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a b s t r a c t

Stress/strain concentration around a crack tip in ceramic foam-like structures, where the

characteristic size of the foam cell is comparable with a typical length over which field

quantities change significantly, is analysed. It is convenient to replace the foam struc-

ture by an effective continuum which retains all necessary characteristic features of the

foam. To this end a homogenized cracked open cell ceramic foam is analysed using the

strain/stress model based upon an implicit dependence of the non-local stress and strain

on the local stress and strain in the form of an inhomogeneous Helmholtz equation which

is solved together with the equilibrium equations. To preserve the advantage of the un-

coupled system of equations, which means that one set of equations is solved prior the

other one and that two sets of shape functions can be chosen independently, a recurrent

sequence of well posed boundary value problems is constructed which can be solved us-

ing a classical 8-nodes isoparametric element for 2-D problems. The key idea behind the

suggested procedure consists in replacing the scale parameter l by a parameter increment

�l chosen arbitrarily small. The given small disturbance causes a redistribution of the local

stress/displacement field. After the new local stress/displacement field is known, another

disturbance is introduced and so on. The procedure is stopped when the solution, exhibit-

ing boundary layer behaviour, leads to the cohesive-like zone with length reaching a value

uniquely related to the scale parameter l.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Ceramic foam-like structures are increasingly used in a

number of industrial branches. Manufactured cellular ma-

terials have been developed for a range of applications like

catalytic substrates, high temperature filters for melted al-

loys, tissue engineering as bone replacement material, in-

sulation materials, light-weight reinforcement etc., see e.g.

(Gibson and Ashby, 1997; Baumann and Herberg-Liedtke,

1994; Boccaccini et al., 2005; Cochran, 1998). These ap-

plications require high permeability, high surface area and

good insulation characteristics but also a good response
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to different types of mechanical loading corresponding

to given applications. Also their natural counterparts (e.g.

bone, sponge and wood) have a cellular structure that opti-

mises performance in a particular setting. The useful prop-

erties of cellular solids depend on the material from which

they are made, their relative density, and their internal ge-

ometrical structure.

Modelling of foam mechanical behaviour was at-

tempted by many researchers although mostly limited to

the prediction of just the initial elastic constants (e.g.

elastic modulus, Poisson’s ratio and shear modulus). The

most representative models assume some cellular mi-

crostructure (usually regular), treat the ligaments as beam

columns, and use elementary strength of materials to eval-

uate the deformation of representative micro sections. Pre-

diction of elastic constants of Kelvin cell foams have been
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Nomenclature

A, B tensor influence functions

(displacement and traction)

Ab influence function corre-

sponding to cells located in

the bulk

Ae influence function corre-

sponding to cells adjacent

to edges

bkj Eshelby stress tensor

bT, bx, by body forces field

Bu strain-displacement matrix

C micro-scale stiffness tensor

C1, C2 numerical constants in Eq.

(11) pertinent to the effec-

tive elastic properties

Ceff effective elasticity stiffness

tensor

{C} symmetric matrix of elastic

moduli

Cijkl elastic stiffness tensor com-

ponents

dspec characteristic specimen di-

mension

d the distance of point of in-

flection from the crack tip

dn the distance of point of in-

flection from the crack tip

computed in nth step of the

iteration procedure

D micro-scale compliance

tensor

Deff effective elasticity compli-

ance tensor

{D} symmetric matrix of elastic

compliances

Eeff, E1
eff, E2

eff, E3
eff young modulus of the ef-

fective continuum

eg unknown nodal nonlocal

strains

ersj Levi-Civita tensor

Es young modulus of elasticity

of struts

Geff, G1
eff, G2

eff, G3
eff shear modulus of the effec-

tive continuum

G’ modulus measuring the de-

gree of cubic anisotropy

Dj surface gradient operator

components

H characteristic cell size

Kuu Stiffness matrix in the for-

mulation of finite element

discretization

Kεε1, Kεε2 , Kεu matrices occurring in the

formulation of finite ele-

ment discretization
Ls length of beams (struts of

cell)

l length scale parameter of

the gradient elasticity

L derivative operator

n unit vector normal to the

infinitesimal area

nj, nx, ny unit normal vector compo-

nents

NC number of cells per unit

length of specimen edge

Nu matrix of shape functions

approximating displace-

ments

Nε matrix of shape functions

approximating nonlocal

strains

P̂i auxiliary force tractions

rc unknown nodal displace-

ments of classical elasticity

R̂i auxiliary double force trac-

tions

S cross section of beams

(struts of cell)

t true stress vector

t̂i prescribed tractions on

the Neumann part of the

boundary �σ

uc
i

classical elasticity displace-

ment components

u
g
i

gradient-enriched displace-

ment components

ûi prescribed essential bound-

ary conditions on �u

ĝi prescribed essential bound-

ary conditions on �Du

ux, uy, uz, rotx, roty, rotz degrees of freedom in FEM

V volume of the specimen

Vb volume fraction of cells not

adjacent to the specimen

edges

Ve volume fraction of cells

adjacent to the specimen

edges

W strain energy density

x, xj Cartesian coordinates

�l scale parameter increment

�u Dirichlet part of the bound-

ary

�σ Neumann part of the

boundary

α(x) nonlocal weight function

δjk Kronecker delta

δui virtual displacement com-

ponents

δεij
g virtual nonlocal strain ten-

sor components

δεij virtual local strain compo-

nents
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λ lamé constant

ɛ prescribed tolerance

εm micro-scale strain field

εkl, εkl
c local strain tensor compo-

nents

εkl
g nonlocal strain tensor com-

ponents

{εg} nonlocal strain in matrix

notation

νeff, ν1
eff, ν2

eff, ν3
eff Poisson’s ratio of the effec-

tive continuum

νs Poisson’s ratio of struts

∇ nabla operator

σm micro-scale stress field

σ ij, σ ij
c Cauchy stress tensor

{σg} nonlocal stress in matrix

notation

performed amongst others by Dement’ev and Tarakanov

(1970), Warren and Kraynik (1997), Zhu et al., (1997) and

Pradel, (1998).

Since a direct numerical approximation of engineering

structures composed of cellular or heterogeneous materials

is computationally prohibitive, homogenization procedures

are of great importance. Analyses based on idealized peri-

odic foam models in general yield good approximations of

the mean effective properties. However, idealized periodic

foam models do not allow obtaining the scatter and the

uncertainty of the effective material response. Although

the scatter decreases with increasing specimen sizes due

to self-averaging effects, numerical studies by Kanaun and

Tkachenko (2006), Van Der Burg et al. (1997) and Zhu et al.

(2000) indicate that specimen sizes in the range of sev-

eral hundreds of cells might be required in order to ob-

tain stable results. Mechanical properties of cellular solids

show a strong size-dependence in length scales when the

cell size is of the order of the specimen size. The indi-

vidual response of cells to a loading is strongly influenced

by their location in the material: deformation of cells lo-

cated in the bulk surrounded by other cells, or located

near the edges where kinematic boundary conditions are

applied, are more constrained compared to cells adjacent

to stress-free boundaries. As a consequence, the size effect

occurs because of the increased area fraction of boundary

layers in small specimens. However, if the dimensions of

a foam specimen are large enough to include many cells,

the differences in per-cell response to a macroscopic load-

ing are averaged out, leading to size-independent effective

properties.

Numerical homogenization techniques for micro-macro

scale transition have been developed for instance in (Fish

and Belsky, 1995; Gilat et al., 2009; Hain and Wriggers,

2008; Kari et al., 2007; Loehnert and Wriggers, 2008;

Miehe and Koch, 2002; Oden and Zohdi, 1997; Zohdi and

Wriggers, 2005). Commonly used is two-scale numerical

homogenization approach based upon FEM, see (Feyel and

Chaboche, 2000), where a microstructure is embedded into

a macroscopic finite element framework via projection and

homogenization schemes using the concept of a represen-
tative volume element (RVE) introduced by Nemat-Nasser

and Hori (1999). The application of the two-scale numer-

ical homogenization method to classical continua can be

found in (Miehe and Koch, 2002), (Nemat-Nasser and Hori,

1999; Miehe et al., 1999; Miehe et al., 2002a; Miehe et al.,

2002b; Schröder, 1996; Schröder, 2000a; Schröder, 2000b),

for gradient-enhanced homogenization in (Kouznetsova,

2002; Kouznetsova et al., 2002) or for Cosserat and mi-

cromorphic continua in (Feyel, 2003; Hirschberger et al.,

2008; Jänicke et al., 2009), among other. There are homog-

enization schemes based on higher order boundary condi-

tions for a single representative volume element (RVE), e.g.

(Gologanu et al., 1995).

Chen et al. (1998), developed a continuum model for

cellular materials and found out that the continuum de-

scription of these materials obeys a gradient elasticity the-

ory. In the latter study, the intrinsic material length was

naturally identified with the cell size.

