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INTRODUCTION

Solid bodies are generally surrounded by a fluid. The motion of structure and the flow
of fluid are not independent in that case. The movement of the solid body affects the
flow field around the body itself and the flow of fluid has an impact on behaviour of solid.
The structure and fluid behave as a coupled system. This type of interaction is called
”fluid-structure interaction” (FSI).

First analyses of solid structures made an assumption for simplification, that behaviour
of solid is not influenced by ambient fluid. Similarly, the first analyses of fluid flow as-
sumed that solid boundaries are not deformed by the flow field. This approach is also
applied in contemporary engineering practice. Whenever possible, the structures are anal-
ysed without ambient fluid and the only interaction between fluid flow and surrounding
structures is variations of velocity inside the boundary layer. The reason for the usage of
uncoupled analysis is that even though they are not simple, the coupled FSI analysis is
much, much complicated. However, these approaches are applicable only in cases when
the structure and fluid do not interact with each other.

The fluid-structure interaction can be classified based on the deformations of the
structure. If deformations of the structure are negligible, then it is called the interaction
between the fluid and rigid body. Otherwise, the deformation cannot be neglected and it
is called the interaction between the fluid and flexible body.

This doctoral thesis is separated into two parts. The concern of the first part is annular
seals. Interaction between the rotor of rotating machinery and fluid within the annular
seal has a great influence on the dynamic behaviour of whole machine. The deformations
of rotor in the annular seal are very small and they are usually neglected. Hence, this
interaction belongs to the interaction between the fluid and rigid body. The effect of
the annular seal on the behaviour of whole system is normally characterized by rotordy-
namic coefficients. The first chapter of this thesis is focused on the determination of the
rotordynamic coefficients of the plain annular seal of the oxidizer pump. Five analyses
of the annular seal with different boundary conditions and also computational domain
were carried out and the comparison of those five variants describes the influence of used
simplifications on the resultant rotordynamic coefficient of the annular seal.

The second part of the doctoral thesis defines a new method for the solution of in-
teraction between the fluid and flexible body. This method is based on the solution of
the inverse vibration problem, which uses the eigenvalues and right and left eigenvectors
of a system for the determination of mass, damping and stiffness matrices. The inverse
vibration problem was historically solved only for cases, when all eigenvalues and eigen-
vectors of the system were known, so-called ”full problems”. The algorithms for solution
of the inverse vibration problem for case, when only a few eigenvalues and eigenvectors
are known (so-called ”partial problems”), are presented in this thesis. The application of
the algorithms for solution of the inverse vibration problem is demonstrated on solution
of two cases of interaction between the fluid and flexible body.
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1 ANNULAR SEALS

Annular seals are very important parts of all rotating machinery. The close running clear-
ances between the rotating part and casing are used to restrict a leakage flow within the
machinery which reduces the efficiency of the machine. In case of pumps, leakage flow
streams from the rotating machine outlet to the inlet of the impeller. Based on [1], one
percent increase in leakage flow yields one percent decrease in efficiency.

Based on the opening paragraph, one would assume that it is ideal for pumps to have
seals with as small clearances as possible. However, the leakage flow is not the only im-
portant characteristic of annular seals. A. A. Lomakin [2] was the first who studied the
effect of annular seals on rotordynamics of rotating machinery, specifically high-pressure
pumps. Lomakin established that forces created in the annular seals have a dominant
impact on the dynamics of pumps. The calculated first ”dry” critical speeds (without
ambient fluid) were incomparably lower in comparison with the effective first ”wet” crit-
ical speeds during the operation of the pump. Lomakin also found out the pumps with
different geometries of seals have different critical speeds.

H. F. Black was the first who analysed the effect of variable clearance of the annu-
lar seals by calculating the synchronous responses of single-mass rotors. Based on the
resultants responses Black concluded that the critical speeds of the machine are close to
the ”dry” critical speeds only for very large clearances of the annular seal. As a result
of clearance reduction the forces in the seal increase. This leads to the elevation of the
critical speed and reduction of the response amplitudes.

The forces created in the annular seals have a dominant effect on rotor vibrations
of rotating machinery, which is clear from Lomakin’s and Black’s results. This chapter
in the first part provides an overview of methods for the determination of rotordynamic
coefficients of annular. The second part of this chapter presents the results of analyses of
the annular seals of the oxidizer pump.

1.1 Analyses of flow field in annular seals

The rotordynamic analysis of annular seals can be divided into two parts. First, it is
necessary to describe the pressure field in fluid-film and the pressure distribution mainly
on the rotor surface. The pressure field can be integrated over a rotor surface to define
the forces acting on the rotor. Then in the second part, based on these forces the added
effects can be identified.

The geometry of annular seals consists of two coaxial cylinders. The inner cylinder is
moving and the annular clearance space is filled by fluid. The annular seals are used to
reduce backflow in the pumps. The geometry of annular seals is depicted in 1.1.

Every rotordynamic textbook which describes the rotordynamic analysis of the annular
seals, e.g. [3], states that the flow within the journal bearings is usually laminar and the
flow in the annular seal is ordinarily turbulent. The main reasons for this difference
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Fig. 1.1: Annular clearance space (created based on [3])

are bigger clearance and axial flow in annular seals. These conclusions are the only
information about the flow regime in annular seals in rotordynamic textbooks. Therefore,
the turbulent flow is assumed in analyses of the annular seals.

The first analyses of turbulent flow in the annular seals were performed by ”bulk-flow”
models. The governing equations are in the bulk-flow models solved with the perturbation
method, which is a mathematical tool for finding an approximate solution to a problem,
which is similar to a problem with the exact solution. It is necessary to break the problem
into the solvable part and the perturbation part. With the application of the linear per-
turbation theory, the clearance, velocity and pressure are divided into mean components
that arise in case of the absence of whirl and small perturbations caused by eccentricity.

Perturbed quantities are substituted into the governing equations that can be divided
into two sets of equations. One set is for the mean flow quantities (so-called ”zeroth-
order equations”) and another is for the perturbed flow quantities (so-called ”first-order
equations”). The solution of the first-order equations yields the flow field, which results
in terms of the small motion of the rotor around a centred position. The perturbation
method was always used for the analytical solution of the fluid flow in annular seals in
case of rotor whirl.

The second currently used method for the analysis of turbulent flow in annular seals
is based on the solution of the set of equations that consists of the continuity equation,
Reynolds-averaged Navier-Stokes equations (RANS) and equation(s) of turbulence model
(hereinafter the RANS equations set). The main currently used numerical method for
analyses of fluid flow in the annular seals is the solution of RANS equations set by the
Finite volume method (FVM). Nowadays, it is as well the main method employed in
Computational Fluid Dynamics (CFD).

The k-𝜀 turbulence models are the most employed models in analyses of fluid flow in
the annular seals. These turbulence models are two-equation models that are using two
transport equations, one for the turbulence kinetic energy 𝑘 and another for the rate of
dissipation of turbulence energy 𝜀. The early analyses applied the Standart k-𝜀 model
that was later on replaced by the Realizable k-𝜀 model. The k-𝜀 turbulence models belong
to the so-called high Reynolds number turbulence models. They have a better prediction
of the flow field in areas with high Reynolds number (e.g. in the core region) but they gen-
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erate poor results in the proximity of walls. This is in contradiction with the requirement
of a rotordynamic analysis of annular seals because it is necessary to properly predict the
pressure distribution on the rotor.

