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GOALS OF THE PH.D. THESIS 

The main goals of this Ph.D. thesis are: 

• Explain the reasons for the modelling of turbine performance and introduce 

the context of turbocharged engine working cycle simulations. 

• Research a relevant turbine modelling method that is being used in the 

industry (potentially as part of a commercial software product). 

• Develop a custom code for fitting and extrapolation of measured turbine 

maps and integrate it into an application with a graphical user interface. 

• Use optimization methods to minimize the error between the measured data 

and the turbine performance models. 

• Validate the new algorithm and run engine performance simulations to 

evaluate any potential differences from the results obtained using the 

standard methodology. 

The thesis is meant to be created in partnership with Garrett Motion Czech Republic 

s.r.o. The results should contribute to the development of a new tool for turbocharger 

performance maps management and post-processing.  
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INTRODUCTION 

Turbocharged combustion engines represent, as of today, the main building block 

of most road vehicle powertrains. Ranging from the smallest to the largest, they can 

be found in all passenger and freight means of transport, as well as off-highway and 

stationary applications. In the context of increasing climate protection efforts, it is of 

great importance to sustain continuous improvement of our technologies. This is only 

made possible by means of accurate simulation tools, which allow engineers to predict 

the impact of their innovative ideas. 

Modelling of turbocharger performance is an important part of the development of 

internal combustion engines. Although working solutions are integrated in existing 

commercial software to enable simulations of boosted engine working cycles, tools 

for post-processing of measured or CFD predicted data are less common. Therefore, 

the main objective of this work is to develop an application that will allow engineers 

to visualize and compare the performance of different turbine stages. However, the 

trade-offs between efficiency and corrected mass flow rate must be studied at equal 

operating conditions, which requires the scattered input data to be fitted by a 

convenient mathematical model. 

Since the goal behind a turbine stage selection is to use its characteristics in engine 

performance simulations, it would be advantageous to apply the same turbine model 

for both purposes (to avoid any distortion caused by differences in data pre-

processing). Therefore, in this work, the turbine fitting method integrated in 

GT-SUITETM is studied. On that basis, a new algorithm is proposed, the objective of 

which is to further improve the fidelity of turbine performance extrapolation while 

maintaining the robustness and flexibility of the existing process. This is achieved by 

implementing physics principles to constrain some aspects of the model, the 

properties of which are identified with the help of optimization. 

MATLABTM is selected as the development environment for the intended 

application because it is suitable for both functional coding and graphical user 

interface design. In addition, an SQLite database is used as storage for raw measured 

data and fitted models to facilitate database operations such as searching, filtering, or 

aggregation. An export function is integrated to enable the generation of fully 

extrapolated turbine maps that can be imported into engine simulation software (in 

the so-called grid format in the case of GT-SUITE). 

The new methodology is validated by evaluating turbine performance trends that 

are generated with the help of up to 53 fitted gas stand maps. Also, engine 

performance is simulated to check for any differences between the results obtained 

using the default and proposed turbine fitting methods. 
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1  TURBOCHARGING 

Turbocharging is the name of a method used to increase the power density of 

internal combustion engines. This is accomplished by forced induction, the effect of 

which is an increase in the intake air density. Because of that, engines can burn more 

fuel and produce more power at the same operating speed and with the same 

displacement volume. This process is commonly referred to as downsizing, because 

it enables a smaller engine to produce the same amount of power as a larger naturally 

aspirated counterpart. A common turbocharger consists of a turbine and a compressor, 

both of which are mounted on the same shaft (see Figure 1). 

 

Figure 1: Turbocharger section view [21] 

Engine power is directly proportional to the amount of fuel that is burned per unit 

of time. This is a process in which chemical energy is transformed into mechanical 

energy. However, complete combustion is only possible when the available amount 

of air is at least as high as stoichiometric (i.e. it enables the oxidation of all carbon 

and hydrogen atoms in the fuel). Therefore, the theoretical engine power output 

depends on the intake air mass flow rate in the following way [1, 3, 5] 

 
𝑃𝑒 = 𝜂𝑒�̇�𝑎𝑖𝑟

𝐻𝑢

𝐿𝑡𝜆
 (1) 

where 𝑃𝑒 [W] is the engine brake power, 𝜂𝑒 [-] is the overall engine efficiency, 

�̇�𝑎𝑖𝑟 [kg/s] is the air mass flow rate, 𝐻𝑢 [J/kg] is the fuel lower heating value, 𝐿𝑡 [-] 

is the stoichiometric ratio (given by the chemical composition of each fuel) and 𝜆 [-] 

is the air excess ratio. It is common that petrol engines (spark-ignited) are operated 

mostly close to the stoichiometric conditions, whereas diesel engines (compression-
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ignited) are always running lean (with air excess). The average air mass flow rate 

through a piston engine can be expressed as [1, 2, 3] 

