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Abstract: This article presents new sensitivity measures in reliability-oriented global sensitivity analy-
sis. The obtained results show that the contrast and the newly proposed sensitivity measures (entropy
and two others) effectively describe the influence of input random variables on the probability of
failure Pf. The contrast sensitivity measure builds on Sobol, using the variance of the binary outcome
as either a success (0) or a failure (1). In Bernoulli distribution, variance Pf(1 − Pf) and discrete
entropy—Pfln(Pf) − (1 − Pf)ln(1 − Pf) are similar to dome functions. By replacing the variance
with discrete entropy, a new alternative sensitivity measure is obtained, and then two additional
new alternative measures are derived. It is shown that the desired property of all the measures is
a dome shape; the rise is not important. Although the decomposition of sensitivity indices with
alternative measures is not proven, the case studies suggest a rationale structure of all the indices
in the sensitivity analysis of small Pf. The sensitivity ranking of input variables based on the total
indices is approximately the same, but the proportions of the first-order and the higher-order indices
are very different. Discrete entropy gives significantly higher proportions of first-order sensitivity
indices than the other sensitivity measures, presenting entropy as an interesting new sensitivity
measure of engineering reliability.

Keywords: sensitivity analysis; reliability analysis; failure probability; entropy; uncertainty;
importance measure

1. Introduction

The reliability-oriented sensitivity analysis (ROSA) differs from the classical sensitivity
analysis in the subject of interest. Classical sensitivity analysis focuses on the model output,
whereas the ROSA generally deals with reliability measures, usually the failure probability
Pf [1].

In civil engineering, the numerical analysis of small Pf using conventional stochas-
tic models is very time-consuming [2]. Although the probability analysis of structural
reliability is constantly evolving [3–5], the development of the ROSA is lagging.

In a multidisciplinary context, the mainstream global sensitivity analysis (SA) focuses
on model outputs [6]. In civil engineering, the global SA is used to study model outputs
of surrogate models without a direct relationship to Pf, with the results reflecting model
simplifications of approximation methods [7–10].

The global ROSA directly aimed at Pf was developed relatively recently [11–13].
Articles [11,12] present sensitivity indices oriented to the probability of failure, which is
based on the decomposition of the variance of a binary function (failure, success), building
on Sobol [14,15] where the sum of all the indices is equal to one and each index is non-
negative. The same indices can be obtained using the contrast function [13] where Pf
is a minimizer. The rationality of sensitivity indices [11–13] has been shown in many
applications [16–25].

Other ROSA methods have drawbacks that reduce their generality. The derivative Pf
measures only local change at the derivative point [26]. Methods [27,28] oriented to the
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reliability index β cannot analyze the interaction effects of input variables. According to the
Bayes formula, the SA in [29] analyzes Pf using first- and second-order sensitivity indices,
but without the introduction of the higher orders. The following method avoids the nested
sampling procedure, but only the first-order sensitivity indices have been introduced so
far [30,31]. The method in [32] represents the SA of Pf using sensitivity indices of all the
orders which do not have the sum of all the indices equal to one. The SA in [33] studies
Pf, but in order to identify new training points for the surrogate models. None of the
indices in [26–33] is based on decomposition as in the variance-based global SA. As the
comparative studies of [34] have shown, the values of sensitivity indices can vary greatly
depending on the type of ROSA used.

In the reliability analysis of a structure, the system is characterized by two possible
results: unreliability and reliability [35,36]. Although reliability can be assessed without Pf
using design quantiles, the SA of design quantiles cannot calculate the interaction effects
between load and resistance [37–40]. The correlation methods [41,42], Sobol SA [14,15];
density-based SA [43,44]; entropy-based SA [45,46]; quantile-based SA [47,48] and [37–40];
SA in Multiple Criteria Decision Making (MCDM) [49,50]; and other SA types [51,52] are
effective in their applications, but may not work properly in reliability tasks.

Numerous probabilistic sensitivity measures have been presented in a multidisci-
plinary context [53–55]. However, the mere fact that sensitivity measures are moment-
independent does not mean that they are reliability-oriented. The effect of an input variable
on the distribution of the output is not equal to the effect on the Pf [56].

Reliability and sensitivity analyses should work in tandem with a common focus on
Pf. The goal of the ROSA should be Pf, including all interaction effects from input random
variables. This article presents new global sensitivity measures oriented to Pf, building
on Sobol [14,15] on the path from variance [11–13] to entropy and other measures. The
research presents case studies with induction from results starting from the particular to
the more general.

2. Sobol Sensitivity Analysis

The Sobol SA of model output [14,15] is very popular and has been applied in many
engineering studies; see, e.g., [57–63]. The basic concept can be introduced as follows.

Let us consider a response function f with output Y with continuous input random
variables (X1, X2, . . . , XM).