Stress/strain concentrations due to notches and holes in

foams depends on the hole radius, relative to the cell size,

(Antoniou et al., 2004). Direct numerical modelling of crack

in a foam specimen shows that the crack faces close more

smoothly and exhibit a cusp-like closure. The similar be-

haviour is observed in homogenized solids when gradient

elasticity theories are applied to describe the stress/strain

field with removed singularities around sharp crack tips.

For the overview of gradient elasticity theories see e.g.

(Askes and Aifantis, 2011). Within the framework of the

gradient elasticity theories, higher order displacement gra-

dients are incorporated into the formulation of the macro-

scopic strain energy density. It requires introducing addi-

tional parameters which relate to microstructural length

properties. The major challenge, however, is the determi-

nation of these additional parameters. Also computational

difficulties arise since the governing differential equations

and boundary conditions are complicated in comparison to

the classical elasticity. Note that analytical solution is re-

stricted to the simplest cases. The higher order gradients

require that either finite element formulations incorporate

C1 displacement field with degrees of freedom including

nodal displacements and displacement gradients or mixed

C0-continuity finite element formulations are necessary,

where every element includes high number of nodal de-

grees of freedom. E.g. (Amanatidou and Aravas, 2002) pro-

posed mixed C0-continuity finite element with 70 DOF in

2-D problems. The lack of robust C1-continuous elements

and/or C0-continuity finite elements including high num-

ber of nodal degrees show, that currently no efficient finite

element methods are available for strain gradient theory

formulations.

Aifantis (1992), Altan and Aifantis (1992) and Ru and

Aifantis (1993) suggested a simple variant of gradient elas-

ticity which seems to be very powerful. Specifically, the

stresses are related to the strains and to the Laplacian of

the strains, with only one internal length scale which is

easier to be determined. To avoid difficulties connected

with FEM solution of fourth-order partial differential equa-

tions in terms of displacements, Ru and Aifantis, (1993)

suggested the solution strategy whereby the fourth-order

partial differential equations are split into two sets of

second-order partial differential equations which can be
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Fig. 1. Scheme of the equisided tetrakaidecahedron cell.
solved in a decoupled manner. This particular strategy en-

ables the use of standard finite element discretisation with

continuity of the displacements only, (Aifantis, 1992). The

authors (Ru and Aifantis, 1993) claim that their approach

implies that the stress field of classical elasticity coin-

cides with that of gradient elasticity, however, the corre-

sponding displacement fields are different in general. An-

other formulation of gradient elasticity which also provides

two sets of second-order and first order partial differential

equations was suggested in by Askes and Gutiérrez (2006)

who suggested an implicit dependence of the non-local

stress and strain on the local stress and strain in the form

of an inhomogenous Helmholtz equation. The Helmholtz

equation is solved together with the equilibrium equation.

The same model was obtained by Eringen, (1983) from

his theory of nonlocal elasticity where the integral are re-

placed by gradients. The transition from integral-type non-

locality to gradient-type nonlocality depends on the choice

of the weight function. If as the weight function the mod-

ified Bessel’s function of the second kind or the Gaussian

function is chosen, the former inhomogeneous Helmholtz

equation is obtained. Contrary to the strategy of Ru and

Aifantis (1993), the resulting system of partial differential

equations is coupled. However, the aforementioned strate-

gies may also lead to computational errors connected with

a poor satisfaction of natural boundary conditions of the

original fourth-order partial differential equations and/or

oscillations in displacements at free boundaries like crack

faces closely behind the crack tip probably associated with

breaching the Babuska-Brezzi inf-sup condition (Babuška,

1973; Bathe, 2001). In this paper a special iteration pro-

cedure is proposed which satisfies natural boundary con-

ditions and allows using a classical 8-nodes isoparametric

element for 2-D problems.

In the first part of the paper a finite-element based

micromechanics procedure is used to calculate the elas-

tic properties of open foam materials. An idealized peri-

odic tetrakaidecahedral foam is considered. A critical size

of the foam specimen, which leads to size-independent ef-

fective elastic properties, is sought. In the second part a

crack is introduced in the foam specimen. Crack is created

by removing certain number of cells pertaining to a crack

length. The cracked foam specimen is loaded and the crack

opening is recorded. Then the foam is modelled in terms

of the implicit gradient elasticity theory with one internal

length scale. Previously determined effective elastic prop-

erties are employed. The crack profiles computed using the

discrete model of foam microstructure are compared with

those computed using the gradient elasticity theory.

2. Numerical homogenization of periodic

tetrakaidecahedral foam

An idealized periodic tetrakaidecahedral foam consists

of equisided tetrakaidecahedron cells, see Fig. 1. The struts

of the equisided tetrakaidecahedron model are consid-

ered as isotropic. The beam elements are used to model

the struts. Timoshenko beam elements with three nodes

and quadratic interpolation functions are used to allow

for bending and transverse shear deformations. Three ele-

ments are used for discretization of a single strut. The me-
chanical parameters of struts are assumed to correspond

to Young modulus Es = 23.42 GPa and Poisson’s ratio νs =
0.33.

Effective continuum model is obtained by homogeniza-

tion of the foam. The effective elasticity tensor Ceff relates

the volume average of the micro-scale stresses and the vol-

ume average of the micro-scale strains

〈σ m(x)〉 = Ceff : 〈εm(x)〉, (1)

where

〈·〉 = 1

V

∫
V

(·)dV (2)

stands for the volume average of the micro-scale quanti-

ties. Standard notation is used throughout. Boldface sym-

bols denote tensors of the order indicated by the context.

The usual Einstein summation convention is used. The fol-

lowing products are used in the text: (ab)ij = aibj, ajAji =
(a.A)i, AijBjk = (A.B)ik, AijBij =A:B, CijklAkl = (C:A)ij, εijσ ij =
ε:σ etc. The averages are taken over the whole specimen

since the aim is to analyse the size effect and also to esti-

mate the critical size of the specimen above which the ef-

fective elastic properties are practically size-independent.

A linkage between micro- and macro-fields can be found

numerically using FE analysis. Formally, this link can be

established by introducing unknown tensor influence func-

tions A(x), B(x)

εm(x) = A(x) : 〈εm〉, σm(x) = B(x) : 〈σm〉. (3)

The micro-scale fields εm(x), σm(x) correspond to the

field macro-scale variables 〈εm〉, 〈σm〉 dependent only

on the imposed boundary conditions. The tensor influ-

ence function A(x) corresponds to displacement boundary
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Fig. 2. Two sets of boundary conditions applied to the foam specimen. (a) Foam specimen under uniaxial compression. (b) Foam specimen under shear.

Ce
conditions

um(x) = 〈um〉(x) = 〈εm〉 · x, 〈εm〉 = const, x ∈ � (4)

and the tensor influence function B(x) corresponds to trac-

tion boundary conditions

σm(x) · n�(x) = t�(x) = 〈σm〉(x) · n�(x),

〈σm〉 = const, x ∈ �. (5)

If the right-hand sides of Eqs. (3) are sub-

stituted into the averaged constitutive equations

〈σm(x)〉 = 〈C(x) : εm(x)〉, 〈εm(x)〉 = 〈D(x) : σm(x)〉, D(x)

is the micro-scale compliance, one obtains

〈σm(x)〉 = 〈C(x) : A(x)〉 : 〈εm〉,
〈εm(x)〉 = 〈D(x) : B(x)〉 : 〈σm〉, (6)

where from the effective stiffness and the compliance

follow

Ceff = 〈C(x) : A(x)〉, Deff = 〈D(x) : B(x)〉. (7)

The homogenization procedure has to fulfil the Hill–

Mandel condition (Hill, 1963; 1967) valid asymptotically to

order H/dspec (dspec is the characteristic specimen dimen-

sion, H is the characteristic cell size)

〈σm(x) : εm(x)〉 = 〈σm〉 : 〈εm〉 + O(H/dspec), (8)

which enables one to split a volume average of the en-

ergy into a product of volume averages of stress and strain

fields. The violation of the Hill–Mandel condition leads

to a decrease of meaningfulness of the homogenization

procedure.

The influence functions provide a tool for simple rea-

soning concerning the size-dependence of elastic proper-

ties. As already mentioned in the Introduction, the individ-

ual response of cells to a loading is strongly influenced by
their location in the material, namely deformation of cells

located near the edges where kinematic boundary condi-

tions are applied, is more constrained compared to cells in

the bulk. Apparently, the influence functions have to take

significantly different value near the specimen edges com-

pared to the specimen bulk. Consider Eq. (7)1, denote by

Ab the influence function corresponding to cells located

in the bulk, by Ae the influence function corresponding to

cells adjacent to edges and obtain

ff = 1

V

∫
V=Vb⊕Ve

C(x) : A(x)dV = 1

V

∫
Vb

C(x) : Ab(x)dV

+ 1

V

∫
Ve

C(x) : Ae(x)dV, (9)

where Vb denotes the volume fraction of cells which are

not adjacent to the specimen edges and Ve denotes the

volume fraction of cells adjacent to the specimen edges.