The researches of the flow in annular seal concluded that despite the above-mentioned
disadvantages of the k-𝜀 model for modeling of fluid flow in the annular seals it is possi-
ble to use this turbulence model for realist prediction of the pressure distribution on the
rotor of the annular seal which is necessary for the correct determination of rotordynamic
coefficients of the annular seal. On the other hand, other details of flow in the annular
seal could be incorrectly solved by the k-𝜀 model. Based on this result, the k-𝜀 model
can be applied for rotordynamic coefficients prediction and it is also used for modeling
of leakage flow through the annular seals but it is not possible to correctly describe the
turbulence within the seal.

Nowadays, the fluid flow in annular seals is modeled both by the bulk-flow models and
by the CFD method in engineering practice. The main advantage of the bulk-flow models
is a shorter analysis time. However, it is necessary to build a whole new procedure for
every single annular seal geometry. The disadvantage of the CFD approach is without any
doubt very long computational time. However, the procedure of the flow field calculation
is always identical and it is possible to create a model of the whole device, to calculate the
flow field within it and to determine the rotordynamic coefficients based on that complex
computation.

As it is written in the beginning of this section, every rotordynamic textbook which
describes the annular seals states that the flow within the annular seal is ordinarily turbu-
lent. However, the flow regime significantly affects the leakage flow through the annular
seals and consequently affects their rotordynamic coefficients. Hence, the correct predic-
tion of the flow regime within the annular seal is very important.

Flow in the annular seals without rotor whirl consists of a superposition of the axial
flow due to the pressure difference across the annular seal and the circumferential flow
induced by rotation of the rotor. It is necessary to define two Reynolds numbers for a de-
scription of the combination of flow fields in the annular seals, the axial Reynolds number
𝑅𝑒𝑎𝑥 and the circumferential Reynolds number 𝑅𝑒𝜔 defined by equations (1.1) (based on
[1]).

𝑅𝑒𝑎𝑥 = 2𝐶𝑟𝑣𝑎𝑥

𝜈
; 𝑅𝑒𝜔 = 2𝐶𝑟𝑣𝑐𝑖𝑟

𝜈
, (1.1)

where 𝑣𝑎𝑥 is the axial velocity averaged over seal clearance and 𝑣𝑐𝑖𝑟 is the circumferential
velocity averaged over seal clearance.

Both Reynolds numbers have to be combined into a single value for the determination
of transition between laminar and turbulent flow regime, hereinafter referred to as the
combined Reynolds number 𝑅𝑒* and defined by (1.2), which is presented in [1].

𝑅𝑒* =
√︃

𝑅𝑒𝑎𝑥
2 + 1

4𝑅𝑒𝜔
2 = 𝑅𝑒𝑎𝑥

⎯⎸⎸⎷1 + 1
4

(︃
𝑣𝑐𝑖𝑟

𝑣𝑎𝑥

)︃2

(1.2)
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The transition of regimes in the annular seals is described based on empirical con-
clusions. Pure laminar flow in the seals occurs for 𝑅𝑒* < 2000 and the flow is purely
turbulent if 𝑅𝑒𝜔 > 4000, even if 𝑅𝑒𝑎𝑥 = 0 (no axial flow). A combination of axial and
circumferential flow and determination of boundary, which defines the region with the
pure turbulence flow without vortices has not been covered yet.

Description of flow transitions in case of the whirl motion of rotor in the annular seal is
even more difficult than in the previous case. Based on the textbook [5], it is necessary to
define another Reynolds number, the whirl Reynolds number 𝑅𝑒Ω, which should cover the
effect of whirl on local circumferential velocity. Even though whirl motion has definitely
an effect on the flow regime transitions within the annular seals, no research on this topic
has been published yet.

1.2 Determination of rotordynamic coefficients for
centred circular whirling

H. F. Black and D. N. Jenssen [6] were the first, who introduced the concept of the
description of the annular seal dynamic characteristics by rotordynamic coefficients. They
analytically determined the rotordynamic coefficients by modeling the annular seal forces
as a linear function of displacement. Their model represents the lateral motion of the
annular seal rotor. The mathematical model of the rotor system is based on the general
equation of motion (1.3).

̃︁𝑚𝑖𝑗�̈�𝑗(𝑡) + ̃︀𝑐𝑖𝑗�̇�𝑗(𝑡) + ̃︀𝑘𝑖𝑗𝑢𝑗(𝑡) = 𝑓𝑖(𝑡) + 𝐹𝑖(𝑡) , (1.3)

where ̃︁𝑚𝑖𝑗 , ̃︀𝑐𝑖𝑗 and ̃︀𝑘𝑖𝑗 are the mass matrix, damping matrix and stiffness matrix of rotor
system, respectively, 𝑢𝑖𝑗 is the vector of generalized displacement, 𝑓𝑖𝑗 is the vector of
generalized (external) forces acting on the system and 𝐹𝑖𝑗 ∈ R𝑁,1 is the fluid reaction
force acting on a rotor.

In case of the Black and Jenssen’s force-displacement linear model for the transversal
motion of the rotor, equations of fluid reaction force acting on a rotor caused by the liquid
are defined by formula (1.4).

−𝐹𝑖(𝑡) = 𝑘𝑖𝑗𝑢𝑗(𝑡) + 𝑐𝑖𝑗�̇�𝑗(𝑡) + 𝑚𝑖𝑗�̈�𝑗(𝑡) , (1.4)

where 𝑘𝑖𝑗, 𝑐𝑖𝑗 and 𝑚𝑖𝑗 represents the added stiffness, damping and mass matrices, respec-
tively. These matrices contain the rotordynamic coefficients.

Minus sign in (1.4) refers to the assumption that the force 𝐹𝑖 is a reaction force, which
means that if the force counteracts the displacement of the rotor, the reaction force as-
sumption is correct. Otherwise, if force caused by a liquid is an action force and the
annular seal has a destabilizing effect on the rotor system.

Black and Jenssen’s force-displacement linear model (1.4) can be rewritten into equa-
tion (1.5). The application of the force-displacement model on a rotordynamic analysis
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is depicted in figure 1.2 (recreated based on [4]).

−
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𝐹𝑦

⎤⎦ =
⎡⎣ 𝑘𝑥𝑥 𝑘𝑥𝑦

𝑘𝑦𝑥 𝑘𝑦𝑦

⎤⎦⎡⎣ 𝑥

𝑦

⎤⎦+
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𝑐𝑦𝑥 𝑐𝑦𝑦

⎤⎦⎡⎣ �̇�

�̇�

⎤⎦+
⎡⎣ 𝑚𝑥𝑥 𝑚𝑥𝑦

𝑚𝑦𝑥 𝑚𝑦𝑦

⎤⎦ ⎡⎣ �̈�

𝑦

⎤⎦ (1.5)

Black and Jenssen compared the results of the linear model with the results of the
non-linear analysis. They concluded the linear results yield appreciable errors only at
high eccentricity. Hence the linear model is applicable up to eccentricity ratios 𝜀 ≤ 0,5 (𝜀
is defined as the ratio of eccentricity 𝑒 to the clearance 𝐶𝑟). Therefore, the rotordynamic
coefficients, determined for the Black and Jenssen model, describe behaviour of the an-
nular seals in case of small motion around the equilibrium position.

