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Abstract: This article deals with the determination and comparison of different types of functions
of the type-2 interval of fuzzy logic, using a case study on the international financial market. The
model is demonstrated on the time series of the leading stock index DJIA of the US market. Type-2
Fuzzy Logic membership features are able to include additional uncertainty resulting from unclear,
uncertain or inaccurate financial data that are selected as inputs to the model. Data on the financial
situation of companies are prone to inaccuracies or incomplete information, which is why the type-2
fuzzy logic application is most suitable for this type of financial analysis. This paper is primarily
focused on comparing and evaluating the performance of different types of type-2 fuzzy membership
functions with integrated additional uncertainty. For this purpose, several model situations differing
in shape and level or degree of uncertainty of membership functions are constructed. The results of
this research show that type-2 fuzzy sets with dual membership functions is a suitable expert system
for highly chaotic and unstable international stock markets and achieves higher accuracy with the
integration of a certain level of uncertainty compared to type-1 fuzzy logic.

Keywords: computational finance; fuzzy logic; membership function; Type-1 fuzzy sets; T1FLS;
Type-2 fuzzy sets; T2FLS

1. Introduction

Fuzzy set theory was first introduced by Lotfi Zadeh in the 1960s as a way to capture
the uncertainty and ambiguity often overlooked in complex systems. It can be considered
as a generalization of the theory of classical sets. As research into fuzzy logic continues,
fuzzy sets (FS) are gradually being refined to better reflect the original idea of modeling
linguistic variables, which builds on the pillars of inaccuracy, vagueness and ambiguity that
arise in language variables. This resulted in three main streams of fuzzy set representation:
(a) type-1 fuzzy set (T1FS); (b) general type-2 fuzzy sets (GT2FS); (c) interval type-2 fuzzy
sets (IT2FS). However, the computations with type-2 fuzzy sets are complex [1]. To solve
this, simplification of type-2 is conducted through a special kind of type-2 fuzzy set called
interval type-2 fuzzy set. Interval type-2 fuzzy sets manage uncertainty in membership
functions, but computations are less intense, keeping the capabilities to process uncertain-
ties [2,3]. The first mentioned fuzzy sets are considered to be a very simplified form of
representation of linguistic variables, which is able to integrate exclusively a certain degree
of uncertainty according to [4,5], while type-2 interval fuzzy sets are able to integrate
uncertainty in the form of intervals, thus not limiting the level of uncertainty. Although
IT2FS are more computationally intensive and more complex to design, according to [6],
these sets are better able to deal with the additional noise and the nonlinear and chaotic
environment of input data from various disciplines.

The reason for the widespread use and ever-increasing popularity of fuzzy logic in
many scientific fields lies in the fact that it is able to better understand human thinking
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and, above all, is able to process uncertain, ambiguous and incomplete data. The selection
and setting of the correct membership functions and the determination of the relevant
fuzzy rules on the basis of which the model provides outputs is absolutely essential
for the correct and accurate functionality of the fuzzy model. While setting fuzzy rules
can be solved using a team of experts or through neural networks, such as the ANFIS
model, the construction of fuzzy membership functions and the adequate setting of their
parameters is a demanding task and prone to errors [7]. Thanks to the possibility of the
parameterization of standard and widely used fuzzy functions (for example triangular,
trapezoidal or Gaussian) it is possible to directly and consistently compare the performance
of these functions in type-1 and type-2 fuzzy models. As described by [6], in addition to
these standard functions, less common fuzzy functions can be found; however, these can
also be easily converted from type-1 to type-2 by parameterization. As [8] point out, the
choice of the correct fuzzy function, including the appropriate setting of parameters, thus
plays a fundamental and indispensable role in the design, implementation, performance
and subsequent interpretation of the fuzzy model. The authors add that these parameters
of fuzzy functions are possibilistic in nature and depend on the specific area or domain in
which the model is applied. Expert research or other sophisticated methods that set the
parameters are necessary for the correct selection and setting of fuzzy functions. Study in [9]
emphasizes that the correct choice of fuzzy functions depends to a large and not negligible
extent on the subjective perception of inaccurate or vague data. In other words, there are
no criteria or consensus to determine the appropriate fuzzy functions for a particular area,
although, as [10] points out, these functions play a central role in the high performance of
the fuzzy model. Thus, fuzzy functions can be considered as building blocks of fuzzy set
theory. However, fuzzy functions must satisfy the necessary condition that they must be in
the range 0 to 1. If this condition is met, fuzzy functions can take various shapes and forms.

