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a b s t r a c t

The paper introduces predictive modeling of generic memcapacitors using multi-port
versions of fundamental elements of Chua’s table. Generic memcapacitors are the most
common type of memcapacitive systems; they behave as state-dependent capacitors,
with the capacitance being independent of the voltage and charge. The predictive model
consists of a multiport capacitor and an associated dynamic system that represents
the state of the dynamics. It is shown that the potential function of the multi-port is
the energy of the electrostatic field of the memcapacitor. It enables incorporating this
element into the framework of Lagrangian formalism. Practical implementations of the
model are presented on specific examples from selected fields of science: a memory
circuit with an electrostatically controlled bistable membrane, and a lipid bilayer model
inspired by the processes that occur in cell membranes.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Nonlinear dynamics of real-world processes of various physical natures frequently presents signs of state-dependent
esistance, capacitance, or inductance. These phenomena are so abundant in nature that they gave birth to the theory of
emristive, memcapacitive, and meminductive systems. Memristive systems were introduced in [1] as resistive one-ports
efined by the equations

v = R (x, i) i, ẋ = f (x, i) . (1)

The first port equation defines generally a nonlinear resistor in voltage (v)–current (i) coordinates, whose resistance
depends on the vector state x and on the current. The second, the so-called state equation, describes the dynamics of the
state x via a nonlinear function f (). The state-dependent resistance (1), or memristance is a basic principle common to
such dissimilar problems as thermistor dynamics [1] or amoeba memory behavior [2]. The hysteresis loop pinched around
the v–i origin, which is observable under element excitation by a bipolar signal, has become a popular fingerprint of these
systems. Pinching at the origin is a natural consequence of the fact that the voltage and current on the resistive element
always pass through the zero level at the same time. The reason why the hysteresis appears as an ambiguity of the v–i
haracteristic is the dependence of the instantaneous resistance on the dynamics of the associated dynamic system.
The well-known memristor originally introduced in [3] is a special case of the memristive system (1), where the state

f the element is an electric charge and the resistance only depends on this charge. If the resistance depends on the
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general vector x and, simultaneously, does not depend on the current, then, according to the current terminology [4], it is
generic memristor. The vast majority of existing works dealing with memristance concern the phenomena which exhibit

the fingerprints of generic memristors [5]. The memristive systems (1) are today understood as extended memristors [4].
The theory of memristive systems was then generalized to memcapacitive and meminductive systems [6], which are

state-dependent nonlinear capacitors and inductors defined analogously to (1) in the (q, v) and (ϕ, i) planes, where q and ϕ

re charge and flux as time integrals of current and voltage. Many real-world physical phenomena exhibit the fingerprints
f generic memcapacitors and meminductors. The memcapacitive phenomena are encountered when designing chips and
ower circuits, capacitive sensors based on changing the capacitor geometry and dielectric properties, in the analysis of
he role of parasitic capacitances in the switching process, in neurology or in bistable memcapacitive membranes as non-
olatile memory elements [7]. In some processes, combinations of memristive and memcapacitive manifestations can be
bserved [8]. Modeling such phenomena is therefore a highly topical issue.
Today, the general port and state equations (1) have their specific forms for various existing memristive phenomena,

epending on the methodology of model construction and on the mechanism being modeled, from simple behavioral
odels up to complex physical models [9]. The use of the memristor as a basic element with specific nonlinearity gives

ise to sophisticated modeling techniques describing new forms of chaotic behavior [10,11]. It is probably a matter of
ime before these techniques are applied in an analogous way to model processes of memcapacitive and meminductive
ature. This paper pursues essentially the same goal, but follows a different line of modeling techniques: it shows how
o apply so-called predictive modeling methods to memcapacitive phenomena.

In the 1980s, Leon Chua introduced in [12] the concept of basic (α, β) blocks, arranged in the so-called Chua’s table,
rom which the resulting dynamic system should be composed in the same way as a complex image of predetermined
uzzle pieces. This laid the foundations of the so-called predictive modeling [13]. Each (α, β) element is a one-port, which
n all circumstances guarantees fulfilling the unique algebraic relation

f
(
v(α), i(β)