Y(X) = f (X1, X2, .., Xi, .., XM). (1)

The Function (1) is assumed to be integrable in ΩM:

ΩM = (X|0 ≤ xi ≤ 1; i = 1; . . . , M ). (2)

Sobol’s concept decomposes the response function (1) into a form with increasing
dimension:

f = f0 + ∑
i

fi(Xi) + ∑
i

∑
j>i

fij
(
Xi, Xj

)
+ . . . + f12...M(X1, X2, . . . , XM), (3)

where the number of members is 2M. Each input random variable Xi has the probability
density function (pdf) ϕi(xi) ≥ 0 defined on the interval [0, 1], otherwise ϕi(xi) = 0. Assum-
ing the statistical independence of the input variables, the multivariate distributions equal
the product of the marginal distributions. Fubini’s theorem on double integrals implies
that if each member of the decomposition (apart from the constant f 0) has a mean value of
zero

E( f (xi)) =

1∫
0

ϕi(xi) · f (xi)dxi = 0, (4)
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then all the members of the decomposition are orthogonal in pairs:

E
(

f (xi) · f
(
xj
))

=

1∫
0

1∫
0

ϕi(xi) · f (xi) · ϕj
(
xj
)
· f
(
xj
)
dxidxj = 0, i 6= j. (5)

The members of the decomposition (3) can therefore be expressed using the conditional
realization of the model output.

f0 = E(Y), (6)

fi(Xi) = E(Y|Xi ) − f0, (7)

fij
(
Xi, Xj

)
= E

(
Y|Xi , Xj

)
− fi − f j − f0. (8)

In Equation (3), due to orthogonality, the members of the decomposition are statis-
tically independent random variables, where the sum of the variances of the individual
members is equal to the variance of the output; see [14,64,65]. The Sobol-Hoeffding decom-
position can be written as:

V(Y) = ∑
i

V( fi(Xi)) + ∑
i

∑
j>i

V
(

fij
(
Xi, Xj

))
+ . . . + V( f12...M(X1, X2, . . . , XM)), (9)

where the variance of the output V(Y) is uniquely decomposed into summands of increas-
ing dimensions. Following this approach, Sobol [14] introduces variability measures to
estimate the contribution of each input on an output. The conditional variance V(fi(Xi)) =
V(E((Y|Xi))) is the first-order effect of Xi on Y and the sensitivity measure

Si =
V(E(Y|Xi ))

V(Y)
, (10)

is the Sobol first-order sensitivity index of Xi on Y. E(Y|Xi) is computed at the point i
when other inputs are changed and V(•) is computed using all points i. Equation (10) can
be rewritten into a differential form that is suitable for examining alternative sensitivity
measures:

Si =
V(E(Y|Xi ))

V(Y)
=

V(Y)− E(V(Y|Xi ))

V(Y)
= corr2(Y, E(Y|Xi )), (11)

where corr is the Pearson correlation coefficient.
The Sobol second-order sensitivity index of pairs Xi, Xj on Y can be written using

Equations (8) and (9) as:

Sij =
V
(
E
(
Y|Xi , Xj

))
V(Y)

− Si − Sj =
V(Y)− E

(
V
(
Y|Xi , Xj

))
V(Y)

− Si − Sj = corr2(Y, E
(
Y|Xi , Xj

))
− Si − Sj. (12)

Other Sobol sensitivity indices, which quantify higher-order interactions indices,
can be written similarly. The sensitivity indices are positive or zero. The sum of all the
sensitivity indices must be equal to one.

∑
i

Si + ∑
i

∑
j>i

Sij + ∑
i

∑
j>i

∑
k>j

Sijk + . . . + S123...M = 1. (13)

In order not to have to evaluate all the sensitivity indices, the so-called total index is
introduced [6]. The total index STi provides information on the effect of Xi, including all
the possible synergetic terms between Xi and all the others. The sum of all STi is equal to
one if interaction effects are absent or is greater than one if interaction effects are present.

STi =
E(V(Y|X∼i ))

V(Y)
= 1− V(E(Y|X∼i ))

V(Y)
= 1− corr2(Y, E(Y|X∼i )), (14)
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where corr is the Pearson correlation coefficient.
An overview of some of the useful properties of the Sobol indices is described, for

example, in [66]. Sobol’s concept is based on the well-known formula of variance decom-
position V(Y) = V(E(Y|Xα)) + E(V(Y|Xα)), which separates the output variance into the
variance due to the dependence on a parameter group Xα and the residual variance. The
difference of variances V(Y) − E(V(Y|Xα)) may be replaced by another sensitivity measure,
such as entropy [67] or the difference between superquantile and subquantile [39,40]. The
Pearson correlation coefficient corr can be replaced by Spearman’s rank correlation or
Kendall’s τ. These alternative forms of sensitivity measures also lead to fragmentation with
the sum of all sensitivity indices equal to one, but the sizes and proportions of sensitivity
indices are generally different compared to those of Sobol.

3. Probability-Oriented Sensitivity Analysis

The reliability concept of Eurocodes, as defined in [35], is described in [68,69]. In
general, the reliability of a structure (or the structural elements) can be defined as the ability
to meet the requirements imposed on the structure over a reference period (usually up to
50 years) and under given operating conditions [35].