It can thus be concluded that the correct choice of fuzzy functions is a specific problem,
and many researchers and experts have justifiably given the attention of this issue. The
next part provides an overview of the literature dealing with finding a suitable fuzzy
function. When using different MFs for a given problem, it has usually been found that
Gaussian and triangular MFs have very good results, better than other types of MFs.
Research in [11] compared the response of the system with different MFs and expressed
the view that a triangular MF is better than other MFs. In fact, if one does not have priority
for the MF shape, triangular or trapezoidal shapes are easy to implement and calculate
quickly. However, if someone has certain priorities for their shapes (e.g., from histograms
on sampled data), it may be interesting to create MFs with shapes derived from these
apriori shapes after some smoothing, if necessary, according to [10]. In their research,
paper [12] used the Gaussian membership function in the ANFIS model to test data on
investment instruments. The fuzzy model is applied to the Tehran stock exchange index
(TEPIX). The created model was able to predict the development of the stock index with
high accuracy. A similar recommendation can be found in [13], which also recommends
Gaussian membership functions. The authors further emphasize that this feature best
reflects the nature of stock market data. [14] modified the conventional adaptive neuro-
fuzzy inference model (ANFIS) using Gaussian functions of layer 4 membership instead
of standard polynomial functions. The modified model achieved better computational
performance for stock market prediction tasks. In contrast, in the study by [15] integrated
technical indicators into the fuzzy system as input variables broken down into seven
attributes, which they described using triangular fuzzy functions.

Fuzzy sets are used to express ambiguities in the member function of fuzzy sets.
However, so far, as follows from the above, there is no consensus on the geometry of the
membership functions. These member functions are usually constructed using numeric
data or a range of classes. However, there is uncertainty about the form of membership,
i.e., whether it is a function of membership in a triangle or a function of trapezoidal mem-
bership, or other. When creating any fuzzy model, strong emphasis should be placed
on membership functions, which are neglected and insufficiently researched in most re-
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search papers, which can cause significant problems with the functionality of the model.
The expression of membership functions depends on both the subject (how deep the re-
searcher’s experience is) and the context (where the problem is). For this reason, the present
research focuses on the use of membership functions with varying degrees of uncertainty,
which is gradually increasing. Furthermore, not only one type of membership function is
used, as is usual in the vast majority of studies, but triangular, trapezoidal, Gaussian and
bell membership functions are gradually created. Not to rely solely on one membership
function is intentional, because in addition to the knowledge base, membership functions
are essential for the proper functioning of the model. Incorrect description of input data
through membership functions can provide incorrect outputs. Especially when applied to
the stock market, incorrect description of fuzzy functions can cause significant differences
in the profitability of the investment strategy and can cause generating incorrect investment
signals, which can cause losses to potential investors.

The paper is organized as follows: Section 1 introduction the subject matter, including
the identification of the urgency of the problem and the definition of the aim of the work;
Section 2 provides the theoretical background and examines already published works;
Section 3 is focused on the theory of fuzzy mathematical background of fuzzy system
type-1 and type-2; Section 4 is devoted to the methodology and experiments on the data of
the international stock market; Section 5 discusses obtained results and evaluation of the
created model; Finally, Section 6 summarizes outputs of the paper, recognized limits and
suggestions for the subsequent research.

2. Theoretical Background

Numerous papers and research focused on the prediction of financial time series of
stock indices using type-1 fuzzy logic can be found in the literature. However, classical
type-1 fuzzy sets are not able to fully capture the additional uncertainty that is a feature
of stock markets. For this reason, in recent years, research has focused on the application
of type-2 fuzzy logic in economic areas. The latest research in this area is described below.
The aim was to select research studies, taking into account the membership functions used,
but there are not many articles focused on this topic. The type of function is not specified,
as the vast majority of researchers do not pay much attention to choosing the appropriate
membership function, but the accuracy of fuzzy model outputs and researchers state the
function they use in their fuzzy models.

Authors in [16] use several stock indices to predict market trends: Bombay Stock
Exchange; CNX Nifty; and S&P 500. The authors chose the type-1 fuzzy model, which
integrates ANFIS, to predict them. The authors used fuzzy sets in the Gaussian fuzzy model.
However, the authors point out that the integration of neural networks through the ANFIS
model significantly reduces the interpretability of the created system. Researches [17,18]
apply triangular fuzzy functions to the moving average prediction and the obtained forecast
is implemented on the share at Bombay Stock Exchange. Paper [19] develops a fuzzy trading
system integrating technical indicators on the basis of which they predict the development
of the stock index. [20] predict the stock price of the State Bank of India (SBI) and the
Dow-Jones Industrial Average (DJIA) using a fuzzy model. As part of fuzzification, the
authors use a triangular fuzzy function, which is very simple and widespread, as the
authors note. Other paper [21] integrates technical indicators into the model in order to
improve the portability of the Athens Stock Exchange stock price forecast. The output
of the strategy are signals to buy or sell a specific share. Authors [22] use two US stock
indices, the DOW30 and the NASDAQ100 modified ANFIS model to predict. According
to their empirical results, the bell functions of membership outperform trapezoids in
performance. The authors also draw attention to a fundamental finding: the numbers and
types of fuzzy functions have a fundamental and substantial influence in the process of
predicting for financial time series. Paper [23] proposes a type-2 fuzzy model for stock
index forecasting: Taiwan Stock Exchange Capitalization Weighted Stock Index, the Dow
Jones Industrial Average and the National Association of Securities Dealers Automated
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Quotation. As an input variable, they use a time series delayed by one day in the fuzzy
model. [24] predict the closing prices of TAIEX and NASDAQ stock indices. They also
note that membership functions are an important aspect of prediction. The authors use
triangular MF, because according to their knowledge and experience they provide better
performance than Gaussian. Authors [25] use T2FLS to form a profit analysis decision
support model. The authors apply type-2 fuzzy sets because type-1 is too noisy. [26] in
their research suggest the creation of T2FLS to improve and refine the effectiveness of the
TAIEX and COVID-19 stock index prediction model.