D. W. Childs and J. B. Dressman [7] developed a method for the determination of the
rotordynamic coefficients based on time history of horizontal 𝐹𝑥 and vertical 𝐹𝑦 compo-
nents of force induced by the fluid to the rotor. The method is derived for a case when the
annular seal rotor performs small-eccentricity centred circular orbits, which is one of the
potential states and as well very important in rotordynamic practice. The whirling rotor
motion is illustrated in figure 1.3 (borrowed from [4]). The rotor orbit radius is equal to
eccentricity 𝑒. If the rotor is moving with centred circular orbits, the force-displacement
model can be rewritten to equation (1.6).

−

⎡⎣ 𝐹𝑥

𝐹𝑦

⎤⎦ =
⎡⎣ 𝐾 𝑘

−𝑘 𝐾

⎤⎦⎡⎣ 𝑥

𝑦

⎤⎦+
⎡⎣ 𝐶 𝑐

−𝑐 𝐶

⎤⎦⎡⎣ �̇�

�̇�

⎤⎦+
⎡⎣ 𝑀 𝑚

−𝑚 𝑀

⎤⎦ ⎡⎣ �̈�

𝑦

⎤⎦ (1.6)

Authors derived equations (1.7) and (1.8), which lead to the determination of the
rotordynamic coefficients in terms of radial 𝐹𝑟 and tangential 𝐹𝑡 force components, which
are in case of centred steady-state rotor position time-independent, unlike 𝐹𝑥 and 𝐹𝑦.

𝐹𝑟

𝑒
= −𝐾 − Ω𝑐 + Ω2𝑀 (1.7)

𝐹𝑡

𝑒
= 𝑘 − Ω𝐶 − Ω2𝑚 (1.8)
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Term Ω represents a quantity called ”whirl frequency” or ”precession frequency”.
Derivation of equations (1.7) and (1.8) is fully covered in the full version of this doctoral
thesis. The rotordynamic coefficients are obtained from these equations by a least-square
curve fit on force components 𝐹𝑟 and 𝐹𝑡, defined by an analysis of the pressure distribu-
tion on the rotor of the annular seal. It is necessary to compute the force components
𝐹𝑟 and 𝐹𝑡 for a range of the whirl frequency Ω. Equations (1.7) and (1.8) are from a
mathematical point of view the second-degree polynomials. Hence, the calculations have
to be performed for at least three different whirl frequencies.

All methods, which used the force-displacement model defined by equation (1.5) are
reasonably accurate only for seals of length to diameter ratios 𝐿𝑠/𝐷 ≤ 0,5 (so-called
”short seals”). Not only force, but as well moment components 𝑀𝑥 and 𝑀𝑦 act on the
rotor because of the non-uniform pressure distribution on the rotor surface. The effect
non-uniformity of pressure field is negligible for short seals, but it has to be included for
long annular seals with 𝐿𝑠/𝑅 ≥ 1.

1.3 Analysis of annular seal of oxidizer pump

The focus of the following sections is the determination of the rotordynamic coefficients of
plain annular seal in the oxidizer pump of the rocket engine. The working fluid pumped
by the oxidizer pump is nitrogen peroxide. Impeller with 5 blades was designed based
on the design parameters. The meridional section of the oxidizer pump with all main
dimensions, which are required for analyses of the annular seal, is depicted in figure
1.4. All dimensions, presented in the meridional section of the pump are in millimeters,
which means that dimensions of the pump are very small in comparison with the ordinary
dimensions of the pumps.
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Fig. 1.4: Meridional section of oxidizer pump
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The analysed plain annular seal in the front sidewall gap is highlighted in red colour.
It restricts flow from impeller discharge through the front sidewall gap to the inlet pipe.
There is an annular seal with the same geometry located in the rear sidewall gap. Fluid
flow in the rear sidewall gap is limited almost to zero and it is modeled like there would
be a mechanical seal. Although the final constructional solution is different in comparison
with fig. 1.4, the mass flow rate through the rear sidewall gap is approximately equal to
zero. The annular seal in the rear sidewall gap has no flow in the axial direction and
consequently, it does not serve as an ordinary annular seal.

1.3.1 Computational domains used for CFD analyses of annular
seal

The analysis of rotordynamic coefficients of annular seals has two main steps. First, it is
necessary to determine force on the surface of the rotor within the seal for several whirl
frequencies. The rotordynamic coefficients are then evaluated based on components of
force for different whirl frequencies.

The fluid flow within the annular seal is in all analyses modeled by CFD. Two different
computational domains were used for the CFD simulation of flow in the annular seal of
the front sidewall gap. Both computational domains model the same operating conditions
of the pump. If the rotor and the stator of the pump are in a concentric position, the
radial clearance of the annular seal is 0,045 mm. Based on work [6], the rotordynamic
coefficients determined with the assumption of centred circular whirl motion are correct
for eccentricities up to half of seal clearance. Selected eccentricity for computation is
equal to a third of seal clearance, i.e. 𝑒 = 0,015 mm.

At least three computations with different whirl frequencies have to be carried out for
the purpose of identification of rotordynamic coefficients. In all analyses of rotordynamic
coefficients of the annular seal of the oxidizer pump, five computations were carried out
for a range of whirl to rotation ratios 𝑓Ω ∈ {0,5 ; 0,75 ; 1 ; 1,25 ; 1,5}, which was executed
for reasons of the more accurate curve fit. The whirl to rotation ratio is defined as the
ratio of whirl frequency to the angular velocity of rotor. Centred whirl motion of the rotor
was assumed in all CFD simulations.

The first computational domain consists solely of the geometry of the annular seal
of the front sidewall gap. The fluid flows in the annular gap between the stator and the
rotor. Rotor performs a whirl motion on predefined whirl frequencies. The computational
domain is depicted in fig. 1.5.

The computational mesh of the domain of the annular seal consists of 504 000 hexa-
hedral elements. Each part of the domain is split into 7 divisions in the radial direction.
Mesh adjacent to rotor and stator walls is refined to correctly resolve the boundary layer.
Computational mesh has 800 and 30 uniformly spaced divisions in circumferential and
axial direction, respectively.

The second variant of the computational domain covers the entire pump. The fluid
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enters the domain through the inlet pipe and flows out by the volute discharge. The
mass flow through the rear sidewall gap is assumed to be zero. The number and type of
elements for all parts of the computational mesh of the pump are presented in table 1.1.
The volute is the only part where the hexahedral elements were not used. The compu-
tational mesh with hexahedral elements in the volute was as well tested, but the CFD
computation in such case did not converge.