With reference to Fig. 2 one can see that Vb∼NC2H3 and

Ve∼NC.H3, where NC stands for the number of cells per

length of specimen edge. Making use of Eq. (9) one can

show that Ceff depends on NC as follows

Ceff = C1 + C2

NC
, (10)

where C1 and C2 are defined as follows

C1 = 1

Vb

∫
Vb

C(x) : Ab(x)dV, C2 = 1

Ve

∫
Ve

C(x) : Ae(x)dV.

The model of periodic tetrakaidecahedral foam speci-

men was subjected to two kinds of kinematic boundary

conditions, see Fig. 2, corresponding to uniaxial pressure

loading and to shear loading at the upper edge of the spec-

imen. The lower edge of specimen was fixed. The left-hand

edge and the right-hand edge were stress-free however

with prescribed coupling of displacement of nodes in the
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Fig. 3. Shear modulus normalized by the bulk value plotted against the

number of cells.
direction of x-axis. In the case of uniaxial pressure loading

only half of the specimen is considered and the symme-

try boundary condition is prescribed along the y-axis, see

Fig. 2a. The same boundary conditions were prescribed on

the continuum model of the specimen. The goal is to reach

a coincidence in the deformation response of the foam

structure and the effective continuum by a suitable choice

of the elastic constants of the continuum. When the coin-

cidence of the deformation fields is reached, the deduced

elastic characteristics (Eeff, νeff, Geff) are taken as the char-

acteristics of the homogenized foam specimen. It is an in-

verse problem which is relatively costly. For that reason

homogenized specimen is analysed under plane strain con-

ditions while the foam structure is modelled by a single

layer of 3D cells subjected to plane strain conditions, too,

see Fig. 2.

The Young modulus Eeff and Poisson’s ratio νeff of the

effective continuum are sought using a step by step pro-

cedure which stops when the change of the Young modu-

lus Eeff between last two steps is smaller than 10 Pa and

the change of Poisson’s ratio νeff is smaller than 10−4. The

shear modulus Geff of the effective continuum is sought

in the same manner under shear loading conditions, see

Fig. 2b and the procedure stops when the change of Geff

is smaller than 10 Pa. In order to analyze the size effect,

the homogenization was performed for specimens within a

wide range of sizes starting with the specimen of 1×1×1

cell up to the specimen consisting of 140×140×1 cells.

Two different situations were considered: the size of the

specimen 1, see the inlet in Fig. 3, was increased in self-

similar manner, while only the height of the specimen 2

was increased. Fig. 3 shows the effect of the specimen size
on the shear modulus. It is seen, that the effect of less

constrained cells adjacent to stress-free boundaries in the

specimen 1 is stronger than the effect of more constrained

cells near the edges where kinematic boundary conditions

are applied leading to the lower shear stiffness for small

specimens. The size effect vanishes for the number of cells

per edge ∼= 80. In the case of specimen 2 the more con-

strained cells near the edges where kinematic boundary

conditions are applied cause a higher value of the shear

stiffness for small specimens. The size effect vanishes for

the number of cells per edge ∼= 40.

The Young modulus and Poisson’s ratio depend on the

specimen size in a similar way, see Fig. 4, which shows the

effect of specimen size if the specimen dimensions are in-

creased self-similarly.

According to Eq. (10) one can express the effective elas-

tic properties Eeff, νeff, Geff of periodic tetrakaidecahedral

foam specimen in the following form

Eeff, νeff, Geff = C1 + C2

NC
. (11)

Numerical values of the constants C1, C2 for a particular

material parameter are given in the Table 1.

The constants C1 and C2 were obtained directly from

Eq. (11) whose left-hand side contains the effective elastic

properties computed numerically for specimens within a

wide range of sizes as described above. The effective elastic

properties Eeff, νeff, Geff were found using two simple in-

dependent loading states. It is important to verify the cal-

culated values of Eeff, νeff, Geff under more complex load-

ing. The loading specified in Fig. 5, which combines tension

and shear, was considered. The displacement uy of the ref-

erence point, see Fig. 5, was monitored both for the foam

specimen having the size 80×80×1 cells (3D model of a

single plane of cells) and for the effective continuum spec-

imen (2D model) of the same size. A difference of the dis-

placement uy calculated in the foam specimen and in the

effective continuum specimen relative to the displacement

of the foam specimen characterizes the relative error of

homogenization. The displacement fields uy calculated in

both foam specimen and the effective continuum specimen

respectively is shown in Fig. 6.

For the specimen consisting of 80×80×1 cells the effec-

tive elastic properties take saturated values, cf. Fig. 4, and

the relative error of homogenization defined as

error[%] =
∣∣u f oam

y − usolid
y

∣∣∣∣u f oam
y

∣∣ · 100 (12)

is approximately 0.39%. The very small relative error

leads to the conclusion that the investigated periodic

tetrakaidecahedral foam can be modelled as an effective

cubic elastic continuum with elastic properties Eeff
1

= Eeff
2

=
Eeff

3
, νeff

1
= νeff

2
= νeff

3
and Geff

1
= Geff

2
= Geff

3
(the subscripts

1,2,3 refer to the principal axis of symmetry) taking values

presented in Fig. 4.

For given boundary conditions, the corresponding max-

imum micro-scale tensile stresses in the struts of the foam

can be calculated and compared with the tensile strength

of struts thus allowing to predict struts breaking and a

crack formation in the foam.
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Fig. 4. Elastic properties of the effective continuum plotted against the number of cells. (a) Eeff – Young modulus of elasticity. (b) νeff – Poisson’s ratio.

(c) Geff – Shear modulus.

Table 1

Numerical values of the constants C1 and C2 in Eq. (11).

C1 C2

Eeff [MPa] 694.25 −61.45

Geff [MPa] 280.76 −125.41

νeff [-] 0.3659 0.0355

Fig. 5. Test loading of the specimen.
3. Cracked periodic tetrakaidecahedral foam

Suppose that the foam specimen already contains an

existing crack located at the plane of foam symmetry x-

z, see Fig. 7. Near the crack tip a three dimensional stress

state develops (relative to the scale of foam cells). Assum-

ing the plane strain conditions one can reduce the numer-

ical simulation to a single layer of cells by prescribing at

all nodes on the layer faces the condition uz= 0, see Fig. 7.

Moreover, due to symmetry only one quarter of the speci-

men is sufficient to be analysed.

Among others, the numerical simulation of the cracked

foam was focused on the crack opening and tensile stresses

in the struts of the foam. As expected, the peak val-
ues of micro-scale stresses in the struts are found for

cells in front of the crack tip, see Fig. 8. It should be

however noted that the magnitude of micro-scale stresses

significantly depends on the complexity of FE model of
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Fig. 6. Displacement fields uy within the testing specimen. (a) Foam structure. (b) Effective continuum.

Fig. 7. Scheme of the foam structure with primary crack. (a) Global view. (b) Detail view.

W

individual struts. In the given case, as already mentioned,

the beam elements were used to model the struts. It is the

simplest model which only ensures the displacement and

rotation continuity, not the continuity of stresses. Hence

the Kelvin cell then behaves as a beam structure. Ap-

parently, the beam model is insufficient to reliably pre-

dict struts failure. To refine the calculation of stresses,

the struts and the geometry of strut joints are needed

to be modelled by 3D elements. However this refinement

makes numerical simulation very costly and even pro-

hibits it. On this account it is convenient to replace the

foam structure by an effective continuum which retains all

necessary characteristic features of the foam. The classi-

cal effective cubic continuum model introduced above is

sufficient to simulate a response of the examined foam
with relatively small gradients of the resulting stress-strain

field.

Nevertheless, it fails to reliably describe the stress-

strain field with high gradients such those near the crack

tip, where the characteristic size of the foam cell is com-

parable with a typical length over which field quantities

change significantly. The simple variant of isotropic gra-

dient elasticity based on the following strain-energy den-

sity function (Georgiadis and Grentzelou, 2006; Maugin,

1995)

= 1

2
λεiiε j j + Gεi jεi j + l2 1

2
λεii,rε j j,r + l2Gεi j,rεi j,r (13)

where l is the scale parameter having dimension of

[length] and (λ,G) are the standard Lamé constants, can
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Fig. 8. Equivalent micro - scale stress in struts ahead of the crack tip.
remedy this problem while still allowing making use of the

effective elastic properties calculated in the preceding part.

Only one new material constant – the internal length scale

l is needed. We have attempted to employ the Ru–Aifantis

(Ru and Aifantis, 1993) method of solution of the gradient

elasticity based upon an operator split by which the fourth

order partial differential equations can be solved as an un-

coupled sequence of two sets of second-order equations.