The basic condition of reliability can be written in the form of two random variables,
load action A and resistance R; see Figure 1.

Z = R− A ≥ 0. (15)

In the limit state, a structure is reliable if Z ≥ 0 (R ≥ A), otherwise failure occurs.
The resistance R and the load action A are two statistically independent variables that
can be products of other random variables. The resistance R is often a function of the
material strength and structural geometry [70,71], but it can also be limited by excessive
deformations [72,73] or the sizes of fatigue cracks [74,75] and many other possible failure
modes of different limit states [68,76].

Figure 1. The failure probability Pf and Bernoulli trial.

Reliability is usually expressed in probabilistic terms [35]. The probability of failure Pf
can be defined as the overload probability that A > R.

Pf = P(Z < 0) = P(A > R). (16)

The conventional measure of reliability is 1 − Pf. In engineering tasks, Pf is usually
a small value that must be lower than the target failure probability when reliability is of
interest [35]. Although Pf is an engineering characteristic, from a mathematical point of
view it can be described as any other probability using the probability theory, where Pf
can be described numerically using the number of desired outcomes divided by the total
number of all outcomes. The concept of the SA of Pf presented in this article generally
assumes Pf ∈ [0, 1].

Sensitivity measures based on the failure probability Pf as a dimensionless quantity
are suitable for the analysis of structural reliability. The sensitivity measure oriented to Pf
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is defined as the average difference between the unconditional Pf and the conditional Pf|Xi
on the input variable Xi. The article aims to study the effects of input variables on Pf using
new types of sensitivity measures.

3.1. Sensitivity Measure Subordinated to Contrast

The generalization of Sobol sensitivity indices using sensitivity measures other than
variance of model output was presented by Fort et al. [13]. Fort et al. [13] replaced variance
with a contrast function that can be oriented to both variance (Sobol) and quantile or
probability. Sensitivity indices are non-negative, and the sum of all indices is equal to one,
as in the Sobol SA.

The first sensitivity measure oriented to probability is derived using the concept [13],
where the minimum of the contrast function ψ(θ) can be written as:

min
θ
ψ(θ) = min

θ
E(ψ(Z, θ)) = min

θ
E(1Z<0 − θ)2 = V(1Z<0), (17)

where indicator 1Z<0 is a binary random variable with Bernoulli distribution. 1Z<0 takes
1 with probability Pf and 0 with probability 1 − Pf. Equation (17) reaches a minimum if
θ = Pf. Using variance V [1Z<0], the Sobol-Hoeffding decomposition [14,64] can be followed,
which leads to global reliability-oriented sensitivity indices [11–13].

Equations (6)–(8) can be rewritten by substituting Y = 1Z<0 using Bernoulli distribution
as follows:

f0 = E(1Z<0) = Pf , (18)

fi(Xi) = E(1Z<0|Xi )− f0 = Pf |Xi − Pf , (19)

fij
(
Xi, Xj

)
= E

(
1Z<0|Xi , Xj

)
− fi − f j − f0 = Pf |Xi , Xj − fi − f j − Pf . (20)

Substituting Y = 1Z<0 into Equation (9) we obtain:

V(1Z<0) = ∑
i

V(E(1Z<0|Xi ) ) + ∑
i

∑
j>i

V
(
E
(
1Z<0|Xi , Xj

))
+ . . . + V(1Z<0|X1, X2, . . . , XM ). (21)

The first-order sensitivity index can be written using Equation (21) as:

CPi =
V(E(1Z<0|Xi ) )

V(1Z<0)
=

V(1Z<0)− E(V(1Z<0|Xi ) )

V(1Z<0)
=

Pf

(
1− Pf

)
− E

(
Pf |Xi

(
1− Pf |Xi

))
Pf

(
1− Pf

) , (22)

where V[1Z<0] = Pf (1 − Pf) is the variance of the Bernoulli distribution. Equations (18)–(22)
are a review of the previous work [12] and therefore have the same definition as [12]. For
direct use in the Sobol SA, one can write Y = 1Z<0 = (|Z|−Z)/(2Z).

Fixing Xi directly influences Pf; hence, the sensitivity index CPi is reliability-oriented.
The sensitivity index CPi measures the average influence of Xi on Pf using a sensitivity
measure that can be written as follows:

C M
(

Pf

)
= Pf

(
1− Pf

)
, (23)

where Pf is the output of the stochastic computational model. Function Pf (1 − Pf) has the
shape of a symmetrical dome with a maximum value for Pf = 0.5 and two minima for Pf = 0
and Pf = 1; see Figure 2.
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Figure 2. Reliability-oriented sensitivity measures.

The sensitivity measure CM(Pf) reaches zero when all the input variables are fixed.
The sensitivity measure CM(Pf) after Sobol leads to sensitivity indices with the sum of
all the indices equal to one, but with a significantly higher proportion of higher-order
sensitivity indices than the classical Sobol SA of model output; see numerical studies [19].