 �̇�𝑎𝑖𝑟 = 𝜂𝑣𝜌𝑖𝑛𝑡𝑉𝑑

𝑛𝑒

60𝜏
 (2) 

where 𝜂𝑣 [-] is the volumetric efficiency, 𝜌𝑖𝑛𝑡 [kg/m3] is the intake air density, 

𝑉𝑑 [m3] is the total cylinder displacement, 𝜏 [-] is the number of crankshaft revolutions 

per one engine cycle (a four-stroke engine needs two revolutions) and 

𝑛𝑒 [1/min] is the engine speed. Volumetric efficiency can be determined either 

experimentally or by simulation (e.g., using 1D engine gas dynamics software). The 

intake air density depends on pressure and temperature, as described by the ideal gas 

equation of state [1, 2, 3, 5, 9] 

 𝜌𝑖𝑛𝑡 =
𝑝𝑖𝑛𝑡

𝑟𝑎𝑖𝑟𝑇𝑖𝑛𝑡
 (3) 

where 𝑝𝑖𝑛𝑡 [Pa] is the intake air pressure, 𝑟𝑎𝑖𝑟 [J/(kg∙K)] is the specific gas constant 

and 𝑇𝑖𝑛𝑡 [K] is the intake air temperature. The latter increases during compression, so 

a common practice is to cool the flow down in a heat exchanger (see Figure 2). The 

power needed to drive the compressor is generated by the turbine, which is propelled 

by exhaust gases created as a product of combustion in the engine. Transfer of 

mechanical power is performed by a shaft. [2, 3, 5] 

 

Figure 2: Turbocharged engine gas flow scheme [3] 

Piston engines operate with an intermittent working cycle, which is followed by 

strong pulsations in the exhaust system upstream of the turbine (see Figure 3). With 

the opening of the exhaust valves, the instantaneous pressure and temperature increase 

rapidly in the ports and propagate further in the form of a pressure wave. Subsequent 

expansion in a turbine makes the pressure in the exhaust manifold fall again until the 

next event begins. The entire process is repeated with a frequency corresponding to 

the engine speed and the number of attached cylinders. Furthermore, the longer the 

period, the more time is available for the gas to exit through the turbine, which results 

in higher pressure amplitude. This situation is typical for turbocharging of engines 
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with a low number of cylinders (three or less). On the contrary, a higher number of 

cylinders (four or more) results in a more stable turbine operation during one engine 

working cycle. [2, 3] 

 

Figure 3: Small three-cylinder engine working cycle simulation in GT-SUITETM 

(TDCF – top dead centre firing, TDC – top dead centre, BDC – bottom dead centre) 

While the expansion ratio follows the pulsating inlet pressure, the rotor speed 

changes only a little due to its inertia (see Figures 16 & 17). It means that to enable a 

turbocharged engine gas dynamics simulation, turbine performance must be defined 

over a wide range of expansion ratio at each speed line. That is, however, in a large 

contrast to what can be captured by a hot gas stand (see Figure 4). 

 

Figure 4: Turbine corrected mass flow rate map with a trace of instantaneous 

operating points during one engine cycle simulated in GT-SUITE 
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2  BASELINE TURBINE FITTING METHOD 

The main goal of this work is to develop an application that will facilitate pre-

processing and comparison of turbine maps. To study the trade-offs at equal operating 

conditions, however, measured data must be fitted by a mathematical model. Since 

the same is required to enable turbocharged engine working cycle simulations, it 

would be advantageous to use one turbine model for both purposes. Therefore, the 

turbine fitting method integrated in GT-SUITE is studied to set a baseline. However, 

this process is not exhaustively documented in available information sources, so 

custom procedures had to be proposed where necessary (see [10, 20]). 

2.1 PRE-PROCESSING OF INPUT DATA 

The first step of the baseline turbine fitting method is to group the measured 

operating points into speed lines (the standard mapping at constant speeds is 

assumed). An operating point with the highest efficiency is identified at each speed 

line of the sample gas stand map and its index is saved for later use (see Figure 5). 

 

Figure 5: Identification of speed lines and maximum-efficiency points 

2.2 FITTING THE OPTIMUM BLADE SPEED RATIO 

Blade speed ratio (𝐵𝑆𝑅) is defined as a ratio between the circumferential velocity 

of a turbine wheel and the isentropic spouting velocity [2, 3, 4, 5] 

 

𝐵𝑆𝑅 =
𝑢

𝑐0
=

𝜋𝐷𝑇
𝑛𝑇𝐶

60

√2𝑐𝑝_𝑒𝑥ℎ𝑇1𝑇_𝑡𝑜𝑡 [1 − (
𝑝2𝑇

𝑝1𝑇_𝑡𝑜𝑡
)

𝛾𝑒𝑥ℎ−1
𝛾𝑒𝑥ℎ

]