However, this method does not predict cusp-like closure of

crack faces. It is due to an improper distribution of non-

local stresses because the supplemented natural bound-

ary conditions differ from those pertaining to the original

fourth order problem. Hence, we tested the Eringen the-

ory (Eringen, 1983) which possesses very similar format as

the Aifantis theory, i.e. two sets of second-order differen-

tial equations, one of which are the balance of momentum

equations expressed in terms of the divergence of the non-

local stresses. However, in contrast to the Aifantis theory,

these two sets of second-order differential equations are

coupled and must thus be solved simultaneously. It is a

mixed formulation which often brings problems with re-

spect to robustness of mixed finite element method. To

overcome this problem, a special iteration procedure with

respect to the scale parameter l was devised. It will be

shown that a very good agreement between direct mod-

elling of foam and the effective continuum based upon the

Eringen model can be found.
4. Cracked foam modelling using gradient theory of

elasticity

It is well-known that gradient elasticity theories pro-

vide an efficient tool for description of the stress-strain

fields near concentrators which, when treated in terms of

the classical elasticity, possess properties of singular be-

haviour (cracks, sharp notches) or discontinuous behaviour

(bimaterial interfaces). Equations of gradient elasticity the-

ory are equipped with higher order spatial derivatives of

relevant variables. The terms with higher-order derivatives

also contain additional constitutive parameters that have

the dimension of length and in a certain sense character-

ize the microstructure of the material under investigation.

The higher order spatial derivatives help to smooth out the

singular behaviour of stress-strain fields.

As already mentioned in the Introduction, various gra-

dient elasticity models exist in literature. One of the sim-

plest but still efficient models was proposed by Ru and

Aifantis (1993). They extended the strain energy density

with an additional term and arrived to the following con-

stitutive equation for the Cauchy stress σ ij

σi j = Ci jkl(εkl − l2εkl,mm), (14)

where Cijkl is a elastic stiffness tensor and in the case of

cubic symmetry it may be written as follows

Ci jkl = λδi jδkl + G(δikδ jl + δilδ jk) + G′
2

(δikδ jl + δilδ jk)

× [1 − |ei jm|(δm+3,4 + δm+3,5 + δm+3,6)], (15)

where G’ measures the degree of cubic anisotropy (for

brevity the superscript ‘eff’ is already omitted), eijm is the

Levi-Civita antisymmetric tensor and δij and δm+3,j is Kro-

necker delta, l is the above mentioned length scale pa-

rameter, and εkl is the local strain tensor which retains its

usual meaning

εkl = 1

2
(uk,l + ul,k), (16)

where ui are displacement components. Observe that the

effective stiffness tensor of the homogenized foam calcu-

lated in the preceding section can be used as the elastic

stiffness tensor in Eq. (14). Using the equilibrium equations

(considering zero body forces)

σi j, j = 0, (17)

and kinematic Eq. (16) the following fourth order system

in displacements is obtained

1

2
Ci jkl(uk, jl + ul, jk − l2(uk, jl + ul, jk)mm

) = 0. (18)

(Ru and Aifantis, 1993) suggested rewriting the system

to the following form

1

2
Ci jkl((uk − l2uk,mm) jl + (ul − l2ul,mm) jk) = 0, (19)

which allows applying C0-continuous shape functions for

FE calculations. If the terms in the inner parentheses in

Eq. (19) are identified as the components of another dis-

placement field uc
i

then Eq. (19) can be split into two sets

of second order differential equations as follows

1
Ci jkl

(
uc

k, jl + uc
l, jk

)
= 0, (20)
2
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C

C

C

ug
i
− l2ug

i, j j
= uc

i . (21)

uc
i

obeys the classical equations of elasticity, while the so-

called gradient-enriched displacements u
g
i

is related to the

displacements uc
i

by the set of inhomogeneous Helmholtz

Eq. (21). Once the classical elasticity solution uc
i

is known,

the gradient-enriched displacements u
g
i

are calculated from

inhomogeneous Helmholtz equation (21), which is less

complex than the fourth order system (19). By taking

derivatives of Eq. (21), the strain-based Ru-Aifantis theo-

rem is obtained

εg
i j

− l2εg
i j,mm

= εc
i j, (22)

which relates non-local strain tensor εij
g to the classical

(local) strain tensor. Multiplying Eq. (22) by the elastic

stiffness tensor the stress-based Ru-Aifantis theorem is ob-

tained

i jklε
g

kl
− l2Ci jklε

g

kl,mm
= Ci jklε

c
kl, or

σ g
i j

− l2σ g
i j,mm

= σ c
i j. (23)

The boundary conditions of the first set of second order

differential Eq. (20) are the usual boundary conditions of

the classical elasticity problem, i.e.

uc
i = ûi on �u, njCi jklu

c
k,l = t̂i on �σ , (24)

where the tractions t̂ are prescribed. The boundary condi-

tions of the inhomogeneous Helmholtz equation (23) can

be easily found from the weak formulation of Eq. (23).

The model above removes strain singularities from the

crack tip, however the stress/strain distribution ahead of

the crack tip differs significantly from the solution of the

fourth order system (19) reported in (Aravas and Gian-

nakopoulos, 2009; Gourgiotis and Georgiadis, 2009), and

also contradicts the asymptotic fields around the crack tip,

see e.g. (Aravas and Giannakopoulos, 2009; Gourgiotis and

Georgiadis, 2009). As a consequence, also a cusp like clo-

sure of the crack does not occur. The reason of this dis-

crepancy consists in different boundary conditions. To elu-

cidate the discrepancy let us start with the formulation of

a boundary value problem for the system (19). Presuming

that the part of the boundary �σ is traction free and the

body forces are zero, the field equations of equilibrium and

the boundary conditions can be written using the notation

introduced in Eqs. (14)–(24) in the following form:

σi j, j =
(
σ g

i j
− l2σ g

i j,mm

)
, j

= 0 in 
,

nj

(
σ g

i j
− l2σ g

i j,mm

)
+ (Dpnp)njnml2σ g

i j,m

− Dj

(
nml2σ g

i j,m

)
= 0 on �σ ,

njnkl2σ g

i j,k
= 0 on �σ , (25)

where D j = ∂
∂x j

− n jnl
∂

∂xl
is the surface gradient operator

and σ g
i j

= Ci jklε
g

kl
= Ci jklu

g

k,l
. The essential boundary condi-

tions of the original fourth-order model (19) are expressed

in terms of the displacements and in terms of their normal

derivative

ui = ûi,
∂ui

∂x j

n j = ĝi on �u, (26)
where ûi, ĝi are prescribed essential boundary conditions

on the part of the boundary �u.

On the other hand, the field equilibrium equations of

Ru–Aifantis model (17) and the pertinent boundary condi-

tions are as follows:

σ c
ij, j = 0, in 
, njσ

c
ij = 0 on �σ , uc

i = ûi,

∂uc
i

∂x j

n j = ĝi on �u,

ijklε
g
kl

− l2Cijklε
g
kl,mm

= σ g
ij

− l2σ g
ij,mm

= σ c
ij in 
,

l2nmCijklε
g
kl,m

= l2nmσ g
kl,m

= 0 on �σ , (27)

where σ c
i j

= Ci jklu
c
k,l

. Observe that the field equilibrium

equations and the essential boundary conditions of the

models (25) and (27) respectively are the same, but the

natural boundary conditions are different. Specifically, con-

sider the upper stress-free crack face along the plane y =
0, x < 0. The normal unit vector to this plane is n = (0,1).

Then Eq. (25)2 and (25)3 get the form:

σ g
yx − l2σ g

yx,mm − l2
∂2σ g

yx

∂x∂y
= 0,

σ g
yy − l2σ g

yy,mm − l2
∂2σ g

yy

∂x∂y
= 0, for y = 0, x < 0,

∂σ g
yx

∂y
= ∂σ g

yy

∂y
= 0, for y = 0, x < 0, (28)

while the classical natural boundary conditions (27)2 are

σ c
yx = σ g

yx − l2σ g
yx,mm = 0, σ c

yy = σ g
yy − l2σ g

yy,mm = 0,

for y = 0, x < 0.
(29)

Hence, the solution for the true stress σi j = σ g
i j

−
l2σ g

i j,mm
of the boundary-value problem (25) must dif-

fer from the solution for the classical stress σ c
i j

of the

boundary-value problem (27). Note that Ru-Aifantis stag-

gered approach consists of solving the equations of clas-

sical elasticity, computing the classical stress σ c
i j

and us-

ing this quantity as a source term in the Helmholtz equa-

tion. Though the boundary conditions (28)3 are enforced

in the course of solving the inhomogeneous Helmholtz

Eq. (23), they have no influence on the total true stress

σ g
i j

− l2σ g
i j,mm

= σ c
i j

which forms the source term in the

Helmholtz Eq. (23).

As already mentioned in the Introduction, (Askes and

Gutiérrez, 2006) suggested an implicit dependence of the

non-local stress and strain on the local stress and strain

in the form of an inhomogeneous Helmholtz equation

which is solved together with the equilibrium equations.