One may ask whether the variance V[1Z<0] is the only consistent measure of un-
certainty. It can be shown that other sensitivity measures are possible. The sensitivity
measure CM(Pf) in the shape of a dome indicates that the sensitivity measure CM(Pf) can
be approximated by other suitable dome-shaped functions.

3.2. Sensitivity Measure Based on Entropy

A new probability-oriented sensitivity measure can be written using Shannon’s dis-
crete entropy [77]. The entropy of discrete probabilities can be defined using the formula:

H(Z) = −
n

∑
i=1

P(zi) · logb(P(zi)). (24)

One may ask: why is entropy a good measure of uncertainty at all? Few mathematical
constructs have the desired basic properties: uncertainty is an additive for independent
events; adding an outcome with zero probability has no effect, and the measure of uncer-
tainty is continuous in all its arguments; see, e.g., [78,79].

Distribution-oriented SA based on discrete entropy [80] is known but has never been
presented in the context of the ROSA of Pf. The subject of interest of the ROSA is only Pf,
not the entire distribution Z. To this end, the distribution Z is replaced by a two-probability
mass function; see Figure 1.

Equation (24) can be rewritten in the form of a sensitivity measure

E M
(

Pf

)
= H(1Z<0) = −Pf · logb

(
Pf

)
−
(

1− Pf

)
· logb

(
1− Pf

)
= − logb

(
Pf

Pf
(

1− Pf

)1−Pf
)

, (25)

based on the discrete entropy of a two-probability mass function; see Figure 1. Entropy
(the degree of surprise) is zero if it is certain that one particular event will occur; therefore,
the entropy of a deterministic quantity is zero similar to zero variance. The base of the
logarithm b in Equation (25) influences only the size of the amplitude of the symmetrical
dome-shaped function EM(Pf) but does not change its shape.

Discrete entropy lacks some useful properties of variance. For example, the equality
V(E(1Z<0|Xi)) = V(1Z<0) − E(V(1Z<0|Xi)) generally does not apply in H(E(1Z<0|Xi)) 6=
H(1Z<0) − E(H(1Z<0|Xi)). Nevertheless, a useful sensitivity measure is the form H(1Z<0) −
E(H(1Z<0|Xi)) with which it is possible to go back to the path of Sobol’s decomposition; see
Equations (21) and (22), etc.

Both sensitivity measures, EM(Pf) and CM(Pf), are symmetrical and dome-shaped but
have slightly different shapes.
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3.3. Sensitivity Measure Based on Other Functionals

Further approximations of the sensitivity measure CM(Pf) are presented to study the
influence of dome shapes on the SA results. The goal is to observe changes in the sensitivity
indices using four variants of sensitivity measures in the case studies. The effect of the
sensitivity measure on the sensitivity indices can be significant, as will be shown.

Equation (23) can be rewritten into a form that allows the formulation of a new
sensitivity measure:

C M
(

Pf

)
= Pf

(
1− Pf

)
= 0.5−

(
2Pf − 1

)2

2
. (26)

Equation (26) can be rewritten using parabolas of other degrees as:

Pa M
(

Pf

)
= 0.5−

∣∣∣2Pf − 1
∣∣∣a

2
, (27)

where a > 0. Similarly, other dome-shaped sensitivity measures can be formulated; for
example:

L M
(

Pf

)
=

1

− logb

(
Pf ·

(
1− Pf

)) , (28)

where the base of the logarithm b changes the size of the amplitude (measure) of the
dome-shaped function but does not change its shape.

3.4. Probability-Oriented Sensitivity Indices

The first-order Pf oriented sensitivity index based on sensitivity measure M(Pf) =
{CM(Pf), EM(Pf), PaM(Pf), LM(Pf)} can be written as:

Pi =
M
(

Pf

)
− E

(
M
(

Pf |Xi

))
M
(

Pf

) . (29)

The influence quantified by Pi can be referred to as the main effect. The second-order
Pf oriented sensitivity index is written analogously:

Pij =
M
(

Pf

)
− E

(
M
(

Pf |Xi , Xj

))
M
(

Pf

) − Pi − Pj. (30)

The third-order Pf oriented sensitivity index is written analogously:

Pijk =
M
(

Pf

)
− E

(
M
(

Pf |Xi , Xj, Xk

))
M
(

Pf

) − Pi − Pj − Pk − Pij − Pik − Pjk. (31)

Similarly, other Pf oriented sensitivity indices, which quantify higher-order interac-
tions, can be written. In Equations (29)–(31), E(M(•)) cascades down as the number of fixed
input variables increases until it reaches zero when all the variables are fixed.

Regarding the contrast in Equation (23), each sensitivity index is non-negative and
the sum of all the sensitivity indices is equal to one; see Equation (32). Regarding the
alternative sensitivity measures, it is obvious to see that the sum is equal to one.