 
(4) 

where 𝐵𝑆𝑅 [-] is the blade speed ratio, 𝑢 [m/s] is the turbine circumferential 

velocity, 𝑐0 [m/s] is the isentropic spouting velocity, 𝐷𝑇 [m] is the wheel diameter, 

𝑛𝑇𝐶 [1/min] is the turbocharger speed, 𝑐𝑝_𝑒𝑥ℎ [J/(kg∙K)] is the specific heat capacity 
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at constant pressure, 𝑇1𝑇_𝑡𝑜𝑡 [K] is the inlet total temperature, 𝑝1𝑇_𝑡𝑜𝑡 [Pa] is the inlet 

total pressure, 𝑝2𝑇 [Pa] is the outlet static pressure and 𝛾𝑒𝑥ℎ [-] is the ratio of specific 

heat capacities (the index exh indicates burnt gas). The optimum blade speed ratio 

(𝐵𝑆𝑅𝑜𝑝𝑡) is such a value of 𝐵𝑆𝑅 that enables reaching the maximum turbine efficiency 

at certain level of expansion ratio (𝑃𝑅𝑇; see Chapter 2.1 and Figure 6). 

 

Figure 6: Efficiency vs. BSR with highlighted maximum-efficiency points 

The relationship between 𝐵𝑆𝑅𝑜𝑝𝑡 and 𝑃𝑅𝑇 is supposed to be linear according to 

the available information sources [10, 20] 

 𝐵𝑆𝑅𝑜𝑝𝑡 = 𝑘𝑃𝑅𝑇 + 𝑞 (5) 

where 𝐵𝑆𝑅𝑜𝑝𝑡 [-] is the optimum blade speed ratio, 𝑘 [-] is the slope and 𝑞 [-] the 

elevation of the fitted line. Constants 𝑘 and 𝑞 are determined using linear least squares 

regression of the optimum operating points identified during the input data pre-

processing (see Chapter 2.1 and Figures 6 & 7). 

 

Figure 7: Linear regression of the optimum blade speed ratio  
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As soon as the characteristic function for 𝐵𝑆𝑅𝑜𝑝𝑡 is known, normalized blade speed 

ratio (𝐵𝑆𝑅𝑛𝑜𝑟𝑚) can be calculated at each operating point of the measured map. 

𝐵𝑆𝑅𝑛𝑜𝑟𝑚 is defined as the ratio between the 𝐵𝑆𝑅 at given operating point and the 

optimum 𝐵𝑆𝑅 at the same level of 𝑃𝑅𝑇 [10, 20] 

 
𝐵𝑆𝑅𝑛𝑜𝑟𝑚 =

𝐵𝑆𝑅

𝐵𝑆𝑅𝑜𝑝𝑡
 (6) 

2.3 FITTING THE MAXIMUM EFFICIENCY 

The maximum-efficiency points identified at each speed line during the pre-

processing of a turbine map (see Chapter 2.1) are fitted with respect to corrected 

speed. However, no particular function is suggested in the available information 

sources (except that it should be smooth; see [10, 20]). A spline curve can be 

recommended for its stability and easy definition of extrapolation modes (due to its 

piecewise polynomial form). As a conservative strategy, flat extrapolation is applied, 

which is also the default option in GT-SUITE (see Figure 8). 

 

Figure 8: Maximum turbine efficiency as a cubic spline with flat extrapolation 

Once the characteristic function for maximum efficiency is available, the 

normalized efficiency can be calculated at each operating point of the map. 

Normalized efficiency (𝐸𝑇𝐴𝑇𝑀𝑛𝑜𝑟𝑚) is defined as a ratio between the efficiency at 

given operating point (𝐸𝑇𝐴𝑇𝑀) and the maximum efficiency at the same level of 

expansion ratio (𝐸𝑇𝐴𝑇𝑀𝑚𝑎𝑥) [10, 20] 

 
𝐸𝑇𝐴𝑇𝑀𝑛𝑜𝑟𝑚 =

𝐸𝑇𝐴𝑇𝑀

𝐸𝑇𝐴𝑇𝑀𝑚𝑎𝑥
 (7) 

The maximum efficiency function is, however, defined relative to corrected speed, 

so the optimum corrected speed (𝑁𝑇𝑜𝑝𝑡) at given expansion ratio must be found at 

each operating point first. To do that, the 𝐵𝑆𝑅𝑜𝑝𝑡 function (see Equation 5) must be 

combined with the definition of 𝐵𝑆𝑅 (see Equation 4). Also, reference gas properties 

must be used, so that corrected speed is obtained (𝑇1𝑇_𝑟𝑒𝑓 = 288 𝐾) 
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𝑁𝑇𝑜𝑝𝑡 = (𝑘𝑃𝑅𝑇 + 𝑞)

√2𝑐𝑝_𝑒𝑥ℎ𝑇1𝑇_𝑟𝑒𝑓 [1 − (
1

𝑃𝑅𝑇)

𝛾𝑒𝑥ℎ−1
𝛾𝑒𝑥ℎ

]