Tab. 1.1: Computational mesh of the pump with eccentric rotor

Location Number of elements Type of elements

Impeller 1 460 025 Hexahedral
Inlet pipe 4 918 000 Hexahedral
Volute 3 807 862 Predominantly tetraheral and wedges
Front Sidewall Gap 5 846 400 Hexahedral
Rear Sidewall Gap 4 796 000 Hexahedral

Total number of elements 20 828 287

1.3.2 Overview of tested variants of CFD computations of an-
nular seal

Five versions of CFD computations were carried out for purposes of determination of
rotordynamic coefficients of the annular seal of the oxidizer pump. The main reason
for performing such amount of analyses was to examine, what is the difference between
rotordynamic coefficients determined with simplified computational domain or boundary
conditions (BC) and rotordynamic coefficients determined based on analysis of the entire
pump. Every CFD computations used the Realizable k-𝜀 turbulence model. Overview of
all tested variants of CFD computations of the annular seal is presented in table 1.2.

Analyses 1 to 4 used the computational domain of annular seal in CFD analyses and
used boundary conditions were pressure inlet and pressure outlet BC. Analyses 5, which
covers the entire pump, prescribed the mass flow rate at the inlet pipe inflow and the
pressure BC is used at volute discharge. Boundary conditions used in analyses 1 and 2

11



Tab. 1.2: Overview of tested variants of CFD computations of annular seal

Number of analysis Designation of analysis

1 Pure axial flow
2 Pre-swirl - 𝜔𝑅/2
3 Pre-swirl - constant values
4 Pre-swirl - mesh profile
5 Entire pump

were determined based on analytical formulas. Analysis 1 modeled the flow at the seal
inlet as purely axial. Analysis 2 prescribed circumferential velocity at the seal inlet which
equals half of the circumferential velocity at the rotor surface.

Boundary conditions in analyses 3 and 4 were determined from CFD analysis of the
pump with centred rotor position. The results of CFD analysis of the pump with centred
rotor position were averaged over one rotation of the impeller and these time-averaged
data were used for definitions of boundary conditions of CFD analyses. Constant values
of pressure and velocity over the annular seal inlet were assumed in analysis 3. Analysis
4 was the first analysis, where space varying boundary conditions, defined from analysis
of the pump with centred rotor position, were used.

1.4 Conclusions of analyses of the annular seal

Five different versions of CFD computations were carried out for the determination of the
forces on the rotor within the annular seal of the oxidizer pump. The main idea behind
carrying out all five analyses was to progressively increase the complexity of CFD analyses
of the annular seal to see, whether the resultant fluid flow and as well the rotordynamic
coefficient would converge to physically correct values. Another idea was to determine,
which simplification of the problem leads to acceptable values of rotordynamic coefficients
and which gives the unsatisfactory results.

The Childs and Dressman method for the determination of the rotordynamic coeffi-
cients was used in analyses 1 to 3, which used constant boundary conditions. However,
the methodology for the determination of the rotordynamic coefficients had to be adjusted
for analyses 4 and 5. Analysis 4 covered the effect of hydraulic radial force, and analysis 5
encompassed not only the hydraulic reaction force, generated by the orbital movement of
the rotor, and the hydraulic radial force, but as well effect of the rotor-stator interaction
(RSI). The process of determination of the rotordynamic coefficients in analyses 4 and 5
is not covered in any contemporary rotordynamic textbook. An updated model of the an-
nular seal in the pump was created for analyses 4 and 5. The model is inspired by Childs
and Dressman model, it includes the hydraulic radial force and rotor-stator interaction
force into the model and it is fully presented in the full version of this doctoral thesis.
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Tab. 1.3: Comparisons of resultant rotordynamic coefficients in analyses 1 to 5

Quantity Analysis 1 Analysis 2 Analysis 3 Analysis 4 Analysis 5

𝑀 [kg] 2,889×10−4 2,908×10−4 4,175×10−4 3,875×10−4 1,659×10−3

𝑚 [kg] 7,871×10−6 −4,108×10−7 −3,141×10−5 −4,515×10−5 −2,188×10−4

𝐶 [kg s−1] 26,944 26,806 22,391 22,222 49,193
𝑐 [kg s−1] 1,904 2,428 5,026 4,538 17,866
𝐾 [N m−1] 408 321,887 408 412,496 242 542,909 212 933,839 384 892,734
𝑘 [N m−1] 12 619,128 108 809,934 131 241,163 116 912,975 293 939,745

The rotordynamic coefficients of the annular seals determined in all five analyses for
turbulent flow regime are presented in table 1.3. The comparison of the rotordynamic
coefficients determined for each analysis showed the resultant rotordynamic coefficients
do not converge to final values with the increasing complexity of analysis, but they differ
in all analyses. And even though the rotordynamic coefficients are for analyses 3 and 4
similar, they are very different in comparison with the results of analysis 5. It is ques-
tionable whether the updated model of the annular seal is correct or imperfect and also
whether it is possible to use the approach applied in this thesis, which only filters out the
hydraulic radial force and the rotor-stator interaction force, and then the rotordynamic
coefficients are evaluated by the same approach as in the Childs and Dressman method.
However, these questions should be investigated in future researches.

The doctoral thesis as well found out the limitations of up to date methodology of
analyses of the annular seals. The theory of rotordynamics states the flow field is in an-
nular seals turbulent. This is a very strict rule, however, there is no published research,
which would verify the correctness of this rule. The basic criterion for the determination
of the flow regime is the Reynolds number. Currently, the most sophisticated version of
the Reynolds number formulated for annular seals, called the combined Reynolds num-
ber, is set for configuration with the concentric rotor and it assumes only the axial and
circumferential flow in the annular seal. This means it neglects the effects of eccentric
rotor position, rotor whirling motion, the radial velocity at the inlet, etc. As well the
transition of flow regimes from laminar to turbulent is not strictly defined.

Values of combined Reynolds number for the analysed annular seal of the oxidizer
pump for all analyses belonged to the transition area between laminar and turbulent flow
and even though they were more close to the turbulent flow regime, there are too many
uncertainties in the determination of flow regime to be sure the flow is certainly turbu-
lent. Therefore, it is necessary to investigate the flow field in annular seals in more detail
because the flow regime has a crucial effect on the resultant flow field.
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2 INVERSE VIBRATION PROBLEMS

Description of the dynamic behaviour of the structures is based on mass, damping and
stiffness matrices, which are collectively called ”the structural matrices”. Unfortunately,
the structural matrices are known only for a limited number of problems. Generally, the
procedure for producing the structural matrices is not known for complex problems, e.g.
the fluid-structure interaction (FSI). The structural matrices can be determined in case
when eigenvalues and eigenvectors of analysed system are known. This method is called
the inverse vibration problem.

The concern of the chapter is to define the inverse vibration problem for the fluid-
structure interaction problems. But if the inverse vibration problem should be applied for
the FSI problem, then the inverse vibration problem should be properly defined first. And
to understand the inverse vibration problem it is necessary to define the direct vibration
problem, which is as well known as the eigenvalue problem. This idea defines the structure
of this chapter.