)
= 0, (2)

here f () is the so-called constitutive relation of the element, v and i are the element voltage and current, and the integer
ndices α and β give the order of time derivative or integral depending on whether the indices are positive or negative.
f the constitutive relation is nonlinear, then each of these ‘‘pieces’’ is unique in the sense that it cannot be composed of
‘pieces’’ of another type. In practice, this means that, for example, the memristor with the indices (α, β) = (−1,−1) cannot
e replaced by any combination of resistors (0,0), capacitors (0,−1), inductors (−1,0) or other fundamental elements with
he indices (α, β) ̸= (−1,−1). Different (α, β) elements can be graphically presented as different points in the planar grid
f Chua’s table according to Fig. 1.
It is the common practice in the modeling of complex nonlinear systems to compile different models for the analysis

f different situations, even though it is still one and the same system. An example of such an approach is the use of
linearized model that only gives correct results for small signal changes around a fixed operating point. If we want

o capture the influence of nonlinearities, we are forced to compile a completely different model. A typical example is
he lipid bilayer model [16], in which it is necessary to change some parameters with each change in the frequency of
he excitation signal. Predictive modeling, which approaches the system as a set of interconnected (α, β) blocks, does
ot suffer from such inconveniences. Since the elements used guarantee the unconditional validity of the constitutive
elation (2), it is guaranteed that the model will give consistent results regardless of any special situation. The same as
ther advantages of predictive modeling, it is applicable regardless of the physical platform of the problem, because Chua’s
able of fundamental elements also holds for non-electrical systems [17]. In recent years, the Lagrangian and Hamiltonian
ormalisms [18] have been developed for circuits composed of (α, β) elements. In this way, predictive modeling has
powerful apparatus for investigating various manifestations of complexity in nonlinear circuits including chaos. The
onditions for the validity of Hamilton’s principle in circuits with (α, β) elements are also known — all elements of the
ystem must be placed in Chua’s table on a common Σ-diagonal, i.e. they must have the same sum of indices α and
[18]. Fig. 1 shows one such diagonal. It indicates that the existing knowledge about the validity of Hamilton’s principle

or circuits composed of capacitors and inductors results from this general criterion as a special case.
As already pointed out in [12], predictive modeling has its limits; not every dynamic system can be modeled using (α,

) one-ports. Unfortunately, this also applies to generic memelements — there is no way of arriving at equations of type
1) by mere combinations of the constitutive relations of type (2). However, the situation changes dramatically if, instead
f the (α, β) one-ports, we use their multi-port versions. The effect is similar to using spatial instead of planar puzzle
ieces — the possibilities for creating images of reality reach a qualitatively higher level. The aim of this work is to show
hat predictive models of generic systems can be successfully compiled from multiport building blocks.

The work is organized as follows. Part II identifies the universal core of the generic memcapacitor in the form of a
apacitive multiport. Part 3 presents a modeling diagram of a generic memcapacitor, containing a capacitive multiport
upplemented with blocks reflecting the dynamics of the element. Parts 4 and 5 deal with the modeling of memcapacitive
henomena in electromechanical MEMs and in the lipid bilayer, the latter being a synthetic substitute for the cell
embrane. Both applications are supplemented with the appropriate SPICE codes in Appendices, which allow the readers
o perform their own computer experiments with the models.
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Fig. 1. Segment of Chua’s table of fundamental (α, β) elements. R, L, C, MR, ML, MC, FDNR, FDNC are resistor, inductor, capacitor, memristor,
eminductor, memcapacitor, frequency dependent negative resistor [14], frequency dependent negative conductor [15]. The diagonal of Σ = α +

= −1 is denoted.

. Physics of generic memcapacitor

Consider a generic memcapacitor defined by the equations

q = C (x) v, ẋ = f (x, v) , (3)

here q and v are memcapacitor charge and voltage and C() is a capacitance, which is dependent on the state vector x
[x1, . . . , xn]T. The energy of electrostatic field is given by the formula [19]

E =
1
2
C (x) v2. (4)

Infinitesimal variations of the energy E, voltage v, and state variables x1, . . . , xn are interconnected according to the
rule

dE = qdv +

n∑
i=1

Fidxi, (5)

where Fi are the generalized forces that cause changes in the state variables xi. i = 1, . . . , n. Generalized forces are
mentioned because the components xi of the state vector can be of various physical natures, so Fi need not have the
usual physical dimension of [N] (newton). If the component xi of the state vector is a length variable characterizing the
geometry of the memcapacitor, and its unit will be the meter, the corresponding generalized force Fi will correspond to
the classical force in newtons. If the state variable is, for example, an area, then the generalized force will be the surface
tension in newtons/meter. The differential relation (5) holds regardless of the physical dimension of the quantities xi.