𝜋𝐷𝑇

60

 
(8) 

2.4 FITTING THE NORMALIZED EFFICIENCY 

All turbine operating points should lie on a single curve in the normalized efficiency 

versus normalized blade speed ratio diagram. In GT-SUITE, the fitting function has 

two parts. For 𝐵𝑆𝑅𝑛𝑜𝑟𝑚 < 1, exponentiation is used [10, 20] 

 𝐸𝑇𝐴𝑇𝑀𝑛𝑜𝑟𝑚 = 1 − (1 − 𝐵𝑆𝑅𝑛𝑜𝑟𝑚)𝑏𝑓𝑖𝑡 (9) 

where 𝑏𝑓𝑖𝑡 [-] is the fitted parameter. The other part of the normalized efficiency 

curve, where 𝐵𝑆𝑅𝑛𝑜𝑟𝑚 ≥ 1, is fitted by a parabola [10, 20] 

 𝐸𝑇𝐴𝑇𝑀𝑛𝑜𝑟𝑚 = 1 − 𝑐𝑓𝑖𝑡(𝐵𝑆𝑅𝑛𝑜𝑟𝑚 − 1)2 (10) 

where 𝑐𝑓𝑖𝑡 [-] is the fitted parameter. The value of 𝐵𝑆𝑅𝑛𝑜𝑟𝑚, at which the 𝑥-axis is 

crossed, can be determined using an equation 

 
𝐵𝑆𝑅𝑛𝑜𝑟𝑚_𝐸𝑇𝐴_𝑖𝑛𝑡 =  

1

𝑐𝑓𝑖𝑡
2 + 1 (11) 

The complete curve of normalized efficiency is anchored to a point with 

coordinates [1,1]. It can be interpreted as a generalized optimum that the turbine works 

with the highest efficiency at (see Figure 9). 

 

Figure 9: Normalized efficiency versus normalized blade speed ratio 

2.5 FITTING THE OPTIMUM CORRECTED MASS FLOW RATE 

Optimum corrected mass flow rate is associated with the operating points of 

maximum efficiency at each speed line (see Chapter 2.1). It is fitted with respect to 



 14 

corrected speed, for which a spline curve is recommended like in the case of the 

maximum efficiency function (see Chapter 2.3). Flat extrapolation is applied in the 

direction of high corrected speeds only, since the function must pass through the origin 

of coordinates. 

 

Figure 10: Optimum corrected mass flow rate spline with flat extrapolation 

With the characteristic function for optimum corrected mass flow rate (𝑊𝑇𝑜𝑝𝑡) 

available, normalized mass flow rate (𝑊𝑇𝑛𝑜𝑟𝑚) can be calculated at each operating 

point of the map. 𝑊𝑇𝑛𝑜𝑟𝑚 is defined as a ratio between the corrected mass flow rate 

at given operating point (𝑊𝑇) and the optimum corrected mass flow rate at the same 

level of expansion ratio [10, 20] 

 
𝑊𝑇𝑛𝑜𝑟𝑚 =

𝑊𝑇

𝑊𝑇𝑜𝑝𝑡
 (12) 

Similarly to the case of the maximum efficiency function (see Chapter 2.3), the 

characteristic function for 𝑊𝑇𝑜𝑝𝑡 is defined with respect to corrected speed, so the 

optimum corrected speed at each expansion ratio must be found using Equation 8 first. 

2.6 FITTING THE NORMALIZED MASS FLOW RATE 

All turbine operating points should lie on a single curve in the normalized mass 

flow rate versus normalized blade speed ratio diagram. In GT-SUITE, the fitting 

function is exponentiation in the form [10, 20] 

 𝑊𝑇𝑛𝑜𝑟𝑚 = 𝑐𝑚 + 𝐵𝑆𝑅𝑛𝑜𝑟𝑚
𝑚𝑓𝑖𝑡(1 − 𝑐𝑚) (13) 

where 𝑐𝑚 [-] and 𝑚𝑓𝑖𝑡 [-] are fitted parameters. The constant 𝑐𝑚 determines the 

value of 𝑊𝑇𝑛𝑜𝑟𝑚 at zero 𝐵𝑆𝑅𝑛𝑜𝑟𝑚 (the intercept with the 𝑦-axis, see Figure 11). 

Similarly, the exponent 𝑚𝑓𝑖𝑡 controls the curvature of the fitting function and thus the 

intercept with the 𝑥-axis. The latter can be enumerated using an expression 

 
𝐵𝑆𝑅𝑛𝑜𝑟𝑚_𝑊𝑇_𝑖𝑛𝑡 = (

𝑐𝑚

𝑐𝑚 − 1
)

1
𝑚𝑓𝑖𝑡

 (14) 
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where 𝐵𝑆𝑅𝑛𝑜𝑟𝑚_𝑊𝑇_𝑖𝑛𝑡 [-] is the value of 𝐵𝑆𝑅𝑛𝑜𝑟𝑚 at the intercept. It should be 

noted that normalized mass flow rate usually reaches zero at a much higher value of 

𝐵𝑆𝑅𝑛𝑜𝑟𝑚 compared to normalized efficiency (see Figures 9 & 11). 