2.1 Direct vibration problem

The equation of motion for the damped lumped parameter system, which is defined by
equation (2.1) and which is often called ”the Newton’s second law”, was first presented
by Lord Rayleigh in publication [8].

Mü(𝑡) + Cu̇(𝑡) + Ku(𝑡) = f(𝑡) (2.1)

where M ∈ R𝑁,𝑁 , C ∈ R𝑁,𝑁 and K ∈ R𝑁,𝑁 are the mass, damping and stiffness matrices
of analysed system. These matrices are as well called ”the structural matrices”. Term
u ∈ R𝑁,1 is the vector of generalized displacement, f ∈ R𝑁,1 is the vector of generalized
(external) forces acting on the system, 𝑁 is the number of degrees of freedom (DOF) of
the system and 𝑡 is time. Equation (2.1) is often called as the equation of motion in ”𝑁

space”. The solution of (2.1) can be directly obtained only for special types of problems.
The general approach for solving the equation of motion is based on transformation

to so-called ”2𝑁 space”. It was proven that problems that cannot be solved in 𝑁 space
can always be solved in 2𝑁 space. The transformation to the ”2𝑁 space” is accomplished
by adding the identity equation (2.2) to the system of equations (2.1).

Mu̇(𝑡) − Mu̇(𝑡) = 0 (2.2)

Combination of equations (2.1) and (2.2) leads to matrix equation in ”2𝑁 space”.

Nẇ(𝑡) + Pw(𝑡) = g(𝑡) (2.3)
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This form of the equation of motion yields the first order matrix pencil. Structure of
matrices in (2.3) is described in formula (2.4).

N =
⎡⎣ C M

M 0

⎤⎦ ; P =
⎡⎣ K 0

0 −M

⎤⎦ ; w(𝑡) =
⎡⎣u(𝑡)

u̇(𝑡)

⎤⎦ ; g(𝑡) =
⎡⎣ f(𝑡)

0

⎤⎦ (2.4)

The eigenvalue problem describes the solution of the homogeneous part of equation
(2.3). There are two associated homogeneous linear systems to (2.3) and they are repre-
sented by equations (2.5) and (2.6). To obtain the homogeneous solution, let g(𝑡) = 0.

(𝑠𝑖N + P)𝛼𝑖 = 0 (2.5)
𝛽𝐻

𝑖 (𝑠𝑖N + P) = 0 (2.6)

Terms 𝛼𝑖 and 𝛽𝑖 represent right and left eigenvectors in the 2𝑁 space, respectively, and
𝑠𝑖 is the eigenvalue. The superscript 𝐻 represents the conjugate transpose of a matrix.

Equations (2.5) and (2.6) can be generalized into (2.7) and (2.8) with introduction
of the Jordan matrix J and the modal matrices of right and left eigenvectors X and Z,
respectively.

NXJ + PX = 0 (2.7)
N𝐻ZJ𝐻 + P𝐻Z = 0 (2.8)

Based on analysis of the eigenvalues and eigenvectors, the so-called biorthogonality
condition in the 2𝑁 space can be formulated and it has form of (2.9). If equation (2.9)
is met, the modal matrices X and Z satisfy the biorthogonality condition with respect
to matrix N. Second important condition in the 2𝑁 space could be obtained by left
multiplication of equation (2.7) by matrix N𝐻 and by application of equation (2.9). The
second condition is defined by formula (2.10).

Z𝐻NX = I (2.9)
Z𝐻PX = −J (2.10)

The structure of modal matrices X and Z is represented by (2.11) and (2.12).

X =
[︁

𝛼1 . . . 𝛼𝑖 . . . 𝛼2𝑁

]︁
=

⎡⎣ x1 . . . x𝑘 . . . x2𝑁

𝑠1x1 . . . 𝑠𝑘x𝑘 . . . 𝑠2𝑁x2𝑛

⎤⎦
Z =

[︁
𝛽1 . . . 𝛽𝑖 . . . 𝛽2𝑁

]︁
=

⎡⎣ z1 . . . z𝑘 . . . z2𝑁

𝑠1z1 . . . 𝑠𝑘z𝑘 . . . 𝑠2𝑁z2𝑁

⎤⎦ (2.11)

Terms x𝑘 and z𝑘, represents the first half of eigenvectors 𝛼𝑘 and 𝛽𝑘.
Let introduce matrices x and z by equations (2.12).

x =
[︁

x1 . . . x𝑘 . . . x2𝑁

]︁
z =

[︁
z1 . . . z𝑘 . . . z2𝑁

]︁
(2.12)
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Modal matrices can be expressed based on equations (2.12) by formulas (2.13).

X =
⎡⎣ x

xJ

⎤⎦ ; Z =
⎡⎣ z

zJ𝐻

⎤⎦ ; Z𝐻 =
[︁

z𝐻 , Jz𝐻
]︁

(2.13)

The very important formula for the solution of the inverse vibration problems is deter-
mined from the solution of the nonhomogeneous linear system defined by equation (2.3)
and it is defined by equation (2.14). This formula is presented e.g. in publication [9] and
complete derivation is presented in the full version of this doctoral thesis.

xz𝐻 = 0 (2.14)

2.2 Inverse vibration problem

Generally, there are two types of problems in physics and engineering. The so-called
”direct problems” (or ”forward problems”) are dealing with the determination of behaviour
of a specified system based on its properties. On the other hand, the so-called ”inverse
problems” determine the properties of the system from its behaviour. In vibration theory,
the direct problem means the determination of eigenvalues and eigenvectors based on the
properties of the analysed system. The inverse vibration problem refers to the estimation
of the properties of a system based on the eigenvalues and corresponding eigenvectors.

The direct vibration problem for the damped, lumped-parameter systems works with
the equation of motion (2.1). The first who derived formulas for the solution of the inverse
vibration problem, which determines the structural matrices, was O. Daněk. First, he
published the inverse formulas for systems with simple structure [9], then as well for
systems with general structure [10], which are represented by equations (2.15)-(2.17).

M−1 = xJz𝐻 (2.15)
K−1 = −xJ−1z𝐻 (2.16)
C = −MxJ2z𝐻M (2.17)

The proper derivation of the inverse formulas for systems with both simple and general
structure is presented in the full version of this doctoral thesis. The form of equations
(2.15)-(2.17) implies the mass matrix, stiffness matrix and the Jordan matrix have to be
non-singular, otherwise, it is not possible to restore the structural matrices.

The inverse vibration problems can be divided into two types. If all eigenvalues and
eigenvectors are known, then it is called the full problem. On contrary, if at least one
mode of vibration is unknown, then it is called the partial problem. Equations (2.15)-
(2.17) can be directly used only for the full problems, therefore in cases when the matrices
J, X and Z are known and they are square matrices of order 2𝑁 .
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2.3 Algorithms for identification of structural matri-
ces

This section presents two algorithms for the determination of the structural matrices, one
for the full and another for partial problems. The other 3 algorithms for partial problems
are presented in the full version of this doctoral thesis, however, the algorithm for partial
problems, presented in section 2.3.2, is versatile for all types of partial problems.