∑
i

Pi + ∑
i

∑
j>i

Pij + ∑
i

∑
j>i

∑
k>j

Pijk + . . . + P123...M = 1. (32)
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However, it is questionable whether each sensitivity index is always non-negative
when using the three types of newly proposed alternative sensitivity measures in
Equations (25), (27) and (28). The reason for the negative indices is the negative terms in
Equations (29)–(31). Higher-order sensitivity indices can be negative due to the relatively
high lower-order sensitivity indices that are subtracted in the equations. A conservative
view means not wanting negative sensitivity indices, similar to the Sobol SA. However,
negative sensitivity indices may not be a phenomenon that invalidates the results. If
the index has a negative value, the way it is ranked compared to the other indices does
not change. A smaller index means less influence, a higher index means more influence,
regardless of the sign. From this point of view, negative indices are permissible. Allowing
negative indices in Equation (32) means abandoning conservative views based on the
non-negative sensitive indices of the classical types of SA, such as [15,43].

Although the non-negativity of each index is observed in the case studies, it has
not yet been mathematically proven. It would be convincing if this property could be
mathematically better explained.

For example, for two input random variables it can be shown that P1 + P2 + P12 = 1,
because E(M(1Z<0|X1, X2) = 0 at the edges of the dome. The total number of sensitivity
indices is 2M − 1. It follows from the concept of calculating sensitivity indices that each
sensitivity measure can be multiplied by an arbitrary positive constant without influencing
the values of the sensitivity indices. In practice, this means that the amplitudes of the
dome-shaped measures do not matter; see Figure 2. With this justification, the natural
logarithm is applied to the sensitivity measures EM(Pf) and LM(Pf) throughout the article.

The sensitivity ranking can be evaluated using total indices PTi, the significance of
which is analogous to PTi, but with an orientation to Pf.

PTi =
E
(

M
(

Pf |X∼i

))
M
(

Pf

) . (33)

Index PTi can be calculated as the sum of the indices of all orders with index i similar
to Sobol’s SA application [6]. For example, for the two input variables X1 and X2, we have
PT1 = P1 + P12 and PT2 = P2 + P12. The sensitivity ranking is determined by comparing PT1
and PT2.

4. Case Study with Two Input Variables

The first study describes the methodology for calculating sensitivity indices in the
case of two input random variables R ~ N(2, 1) and A ~ N(1, 1), where Z = R − A and
Z ~ N(1, 2); P(Z<0) = 0.24; and CM(0.24) = 0.24(1 − 0.24) = 0.182. Let R be X1 and A be X2.
The subject of interest of the Sobol SA is the variance of Z. If Pf is the subject of interest, a
dome-shaped sensitivity measure M(Pf) is used instead of the variance; see Figure 2.

X1 is sampled using one hundred thousand runs of the LHS method [81,82]. For the
LHS realization of x1, the realization of Pf|x1 is calculated by numerical integration accord-
ing to Simpson’s rule from Z ~ N(x1 − 1, 1). The distribution of one hundred thousand
random realizations of Pf|X1 is plotted in a histogram; see Figure 3. The histogram Pf|X2
is the same as the histogram Pf|X1, therefore it is not plotted separately. The explanation
applies to both of the random variables, X1 and X2.
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Figure 3. The sensitivity measure M(Pf).

The dome transforms the histogram Pf|X1 into the histogram of the sensitivity mea-
sure M(Pf|X1). Histogram M(Pf|X1) differs according to the shape of the dome used;
see Figures 4–7. The further the sample x1 moves away from the median X2, the more
the sensitivity measure M(Pf|x1) decreases and the greater the influence of x1 on Pf. The
influence of sample x1 on Pf is maximum if M(Pf|x1)→ 0 if Pf|x1 → 0 or Pf|x1 → 1. The
influence of sample x1 on Pf is zero if Pf|x1=0.3 = 0.24. The influence of X1 on Pf using the
entire population E(M(Pf|X1)) is evaluated according to Equation (29) where P1 ∈ [0, 1].
The sensitivity index P2 is evaluated analogously. The values of the first-order sensitivity
indices are shown in Figures 4–7.

Figure 4. The contrast-based sensitivity measure CM(Pf).

Figure 5. The entropy-based sensitivity measure EM(Pf).
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Figure 6. The functional 1-based sensitivity measure P4M(Pf).

Figure 7. The functional 2-based sensitivity measure LM(Pf).

In order for the sum of all the indices to be equal to one, the methodology for calcu-
lating the sensitivity index of the last (here second) order is important. If X1 and X2 are
fixed (deterministic) variables, then Pf can only be 0 or 1. The sum of all the indices must
be equal to one. Therefore, the sum of all indices of order which is lower than the last is
subtracted from one, where (M(Pf) − 0)/M(Pf)) = 1. Zero in the numerator is the product
of the edges of the dome, M(0) = 0 or M(1) = 0; see Figure 2. Entropy, variance, and other
measures are equal to zero. Then, it is possible to write P12 = 1 − P1 − P2 and thus P1 + P2
+ P12 = 1.

In this case study, the numerical results of the second-order sensitivity indices from
all the sensitivity measures are CP12 = 0.4, EP12 = 0.42, P4P12 = 0.38, and LP12 = 0.62.