 

Figure 11: Normalized mass flow rate versus normalized blade speed ratio 

2.7 OPTIMIZATION 

Until now, the properties of the baseline turbine model were explicitly defined by 

the input map data. However, operating points of the maximum efficiency, which are 

key to the fitting process, are generally not included among the outputs of a 

measurement (e.g. hot gas stand). Therefore, it is advantageous to apply optimization 

methods to identify these relationships. 

The function of optimum blade speed ratio versus expansion ratio is central to the 

turbine model. As it is linear, there are only two independent parameters to calibrate 

(see Equation 5). The simplex method can be recommended for this purpose with the 

properties of the initial non-optimized fit as the starting point. 

The second aspect of the turbine model, that is influenced by the identification of 

optimum operating points, is the maximum efficiency spline. The simplex method can 

be applied to determine the y-coordinate of each break-point in such a way that the 

root-mean-square error between the input map data and the model is minimized. 

A similar process is followed with the optimum corrected mass flow rate spline, 

while the properties of the initial non-optimized fit are used as the optimization 

starting point. The resulting fully extrapolated efficiency map (representative of the 

sample data obtained on a hot gas stand) is shown in Figure 12. It can be noted that 

the maximum efficiency curve is located further away from the data points of the 

highest speed line now (after the optimization). Nevertheless, the overall fit quality is 

good (the root-mean-square error is 0.71%). 
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Figure 12: Fully extrapolated efficiency map at the end of the baseline turbine 

fitting process (full lines) and the initial non-optimized one (dashed) 

The fully extrapolated corrected mass flow rate map is included in Figure 13. In 

this case, however, a significant distortion can be recognized at low expansion ratios, 

where the speed lines should be more spread due to the effect of centrifugal forces. 

 
Figure 13: Fully extrapolated mass flow rate map at the end of the baseline turbine 

fitting process (full lines) and the initial non-optimized one (dashed) 
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3  NEW TURBINE FITTING ALGORITHM 

With the new turbine fitting algorithm, emphasis is placed on the implementation 

of physics principles to improve the quality of extrapolation. In line with the 

observations introduced in Chapter 2.7 (see the condensed speed lines at low 

expansion ratios in Figure 13), the theory of radial equilibrium is applied to model the 

effect of centrifugal forces on the corrected mass flow rate. 

3.1 RADIAL EQUILIBRIUM 

At zero mass flow rate, the turbine inlet pressure must be in equilibrium with the 

centrifugal force acting on the fluid enclosed in the rotating blade channels. The 

corresponding pressure ratio depends on the speed of rotation as [11] 

 
𝑝2

𝑝1
= [1 +

𝛾𝑒𝑥ℎ − 1

2𝛾𝑒𝑥ℎ

1

𝑟𝑒𝑥ℎ𝑇1𝑇_𝑟𝑒𝑓
(

𝜋𝑁𝑇

30
)

2

(𝑅2_𝑅𝑀𝑆
2 − 𝑅1_𝑅𝑀𝑆

2 )]

𝛾𝑒𝑥ℎ
𝛾𝑒𝑥ℎ−1

  (15) 

where 𝑅2_𝑅𝑀𝑆 [m] is the bigger mean-flow radius and 𝑅1_𝑅𝑀𝑆 [m] is the smaller 

mean-flow radius. This can be used to calculate the expansion ratio at the intercept of 

each speed line with the x-axis in a corrected mass flow rate map (see Figure 13). 

Consequently, the exponent 𝑚𝑓𝑖𝑡 of the normalized mass flow rate function can be 

pre-determined and used as a constraint during the fitting process (see Chapter 2.6). 

3.2 IDEAL NOZZLE ANALOGY 

Another feature of the turbine model, which needs to be improved, is the slope of 

the optimum corrected mass flow rate at high expansion ratios. In the baseline method, 

the shape of the corresponding spline part is determined only by the location of the 

nearest measured operating points (such that fit error is minimized). However, it can 

be pointed out that the flow through a turbine stage should reach saturation at a certain 

expansion ratio, which is commonly referred to as choke. Under such conditions, the 

corrected mass flow rate cannot increase further, because the speed of sound has been 

achieved in the critical flow cross section. This can be illustrated by a formula for the 

corrected mass flow rate derived from the expression for the critical mass flow rate 

through an ideal nozzle (see [9]) 

 

�̇�0_𝑐𝑜𝑟𝑟_𝑐𝑟𝑖𝑡 = √2𝑐𝑝 [1 − 𝛽𝑐𝑟𝑖𝑡

𝛾−1
𝛾 ] 𝐴𝑛

1

𝑟
𝛽𝑐𝑟𝑖𝑡

1
𝛾

𝑝𝑟𝑒𝑓

√𝑇𝑟𝑒𝑓

 (16) 

where 𝛽𝑐𝑟𝑖𝑡 [-] is the critical expansion ratio (constant at choke), 𝑟 [J/(kg∙K)] is the 

specific gas constant. 