As also mentioned in the Introduction, this format of

gradient elasticity was derived earlier by Eringen, (1983)

from his theory of nonlocal elasticity. The fundamental un-

knowns of the formulation are the displacement uk and the

non-local strains εg

kl
or stresses σ g

i j
. The Helmholtz equa-

tion and the accompanied homogeneous natural boundary

conditions have the form:

i jklε
g

kl
− l2Ci jklε

g

kl,mm
= Ci jklεkl = Ci jkluk,l in 
,

l2nmCi jklε
g

kl,m
= 0 on �σ , (30)
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where ɛkl are the local strain component, uk are the dis-

placement components. Eq. (30) is solved together with

the constitutive equation σ g
i j

= Ci jklε
g

kl
and the equilibrium

equations, which in case of zero body forces read

σ g
i j, j

= 0 in 
. (31)

Eq. (31) can be obtained from Eq. (25)1:

σi j, j =
(
σ g

i j
− l2σ g

i j,mm

)
, j

=
(
1 − l2∇2

)
σ g

i j, j
= 0, (32)

where the differential operator ∇ was appropriately used.

It is seen that if Eq. (31) holds then also Eq. (32) is fulfilled.

According to (Askes and Gutiérrez, 2006) the natural and

essential boundary conditions are applied as follows

njσ
g
i j

= t̂i on �σ , ui = ûi,
∂ui

∂x j

n j = ĝi on �u. (33)

Note that throughout the paper the part of the bound-

ary �σ is considered traction free, hence t̂i = 0. Accord-

ing to our opinion, the natural boundary condition (33)1

is incorrect. It holds for the total stress σi j = σ g
i j

− l2σ g
i j,mm

,

i.e.(
σ g

i j
− l2σ g

i j,mm

)
nj = t̂i = 0, (34)

as it can be seen from the weak form of (30). The weak

form of Eq. (30) is obtained by pre-multiplying these equa-

tions with a virtual strain field δεij∫



δεg
i j

·
(
Ci jklε

g

kl
− l2Ci jklε

g

kl,mm
− Ci jkluk,l

)
d
 = 0. (35)

Integrating the second order gradient term by parts,

one obtains∫



(
δεg

i j
Ci jklε

g

kl
+ l2δεg

i j,m
Ci jklε

g

kl,m

)
d
−

∫



(
δεg

i j
Ci jkluk,l

)
d


−
∮
�

l2nmδεg
i j

Ci jklε
g

kl,m
d� = 0. (36)

The boundary term can be rewritten using the identity

δεg
i j

Ci jklε
g

kl,m
= δu

g
i, j

Ci jklε
g

kl,m
and using the surface gradient

operator on � D j = ∂
∂x j

− n jnl
∂

∂xl
:

∮
�

l2nmCijklε
g
kl,m

δug
i, j

d� =
∮

�
l2nmnjCijklε

g
kl,m

δ

(
nr

∂ug
i

∂xr

)
d�

+
∮

�
l2nmCijklε

g
kl,m

δ
(
Dju

g
i

)
d�. (37)

The second term on the right-hand side of Eq. (37) can

be put in the following form∮
�

l2nmCijklε
g
kl,m

δ
(
Dju

g
i

)
d�

=
∮

�
Dj

(
l2nmCijklε

g
kl,m

δug
i

)
d�

−
∮

�
Dj

(
l2nmCijklε

g
kl,m

)
δug

i
d�

=
∮

�
(Dpnp)l2njnmCijklε

g
kl,m

δug
i
d�

−
∮

�
Dj

(
l2nmCijklε

g
kl,m

)
δug

i
d�. (38)
Finally, the weak form of Eq. (35) is as follows∫



(
δεg

ij
Cijklε

g
kl

+ l2δεg
ij,m

Cijklε
g
kl,m

)
d


−
∫



δεg
ij
Cijkluk,ld
 −

∮
�

l2nmnjCijklε
g
kl,m

δ

(
nr

∂ug
i

∂xr

)
d�

−
∮

�
(Dpnp)l2njnmCijklε

g
kl,m

δug
i
d�

+
∮

�
Dj

(
l2nmCijklε

g
kl,m

)
δug

i
d� = 0. (39)

The first term in Eq. (39) defines the internal virtual

work, which by the Principle of Virtual Work equals to the

work of external forces∫



(
δεg

ij
Cijklε

g
kl

+ l2δεg
ij,m

Cijklε
g
kl,m

)
d


=
∫
�σ

(
P̂iδug

i
+ R̂iδ

(
nj

∂ug
i

∂x j

))
d� +

∫



biδug
i
d
, (40)

where bi are external body forces and throughout the pa-

per are considered to be zero, the quantities P̂i and R̂i are

auxiliary force and double force tractions, respectively

P̂i = t̂ (n)
i

+ (Dpnp)nrT̂
(n)

ri
− DrT̂ (n)

ri
,

R̂i = nrT̂
(n)

ri
, (41)

where T̂ (n)
ri

denotes prescribed dipolar traction on the sur-

face with the unit normal vector n, ((Bleustein, 1967). The

second term in Eq. (39) can be rewritten by employing the

Green-Gauss theorem as∫



δεg
ij
Cijkluk,ld
 =

∫



δug
i, j

Cijkluk,ld


=
∮

�
Cijkluk,ln jδug

i
d� −

∫



δug
i
Cijkluk,ljd


=
∫
�

Cijkl

(
εg

kl
− l2Cijklε

g
kl,mm

)
njδug

i
d�

−
∫



δug
i

(
εg

kl
− l2Cijklε

g
kl,mm

)
j
d
, (42)

where Eq. (30)1 was used. Substituting Eq. (42) in Eq. (39)

and considering Eq. (40), one obtains∫



(
εg

kl
− l2Cijklε

g
kl,mm

)
j
δug

i
d


+
∮

�

[
R̂i − l2nmnjCijklε

g
kl,m

]
δ

(
nr

∂ug
i

∂xr

)
d�

+
∮

�

[
P̂i − (Dpnp)l2njnmCijklε

g
kl,m

+ Dj

(
l2nmCijklε

g
kl,m

)
− Cijkl

(
εg

kl
− l2Cijklε

g
kl,mm

)
nj

]
δug

i
d� = 0. (43)

Eq. (43) represents a weak formulation of the equilib-

rium Eq. (32) and the boundary conditions. Considering

the part of the boundary �σ traction free, the following

boundary conditions emerge:

either nr

∂ug
i

∂xr
= ĝi or l2nmnjCi jklε

g

kl,m
= R̂i = 0, (44)

and either ug
i

= ûi or (Dpnp)l2njnmCijklε
g
kl,m

− Dj

(
l2nmCijklε

g
kl,m

)
+Cijkl

(
εg

ij
− l2εg

ij,mm

)
nj = P̂i = 0. (45)
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Fig. 9. Continuum model of the cracked foam structure.

C

C

Accounting of the natural condition (44)2, see also

(30)2, the natural condition (45)2 simplifies to Eq. (34),

which completes the proof.

Finite element formulation of the boundary value prob-

lem defined in Eqs. (30), (32) and (34) is given in

Appendix.

The continuum model of the cracked specimen is

shown in Fig. 9. The essential boundary conditions are the

same as in the discrete model, cf. Fig. 7. The effective elas-

tic properties Eeff, νeff, Geff used in FE calculations were ob-

tained by homogenization of the foam structure and they

are summarized in the first column (denoted as C1) of

Table 1. They correspond to the steady values of the ef-

fective elastic properties Eeff, νeff, Geff, cf. Fig. 4.

5. Numerical solution and discussion

Let us summarize the boundary-value problem to be

solved:

i jklε
g

kl
− l2Ci jklε

g

kl,mm
= Ci jkluk,l in 
, l2nmCi jklε

g

kl,m

= 0 on �σ ,

1

2
Ci jkl

(
uk,l j + ul,k j

)
= 0 in 
, Ci jkluk,ln j

= 0 on �σ and ui = ûi on �u. (46)

Finite element approximation of Eq. (46) is given in Ap-

pendix, see Eqs. (A10) and (A13). These equations are cou-

pled which means that the Babuška–Brezzi condition ap-

plies and the shape functions for strains and displacements

cannot be chosen independently. On the other hand, ob-

serve that Eq. (46) contains the length scale parameter l

multiplied by the differential operator. If l is much smaller

than the characteristic dimension of the domain 
, then
this term can be considered as a perturbation of the origi-

nal classical elasticity operator and the posed problem can

be solved using a recurrence technique. If a solution to

such problem is characterized by different asymptotic ex-

pansions in certain distinguished subsets of the original

domain 
, then such problem is called singular perturba-

tion problem and the solution exhibits so-called boundary

layer behaviour. This is the case of crack problems formu-

lated in terms of the considered strain gradient elasticity

where boundary layer behaviour at the crack tip has been

observed. Sciarra and Vidoli (2013) have shown that strain

gradient effects behave as cohesive-like effects which in-

duce a COD profile which asymptotically scales as r3/2.