Comparing (4) and (5) yields a set of n + 1 equations with n + 1 independent variables q, xi, i = 1, . . .n:

q =
∂E
∂v

= C (x1, . . . , xn) v (6a)

Fi =
∂E
∂xi

=
1
2

∂C (x1, . . . , xn)
∂xi

v2 (6b)

The set of Eqs. (6a) and (6b) describes a capacitive multiport that can be used as the core of a diagram modeling the
generic memcapacitor. If the second-order mixed partial derivatives of the capacitance with respect to components of the
3
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Fig. 2. Modeling diagram of generic memcapacitor. The blue block is a capacitive multiport with an electric port (v, q) and generally non-electric
orts represented by the vector port (vx , qx). The block connected to the vector port models the dynamics of generally non-electric processes,
escribed by the state equation which is the part of the defining relations (1).

tate vector are continuous functions, then it can be easily proved that this multiport is locally symmetric [20], its energy
btained by integrating Eq. (5) therefore does not depend on the integration path and corresponds to Eq. (4). Then, with
espect to the choice of port variables (q, v), (F1, x1), .., (Fn, xn), the capacitive multiport is a reciprocal element [21].

3. Modeling diagram of generic memcapacitor

The generic memcapacitor defined according to (3) with the port variables (6) can be modeled as a connection of the
multiport (6) with a system that ensures the dynamics given by the state equation from the definition relation (3). The
modeling diagram of a generic memcapacitor is presented in Fig. 2.

Physically, the electrical port is given by the terminals of the memcapacitor. It is characterized by a pair of driving
quantities (v, q). The other ports, which correspond to the ‘‘vector’’ port, are characterized by pairs of mutually
corresponding components of the voltage and charge vectors (vx, qx), which are, according to the F–V analogy [22], electric
quivalents of the generalized force F and the state variable x. As suggested by the proportionality symbol ∝ used in Fig. 2,
he charge vector qx need not be the same as the state vector x. It can be suitably derived from x or modified, for example,
ith regard to the sign. It may also undergo a similar modification in order to scale the circuit parameters. In addition, the
umber of non-electrical ports may be lower than the dimension n of the state vector x since the capacitance C(x) may

only depend on some of its components. Given that each of the ports of the multiport (6) from Fig. 2 can be characterized
by a pair of quantities (voltage, charge), this multiport can be considered as a multiport capacitor.

The modeling diagram from Fig. 2 contains a capacitive multiport whose non-electrical ports generate generalized
voltages F used for voltage excitation of circuits that form the dynamics of state variables x. Other possible implemen-
ations of the multiport capacitor are shown in Fig. 3. The electrical port can be controlled by voltage v or charge q. In
he first/second case, it is convenient to work with capacitance C(x)/ inverse capacitance D(x). Generalized voltages F can
rive circuits representing the element dynamics either as voltage or as current sources. The circuit implementations of
hese circuits will then be dual to each other.

From the above analysis and taking into account the modeling diagram in Fig. 2, a very important conclusion can be
rawn. The general generic memcapacitor can be synthesized using a multiport capacitor and also from the elements that
re required for a synthesis of the state equation from (3). The modeling of generic memcapacitors via multiport variants
f the elements from Chua’s table is presented below in applications from electromechanics and biomimetics.

. Application — bistable membrane memsystem

Bistable electrostatically controlled membranes can be used to create non-volatile memory systems. In terms of
embrane design, there is a great diversity, no matter whether they are mechanical structures within MEMS [23]
r membranes made using nanoelectrical materials such as graphene [7]. In all these cases, these membranes are
emcapacitive systems, more specifically generic memcapacitors, the common principle of which is shown in Fig. 4.
The basis of the memory cell is a pre-sprung membrane, which can acquire two stable states. As regards the position

f the membrane, these states correspond to local minima of accumulated mechanical energy. The membrane is also an
lectrode, which, together with the second fixed electrode, forms a capacitor. Switching between the two stable states
ccurs due to an electrostatic force, which is produced by a suitable excitation of the capacitor. Since the direction of the
lectrostatic force does not depend on the polarity of the voltage between the electrodes, rectangular pulses are used to
4
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q

d

Fig. 3. Various implementations of capacitive multiport. The electric port can be modeled either as the voltage or the charge source. The generalized
force F of the non-electric port for driving the circuit of associated dynamics can also be modeled as a voltage or charge source. The complementary
uantity is the state x.

Fig. 4. Principle of memcapacitive system with bistable membrane [23]. The movable membrane together with the bottom fixed plate form a
capacitor. The external voltage pulses switch the membrane between two stable states. The arrangement is therefore a state-dependent capacitor.

switch between the states, which differ from each other by different voltage levels. A certain minimum external force
is sufficient to overcome the potential wall around the state ‘‘0’’, so it is guaranteed that after the voltage pulse of the
‘‘small’’ threshold voltage disappears, the state ‘‘1’’ is reached regardless of the initial state (see Fig. 4). A voltage pulse
with a ‘‘large’’ magnitude of voltage, on the other hand, leads to the accumulation of a larger amount of energy in the
membrane, which is enough to overcome the potential wall around the state ‘‘1’’. Thus, when the pulse subsides, the
membrane will be in the ‘‘0’’ state regardless of the initial state.