5. Case Study with Five Input Variables

The second case study illustrates the SA of Pf using five input random variables. The
case study compares the sensitivity indices computed using the four sensitivity measures
CM(Pf), EM(Pf), P4M(Pf), and LM(Pf).

The reliability of a steel bar subjected to tension is analyzed. The condition of reliability
in Equation (15) is studied using five input random variables, where two variables are on
the load side A and three variables are on the resistance side R.

5.1. Stochastic Model: Output and Input Random Variables

The load action A is the product of two other known loading distributions acting on
the bar:

A = G + Q, (34)
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where G is the permanent load action and Q is the long-term leading single variable load
action. According to EN1990 [35], G can be considered with the Gauss pdf and Q with the
Gumbel-max pdf [83]; see Table 1.

Table 1. The load action A—input random variables.

Characteristic Index Symbol Pdf Mean Value µ Standard Deviation σ

Permanent load 1 G Gauss 165.3 kN + 0.5µF 16.5 kN
Variable load 2 Q Gumbel-max 17.51 kN + 0.5µF 6.2 kN

Where µF is a parameter which is considered using three values −13.58 kN, 0 kN, and
13.37 kN.

The resistance R of a steel drawn bar made of steel of grade S235 is analyzed. The
statistical characteristics of the yield strength and the geometric characteristics of the
rectangular cross-section are taken from experimental research [84]; see Table 2.

Table 2. The resistance R—input random variables.

Characteristic Index Symbol Pdf Mean Value µ Standard Deviation σ

Yield strength 3 fy Gauss 297.3 MPa 16.8 MPa
Section thickness 4 t2 Gauss 12 mm 0.55 mm

Section width 5 b Gauss 80 mm 0.79 mm

All the inputs are uncorrelated. The static resistance is a product of the thickness and
width (cross-sectional area t2·b) and the yield strength fy:

R = b · t2 · fy. (35)

The formulae for calculating the mean value µR, the standard deviation σR, and the
standard skewness aR of R are given in [39,67]. The goodness-of-fit tests and compar-
ative studies [83] have confirmed that the probability density distributions of R can be
approximated very accurately using a three-parameter lognormal pdf.

Failure occurs when A > R. In Equation (16), Pf is estimated using numerical integration
according to Simpson’s rule using more than ten thousand integration steps [83]. The
inequality A > R is treated as Q > R − G, where Q has a Gumbel-max pdf and R − G is
approximated by a three-parameter lognormal pdf. A detailed description of the numerical
integration algorithm, including comparative studies demonstrating the high accuracy of
the Pf estimation, is published in [83].

The parameter µF = {−13.58 kN, 0 kN, 13.37 kN} is chosen to lead to Pf = {8.5 × 10−6,
7.2 × 10−5, 4.8 × 10−4}, which are the basic design cases listed in standard EN1990 [35];
see Table 3.

Table 3. The target values of failure probability Pf according to [35].

Reliability Class Pf

RC3 8.5 × 10−6

RC2 7.2 × 10−5

RC1 4.8 × 10−4

5.2. The Sensitivity Analysis Results

Estimates of sensitivity indices are obtained using numerical integration.
In Equation (29), the first-order indices Pi are estimated using double-nested-loop

computation [34]. In the inner loop, the estimate of Pf|Xi = P((Z|Xi) < 0) is computed
using the procedure described in the previous chapter and [83]. In the outer loop, E[•]
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is computed by numerical integration of the pdf of Xi with a small step ∆xi taken over
[µXi − 12σXi, µXi + 12σXi].

In Equation (30), the second-order indices Pij are estimated using three-nested-loop
computation. In the inner loop, the estimate of Pf|Xi, Xj = P((Z|Xi) < 0) is computed using
the procedure described in the previous chapter; see also [83]. In the two outer loops, E[•]
is computed by double numerical integration of the joint pdf of Xi, Xj with a small step
∆xi taken over [µXi − 12σXi, µXi + 12σXi] and a small step ∆xj taken over [µXj − 12σXj,
µXj + 12σXj].

The third- and fourth-order indices are computed analogously. The third-order index
requires a triple numerical integral, and the fourth-order index requires a quadruple
numerical integral. The fifth-order index completes the sum of all the lower-order indices
to one.

The sensitivity indices computed using the sensitivity measures CM(Pf), EM(Pf),
P4M(Pf), and LM(Pf) are plotted in Figures 8–11.

Figure 8. The results of SA for Pf = 4.8 × 10−4 using: (a) CM(Pf), Equation (23); (b) EM(Pf), Equation (25).

Figure 9. The results of SA for Pf = 4.8 × 10−4 using: (a) P4M(Pf), Equation (27); (b) LM(Pf), Equation (28).
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Figure 10. The results of SA for Pf = 7.2 × 10−5 using: (a) CM(Pf), Equation (23); (b) EM(Pf), Equation (25).

Figure 11. The results of SA for Pf = 7.2 × 10−5 using: (a) P4M(Pf), Equation (27); (b) LM(Pf), Equation (28).