There is not the aim of this work to construct asymptotic

expansions. Instead, we are looking for an approximate FE

solution by preserving the advantage of the uncoupled sys-

tem of equations, which means that one set of equations

is solved prior the other one and that two sets of shape

functions can be chosen independently. We construct a re-

current sequence of well posed boundary value problems

which can be solved using a classical 8-nodes isoparamet-

ric element for 2-D problems. The key idea behind the sug-

gested procedure is to consider the second term in the

constitutive Eq. (14) as a small disturbance assuming that

the scale parameter l is replaced by a parameter incre-

ment �l chosen arbitrarily small. The parameter increment

�l is a mathematical tool which can be interpreted as a

size of the domain over which a weighted average of the

nonlocal strains from the previous step is taken, see the

text below. The given disturbance causes a redistribution

of the local stress/displacement field. After the new local

stress/displacement field is known, another disturbance is

introduced and so on. The procedure is stopped when the

solution, exhibiting boundary layer behaviour, leads to the

cohesive-like zone with length reaching a value uniquely

related to the scale parameter l.

In the first step the equilibrium Eq. (46) is solved:

1

2
Ci jkl

(
u(1)

k,l j
+ u(1)

l,k j

)
= 0 in 
, Ci jklu

(1)
k,l

n j

= 0 on �σ and u(1)
i

= ûi on �u. (47)

The solution for u(1)
k

is used as the source term in the

Helmholtz equation

ijklε
g(1)
kl

− (�l)
2
Cijklε

g(1)
kl,mm

= Cijklu
(1)
k,l

in 
,

(�l)
2
nmCijklε

g(1)
kl,m

= 0 on �σ , (48)

which is solved for εg(1)
kl

. Now consider the relation (22),

write it in the following form

1

2

(
ug

k,l
+ ug

l,k

)
− (�l)2 1

2

(
ug

k,l
+ ug

l,k

)
mm

= 1

2

(
uk,l + ul,k

)
(49)

and make use of it in the second step as

1

2

(
u

g(2)
k,l

+ u
g(2)
l,k

)
− (�l)

2 1

2

(
u

g(2)
k,l

+ u
g(2)
l,k

)
mm

= 1(
u(2)

k,l
+ u(2)

l,k

)
. (50)
2
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C

C

C

C

For �l →0 the second term on the LHS of Eq. (50) can

be approximated as

(�l)
2 1

2

(
u

g(2)
k,l

+ u
g(2)
l,k

)
mm

∼= (�l)
2 1

2

(
u

g(1)
k,l

+ u
g(1)
l,k

)
mm

= 1

2

(
u

g(1)
k,l

+ u
g(1)
l,k

)
− 1

2

(
u(1)

k,l
+ u(1)

l,k

)
= εg(1)

kl
− 1

2

(
u(1)

k,l
+ u(1)

l,k

)
, (51)

where Eq. (49) has been used. Substitute (51) into (50) and

obtain:

1

2

(
u(2)

k,l
+ u(2)

l,k

)
= 1

2

(
ug(2)

k,l
+ ug(2)

l,k

)
−

[
εg(1)

kl
− 1

2

(
u(1)

k,l
+ u(1)

l,k

)]
. (52)

With the help of Eq. (52) the equilibrium equations in the

second step read:

1

2
Ci jkl

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

2

(
u

g(2)
k,l

+ u
g(2)
l,k

)
−

[
εg(1)

kl
− 1

2

(
u(1)

k,l
+ u(1)

l,k

)]︸ ︷︷ ︸
u(2)

k,l

⎫⎪⎪⎪⎬⎪⎪⎪⎭
j

= 0 in 
,

i jklu
(2)
k,l

n j = Ci jkl

[
u

g(2)
k,l

− u
g(1)
k,l

+ u(1)
k,l

]
nj = 0 on �σ and

u(2)
k

=
[
u

g(2)
k

− u
g(1)
k

+ u(1)
k

]
= ûk on �u. (53)

Observe that the term Ci jkl[ε
g(1)
kl

− 1
2 (u(1)

k,l
+ u(1)

l,k
)] in the

field equilibrium Eq. (53) plays a role of initial stresses

reflecting the stress/strain redistribution in the first step.

Once the field u(2)
k,l

is known, the corrected strain field εg(2)
kl

is found from the solution of the Helmholtz equation:

i jklε
g(2)
kl

− (�l)
2
Ci jklε

g(2)
kl,mm

= Ci jklu
(2)
k,l

in 
,

(�l)2nmCi jklε
g(2)
kl,m

= 0 on �σ . (54)

Next steps proceed in the same manner. Hence, for the

nth step we have:

1

2
Ci jkl

{
1

2

(
ug(n)

k,l
+ ug(n)

l,k

)
−

[
εg(n−1)

kl
− 1

2

(
u(n−1)

k,l
+ u(n−1)

l,k

)]}
j

= 0 in 
,

i jklu
(n)
k,l

n j = Ci jkl

[
ug(n)

k,l
− ug(n−1)

k,l
+ u(n−1)

k,l

]
nj

= 0 on �σ and u(n)
k

=
[
ug(n)

k
− u

g(n−1)
k

+ u(n−1)
k

]
= ûk on �u,

i jklε
g(n)
kl

− (�l)2Ci jklε
g(n)
kl,mm

= Ci jklu
(n)
k,l

in 
, (�l)2nmCi jklε
g(n)
kl,m

= 0 on �σ . (55)

The term Ci jkl[ε
g(n−1)
kl

− 1
2 (u(n−1)

k,l
+ u(n−1)

l,k
)] reflects the

stress/strain redistribution in the (n-1)th step. Evoking a re-

lation between integral-type nonlocality and gradient-type

nonlocality formulated by Eringen (1983) one can obtain

by implication

εg(i)
kl (x) =

∫



α(x − s;�l)ε
g(i−1)
kl (s)d
s, (56)

i.e. the nonlocal strains εg(i)
kl

(x) at the point x are the

weighted average of the nonlocal strains εg(i−1)
kl

(x) at all
points in the neighbourhood of x, the size of which is

given by the measure of the support of the nonlocal weight

α(s;�l) and is closely related to the scale parameter incre-

ment �l. Applying the relation (56) to all preceding nonlo-

cal strains εg( j)
kl

(x), j = 1, 2...i − 1 and recognizing that the

nonlocal strains εg(1)
kl

(x) at the point x are the weighted

average of the classical local strains εc
kl
(x) we come up

with

εg(i)
kl (x) =

∫



....

∫



α(x − si;�l)α(si − si−1;�l)....α(s2

− s1;�l)εc
kl(s1)d
si

d
si−1
....d
s1

. (57)

The gradient elasticity solution predicts a cusp-like clo-

sure of the crack which asymptotically scales as r3/2. It was

found that the distance d of the point of inflexion, where

the cusp-like closure zone transits to the far field r1/2, i.e.

the length of the cohesive-like zone, does not depend on

the crack length and boundary conditions but it depends

only on the characteristic length of microstructure which

is given by the size of cells H = 2�2Ls, cf. Fig. 1. Previous

studies (Gourgiotis and Georgiadis, 2009) showed that the

distance d relates to the scale parameter l as d = 0.45 ÷ 0.7

l depending on actual Poisson’s ratio. Fig. 10 shows how

the COD profile develops with increasing number of itera-

tions. In the first iteration the COD profile corresponds to

the classical elasticity solution. In the next iteration steps

the crack begins to close due to developing distribution of

nonlocal stresses having cohesive-like effect. The conver-

gence of the algorithm is based on controlling the length of

developing boundary layer or so-called cohesive-like zone

as

|d − dn| ≤ ε, (58)

where dn is the length of the cohesive-like zone computed

in the nth step, d is the length of the cohesive-like zone

computed using the original fourth-order partial differen-

tial equations, see e.g. (Gourgiotis and Georgiadis, 2009),

and ɛ is a prescribed tolerance. Hence, when the distance

dn of the point of inflexion reaches a specific value, the

iteration process is stopped. It is a matter of interest to

compare the results obtained applying the gradient elastic-

ity model and the related discrete model of the foam de-

scribed in the preceding section, which can be understood

as a sort of “experiment” on the real foam microstruc-

ture. More specifically, the COD computed via the discrete

model is compared with the COD computed via the gradi-

ent elasticity model. The correspondence between the gra-

dient elasticity theory and the related discrete model of

foam is also used to estimate a suitable �l and the num-

ber of iterations which makes the crack opening displace-

ment (COD) computed via the gradient elasticity model

very close to the crack opening displacement computed via

the discrete model.

Fig. 11 shows the COD profile closely behind the crack

tip. Black bullets describe crack face displacement calcu-

lated via the discrete model. Due to the discrete nature of

the model there are gaps with no data available because

there are no cell struts forming the crack face. The gradi-

ent elasticity results were obtained for the scale parame-

ter increment �l = 0.0025 mm. The computations proceed

as follows: in the first step of the iteration procedure, see
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Fig. 10. Inflection point position as a function of number of iterations.