At zero wheel speed there is no centrifugal force to further influence the balance of 

pressures, so the corresponding corrected mass flow rate should stay constant at 

choke. According to the definition of normalized mass flow rate function (see 

Equation 13), the corrected mas flow rate at zero wheel speed is proportional to the 
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optimum corrected mass flow rate. Therefore, it can be concluded that the optimum 

corrected mass flow rate should stay constant under choke conditions as well. 

 

Figure 14: Extrapolation of corrected mass flow rate with non-decreasing optimum 

corrected mass flow rate function 

Based on the analysis of the fully extrapolated corrected mass flow rate map in 

Figure 14, it can be concluded that the fit quality at low expansion ratios has improved 

thanks to the introduction of the theory of radial equilibrium. Measured operating 

points at the highest speed line are, however, no longer fitted with the new constraint 

of constant optimum corrected mass flow rate at choke. At the same time, the 

extrapolated speed lines are rather condensed in this area, which is not a desired state, 

because the corrected mass flow rate should decrease with increasing spinning speed 

due to the centrifugal forces. 

The reason behind this behaviour is that the linear optimum blade speed ratio 

function increases with the expansion ratio, which implies the same trend of the 

optimum corrected speed too (see Figure 7). Therefore, every speed line must cross 

the optimum corrected mass flow rate at some expansion ratio. Since the optimum 

corrected mass flow rate is constant at choke, all non-zero speed lines are 

monotonically increasing and getting closer to each other with increasing expansion 

ratio. That is, however, in contradiction to the measurement. Furthermore, if the 

theory of radial equilibrium were assumed to approximate the centrifugal effect at 

non-zero mass flow rates, it would imply that the offset with respect to expansion ratio 

is independent of turbine inlet pressure (see Equation 15) and all speed lines should 

be parallel at choke. The only way all these constraints can be satisfied at the same 

time is by keeping the optimum corrected speed constant under choke conditions. 
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3.3 OPTIMUM CORRECTED SPEED LIMITATION 

From the perspective of turbine aerodynamics, it is assumed that the wheel-inlet 

flow velocity and the absolute flow angle (in stationary frame of reference) are 

independent of the expansion ratio at choke. Therefore, it can be concluded that the 

highest efficiency is achieved at such a circumferential wheel speed, which results in 

the most convenient relative flow angle at the leading edge of the turbine blades. For 

this reason, the idea of optimum corrected speed limitation at choke appears feasible. 

Since the optimum corrected turbine speed is derived from the optimum blade 

speed ratio, the corresponding characteristic function must be adapted to enable the 

required limitation. At this point, it should be emphasized that blade speed ratio is 

defined as a ratio between the circumferential velocity of the wheel and the isentropic 

spouting velocity (see Equation 4). However, the latter is constant under choke 

conditions, which must be reflected in the procedure of calculating the blade speed 

ratio at every operating point of the input map (see Chapter 2.2). Also, it implies that 

optimum blade speed ratio must stay constant to produce the constant optimum 

corrected speed at choke. Nevertheless, the corresponding spline must be tangent to a 

constant corrected speed curve at the choke point in the optimum blade speed ratio 

versus expansion ratio diagram to avoid sharp transitions (see Figure 15). 

 

Figure 15: Optimum blade speed ratio spline 

It can be noted that the optimum blade speed ratio spline retained its linear character 

at low expansion ratios (see the section between the point A and the transition point 

in Figure 15). This part is fitted to the input data in the same way as the complete 

linear function in the baseline algorithm (two-parametric optimization). The middle 

section, located between the transition point and the choke point, is a cubic polynomial 

with prescribed end-slopes (taken over from the adjacent spline parts). Finally, the flat 

section at high expansion ratios is fully defined by the choke point, the location of 

which is determined by a dedicated optimization process. As an important 

consequence of optimum corrected speed limitation, there is no optimum expansion 
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ratio associated with the speed lines above the choke speed limit, so they cannot 

intersect with the maximum efficiency curve (see Figure 16). 

 

Figure 16: Fully extrapolated efficiency map with the optimum BSR limitation 

The new method was successful in modelling the turbine efficiency (the root-mean-

square error is 0.43%). Also, the criteria for the quality of the corrected mass flow rate 

extrapolation are now fulfilled (see Figure 17; the root-mean-square error is 0.16%). 

 

Figure 17: Fully extrapolated mass flow map with the optimum BSR limitation 
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4  VALIDATION OF THE PROPOSED METHODOLOGY 

The developed MATLAB application is equipped with an SQLite 3 database to 

store both raw measured data and fitted turbine models, which proved to be 

advantageous in multiple ways (see [25]). The interface is shown in Figure 18. 