The inputs to each algorithm are the Jordan matrix J and matrices x and z, which
represent the first halves of modal matrices. If the inputs to the algorithm are obtained
from the Experimental modal analysis (EMA), it is common that the eigenvalues and
associated mode shapes are measured. The first half of the right eigenvector x𝑖 creates
the mode shape. The structure of algorithms for the determination of the structural
matrices assumes, that only matrices J and x are known.

2.3.1 Full problem

In case of the full problem, it is possible to restore the structural matrices directly from
the inverse formulas (2.15), (2.16) and (2.17). The algorithm for the full problems is
described by the following steps.

1. Input: J and x
Input matrices have order J ∈ C2𝑁,2𝑁 and x ∈ C𝑁,2𝑁 .

2. Determination of matrix z
The first half of the modal matrix of left eigenvectors can be determined from
homogeneous equation (2.14).

xz𝐻 = 0

Number of rows 𝑎 of the matrix z, determined from (2.14), is less than or equal to
𝑁 (𝑎 ≤ 𝑁). Matrix z has to contain an identical number of rows as matrix x, i.e.
𝑎 = 𝑁 . If a number of rows of the matrix z are less than 𝑁 , then the matrix z has
to be enlarged, which can be achieved by duplication of existing rows of matrix z.
It is clear, that final configuration of matrix z fulfil equation (2.14).
Note: In case, when matrix z is known, the second step is skipped.

3. Determination of M, C and K
The structural matrices are in case of the full problem restored from the following
equations.

M = (xJz𝐻)−1

K = (−xJ−1z𝐻)−1

C = −MxJ2z𝐻M
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4. Verification of solution correctness.
Verification of correctness of derived structural matrices is performed by solving the
eigenvalue problem with these matrices. If the resultant Jordan matrix and modal
matrices are identical to the input matrices, then the derived structural matrices
are correctly determined.

2.3.2 Partial problem with selection of additional eigenvalues

The versatile algorithm for all types of partial problems is called the algorithm for partial
problems with selection of additional eigenvalues. It is possible to select arbitrary eigen-
values which should complete the set of know eigenvalues in order to obtain the set of
2𝑁 eigenvalues and then to use formulas (2.15), (2.16) and (2.17) for the determination
of the structural matrices. The derivation of this algorithm is based on equation (2.7),
which defines the eigenvalue problem.

NXJ + PX = 0

The concern of this section is solving the partial problems, thus let’s assume that 𝑏

eigenvalues and 𝑏 right eigenvectors are known. Left eigenvectors can be either known
or determined from procedures, that are presented in the full version of this doctoral
thesis. In other words, the matrices J ∈ C𝑏,𝑏, X ∈ C2𝑁,𝑏 and Z ∈ C2𝑁,𝑏 are known.
The underlining of terms is used to distinguish matrices from matrices J, X and Z from
equation (2.7), which represents the square matrices. Then underlined matrices have to
fulfil the biorthogonality conditions (2.9) and (2.10).

Z𝐻NX = I

Z𝐻PX = −J

Since the partial problem is solved and modal matrices X and Z are square in case
of the full problem, the matrices X and Z are thin rectangular matrices. The following
formulas are valid for thin rectangular matrices.

X+X = I ; XX+ ̸= I

Z+Z = I ; ZZ+ ̸= I (2.18)
Z𝐻

(︁
Z𝐻

)︁+
= I ;

(︁
Z𝐻

)︁+
Z𝐻 ̸= I

The matrices N and P can be expressed from the biorthogonality conditions by following
formulas.

N =
(︁
Z𝐻

)︁+
X+ (2.19)

P =
(︁
Z𝐻

)︁+
J X+ (2.20)

The correctness of formulas (2.19) and (2.20) is verified simply by substituting those for-
mulas to the biorthogonality conditions (2.9) and (2.10).
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Equation (2.7) can be adjusted to (2.21) by expressing matrices N and P from equa-
tions (2.19) and (2.20), respectively.(︁

Z𝐻
)︁+

X+XJ +
(︁
Z𝐻

)︁+
J X+X = 0 (2.21)

It is clear from equation (2.21), if X = X (which is valid, because right eigenvectors in
matrix X are solution of equation (2.7)), then equation (2.21) is simplified to following
equation.

J = J

This equation implies that 𝑏 eigenvalues and 𝑏 eigenvectors represent the solution of the
eigenvalue problem.

Equation (2.21) can be used for the determination of 2𝑁 −𝑏 additional eigenvalues and
associated eigenvectors. Square matrices J and X can be divided into two parts. The first
part of these matrices is constituted from known matrices J and X because it was proven
these matrices represent the solution of the eigenvalue problem. The second part of the
matrix J creates the Jordan matrix with additional eigenvalues Λ and the second part of
the matrix X represents the modal matrix of associated additional right eigenvectors T.
The structure of matrices J and X are described in the following formulas.

J =
⎡⎣ J , 0

0 , Λ

⎤⎦ ; X =
[︁

X , T
]︁

,

The basic idea of the developed approach is, that the set of additional eigenvalues is
chosen and generally arbitrary. However, it is assumed in the following derivation that
all eigenvalues have multiplicity equal to one, which means the matrix Λ is a diagonal
matrix. Matrices Λ and T have the following structure.

Λ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Λ𝑏+1 . . . 0 . . . 0
... . . . ... ...
0 . . . Λ𝑏+𝑖 . . . 0
... ... . . . ...
0 . . . 0 . . . Λ2𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
T =

[︁
T𝑏+1 . . . T𝑏+𝑖 . . . T2𝑁

]︁
,

where Λ𝑖 is additional eigenvalue and T𝑖 is associated additional right eigenvectors.
Further adjustments of equation (2.21) can be done by left multiplication by matrix

Z𝐻 .

Z𝐻
(︁
Z𝐻

)︁+
X+XJ + Z𝐻

(︁
Z𝐻

)︁+
J X+X = 0

X+XJ + J X+X = 0 (2.22)

Equation (2.22) can be rewritten for (𝑏 + 𝑖)-th eigenvalue and (𝑏 + 𝑖)-th associated eigen-
vector into formula (2.23).

X+T𝑏+𝑖Λ𝑏+𝑖 + J X+T𝑏+𝑖 = 0 , (2.23)

19



where (𝑏 + 𝑖)-th eigenvalue is a number, therefore equation (2.23) can be rewritten to
form:

(Λ𝑏+𝑖X+ + J X+)T𝑏+𝑖 = 0 (2.24)

Equation (2.24) represents a homogeneous equation. The rank of matrix in paren-
theses is equal to the number of known right eigenvectors 𝑏. Therefore, the solution of
homogeneous equation (2.24) is matrix of order 2𝑁 × (2𝑁 − 𝑏), which contains 2𝑁 − 𝑏

additional right eigenvectors.
It was proven, that there are two possible approaches for the determination of the

modal matrix of additional right eigenvectors T. The first approach is based on the so-
lution of homogeneous equation (2.24) individually for every single additional eigenvalue.
The resultant matrix, obtained from solution of (2.24), has 2𝑁 − 𝑏 additional right eigen-
vectors. One right eigenvector, associated with the chosen eigenvalue, has to be selected
from this matrix. In second approach, homogeneous equation (2.24) is solved only for
one additional eigenvalue. The number of additional right eigenvectors in the resultant
matrix is equal to a number of additional eigenvalues and they are associated with each
other arbitrarily.