Fig. 11. Crack profiles for gradient elasticity, discrete model and classical

elasticity.
Eq. (47), the classical solution to the crack profile emerges,

see Fig. 10. With increasing number of steps the gradient

elasticity solution develops the boundary layer behaviour

and approaches the discrete model data. In the given case,
a perfect match with the discrete model data was obtained

with 3750 iterations. The distance d of the point of inflex-

ion from the crack tip, where the cusp-like closure zone

transits to the far field r1/2, was estimated to be about

0.25 mm, see Fig. 11. In case of open foam structures is

it physically reasonable to identify the gradient elasticity

scale parameter l with the length of cell struts Ls which is

equal to 0.3535 mm for the investigated case, see Fig. 1. It

is worth mentioning that the following relation holds

d =
√

2

2
Ls =

√
2

2
l = 0.25 mm, (59)

i.e. d coincides with the projection of sloping struts on

the plane of crack. The unique relationship between the

distance d of the point of inflexion and the characteris-

tic length of foam structure provides an efficient tool for

modelling of foam structures with different size of cells

without performing FE calculations on the discrete model.

Two conditions however must be fulfilled: (1) the archi-

tecture of the cell is the same; (2) the porosity of foam

is the same. More specifically, if the distance d is found

for a specified foam structure, then it can be calculated

for any other foam with the same cell topology but differ-

ent cell size. Thus, the comparison of the gradient elastic-

ity solution with the discrete model solution is performed

once for all and it is not necessary to repeat FE computa-

tions on the discrete model of foam case by case. It is very

convenient because computational costs are reduced sig-

nificantly – while the investigated discrete model of foam
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Fig. 12. Comparison of COD profiles close behind the crack tip for several

values of the scale parameter increment �l and the classical elasticity. (A)

�l = 0.0025 mm (3750 iterations), (B) �l = 0.005 mm (980 iterations),

(C) �l = 0.01 mm (250 iterations), (D) �l = 0.02 mm (72 iterations),

(E) �l = 0.035 mm (28 iterations), (F) �l = 0.05 mm (16 iterations). CE

denotes the classical elasticity solution.

Fig. 13. Comparison of COD profiles for several values of the scale param-

eter increment �l and the classical elasticity.
specimen (due to symmetry considerations only one quar-

ter of specimen is modelled) possesses 1,327,200 degrees

of freedom, the gradient elasticity model possesses only

85,974 degrees of freedom.

It is a matter of interest to examine the influence of

the scale parameter increment �l and number of itera-

tions on the COD profile, see Fig. 12. Five different values

of �l were chosen: �l = 0.0025 mm, 0.005 mm, 0.01 mm,

0.02 mm, 0.035 mm, and 0.05 mm. For �l = 0.0025 mm,

0.005 mm, 0.01 mm the number of iterations was set such

that the distance d of the point of inflexion was always

the same, i.e. d = 0.25 mm. Observe that the necessary

number of iterations decreases rapidly with the increasing

scale parameter increment �l and approximately scales as

(l/�l)2. For �l = 0.005 mm and 0.01 mm the gradient elas-

ticity prediction of the COD profile is still in a satisfactory

agreement with the discrete model prediction of the COD

profile close behind the crack tip while the computational

costs are reduced significantly. Nevertheless, it should be

pointed out that approximately 0.45 mm behind the crack

tip is the COD profile independent of the scale parame-

ter increment in a wide range of �l ∈ (0.0025, 0.05) mm,

see Fig. 13. On the other side, for �l > 0.01 mm the COD

profile does not asymptotically scales as r3/2! This finding

indicates that the original Ru-Aifantis method of solution,

i.e. “one step solution”, cannot predict cusp-like closure if

the length scale parameter l is not sufficiently small. The

reason why the solution to the linear problem of gradient

elasticity depends on the size of �l closely relates to the

adopted recurrent procedure described in Eqs. (47)–(55).

With changing the parameter �l a different sequence of

boundary value problems is obtained. Their solution de-
pends on �l through the boundary conditions and the ini-

tial stresses prescribed in every step, see Eqs. (55). Also

the approximation, see Eq. (51), is better fulfilled for small

�l. It will be shown later, that the distribution of nonlo-

cal stresses responsible for the cohesive-like effect in the

boundary layer depends on the size of �l.

Once the computational model is tuned to provide the

COD profile such that the distance d of the point of inflex-

ion from the crack obeys Eq. (59), other quantities such as

the nonlocal stresses near the crack tip can be calculated.

Fig. 14 shows the variation of the nonlocal stress compo-

nents σ g
xx, σ

g
yy and σ g

xy along the x-axis for the scale param-

eter increment �l = 0.0025 mm (denoted A) and 0.05 mm

(denoted F). For comparison, the classical elasticity solu-

tion is also included.

The variation of these nonlocal stress components is

very similar to the variation of corresponding nonlocal

strains reported by Gourgiotis and Georgiadis (2009) who

used the hyper-singular integral equations method. Ob-

serve in Fig. 14 that the smaller scale parameter increment

�l is the more the nonlocal stresses are concentrated be-

hind the crack tip. As a consequence, the crack closure

stresses increase and the cusp-like closure zone develops

with the COD profile asymptotically scaling as r3/2, see

Fig. 16.

However, for larger scale parameter increment �l the

nonlocal stresses are distributed over a longer distance be-

hind the crack tip. As a consequence, the crack closure

stresses decrease behind the crack tip and the cusp-like

closure zone cannot develop, albeit the COD is globally re-

duced in comparison with the classical elasticity solution,

see Figs. 12 and 13. Obviously, the scale parameter incre-

ment �l > 0.01 mm does not provide the cusp-like clo-

sure zone and leads to an incorrect prediction of non-local

stresses near the crack tip. The mathematical reason for
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Fig. 14. Gradient-elastic stress components (a) σ g
xx , (b) σ g

yy and (c) σ g
xy for (A) �l = 0.0025 mm, (F) �l = 0.05 mm and (CE) the classical elasticity

solution.
this sort of behaviour was sought by analysing numeri-

cal data. It was found out that it relates to a poor sat-

isfaction of the higher order natural boundary condition

(�l)2nmn jCi jklε
g

kl,m
= 0 (see Eq. (44)) closely behind the

crack tip for �l > 0.01 mm.

We have seen that decreasing scale parameter incre-

ment provides a better agreement with the discrete model.

Nevertheless, the computational costs are reduced nearly

16 times if the scale parameter increment is increased

from �l = 0.0025 mm to �l = 0.01 mm while still sustain-

ing a satisfactory agreement with the discrete model cal-

culations of the crack profile. Within this context it is im-

portant to know how the maximum of the nonlocal stress

components ahead of the crack depends on the scale pa-

rameter increment. Fig. 15 illustrates the variation of the
maximum of nonlocal stress components with �l. Discrete

FE data denoted by black bullets were interpolated using

quadratic polynomial in �l, see the legend in Fig. 15. It is

seen that for �l → 0 σ g
xx → 1.17 MPa and σ g

yy → 1.69 MPa.

Note that the limit �l → 0 does not mean that the pro-

posed gradient elasticity model converges to the classical

elasticity model! It only implies the number of iterations

would go to infinity. Observe that the maximum of the

stress component σ g
yy calculated for �l = 0.01 mm differs

only by 4% from the maximum value 1.69 MPa. This find-

ing is important e.g. for a reliable fracture criterion based

upon the maximum of tensile stress ahead of the crack

tip.

Fig. 16 shows contours of the nonlocal stress com-

ponents σ g
xx and σ g

yy. It can be seen that the finite
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Fig. 15. The variation of the maximum of the nonlocal stress components σ g
xx and σ g

yy ahead of the crack with �l.

Fig. 16. Contour plots of the nonlocal stress components at the crack tip region (a) σ g
xx and (b) σ g

yy .
maximum of both stress components is attained at the

crack tip.

It is important to compare the results obtained by

means of the proposed approach and by means of the

original Ru-Aifantis approach. The COD profiles com-

puted via the Ru-Aifantis approach according to Eqs.

(20), (22) and via the proposed approach are compared

in Fig. 17.

It is seen that the COD computed according to Eqs. (20),

(22) is somewhat reduced in comparison to the classical

elasticity solution, however still asymptotically scales as

r1/2. Fig. (18) compares gradient enriched nonlocal stress

components σ g
xx, σ g

yy and σ g
xy computed by means of the

Ru-Aifantis approach and by means of the proposed tech-

nique. The classical elasticity solution is also included
for comparison. As expected, the distribution of nonlocal

stresses computed by means of the original Ru-Aifantis ap-

proach differs significantly from the distribution of non-

local stresses computed via the proposed approach. Con-

sidering the already mentioned relation between integral-

type nonlocality and gradient-type nonlocality formulated

by Eringen, (1983),

σ g
ij (x) =

∫



α(s; l)σ c
ij (x − s)d
, (60)

with an appropriately chosen weight function α, whose

support closely relates to the scale parameter l, one

can easily prove that the nonlocal stresses computed by

means of the original Ru-Aifantis approach correspond

to the weighted average of classical stress distribution
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Fig. 17. Comparison of COD profiles close behind the crack tip.
which asymptotically scales as r−1/2. Observe that the

COD profiles and the distribution of nonlocal stresses

computed by means of the original Ru-Aifantis approach

presented in Figs. 17 and 18 respectively, correspond to

our previous findings which show that for the scale pa-

rameter increment �l > 0.01 mm no cusp-like closure

zone occurs and nonlocal stresses differ from zero over

a relatively long distance behind the crack tip due to

a poor satisfaction of the higher order natural bound-

ary condition l2nmn jCi jklε
g

kl,m
= 0 closely behind the crack

tip.