 

Figure 18: Raw corrected mass flow rate linked to the selected database entries 

Fitted models can be used to plot performance trends that span multiple turbine 

stages of varying properties. An important relationship of this type is between the 

maximum efficiency and the optimum corrected mass flow rate at a certain expansion 

ratio for a range of volute sizes at a constant wheel diameter (see Figure 19). 

 

Figure 19: Maximum efficiency vs. corrected mass flow rate at PRT = 2  
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After the relationship between the maximum turbine efficiency and the volute size 

has been resolved (the so-called eyebrow), the chart can be extended to cover a range 

of wheel diameters. This is sometimes referred to as the size effect (see Figure 20). 

 

Figure 20: Composition of eyebrow charts generated at the expansion ratio two for 

a range of turbine sizes sharing the same wheel aerodynamic design 

It can be concluded that the proposed turbine fitting methodology is robust enough 

to enable plotting of valid performance trends related to the effects of wheel and volute 

sizes (see Figures 19 & 20; source data was obtained on a hot gas stand). 

4.1 ENGINE PERFORMANCE SIMULATION – STEADY STATE 

To evaluate the effects of differences in the turbine model, engine performance was 

simulated using both the GT-SUITE default and the proposed fitting methods. 

 

Figure 21: Full load simulation with fitted turbine maps obtained by a hot gas stand 

measurement (red – the default fit, blue – the proposed algorithm)  
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The biggest difference in full-load performance with the gas stand map can be 

observed at 1600 rpm, where the default fit gives by 7 Nm lower brake torque 

compared to the proposed algorithm (see Figure 21). That corresponds to an 

approximately 3% offset, which can be considered a good agreement between the two 

models. At higher engine speeds, the boost pressure is controlled by the wastegate. 

The same simulation was repeated with an equivalent map obtained on a turbine 

dynamometer. The trade-off between the fitting methods is shown in Figure 22. 

 

Figure 22: Full load simulation with fitted turbine maps obtained by a dynamometer 

measurement (green – the default fit, pink – the proposed algorithm) 

The impact of the fitting method on the achievable low-end torque is bigger with 

the dyno map (see Figures 21 & 22). At 1500 rpm, the difference is as high as 

16.5 Nm or 7.7%. Such a gap is already significant. 

4.2 ENGINE PERFORMANCE SIMULATION – TRANSIENT 

Engine dynamics is usually evaluated in terms of torque response to a sudden load 

step request at constant engine speed. At the same time, simulation of transient 

turbocharger performance is rather challenging, because the initial spinning speed is 

low, while the turbine is fully loaded. This is a difficult-to-capture combination for 

conventional mapping techniques and substantial extrapolation must be applied. 

Comparison of fitting methods with the gas stand map is provided in Figure 23. 

 

Figure 23: Engine brake torque (left) and cycle-average turbine efficiency (right) at 

constant engine speeds with the gas stand map  
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Overall, the transient engine performance with the default and the proposed fitting 

of the gas stand map is very similar, which, together with the steady-state comparison, 

confirms a good agreement between both methods (see Figures 21 & 23). Despite that, 

a small advantage can be identified with the proposed fitting algorithm. 

In the case of the dyno map, however, a much bigger difference can be recognized 

between the speeds of increase of the brake torque. The reason is the significantly 

lower cycle-average turbine efficiency (isentropic power weighted) at the beginning 

of each load step with the default turbine fitting method (see Figure 24). 

 

Figure 24: Engine brake torque (left) and cycle-average turbine efficiency (right) at 

constant engine speeds with the dyno map 

Fully extrapolated dyno maps are overlaid in Figure 25 for comparison. It is 

obvious that the default fitting method predicts much lower maximum efficiency at 

low corrected speeds, which are relevant in the beginning of engine load steps. The 

advantage of the proposed algorithm is that it predicts the maximum efficiency with 

the help of minimization of fit error at sub-optimal operating points. On the contrary, 

the highest measured efficiency is not exceeded with the default one. 

 

Figure 25: Extrapolated dyno map fitted by the default and the proposed methods 
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CONCLUSION 

At the beginning of this dissertation project was the need for a tool that would 

facilitate postprocessing of measured turbine maps of automotive turbochargers. This 

involves performance data management in the first place, but also its visualisation and 

numerical treatment to enable back-to-back comparisons. Furthermore, to assess the 

differences at equal operating conditions, efficiency and corrected mass flow rate 

must be interpolated or extrapolated depending on the distribution of measured 

operating points. Therefore, the input data must first be fitted by a convenient turbine 

model. 

The implementation of a turbine fitting algorithm is the main objective of this work. 