As is mentioned above, the stock market, and therefore the entire financial system, is
characterized by a highly unstable environment that is constantly changing. This is also one
of the reasons why it is not possible to choose a universal form of membership functions
within decision-making models or stock market prediction (see Table 1). However, this is a
crucial area, as incorrect description of input data through membership functions results in
incorrect output. In this case, incorrect investment signals or the indication of false signals
to buy or sell, which may ultimately lead to the loss of investors or the impairment of their
funds. The above literature review of scientific and research papers shows the following:

1. there is no consensus on the choice of fuzzy model membership functions in the stock
market. Different authors choose different membership functions, mostly resorting to
the simplest ones without deeper examination and deeper links to the nature of the
input data sources;

2. it has been shown that type-2 fuzzy logic, the respective dual functions of this type of
fuzzy sets, are insufficiently explored in the stock market, as this is an area that has
only been widely applied in recent years;

3. in the case of dual membership functions, the uncertainty or degree of uncertainty
contained between these functions is insufficient or not fully examined to provide
more accurate outputs of the respective more accurate predictions.

Table 1. Summary of literature background.

Author Fuzzy Sets Type Problem

[16] Gaussian T1FS stock index prediction
[23] Triangular T2FS stock index prediction
[17] Triangular T1FS stock index prediction
[18] Triangular T1FS stock index prediction
[19] Trapezoidal T2FS stock index prediction
[20] Triangular T1FS stock index prediction
[22] Bell ANFIS stock index prediction
[21] Bell T1FS stock prediction
[24] Triangular T1FS; T2FS stock index prediction
[25] Triangular T2FS profit prediction
[26] Triangular T2FS stock index prediction

For this reason, the authors of this paper consider this area to be very important,
especially a detailed examination of membership functions in terms of not only their
appropriate shape (T1FL and T2FL) resulting from the nature of the selected dataset, but
also the appropriate degree of uncertainty between dual membership functions (T2FLS)
resulting from the nature of the stock market.

3. Type-2 Fuzzy Logic

The fuzzy inference is very similar for type-1 and type-2 fuzzy logic. First, a fuzzifica-
tion process is performed, in which the measured real data are transformed into language
variables. Authors [27] state that these language variables are represented by attributes,
while the number of these attributes is normally in the range from 3 to 7. The degrees
of attributes are then graphically represented by a mathematical function (see Figure 1).
Within the higher level of fuzzy logic, there are three possible variants of fuzzification:
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(a) sharp set; (b) type-1 fuzzy set; (c) type-2 fuzzy set. The former is used if the input data
is perfect, i.e., it does not contain noise. Otherwise, fuzzy sets are selected. It is necessary
to note that data with stationary noise are modeled as type-1 fuzzy sets and data with
non-stationary noise are modeled as type-2 fuzzy sets.

Figure 1. The difference between (a) T1FS and (b) T2FS.

The distribution function, which represents type-2 fuzzy set, can be according to [28,29]
write as:

Ã =
∫

xεX

∫
uεJx

µÃ(x, µ)

x, u
=
∫

xεX

[∫
uεJx

µÃ(x, µ)/(x, u)
]

/x, (1)

where x is the primary variable Jxε[0, 1] is the primary membership of x, u is the second
variable, and

∫
uεJx

µÃ(x, µ)/(x, u) is secondary possibility distribution at x.
Paper [30] generalized the fuzzy set interval and defined the term IT2FLS. The require-

ment for secondary possibility distribution is a condition of normality, which means that
the X elements are fully distributed for x, which are defined as follows. IT2FLS is:

Ã =
∫

xεX

∫
uεJx

1
x, u

=
∫

xεX

[∫
uεJx

1/(x, u)
]

/x, (2)

where x is the primary variable, Jxε[0, 1] is the primary membership of x, u is the second
variable, and

∫
uεJx

1/(x, u) is secondary possibility distribution at x.