The above described derivation can be used for restoring the structural matrices by
the following algorithm.

1. Input: J and x
Input matrices have orders J ∈ C𝑏,𝑏 and x ∈ C𝑁,𝑏, where 𝑏 < 2𝑁 .

2. Determination of matrix X
The modal matrix of right eigenvectors has order X ∈ C2𝑁,𝑏 and it is arranged from
matrices J and x. Structure of matrix X is defined by equation (2.13).

X =
⎡⎣ x

x J

⎤⎦
3. Selection of additional eigenvalues

The additional eigenvalues should be chosen in order to minimize the effect of addi-
tional eigenvectors on the response of the system. The additional eigenvalues should
have a negative real part, which means they should not destabilize the system, and
they should not be in a range of assumed excitation. One of the suggested solutions
of this step is to set all additional eigenvalues to be negative real numbers.
Output of this step is the Jordan matrix J or order 2𝑁 × 2𝑁 .

4. Determination of additional eigenvectors
As previously written, this step can be accomplished by two ways. Both approaches
work with equation (2.24).

(Λ𝑏+𝑖X+ + J X+)T𝑏+𝑖 = 0
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A. Solution of (2.24) for all additional eigenvalues
The homogeneous equation is solved individually for each additional eigenvalue
and associated eigenvector is selected from resultant 2𝑁 − 𝑏 eigenvectors.

B. Solution of (2.24) only for one chosen additional eigenvalue
Homogeneous equation is solved only for one chosen additional eigenvalue. The
resultant matrix has 2𝑁 − 𝑏 columns, which represent 2𝑁 − 𝑏 eigenvectors.
Then 2𝑁 − 𝑏 additional eigenvalues and resultant eigenvector are associated
with each other arbitrarily.

This step in both approaches produces a square modal matrix of right eigenvectors
X of order 2𝑁 .
The following steps in the algorithm are the same as steps 2-4 in the algorithm
for the full problems, presented in section 2.3.1 and they are herein only briefly
mentioned. It is necessary to point out the following steps do not work with modal
matrix of right eigenvectors X, but only with its first half, i.e. with the matrix x.

5. Determination of matrix z
First half of modal matrix of left eigenvectors can be determined from homogeneous
equation (2.14).

xz𝐻 = 0

The matrix z has 𝑎 rows, where 𝑎 ≤ 𝑁 . If a number of rows is less than 𝑁 , then
the rows of z have to be enlarged by duplicating existing rows till the number of
rows of z is equal to 𝑁 .
Warning: This step cannot be skipped even if the matrix z is known at the be-
ginning of the algorithm. Order of matrix z is 𝑁 × 𝑏, but required matrix z has
to have order 𝑁 × 2𝑁 . It is possible to use known left eigenvectors, but first the
homogenous equation (2.14) has to be solved and then appropriate left eigenvectors
in matrix z can be replaced by known eigenvectors.

6. Determination of M, B and K
The structural matrices are restored from following equations.

M = (xJz𝐻)−1

K = (−xJ−1z𝐻)−1

C = −MxJ2z𝐻M

7. Verification of solution correctness.
Verification of correctness of derived structural matrices is performed by solving
the eigenvalue problem with these matrices. If resultant spectral matrix and modal
matrices contain input eigenvalues and eigenvectors, then the derived structural
matrices are correctly determined.
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2.4 Fluid-structure interaction with inverse vibration
problem

The concern of this section is the application of the algorithms for the solution of the
inverse vibration problem for the determination of a mathematical model of mutual in-
teraction between a flexible body and fluid in which the body is submerged. This type of
interaction is called the fluid-structure interaction (FSI).

In case of the FSI problem for the system with linear behaviour, the equation of mo-
tion for damped system (2.1), derived by Rayleigh, has to be supplemented by the added
effects terms. The following equation (2.25) represents the mathematical model of mutual
interaction between a flexible vibrating body and ambient fluid.

(M + m)ü(𝑡) + (C + c)u̇(𝑡) + (K + k)u(𝑡) = f(𝑡) (2.25)

The sum of the structural matrices and added effects matrices creates the general
matrices of analysed system, more specifically the mass matrix of general system ̂︁M, the
damping matrix of general system ̂︀C and the stiffness matrix of general system ̂︁K. The
equation of motion for the FSI problem has with the general matrices form:

̂︁Mü(𝑡) + ̂︀Cu̇(𝑡) + ̂︁Ku(𝑡) = f(𝑡) (2.26)

In the first FSI analyses, identical eigenvectors (i.e. mode shapes) have been assumed
for structures in a vacuum and fully submerged in fluid. If the influence of ambient fluid
on the eigenvectors is negligible, then it is possible to restore the general matrices of the
system, consisting of the structure and ambient fluid, in case of the full problem from the
following equations.

̂︁M−1 = (M + m)−1 = x̂︀Jz𝐻 (2.27)̂︁K−1 = (K + k)−1 = −x̂︀J−1z𝐻 (2.28)̂︀C = C + c = −̂︁Mx̂︀J2
z𝐻̂︁M (2.29)

Term ̂︀J is the Jordan matrix of system consisting of the structure and ambient fluid. Since
the effect of fluid on the eigenvector is negligible, the right and left eigenvectors, which
form the matrices x and z, are determined from analysis of structure without ambient
fluid.

It was found out that in some cases are the eigenvectors (i.e. mode shapes) of structure
vibrating in a fluid are slightly deformed in comparison with the eigenvectors of structure
in a vacuum. In case when the eigenvectors of the submerged structure are known, the
inverse formulas for the full problem are defined by the following equations.

̂︁M−1 = (M + m)−1 = ̂︀x̂︀Ĵ︀z𝐻 (2.30)̂︁K−1 = (K + k)−1 = −̂︀x̂︀J−1̂︀z𝐻 (2.31)̂︀C = C + c = −̂︁M̂︀x̂︀J2̂︀z𝐻̂︁M (2.32)

22



The matrix ̂︀x is the first half of the modal matrix of right eigenvectors of structure
submerged in fluid in 2𝑁 space and matrix ̂︀z represents the first half of modal matrix of
left eigenvectors of structure submerged in fluid in 2𝑁 space.

With the usage of the inverse formulas (2.27)-(2.29), or (2.30)-(2.32) it is possible to
restore the general matrices of structure submerged in fluid by algorithms presented in
section 2.3.

2.5 Applications of presented algorithms
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Fig. 2.1: Drawing with design of experiment with free beam

The algorithms for the solution of the inverse vibration problem were applied to the
solution of two cases of the FSI. The first application is focused on the determination
of the structural and global matrices of the beam with free ends in air and submerged
in water. The design of the experiment for the beam with free, which was used for the
determination of eigenvalues of the analysed system, is depicted in fig. 2.1. The mode
shapes were determined analytically. The main reason for this decision is possibility to
describe the vibration of the beam by only a few degrees of freedom, which would create
the global matrices of the analysed system of small order.