For that purpose, a MATLABTM application has been developed, which enabled 

testing of different numerical procedures. The first step was to understand the existing 

industrial practice and use it to establish the baseline method. The algorithm included 

in GT-SUITETM was chosen, because it represents a state-of-the-art solution that is 

widely used in the industry. However, the process is not exhaustively documented in 

available information sources, so custom procedures had to be proposed where 

necessary (see [10, 20]). Therefore, the baseline turbine fitting method, as 

implemented in the MATLAB application, is not fully representative of the one 

integrated in GT-SUITE. Nevertheless, it was possible to conclude that the declared 

linear relationship between the optimum blade speed ratio and the expansion ratio 

does not allow the proper extrapolation of the corrected mass flow rate. This was the 

main motivation for the development of a custom process. 

The main difference between the proposed and baseline turbine models is that the 

new model features the choke phenomenon. Consequently, optimum blade speed ratio 

is limited above the critical expansion ratio in such a way that optimum corrected 

speed remains constant. Also, emphasis is placed on the implementation of physics 

principles to improve the fidelity of extrapolation. The theory of radial equilibrium is 

used to quantify the effect of centrifugal force on the corrected mass flow rate at low 

expansion ratios. Further, by the new structure of characteristic functions, it is ensured 

that corrected mass flow rate at each speed line is non-decreasing with expansion ratio. 

That is the expected behaviour based on an analogy with the discharge through an 

ideal nozzle. 

Thanks to the application of optimization methods to identify the properties of 

turbine performance models, it is possible to estimate the maximum efficiency in 

situations, where this maximum is not included among input data points. The 

mechanism is based on the assumption that minimization of fit error at sub-optimal 

operating points can be used to determine the maximum efficiency at the same 

expansion ratio. Repetitive refinement of this relationship during the complete fitting 

process ensures reasonable results without impacting convergence. 

Initial testing confirmed that the method is functional and robust when fitting the 

outputs of hot gas stand and turbine dynamometer measurements. With the help of a 

higher-level approximation, it is possible to visualize performance trends related to 

the variability of the A/R parameter. A similar approach is followed to plot the 
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relationship between maximum efficiency and optimum corrected mass flow rate 

across multiple turbine sizes. As the last step, exported turbine performance models 

are used within engine steady state and transient load step simulations in GT-SUITE 

(in the so-called grid format). In the case of the sample gas stand map, both algorithms 

(GT-SUITE default and the proposed one) result in similar engine performance at 

steady state and transients. However, with the default fit of the dyno map, transient 

engine performance is compromised by overly conservative efficiency extrapolation 

to low corrected turbine speeds. 

The further evolution of the proposed turbine fitting procedure will involve mainly 

a refinement of the middle part of the optimum blade speed ratio spline (the section 

between the transition and the choke points in Figure 15). As per the current definition, 

the end-slopes are controlled, but the curvature is not. Besides, the MATLAB 

application will be extended with additional post-processing features. As of now, 

variable nozzle geometry, twin-scroll and sector-divided technologies are not 

supported, but the proposed methodology is well suited for this extension. A strong 

new trend calls for a separate treatment of the different aspects of turbocharger 

modelling. Namely, the heat transfer and bearing friction, both of which are normally 

included in compressor and turbine maps obtained by hot gas stand measurements. It 

will be advantageous to remove and model these effects independently to use gas 

stand maps in simulations. 
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ABSTRACT 

Modelling of turbine performance is a prerequisite for detailed simulation of gas 

exchange in turbocharged combustion engines. At the same time, the possibility to 

determine efficiency and mass flow capacity at arbitrary operating points is key to 

comparing different turbine stages. The objective of this work is to propose a single 

method for both purposes, so it is possible to do the comparison using exactly the 

same turbine performance model as in subsequent engine working cycle simulation. 

The source of input data is typically a gas stand measurement, which enables capturing 

of limited turbine operating range only. In this work, methods are proposed to improve 

the fidelity and robustness of turbine performance extrapolation, while optimization 

is employed to find the best fit in terms of agreement between the model and the input 

data. 

ABSTRAKT 

Modelování turbínových charakteristik je nutným předpokladem pro detailní 

simulaci výměny náplně válce turbodmychadlem přeplňovaných spalovacích motorů. 

Kromě toho je možnost stanovení účinnosti a průtokové kapacity v libovolných 

pracovních bodech klíčová pro porovnání různých turbínových stupňů. Cílem této 

práce je předložit jednotnou metodu pro oba účely tak, aby bylo možné provést 

porovnání použitím přesně stejných modelů turbín jako při následné simulaci 

pracovního oběhu motoru. Zdrojem vstupních dat je obvykle měření na plynové 

zkušebně, které však umožňuje zachycení pouze omezeného pracovního rozsahu 

turbíny. V této práci jsou navrženy metody umožňující zvýšení věrohodnosti a 

robustnosti extrapolace turbínových charakteristik, přičemž optimalizace je využita k 

určení takových parametrů hledaných funkcí, které vedou k nejlepší shodě mezi 

modelem a vstupními daty. 
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