For interval type-2 fuzzy set X̃ are upper possibility distribution defined as µ(x) and
lower possibility distribution defined as µ(x) type-1 possibility distribution. According to

Mendel et al., 2006 the footprint uncertainty of X̃(FOU(X̃)) is defined as:

FOU
(

X̃
)
=
⋃

x∈X
Js =

{
(x, y) : JX =

[
µ(x), µ(x)

]}
, (3)

Interval type-2 fuzzy set X̃ =
[
µ(x), µ(x)

]
=
((

a, b, d; hU), (e, b, f ; hL)), where µ(x)

and µ(x) are type-1 fuzzy sets of a, b, d, e, f are reference points of the IT2FLS, hU indicates
the reference point of a, b, d in the upper possibility function, hL indicates the reference
point of e, b, f in lower possibility function, hUε[0, 1], and hLε[0, 1]. From a mathematical
point of view, the lower and upper possibility distribution can be written as follows:

µU(x) =


µU(x−a)

b−a , a ≤ x ≤ b
µU(d−x)

d−b , b ≤ x ≤ d
0, otherwise

, (4)
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µL(x) =


µL(x−e)

b−e , e ≤ x ≤ b
µL( f−x)

f−b , b ≤ x ≤ f
0, otherwise

, (5)

Subsequently, a comparative approach based on the possibility of uncertain mean and
variation coefficient for IT2FLS is introduced, as described below.

As stated by [31], for all IT2FLS X̃ =
((

a, b, d; hU), (e, b, f ; hL)), whose possibility
uncertainty mean value are as follows:

M
(

X̃
)
=

M(
˜XU) + M(X̃L)

2
, (6)

where possibility uncertainty means of the upper membership function M(X̃U) and lower
membership function M(X̃L) are respectively written as:

M
(

X̃U
)
= 1/2

∫ hU

0

(
XU(α) + XU(α) + 2b

)
f (α)dα, (7)

M
(

X̃L
)
= 1/2

∫ hL

0

(
XL(α) + XL(α) + 2b

)
f (α)dα, (8)

f (r) is an increasing function satisfying f (0) = 0, f (1) = 1 and
∫ hU

0 f (α)dα = 1/2.
Authors [31] further describe that the variation coefficient is written for all IT2FLS as:

VC(X̃) =


D(X̃)

M(X̃)
, i f M

(
X̃
)
6= 0

D(X̃)
ε , i f M

(
X̃
)
= 0

, (9)

where ε is very small value to present the approximate M
(

X̃
)

, D
(

X̃
)

is the variation

values. The D
(

X̃
)

is mathematically written as:

D(
˜

X) =

√
D(X̃U) D

(
X̃L
)

,

D(X̃U) = 1/4
∫ hU

0

(
XU(α)− XU(α)

)2
f (α)dα,

D(X̃L) = 1/4
∫ hL

0

(
XL(α)− XL(α)

)2
f (α)dα,

(10)

where f (α) is an increasing function satisfying f (0) = 0, f (1) = 1 and
∫ hU

0 f (α)dα = 1/2.
According to [31], two IT2FLS X̃ and Ỹ are considered, whose benchmarks are defined

as follows:
I f M

(
X̃
)
< M

(
Ỹ
)

, then X̃ ≺ Ỹ,

I f M
(

X̃
)
> M

(
Ỹ
)

, then X̃ � Ỹ,

I f M
(

X̃
)
= M

(
Ỹ
)

, then,

i f VC(X̃) < VC
(

Ỹ
)

, then X̃ ≺ Ỹ,

i f VC(X̃) > VC
(

Ỹ
)

, then X̃ � Ỹ,

else X̃ ∼ Ỹ,

(11)

It expresses that > means “larger than”, < means “less than” and∼means “same order”.
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3.1. Probability Information and Its Measure

Assume that x is a variable that expresses the value of X. The probability distribution
is modeled as: P : X → [0, 1] . Here, for each xεX, p(x) indicates the probability x, that the
value is in X, and satisfies ∑xj∈X P

(
xj
)
= 1.

Consequently, it can be stated that for each fuzzy subset A also has its probabil-
ity, which indicates that x lies in A, that is Prob(A) = ∑xjεX P

(
xj
)
. This is written as

Prob(X) = 1 and Prob(∅) = 0.
The calculation of the probability of a fuzzy set was proposed by [32]. Let B be a fuzzy

subset of X such that B
(
xj
)

is membership grade of (xj) in B. It is recommended, according
to Wu and Mendel (2009), that:

Prob(B) = ∑n
j=1B B

(
xj
)

P
(

xj
)
, (12)

Obviously, B is a crisp set if B
(
xj
)
= 1 if xjεB and B

(
xj
)
= 0 if xj /∈ B.

Let x be a prime variable from the X = (x1, x2, . . . , xn) with the corresponding
probabilities P = (p1, p2, . . . , pn). Subsequently, the entropy of the distribution can be
written as follows:

H(x) = −∑n
i=1 Pilog2Pi, i = 1, 2, . . . , n, (13)

3.2. Combining Information about Possibilities and Probabilities

Considers a variable X taking values from X = (x1, x2, . . . , xn), (p1, p2, . . . , pn)
provides probabilistic information, and (π1, π2, . . . , πn) provides information on the
distribution of options.

Author [32] originally proposed a probability for a fuzzy subset of F. Suppose that F
is a fuzzy subset of X for xi ∈ X, then the probability for fuzzy subset F is defined as:

P(F) = ∑n
i=1 F(xi)pi = ∑n

i=1 πi pi, (14)

where πi is the value of the uncertainty of the possibilities with respect to the fuzzy set
theory, pi is the probability value for the fuzzy event xi.