6. Conclusions

The main purpose of this paper is to offer a novel

approach of solution of crack problems in the Laplacian-

based gradient elasticity with reducing continuity require-

ments from C1 to C0 and subsequently to apply this ap-

proach to modelling of homogenized cracked open cell ce-

ramic foams. The absence of C1 continuity requirements

allows using conventional FEM packages for solving gra-

dient elasticity problems. As the starting point the Ru-

Aifantis method of solution of the gradient elasticity, based

upon an operator split by which the fourth order par-

tial differential equations can be solved as an uncoupled

sequence of two sets of second-order equations, was at-

tempted. Unfortunately, the original Ru-Aifantis approach

does not predict a cusp-like closure of the crack which

asymptotically scales as r3/2 and the calculated gradi-

ent enriched non local strains/stresses consequently corre-

spond to the weighted average of classical strain/stress dis-

tribution which asymptotically scales as r−1/2. Hence, the

Eringen theory (Eringen, 1983) was tested, which possesses

very similar format as the Aifantis theory, i.e. two sets of

second-order differential equations, one of which are the
balance of momentum equations expressed in terms of the

divergence of the non-local stresses. However, in contrast

to the Aifantis theory, these two sets of second-order dif-

ferential equations are coupled and must thus be solved si-

multaneously. It is a mixed formulation which often brings

problems with respect to robustness of mixed finite ele-

ment method. To overcome this problem, a special itera-

tion procedure with respect to the scale parameter l was

devised. The iteration procedure is carried out with respect

to the scale parameter l which is replaced by a sequence of

small scale parameter increments �l. Physically, the gradi-

ent term (�l)2Ci jklε
g

kl,mm
is considered as a small distur-

bance because the parameter increment �l is chosen ar-

bitrarily small. As a result, a sequence of boundary value

problems is obtained. Their solution provides a sequence of

quasi-equilibrated states {rc(i), eg(i)}. For sufficiently small

�l the procedure is capable to reproduce the zero tractions

on the crack faces, contrary to the classical Ru-Aifantis for-

mulation, and to satisfy the higher order natural boundary

condition (�l)2nmn jCi jklε
g

kl,m
= 0 closely behind the crack

tip.
The correspondence between the gradient elasticity

theory and the related discrete model of foam is used to

estimate a suitable �l and the number of iterations which

makes the crack opening displacement computed via the

gradient elasticity model very close to the crack open-

ing displacement computed via the discrete model. The

discrete model together with a suitable homogenization

scheme also provide the effective elastic properties Eeff,

νeff, Geff used in FE calculations and, as a side-effect, it pro-

vides the size-dependence of the effective elastic proper-

ties.
The unique relationship between the distance d of the

point of inflexion, where the cusp-like closure zone tran-

sits to the far field r1/2, and a characteristic length of foam

structure provides an efficient tool for modelling of foam

structures with different size of cells without performing

FE calculations on the discrete model. As a consequence,

the comparison of the gradient elasticity solution with the

discrete model solution is performed once for all and it is

not necessary to repeat FE computations on the discrete

model of foam case by case if the architecture of the cell is

the same and the overall elastic properties do not change

with the cell size.
A study of the influence of the scale parameter in-

crement �l reveals that the necessary number of itera-

tions decreases rapidly with the increasing scale param-

eter increment �l and approximately scales as (l/�l)2.

The computational costs can be reduced significantly if in

the given case, the value of the scale parameter incre-

ment �l = 0.01 mm is selected which still provides the

cusp-like closure zone behind the crack tip in a satisfac-

tory agreement with the discrete model. Numerical analy-

sis revealed that the cusp-like closure zone does not de-

velop for �l > 0.01 mm, albeit the crack is globally closed

in comparison with the classical elasticity solution. From

the point of computational costs the suggested procedure

is particularly convenient in the case of 3D problems in

comparison to the FE solution of the original fourth-order

model.
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Fig. 18. Comparison of gradient enriched stress components (a) σ g
xx , (b) σ g

yy and (c) σ g
xy .
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Appendix

It is convenient to formulate FEM models in compact

matrix notation. Strain field and stress field are presented

in the form of three dimensional vector {ε} = {εxx, εyy,

2εxy}T,{σ} = {σ xx, σ yy, σ xy}T. {C}, or {D} respectively, is a
symmetric 3 × 3 matrix of elastic moduli, or a symmet-

ric matrix of compliances of a material, respectively. (Com-

pound parentheses distinguish the 3 dimensional vector

from the corresponding tensor of 2nd order and the sym-

metric 3 × 3 matrix from the corresponding tensor of 4th

order.) The usual derivative operators ∇ and L are intro-

duced

∇T =
[

∂

∂x
,

∂

∂y

]
, LT =

[ ∂
∂x

0 ∂
∂y

0 ∂
∂y

∂
∂x

]
(A1)
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and ∇2 = ∇T ∇ . Matrix of direction cosines of outer nor-

mal to the � reads

{n}T =
[

nx 0 ny

0 ny nx

]
. (A2)

Displacement field and the body forces field are pre-

sented in the usual notation as uT = {ux,uy},

bT = {bx,by}. The equilibrium equation (32) in matrix

notation read:

LT · {C} · L · u = 0. (A3)

The weak form of Eq. (32) gives after employing inte-

gration by parts∫



(L · δu)
T · {C} · L · ud
 =

∫
�σ

δuT · t̂d� = 0, (A4)

The matrix–vector version of Eq. (30)1 reads

{C} · ({εg} − l2∇2{εg}) = {C} · L · u (A5)

and its weak form, cf. Eq. (39), is∫



.

(
{δεg}T · {C} · {εg} + l2

(
∂{δεg}T

∂x
· {C} · ∂{εg}

∂x

+ ∂{δεg}T

∂y
· {C} · ∂{εg}

∂y

))
d
 −

∫



(δεg)
T · {C} · L · ud


−
∮

�
l2

(
δ
∂ug

∂n

)T

· {n}T · {C} · ∂{εg}
∂n

d�

−
∮

�
(δug)

T
(Dpnp)l2 · {n}T · {C} · ∂{εg}

∂n
d�

+
∮

�
(δug)

T · DT ·
(

l2{C} · ∂{εg}
∂n

)
d� = 0, (A6)

where ∂
∂n

= n j
∂

∂x j
is the normal derivative on � and D is

the matrix of the surface gradient operator on �

DT =
[ ∂

∂x
− nx

∂
∂n

0 ∂
∂y

− ny
∂
∂n

0 ∂
∂y

− ny
∂
∂n

∂
∂x

− nx
∂
∂n

]
. (A7)

The FE equations follow straightforwardly from

Eqs. (A4) and (A6). Approximate displacements u

are related to the unknown nodal displacements

r = {r
1x

, r
1y

, r
2x

, r2y, . . .}T by u = Nu · r, where Nu is the

matrix of shape functions

Nu =
[

Nu1 0 Nu2 0 ....

0 Nu1 0 Nu2 ....

]
. (A8)

The virtual displacements δu are related to the dis-

cretized nodal values δr in similar way by δu = Nu · δr. In-

troducing the strain-displacement matrix Bu= L · Nu, the fi-

nite element discretization of Eq. (A4) then reads

δrT ·
∫



BT
u · {C} · Bu · rd
 = δrT ·

∫
�σ

NT
u · t̂d� = 0, (A9)

or

Kuu · r = 0, (A10)

where the stiffness matrix Kuu is defined.

Eq. (A6) is discretized in a similar fashion. Approxi-

mate nonlocal strains {εg} are related to the unknown
nodal nonlocal strains eg = {e
g
1x

, e
g
1y

, e
g
1xy

, e
g
2x

, e
g
2y

, e
g
2xy

, ...}T

by {εg} = Nε · eg, where the matrix of the shape functions

Nε is

Nε =
[

Nε1 0 0 Nε2 0 0 . . .

0 Nε1 0 0 Nε2 0 . . .

0 0 Nε1 0 0 Nε2 . . .

]
. (A11)

The same shape functions are used to discretize the
virtual strains {δεg} = Nε · δeg. Considering homogeneous
natural boundary conditions, the resulting FE equations
follow as∫



.

(
Nε

T ·{C}·Nε + l2

(
∂Nε

T

∂x
·{C}· ∂Nε

∂x
+ ∂Nε

T

∂y
·{C}· ∂Nε

∂y

))
×egd
 =

∫



Nε
T ·{C} · Bu · ud
, (A12)

or(
Kεε1 + l2Kεε2

)
· eg = Kεu · r, (A13)

where the matrices Kεε1, Kεε2, and Kεu are defined. Two sets

of FE Eqs. (A10) and (A13) are coupled and form a mixed

formulation. Hence, the shape functions Nu and Nε cannot

be chosen independently because the restrictions given by

the Babuška-Brezzi condition (Babuška, 1973; Bathe, 2001;

Brezzi, 1974) apply.
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