Figures 8–13 contain a lot of information, such as the main and interaction effects of
the five input variables varying between the four kinds of measures and the three levels
of Pf. The sum of the main effects ∑Pi (colored regions) vary from 0 (contrast approach,
Pf = 8.5 × 10−6) to 0.72 (entropy approach, Pf = 7.2 × 10−5). On the other hand, the
interaction effects 1− ∑Pi (grey regions) vary from 0.28 (entropy approach, Pf = 7.2× 10−5)
to 1 (contrast approach, Pf = 8.5 × 10−6). The pie charts on the left have the measures
CM(Pf) and P4M(Pf) based on second-degree and fourth-degree parabolas, which give
a very small proportion of the first-order indices. The pie charts on the right have the
measures EM(Pf) and LM(Pf) based on logarithms, which give more than a sixty-percent
share of the first-order indices. The colored pie charts on the right are similar to each other.
The colored pie charts on the left are less similar to each other. The measure LM(Pf) leads to
a very small proportion of the last-order sensitivity index compared to CM(Pf). The origin
of these phenomena is not yet sufficiently understood at this stage and requires further
analysis.
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Figure 12. The results of SA for Pf = 8.5 × 10−6 using: (a) CM(Pf), Equation (23); (b) EM(Pf), Equation (25).

Figure 13. The results of SA for Pf = 8.5 × 10−6 using: (a) P4M(Pf), Equation (27); (b) LM(Pf), Equation (28).

Identifying the sensitivity ranking of input variables using all sensitivity indices is
all the more difficult the more the input variables and interaction effects. The sensitivity
ranking can be effectively evaluated using the total indices. As all three target values of
failure probability Pf have approximately the same total indices, only SA of Pf = 7.2 × 10−5

is shown; see Figures 14 and 15.

Figure 14. Total indices for Pf = 7.2 × 10−5 using: (a) CM(Pf), Equation (23); (b) EM(Pf), Equation (25).
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Figure 15. Total indices for Pf = 7.2 × 10−5 using: (a) P4M(Pf), Equation (27); (b) LM(Pf), Equation (28).

The total indices evaluated using the sensitivity measures CM(Pf), EM(Pf), and P4M(Pf)
determined the sensitivity of the input variables to Pf in descending order as G, fy, t2, Q,
b. The sensitivity measure LM(Pf) identified a different sensitivity ranking G, fy, Q, t2, b,
which differs in the third and fourth place, but the identification of the non-influential b
and the dominant G, fy variables is the same.

A simple verification of results can be performed. Let us fix one input variable at
the mean value and observe the effect on Pf. The failure probability without any fixation
is Pf = 7.2 × 10−5 (µF = 0). The values of Pf obtained upon fixation are 1.17 × 10−6,
3.67 × 10−5, 3.82×10−6, 1.5 × 10−5, and 6.86 × 10−5. The smallest value of 1.17 × 10−6

means the greatest influence of G on Pf. The sensitivity ranking G, fy, t2, Q, b shows that
the results are as presented above (realistic).

The Sobol SA of Z leads to the sensitivity indices S1 = 0.363, S2 = 0.051, S3 = 0.346,
S4 = 0.228, and S5 = 0.011, which are computed analytically [39,67]. The calculation of
the higher-order Sobol indices or the total indices is not necessary because the sum of the
first-order indices is not far from one: S1 + S2 + S3 + S4 + S5 ≈ 1. This is a significant
difference compared to the results from CM(Pf) and P4M(Pf). The sensitivity ranking G, fy,
t2, Q, b determined using the five first-order Sobol sensitivity indices is the same as that
determined by the ROSA of Pf using 31 indices. The advantage of the Sobol SA is the lower
computational costs. Although the Sobol SA is not reliability-oriented, it is empathetic to
reliability.

6. Discussion

The subject of this article is the global SA of a one-bit variable 1Z<0 with Bernoulli
distribution, where failure occurs with probability Pf. New alternative sensitivity measures
EM(Pf), P4M(Pf), and LM(Pf) are formulated by approximating the variance V(1Z<0) =
Pf(1 − Pf) using entropy and other dome-shaped functions; see Figure 2.

The first case study presents a reliability design condition with two input random
variables with the Gauss pdf [35]. All the presented sensitivity measures CM(Pf), EM(Pf),
P4M(Pf), and LM(Pf) lead to sensitivity indices with good structure. The “good structure”
means that the sensitivity indices are non-negative and their sum is equal to 1.

In the second case study, all the presented sensitivity measures provide a good struc-
ture of sensitivity indices. It is shown that the shape of the dome affects both the value
of the sensitivity indices (significant influence) and the sensitivity ranking of the input
variables (little influence). The sensitivity measures CM(Pf) and P4M(Pf) give an extremely
high proportion of higher-order sensitivity indices; see the grey areas in the left parts
of Figure 8 to Figure 13. In contrast, the sensitivity measures EM(Pf) and LM(Pf) give a
pleasantly high proportion of first-order sensitivity indices; see the colored regions in the
right parts of Figures 8–13. Other sensitivity measures can be examined; for example,
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sin(π·Pf) gives sensitivity indices reminiscent of the contrast approach. The use of total
indices to determine the sensitivity ranking is appropriate in all cases.