A few years later, [33] generalized the probability theory and constructed a mathemat-
ical notation for calculating the probability of fuzzy event A, which is shown as:

P(A) =

{ ∫
µA(x) f (x)dx, i f x is continuous
∑i µA(xi) f (xi), i f x is discrete

, (15)

where µA(x) represents the probability distribution of X, f (xi) indicates the distribution
function of the probability X.

Suppose that x is a variable that takes values in space X, the probability of uncertainty
is modeled by P = (p1, p2, . . . , pn), F is a fuzzy subset of X with represented possibility of
distribution Π = (π1, π2, . . . , πn). For each xiεX the conditional probability distribution
P̃i based on conditioning P with Π can be denoted as:

P̃i = P(xi|F) =
P((xi) ∩ F)

P(F)
=

piπi

∑n
j=1 pjπj

, (16)

where pi indicates probability that x is taken of the V, and satisfying requirements ∑n
i=1 pi = 1.

4. Data and Methodology

Stock market price change is a dynamic system that is constantly changing, and these
sudden changes and movements of stock price movements doubles the complication of
successful stock price prediction. In addition, stock markets are characterized by their
highly non-linear nature that makes it difficult for investors to make quick decisions about
the right investments. It is essential to develop an intelligent system for obtaining real-time
price information, reducing one investor obsession and helping them maximize their profits.
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However, financial time series show relatively complicated and non-stationary behavior,
with the variable not having a linear trend or clear tendency to move to a fixed value
according to [34]. Mainly for the reasons described above, researchers are increasingly
focusing on the use of alternative techniques that can be used to predict the development
of financial time series. These techniques certainly include fuzzy logic, which is able to
include the uncertainty, nonlinearity and noise that occur in financial time series.

The Dow Jones Industrial Average (DJIA) is one of the best-known indicators of
developments in the US stock market. The DJIA is named after its founder, Charles Dow,
and its business partner, Edward Jones. The index was first calculated on 26 May 1896. At
that time, it contained 12 exclusively industrial companies focused on areas such as the
railway industry, cotton, tobacco, sugar cane, natural gas, etc. Today, the DJIA consists
of 30 American companies, many of these are the largest and the most traded (blue-chip
companies). The historical development of the DJIA index for the observed period is shown
in Figure 2.

Figure 2. Historical development of the DJIA stock index.

Table 2 shows the basic statistics of selected stock index. The average price of the DJIA
index for the selected period from January 2015 to January 2020 was 21,736.94. The price of
the index rose to a maximum value of 28,645.26 and fell to a minimum value of 15,660.8.
The standard deviation is a simple measure of the volatility of stock indices. For the DJIA
index, the price fluctuated 3718.25. Skewness is a measure of asymmetry, or, more precisely,
a lack of symmetry. Based on the values, it can be stated that the stock index has a positive
asymmetric distribution of price probabilities. Furthermore, Kurtosis values show that it
does not have a value close to 3, which is a theoretical value for the Gaussian probability
distribution. This suggests that none of the probability distributions of this time series
appear to be normally distributed. To confirm this assumption, the Jarque-Bera test was
conducted with a zero hypothesis that the respective probability distribution was Gaussian
(chi-square with 2 degrees of freedom). The reported values led to the rejection of the
null hypothesis for all stock indices. This lack of normality is in line with the well-known
“stylized facts” of market returns, as pointed out in previous studies [35].
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Table 2. Summary statistics of DJIA index for the observed period.

Statistics DJIA Index

Mean 21,736.94
Standard deviation 3718.25

Minimum 15,660.18
Maximum 28,645.26
Skewness 0.08
Kurtosis −1.52

Jarque-Bera test 122.98 **
** indicates p-value lower than 0.01.

Daily stock index closing rates for the selected period January 2015 to January 2020 are
used, a medium-term period of 5 years. It is also clear from the Figure 2 that this is a bullish
trend or a rising trend without long-term bearish trends. The time period is deliberately
ended in January 2020, before a sharp decline due to the COVID-19 pandemic situation.
This is a sudden event that would significantly distort the output of the fuzzy model. Real
data are processed through standard procedures applied in [36,37]. This step is purposeful,
as the value of the stock index shows large fluctuations, which would not have to provide
relevant outputs without pre-processing.

yt =
xt −m
M−m

(17)

where xt is the closing daily price of the stock index at time t, M = max{xt} and
m = min{xt}. Delayed data of the selected index are then selected as the input vector
for the fuzzy model, up to a delay of three days, as described here:

(yt−3, yt−2, yt−1, yt) (18)

The delay of up to three days proved to be the most accurate in an earlier survey
by [38], which is why the application is also performed here.

The whole practical part is processed using MATLAB 2021a software and a special
fuzzy logic toolbox was used to create the fuzzy model. The fuzzy model for stock market
research consists of three input variables (value at time t-3, t-2 and t-1), one rule block and
one output variable (value at time t).