The application of the beam with free ends was a very useful application for the de-
velopment and testing of the algorithms for the solution of the inverse vibration problem.
All five algorithms, which are presented in the full version of this doctoral thesis, were
developed and tested on the application of the beam with free ends. The development
and testing of these algorithms was a long process and hence it was necessary to use a
test case, for which the run of the algorithm would be short. Therefore, it was suitable
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Fig. 2.3: Fixed beam geometry - top view

to create a case with very small input matrices.
The application with the beam with free ends used the spectral matrix and modal

matrices of order 20. The order of matrices was selected mainly for a fast run of algo-
rithms. Another important reason for the selection of such order of input matrices was
the resultant matrices, as same as the input matrices, can be presented due to the small
dimensions. It is difficult to show square matrices of higher orders because they can’t fit
on normal paper size.

The second application of derived algorithms was carried out with the fixed beam
model, which means the experimental apparatus was designed to model the beam with
the fixed boundary condition on one end and the other end is free. The fixed beam is also
called the clamped beam. The used design of the fixed beam model is shown in figs. 2.2
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Fig. 2.4: Drawing with design of experiment with fixed beam

24



and 2.3. The eigenvectors are in the second application determined by the Finite element
method. Design of experiment in case of the fixed beam model submerged in water, for
modeling the FSI case, is presented in fig. 2.4.

Both applications of derived algorithms required the determination of the eigenvalues
from the experimental measurement. The eigenvalues were evaluated from experimental
data by the SDOF response fit method, which is fully presented in the full version of
this doctoral thesis. The eigenvectors were in both applications determined from the
computational modeling.

2.6 Conclusion and thesis outcomes in inverse vibra-
tion problems

The second chapter of this doctoral thesis dealt with the derivation of algorithms for the
solution of the inverse vibration problems and the application of derived algorithms for
the determination of the matrices of the system in case of the fluid-structure interaction.
The inverse vibration problems are closely connected with the direct vibration problem
and it is simply impossible to understand the inverse vibration problems without an un-
derstanding the direct vibration problems. Therefore, it was necessary to cover the direct
vibration problems in the first sections of this chapter.

Five types of algorithms for the solution of the inverse vibration problems are pre-
sented in the full version of this doctoral thesis. One algorithm for the full problems and
four algorithms for the partial problems. The algorithm for the full problems was first
presented by O. Daněk in 1979. The main outcome of this doctoral thesis in a solution of
the inverse vibration problems is derivation of algorithms for the partial problems. The
algorithms presented in this thesis are the very first algorithms for the solution of the
partial problems.

The algorithm for the partial problems with the selection of additional eigenvalues is
not at the same level as the other three algorithms, but it goes over their limits, because
the additional eigenvalues are in the algorithm selected by the user, and the entire area
of partial problems, which was solved by three algorithms, can be covered by only one
general-purpose algorithm. Therefore, the full problems should be solved by the algo-
rithm for the full problems and the algorithm for the partial problems with the selection
of additional eigenvalues should be used for the solution of the partial problems.

The solution of the inverse problem was an overlooked part of the dynamic. It was
understandable because in a time when the only algorithm for the solution of the full
problems was available, the solution of the inverse vibration problem for the cases with a
higher number of DOFs seemed to be impracticable. However, the solution of the inverse
vibration problem with the algorithm for the partial problems with the selection of addi-
tional eigenvalues use only the fundamental eigenvalues and their associated eigenvectors
as the input to the algorithm and the other modes of vibration are created to not influence
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the dynamic behaviour of the system, which is defined by a set of fundamental modes of
vibration. Therefore, it is necessary to emphasize the importance of the algorithm for the
partial problems with the selection of additional eigenvalues, because it could be used for
modeling systems in many areas, where it is not possible to directly derive the general
matrices of the system.

The main disadvantage of all algorithms for the solution of the inverse vibration prob-
lems is that it is necessary to determine the input eigenvalues and eigenvectors. Therefore,
if the eigenvalues and eigenvectors are not known, it is always necessary to build an ex-
periment for real problems. Hence the algorithms cannot be used in the design stage,
where the eigenvalues are not known. Consequently, the algorithms for the solution of the
inverse vibration problem will always be the complementary method, which will be used
in very specific cases. Nevertheless, there are many cases in the field of fluid-structure
interaction, where the measurement of the eigenvalues is often part of the investigation
process. The algorithms for the inverse vibration problems can be employed in such cases.

There is still a lot of work in the development of algorithms for the solution of the
inverse vibration problems before it would be possible to use them for real problems,
where the discretization of the computational domain should be performed by hundreds
of thousands or even millions of elements. However, the application of algorithms for the
solution of the inverse vibration problems can be used in situations, where the other con-
ventional methods are not able to provide any solution. And above all the algorithm for
the partial problems with the selection of additional eigenvalues provides very interesting
possibilities in the modeling complex problems, such as the fluid-structure interaction.
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ABSTRACT

This doctoral thesis deals with two cases of fluid-structure interaction (FSI). The concern
of the first part is to investigate the mutual interaction between the rotor of rotating
machinery and fluid within the annular seals. The effect of the annular seals on the
dynamic behaviour of the whole machine is described by the rotordynamic coefficients.
The current models for the determination of the rotordynamic coefficients of the annular
seal use many assumptions.

This thesis presents five different analyses of rotordynamic coefficients of the plain
annular seal of the oxidizer pump. Each of those five analyses uses a different level of
simplification. The most simple analysis models only the volume of fluid within the
annular seal. And the most sophisticated analysis models fluid flow within the entire
pump with the eccentric rotor.

The second part of this thesis defines a new method for the solution of interaction
between the fluid and flexible body. This method is based on the solution of the inverse
vibration problem. The direct vibration problem, which is as well known as the eigenvalue
problem, uses the mass, damping and stiffness matrices, which are collectively called ”the
structural matrices”, and determines in the most general case the spectral matrix and
modal matrices of right and left eigenvectors. The inverse vibration problem is used for
the definition of the structural matrices based on the spectral matrix and modal matrices
of right and left eigenvectors.

The inverse vibration problems can be divided into two types. If all eigenvalues and
eigenvectors are known, then it is called the full problem. On contrary, if at least one
mode of vibration is unknown, then it is called the partial problem. Five algorithms for
the solution of the inverse vibration problem are defined in this thesis. However, two of
these five algorithms are versatile, each one for one type of inverse vibration problem.
The algorithm for the solution of the full problems was presented in 1979 by Otakar
Daněk. The algorithms for the solution of the partial problem, which are presented in
this thesis, are the very first algorithms for the solution of this type of inverse vibration
problem. And the versatile algorithm for partial problems is called the algorithm for the
partial problems with the selection of additional eigenvalues. The application of these
two algorithms for the solution of the inverse vibration problem for the full problems and
the partial problems are demonstrated on the solution of two cases of interaction between
the fluid and flexible body.
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