A certain degree of empiricism and data collection was used in the discovery of
the sensitivity measures. Not every dome-shaped sensitivity measure works well in all
numerical studies. For example, the introduction of a sensitivity measure in the shape of a
semicircle (Pf(1 − Pf))0.5 does not give a good structure of sensitivity indices for an SA of
Pf = 7.2 × 10−5 (the sum of first-order indices is 1.62 > 1 and some higher-order indices
are even negative); however, if Pf = 0.4, then a good structure of indices is obtained. From
a numerical point of view, when Pf approaches zero, the direction of the tangent of the
semicircle approaches infinity, which makes it difficult to measure changes in very small Pf.

Only variance V[1Z < 0] strictly follows the Sobol-Hoeffding decomposition [14,64,65]
by using CM(Pf) = Pf(1 − Pf), because contrast sensitivity indices are a special type of Sobol
sensitivity indices [12]. Although the alternative sensitivity measures EM(Pf), P4M(Pf), and
LM(Pf) always gave non-negative sensitivity indices and no other behavior was observed,
general evidence has not been presented. From an engineering point of view, all the pre-
sented sensitivity measures CM(Pf), EM(Pf), P4M(Pf), and LM(Pf) can be recommended, but
with the condition of checking the good structure of the sensitivity indices for alternative
measures EM(Pf), P4M(Pf), and LM(Pf).

Preliminary studies suggest that a good structure of the sensitivity indices can also be
obtained for non-linear function R with buckling [57,85], lateral-torsional buckling [86], or
their interactions [87,88]. The concept of the SA of Pf can be applied to the probabilistic
analysis of reliability where design reliability conditions prevail [35], with the assumption
that R and A are Gauss pdf and Pf is low [89].

The studies presented here have shown that the sensitivity measure does not influence
the identification of the input variables with the greatest and least influence, which is
consistent with the conclusions of other types of SA; see, e.g., [38,39]. The results of the SA
can be applied to the optimization of reliability-oriented stochastic models, where input
variables with a small influence on Pf can be considered deterministic. On the contrary,
input variables with strong influence must have statistical characteristics and a pdf shape
determined with increased precision.

The dominant variables can be further studied using other types of SA if the first
moments [70], or the pdf shapes [90,91], or the importance of the components [92] are not
explicitly known, as is often the case in engineering practice. Conversely, non-influential
inputs can be fixed at any value of their domain without affecting Pf, usually close to the
mean value.

For more complex structures, resistance R can be analyzed using the finite element
method (FEM); see, e.g., [70,71]. In general, Pf can be estimated using the Monte Carlo
(MC) method in combination with the FEM, but the CPU time requirements can be extreme
for small Pf. For example, the number of MC runs must be greater than ≈100/Pf to
achieve a coefficient of variation of Pf less than 0.1. The estimation of a high number of
sensitivity indices also increases the computational time due to the high dimensionality of
the models. The computational limitations of the ROSA using a crude MC with a direct call
to the numerical demanding model are substantial when the fixing of one or more input
variables implies very small values of Pf. Advanced approximation modelling methods
and improved MC methods with parallelizable algorithms may be the solution [93].

Further research should aim to use surrogate models to estimate small Pf from high-
dimensional numerical models. Unfortunately, a characteristic feature of the ROSA results
of small Pf is the high proportion of higher-order sensitivity indices; therefore, the surrogate
models must capture most of the variation information contained in the original input. The
presented sensitivity measure with a higher proportion of first-order sensitivity indices is
offered as a possible solution to this problem.

There are many sensitivity measures that have not yet been discovered, which is proof
that the theory is not complete. Alternative sensitivity measures may lead to non-negative
and negative sensitivity indices with the sum of all the indices equal to one. If the index
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has a negative value, then its evaluation of ranking does not change compared to the
other indices. This suggests that the occurrence of negative sensitivity indices may not be
problematic. Further research on sensitivity measures would be useful.

7. Conclusions

The article presented new sensitivity measures in the global sensitivity analysis of
failure probability Pf. The case studies compared sensitivity indices from all four sensitivity
measures in application to small values of Pf. The sensitivity ranking of the input variables
is approximately the same from each sensitivity measure, but the proportions of the main
and interaction effects differ significantly. A common characteristic of the sensitivity
measures is a symmetrical dome shape. The results are only affected by the shape of the
dome and not its rise.

Sensitivity analysis subordinated to contrast has non-negative sensitivity indices with
the sum of all the indices equal to one. These properties are inherited from Sobol but are
also observed in the alternative sensitivity measures.

The alternative sensitivity measure can be viewed as a rough approximation of the
dome-shaped function of the variance Pf(1 − Pf) of the contrast sensitivity measure. A
good alternative to contrast is discrete entropy, which has variance-like properties but leads
to significantly higher proportions of first-order sensitivity indices. The properties of the
entropy and other sensitivity measures should be further studied.
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