5. Results and Evaluations

As previously described, fuzzy logic has a number of advantages, in particular being
able to work with vague terms, chaotic and dynamic environments and nonlinear behaviors
that are typical of everyday use in stock market analysis. Specifically, this paper applies a
higher level of fuzzy logic known as type-2 fuzzy logic, whose milked fuzzy functions are
able to include additional uncertainty.

The Mamdani fuzzy inference method has been widely applied in processing fuzzy
rule-based systems. The Mamdani model is suitable if the modeled area is described using
natural language. The input data is converted into fuzzy sets as part of the fuzzification
process using mathematical functions. A total of nine models are created for each of the
four shapes of the fuzzy sets: L—low, M—medium and H—high. Triangular, trapezoidal,
Gaussian and bell member functions in the range [0; 1] were used to create fuzzy models
and to examine the degrees of uncertainty in each of these MFs. A total of nine models
were created for each MF, which differ in the magnitude of the uncertainty contained in
the duplicate membership functions. Examined MF with varying levels of uncertainty are
graphically illustrated in Appendix A.

When compiling fuzzy sets, the parameters lower membership function scaling factor,
specified as a positive scalar less than or equal to 1, are used. Next, the lag value is
set. This delay defines the point at which the lower membership function value starts
increasing from zero based on the value of the upper membership function. For example,
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a lag value of 0.1 indicates that the lower membership function becomes positive when
the upper membership function has a membership value of 0.1. For demonstration in
this example, several values indefinitely are used to evaluate the accuracy of the created
models. Gradually, a total of nine models are created, which differ in the degree of
uncertainty contained in fuzzy sets describing the input variables. Model 1 contains
membership functions with lower scale 1 and lower lag 0, essentially classical fuzzy sets of
type 1. Model 2 consists of membership functions that already contain another degree of
uncertainty, which was not mentioned for model 1. Specifically, model 2 contains fuzzy
sets with lower scale 0.9 and lower lag 0.1. The following models contain more and more
uncertainty, as can be seen from the figures corresponding to the membership functions.
An overview of the plotting of the investigated types of IT2 FL MF is shown in Appendix A,
where triangular, trapezoidal, Gaussian and bell MFs are plotted. The figure also shows
how the distance between the individual functions gradually increases with the addition
of uncertainty.

Thus, a total of nine models are constructed for each type of fuzzy membership
function. The level of uncertainty with which the individual models differ is as follows:

• Model (1): T1FLS: LowerScale 1; LowerLag 0
• Model (2): T2FLS: LowerScale 0.95; LowerLag 0.05
• Model (3): T2FLS: LowerScale 0.90; LowerLag 0.10
• Model (4): T2FLS: LowerScale 0.85; LowerLag 0.15
• Model (5): T2FLS: LowerScale 0.80; LowerLag 0.20
• Model (6): T2FLS: LowerScale 0.75; LowerLag 0.25
• Model (7): T2FLS: LowerScale 0.70; LowerLag 0.30
• Model (8): T2FLS: LowerScale 0.65; LowerLag 0.35
• Model (9): T2FLS: LowerScale 0.60; LowerLag 0.40

The knowledge base represents rules in the form “IF-THEN” and expresses expert
knowledge about the relationship between the delayed values of the DJIA stock index and
the current value of this index. There are 27 defined fuzzy rules based on a team of experts.
These rules are essential for the proper functioning of the fuzzy model and to describe the
behavior of the fuzzy system. The antecedent part of fuzzy rules includes all the actual
combinations of language values of the input variables. The result is the evaluation of all
combinations, i.e., the assignment of linguistic values to the output variables.

The created fuzzy inference model is necessary to verify whether the presented outputs
are sufficiently accurate and applicable in practice. For this purpose, several evaluation
metrics are selected, which are used to verify and evaluate the error rate or accuracy of
individual illustrative models of fuzzy logic. Specifically, the Root Mean Square Deviation
(RMSE) indicator is selected, which compares the original data yt and the data obtained
from the output of the model

.
yt. RMSE assigns a relatively higher weight to large predic-

tion errors. This is especially useful when high error rates are undesirable. In the case
of predicting the development of the stock index, this indicator can be considered the
most appropriate. This indicator is also applied in many equally focused studies such
as [16,17,23]. In addition to the above indicator, Mean Absolute Percentage Error (MAPE),
Mean Absolute Error (MAE), Mean Squared Error (MSE) indicators are also applied and
calculated. MAPE is suitable for comparing forecasts between different time series because
it is expressed on a relative scale. The MAE indicates the size of the data set prediction
error regardless of the direction of its development. It basically gives a linear error rate,
which means that the differences have the same average weight. MSE is a suitable indicator
to determine whether the examined data set does not show more outlying prediction
values showing a high error rate. Unlike MAE, it places more weight on outliers due to
the quadratic part of its calculation. However, this means that a single bad prediction can
significantly increase the error rate. In particular, RMSE can be reported together with
MAE, because the larger the size of the deviation between the two indicators, the greater the
variance in the error rate of the examined data set. Based on the outputs of these indicators,
it is then possible to evaluate which fuzzy model, or which type of fuzzy function and
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level of uncertainty, achieves the most accurate results on the stock market. In general, the
lower the values of these indicators, the more accurate the model. The formulas of these
evaluations are shown below:

RMSE =

√
1
n

n

∑
t=1

(
yt −

.
yt
)2 (19)

MAPE =
1
n

n

∑
t=1

∣∣yt −
.
yt
∣∣

yt
x100 (20)

MAE =
1
n

n

∑
t=1

∣∣yt −
.
yt
∣∣ (21)

MSE =
1
n

n

∑
t=1

(
yt −

.
yt
)2 (22)

For subsequent comparison of models created on the basis of the above error and
performance indicators, it is necessary to obtain predicted output values of individual
models, based on which the performance of T2FLS models with membership functions
with different levels of uncertainty is determined. These data are entered in Tables 3–6.

