↓ = 110 nm. Note that the antenna
providing the magnetic enhancement is in both cases situ-
ated underneath the one with the electric enhancement so
that the electromagnetic hot spot is directly accessible from
the top.

Figure 9(b) demonstrates the formation of the electro-
magnetic hot spot in the BBD. The dimer is illuminated by
the field polarized along the long axis of the bowtie and
perpendicular to the long axis of inverted bowtie, which
results in formation of an electric hot spot (field enhance-
ment 14) around the direct bowtie and a magnetic hot spot
(field enhancement 13) around the inverted bowtie. The
closely spaced hot spots overlap, yielding the maximum
simultaneous enhancement of both fields close to 8.4 at the
position indicated by the green point in Fig. 9. The inspec-
tion of Figs. 3 and 5 reveals that these values are similar

TABLE III. Figures of merit related to the magnetic hot spot at the energy of 0.8 eV.

Material Geometry F [nm2] Q ZH ZR ZNR

Silver diabolo 4.8 × 104 9.7 21 257 34
i. bowtie 34 × 104 1.9 7.5 40 5

Gold diabolo 4.8 × 104 7.5 15 130 94
i. bowtie 33 × 104 1.9 6.6 26 15

ZrN diabolo 4.4 × 104 2.1 5.0 11 83
i. bowtie 31 × 104 1.0 3.7 8 55
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(a) (b)

(c) (d)

FIG. 9. (a) Schematic drawing of the BBD. A direct bowtie (wing length 110 nm) lies on top of an inverted bowtie (wing length
200 nm), they are mutually rotated by 90◦ and separated by a 10-nm spacer layer. (b) Distribution of the electric (left) and magnetic
(right) fields in the vicinity of the BBD. The top two subplots show the fields in a plane parallel to the individual PAs, namely inside
the spacer layer with 5-nm distance from both of them [indicated by a black dotted line in (a)]. The bottom two subplots then show
the fields in a vertical plane perpendicular to the metal bridge of the inverted bowtie. The orientation of the plane is outlined by
a white dotted line in the schematic drawing in (a) and also in the top two subplots showing the fields in the horizontal plane. (c)
Schematic drawing of the BDD. A direct diabolo (wing length 110 nm) lies underneath an inverted bowtie (wing length 200 nm), they
are mutually rotated by 90◦ and separated by a 10-nm spacer layer. The distribution of the electric (left) and the magnetic (right) fields
around the BDD is plotted in (d), with planar cross sections positioned and oriented in the same manner as in the case of BBD. Note
that both BBD and BDD are illuminated with a plane wave polarized along the long axes of the direct PAs and the green point marks
the position, in which the electric and magnetic field enhancements are equal in magnitude (with the value specified by the number).

to those obtained for single PAs of comparable size. This
indicates that the enhancement mechanism based on the
charge accumulation (or the current funneling) at the wing
apices is rather robust and resistant to changes in surround-
ings of the PA. The other proposed design, BDD, possesses
electromagnetic hot spot as well, with maximum simul-
taneous enhancement of 11, while the individual maxima
read 21 (electric enhancement) and 16 (magnetic enhance-
ment) [see Fig. 9(d)]. These values are again close to those
encountered in single PAs, despite the partial screening
of the bottom diabolo by its upper counterpart. On the
whole, the better performance of isolated diabolos (at least
in terms of local field enhancement) imprints itself also
into Babinet dimers.

So far we altogether disregard the vectorial nature of
electromagnetic fields, which can be important in certain
applications. In the designs proposed above, the electric
and magnetic fields in the hot spot are perpendicular to
each other, but one can achieve also other mutual orien-
tations simply by rotating the vertically stacked antennas
with respect to each other. Such control over the local

polarization state of the light is quite valuable, especially
when we consider the aforementioned robustness with both
the field amplitude and orientation tightly bound to the
geometry of the PAs.

In comparison to previous proposals [58,59] and real-
izations [13] of plasmonic electromagnetic hot spots, our
proposal brings two benefits. (i) It enhances both fields on
equal basis, i.e., with the same amplitude, resonance fre-
quency, and lateral spatial distribution. (ii) It involves two
isolated antennas, which can be adjusted independently,
allowing extended tunability of the hot spot.

Interestingly, BBD can be used as Huygens meta-
atoms—building blocks of metasurfaces that simultane-
ously support electric and magnetic modes. Due to the
so-called Kerker effect [60] the Huygens metasurfaces
exhibit strongly directional scattering of light and allow
achievement of metasurfaces with improved transmission
efficiency [61]. The realization of Huygens meta-atom
reported by Zhang et al. [61] is composed of a direct
rodlike plasmonic antenna and an inverted rodlike plas-
monic aperture positioned above each other, i.e., it can be
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viewed as a BBD with bowties replaced with rods. Using
bowtie antennas instead of rods shall preserve the direc-
tional scattering and enhance the light-matter coupling
in the hot spot, paving the way towards multifunctional
metasurfaces capable of simultaneous enhancement the
light-matter interaction and light manipulation with high
transmission efficiency. We note that the BBD discussed
above is optimized for the field enhancement and exhibits
rather low directionality of the scattering. Simultaneous
optimization of both quantities is a subject for further
investigation.

Ref. [61] also provides a possible fabrication proto-
col for the BBD. Alternatively, electron-beam lithography
overlay process can be used [62,63].

IV. CONCLUSION

We perform a comprehensive study on the plasmonic
antennas featuring electric, magnetic, and electromag-
netic hot spots: bowtie and inverted diabolo, diabolo
and inverted bowtie, and their dimers, respectively. We
combine two types of electric-magnetic complementarity:
bowtie and diabolo duality and Babinet’s principle.

For a specific resonance frequency, diabolo antennas are
significantly smaller than bowtie antennas, and thus harder
to fabricate but easier to integrate. For the minimum wing
length of 50 nm, bowties covered the energy range up to
2.0 eV while diabolos only up to 1.2 eV. Diabolo antennas
also exhibit considerably narrower resonances related to
a higher Q factor as a consequence of a lower scattering
cross section.

We evaluate figures of merit for different methods of
optical spectroscopy and for optical trapping. One of the
most important figures of merit is the field enhancement in
the hot spot, which is larger for the diabolo antennas than
for the bowtie antennas (and also for the electric field than
the magnetic field). For the luminescence, the key figure
of merit is the radiative and nonradiative decay enhance-
ment. Here, diabolo antennas exhibited a slightly stronger
radiative decay enhancement than bowtie antennas but also
pronouncedly stronger nonradiative enhancement, making
the direct bowtie antenna a preferred option for the electric
dipole transitions and the inverted bowties an equiva-
lent alternative of the diabolo for the magnetic dipole
transitions.

As for the material composition, we find better figures
of merit for the plasmonic antennas made of materials with
lower electron scattering rates. Silver is slightly better than
gold, while zirconium nitride is considerably worse.

Finally, we propose Babinet dimer antennas enhancing
both the electric and magnetic field on an equal basis and
forming an electromagnetic hot spot, which finds appli-
cations in studies of rare earth ions, optical trapping,
metamaterials, or nonlinear optics.
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