Table 3. Evaluation the level of uncertainty for triangular IT2 MF.

Model RMSE MSE MAE MAPE

Model (1) 0.1763 0.0311 0.1660 90.32
Model (2) 0.1753 0.0307 0.1659 89.57
Model (3) 0.1736 0.0301 0.1651 88.28
Model (4) 0.1705 0.0291 0.1629 86.05
Model (5) 0.1656 0.0274 0.1586 82.56
Model (6) 0.1585 0.0251 0.1523 78.72
Model (7) 0.1517 0.0230 0.1457 74.74
Model (8) 0.1512 0.0229 0.1456 75.19
Model (9) 0.1690 0.0286 0.1593 80.69

Table 4. Evaluation the level of uncertainty for trapezoidal IT2 MF.

Model RMSE MSE MAE MAPE

Model (1) 0.1250 0.0156 0.1213 63.75
Model (2) 0.1227 0.0151 0.1193 62.16
Model (3) 0.1200 0.0144 0.1167 60.25
Model (4) 0.1168 0.0137 0.1137 58.05
Model (5) 0.1132 0.0128 0.1101 55.50
Model (6) 0.1094 0.0120 0.1064 53.33
Model (7) 0.1052 0.0111 0.1025 51.12
Model (8) 0.1001 0.0100 0.0972 48.36
Model (9) 0.0985 0.0097 0.0957 48.05

Table 5. Evaluation the level of uncertainty for Gaussian IT2 MF.

Model RMSE MSE MAE MAPE

Model (1) 0.1918 0.0368 0.1812 99.66
Model (2) 0.1864 0.0347 0.1767 96.55
Model (3) 0.1847 0.0341 0.1756 95.45
Model (4) 0.1840 0.1840 0.1752 94.90
Model (5) 0.1839 0.0338 0.1755 94.74
Model (6) 0.1847 0.0341 0.1763 95.04
Model (7) 0.1864 0.0347 0.1780 95.90
Model (8) 0.1890 0.0357 0.1805 97.28
Model (9) 0.1924 0.0370 0.1837 99.15



Appl. Sci. 2022, 12, 918 12 of 21

Table 6. Evaluation the level of uncertainty for bell IT2 MF.

Model RMSE MSE MAE MAPE

Model (1) 0.1754 0.0308 0.1621 91.47
Model (2) 0.1675 0.0280 0.1566 87.23
Model (3) 0.1674 0.0280 0.1568 87.18
Model (4) 0.1693 0.0287 0.1586 88.18
Model (5) 0.1716 0.0295 0.1607 89.46
Model (6) 0.1741 0.0303 0.1629 90.83
Model (7) 0.1767 0.0312 0.1651 92.23
Model (8) 0.1795 0.0333 0.1701 95.25
Model (9) 0.1825 0.0333 0.1701 95.25

Table 3 shows the evaluation of accuracy and error rate for triangular MF IT2 FL. A
total of nine models were examined, which differed in the degree of uncertainty involved
in the membership functions. The RMSE indicator was used to compare the quality of
models. A lower RMSE value indicates a better model. The table shows that model 8
had a value of 0.1512, which indicates a better model compared to another model form
triangular IT2 MF. The value of the MAPE indicator is a dimensionless characteristic by
which different models can be compared. The highest value was reached by model 1 with
a MAPE indicator value of 90.32, while the lowest value was shown by model 7 with a
MAPE indicator value of 74.74. Thus, in terms of this indicator, model 7 achieved a lower
error rate and deviated less from reality in comparison with all other models with the same
MF. The shortcoming in the MAE indicator was eliminated by first converting each error to
a positive value using an absolute value, and the errors from all observations were then
averaged as in the first cases. The MSE indicator converted negative error values to positive
ones by amplifying them. The result is a large number and because large errors, i.e., large
deviations of the forecasts from the actual situation, were given a large weight, while small
errors were given much less weight. For both of these indicators, model 8 achieved the
lowest error rate with a value of 0.1456.

The trapezoidal MF IT2 FL in Table 4 can be evaluated similarly. The same indicators
as for triangular MFs were used for evaluation and comparison. The lowest RMSE is in
the last model examined with a high level of uncertainty, namely with LowerScale 0.6
and LowerLag 0.4. This indicator showed a lower value (0.0985) than the triangular MF.
This type of MF also achieved better results for other indicators, where MSE shows a
value of 0.0097, MAE 0.0957 and MAPE 48.05. Even the worst model with a trapezoidal
function (model 1) showed better results in all monitored metrics than the best model with
a triangular function.

The penultimate form of the MF IT2 FL investigated is the Gaussian function. This
form of function is very often used in stock market analysis see [38,39]. However, in this
research, three-dimensional Gaussian functions showed the worst result. The best model in
terms of Gaussian MFs was model 5 (LowerScale 0.8 LowerLag 0.2). It can be seen that,
unlike the previous two types of MF, the Gaussian function showed the best results at the
lowest level of uncertainty, while the other two types (triangular, trapezoidal) showed the
best performance when including a large dose of uncertainty and uncertainty.

The last investigated shape of the MF IT2 FL is the bell function. Based on the compar-
ison with the previous mathematical functions, the bell function achieved excellent results
with a very low level of uncertainty LowerScale 0.95 LowerLag 0.05, resp. LowerScale 0.9
LowerLag 0.1. However, in terms of quality and error rate, even the bell MF could not be
compared much with the trapezoidal function. This type of fuzzy set with triangular fuzzy
sets showed very close results.

T2 FS are characterized by three-dimensional MF. The degree of membership for
each element of a type-2 fuzzy set is a fuzzy set in [0,1]. The third dimension provides
additional degrees of freedom to capture more information. Type-2 fuzzy sets are useful
in circumstances where it is difficult to determine the exact membership function for
fuzzy sets, which is useful for incorporating uncertainties. However, the use of type-2
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fuzzy sets in practice has been limited due to the significant increase in computational
complexity required to implement them. IT2 FS are characterized by secondary membership
functions that have only values of 0 or 1. This limitation greatly simplifies the computational
requirements associated with performing inferences with type-2 sets.

Based on the evaluation and comparison of individual forms of mathematical functions
of fuzzy logic according to selected indicators, it can be stated that the trapezoidal form
of MF is best suited to the analysis of the stock market. This is followed by a triangular
and bell shape, and the worst results were achieved by the widely used Gaussian shape
MF. Another finding resulting from the evaluation is the fact that while the trapezoidal MF
shows the best performance, this excellent performance was only achieved with a large dose
of uncertainty or uncertainty included in the three-dimensional functions that IT2 FL uses.
It is similar with triangular MF. On the contrary, although the bell and Gaussian functions
performed worse, they did not need as much uncertainty for their best performance.

6. Conclusions

The article shows which new and sophisticated methods should be used to achieve
a high level of probability of successful stock market analysis with expected benefits. We
present specific advanced methods for decision-making areas for successful investments.
Specifically, IT2 FL was used with a focus on examining the appropriate membership
function with different levels of uncertainty. According to the literature review, this area
is insufficiently researched in the context of financial time series. Based on the results, it
can be stated that when examining the stock index, the trapezoidal membership function
showed the best results, but this was using the high level of uncertainty contained in three-
dimensional MF. Triangular MFs also required similarly high levels of vagueness. On the
other hand, the bell and Gaussian MF did not require such a high level of vagueness to be
included in order to achieve their best performance at low uncertainty of the membership
function, but the results were a bit worse than for a trapezoidal and triangular fuzzy set
with a high level of uncertainty.

The benefits of the presented paper can be seen in three dimensions:

1. A detailed examination of the four basic forms of membership functions (triangular,
trapezoidal, Gaussian and bell), which were chosen with regard to the nature of the
input data originating from the stock market;

2. A detailed examination of the degree of uncertainty contained among the milked
fuzzy membership functions in type-2 fuzzy logic. Several fuzzy models were created
with varying degrees of uncertainty ranging from 0‰ to 40‰;

3. An application of type-2 fuzzy logic, which is neglected in the literature, lagging
behind the more well-known and simpler type-1 fuzzy logic.

These outputs can be used in practical applications in the stock market and in educa-
tion related to investments. The outputs of the expert system, specifically the fuzzy model,
which provided the most accurate results or the lowest error rate, can be used to provide
investment signals that can be placed directly on the stock market. The created model of
support for investment decisions thus provides certain proposals for profitable investment
strategies for investors, especially institutional investors, banks, investment companies and
the like. This model is able to indicate the growth or decline of the DJIA stock index and
thus send investment signals to buy or sell stock index shares.

However, it is also necessary to draw attention to the limits of research. This applica-
tion of the model is made exclusively on the US stock market, which is characterized by
high liquidity and efficiency. It would also be appropriate to verify the results on other US
stock market stock indices, such as the S&P 500, or on other stock markets, whether equally
developed or emerging. However, it can be assumed that a universal position regarding
the shape of the fuzzy function is not possible, because the correct shape depends on the
input characteristic data of the researched issue. It is necessary to pay close attention to this
issue, as a well-chosen form of fuzzy function and degree of uncertainty can significantly
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affect the accuracy of outputs, which is extremely important, especially in stock markets, as
even a slight improvement can cause investors significant profits or losses.
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