The bistable membrane acts as a spring maintaining an unambiguous constitutive relation between the applied
eformation force Fd and the corresponding deflection x. This relation is a gradient of potential energy

U =
k
4

(
x2 − x20

)2
, (7)

where k is a parameter. Function (7) shows local minima at the locations of two steady states ±x0. The constitutive
relation of the membrane is

Fd = kx
(
x2 − x20

)
. (8)

Since the membrane has its own mass and its movement inevitably leads to mechanical losses, the mechanical part of
the system can be modeled according to Fig. 5 as a series combination of the inductor Lmech with inductance corresponding
to mass m, the resistor Rmech with resistance corresponding to damping coefficient ξ , and the nonlinear capacitor Cmech
with constitutive relation (8). The instantaneous deviation x of the membrane from its mid position corresponds to the
electric charge, and the instantaneous deformation force Fd corresponds to the voltage on the capacitor. The system is set
in motion by the electrostatic force F.
5
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Fig. 5. Modeling diagram of memcapacitive system with bistable membrane. The highlighted block is a capacitive two-port with electric (v, q) and
echanical (F, x) ports. The RCL circuit connected to the mechanical port models the membrane dynamics.

To calculate the capacitance, we use a simplifying consideration taken from [23], when working with an equivalent
lanar plate capacitor with a dielectric thickness d

C (x) =
εA
d

=
εA

d0 − x
, (9)

where, according to Fig. 4, d0 and x are the mean distance of the membrane from the fixed electrode and the effective
deviation of the membrane from this mean position, A is the area of the membrane, and ε is the permittivity of the
ielectric. Using (6b) we obtain the electrostatic force induced by the external voltage v

F =
∂

∂x

(
1
2
C (x) v2

)
=

1
2

εA
(d0 − x)2

v2. (10)

et m and ζ be symbols for membrane mass and damping coefficient. Then the dynamics of the whole system can be
xpressed by the equation of force equilibrium

mẍ + ξ ẋ + kx
(
x2 − x20

)
=

1
2

εA
(d0 − x)2

v2 (11)

here the first, second and third left-side terms represent the forces of inertia, dissipation, and the force Fd (8) of the
embrane, while the right side represents the external electrostatic force (10). Eq. (11) can be rewritten in the vector

orm

d
dt

[
x

ẋ

]
=

⎡⎣ ẋ

−
1
m

(
ξ ẋ + kx

(
x2 − x20

)
−

εAv2

2 (d0 − x)2

)⎤⎦ , (12)

hich represents the defining state Eq. (3) of the generic memcapacitor. Only one component of the state vector affects
he capacitance of the memcapacitor. The multiport capacitor (6) therefore has only one non-electrical port.

Fig. 6 presents the results of a simulation performed on the model according to the diagram in Fig. 5 with PSpice code
rom Appendix A. Membrane parameters: d0 = 4 mm, x0 = 1 mm, A = 0.01 m2, k = 100 N/m3, m = 50 µg, ζ = 1 µNs/m;
oltage pulses have a width of 500 ms. They follow each other with time intervals of 2.5 s. The pulse levels to reach the
og. 0 and log. 1 are 6 V and 4.5 V, respectively.

When examining a membrane switch of a different physical nature, the structure of a circuit connected to a non-
lectrical port, which represents a model of the state equation, may change in the modeling diagram according to Fig. 5.
hen this modified circuit will again be excited by the generalized force F generated by the electrostatic field of the
emcapacitor according to the general formula (6b).
The model allows its easy incorporation into the Lagrangian formalism. The state (12) and port (6a) equations can be

btained in the well-known form of the Euler–Lagrange equations

d
dt

(
∂L
∂ ẋ

)
−

∂L
∂x

+
∂ℜ

∂ ẋ
= 0 (13a)

d
dt

(
∂L
∂v̇

)
−

∂L
∂v

+
∂ℜ

∂v̇
= q (13b)

where

L =
1
mẋ2 −

k (
x2 − x20

)2
−

1
ε

A
v2 (14)
2 4 2 d0 − x
6
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Fig. 6. Membrane switching via pulses with various levels. Voltage pulses with larger amplitude turn the membrane into the ‘‘0’’ state, pulses with
smaller amplitude into the ‘‘1’’ state.

Fig. 7. Response of lipid bilayer to external voltage. Electrocompression (EC) reduces the thickness W and electrowetting (EW) increases the area A
f the bilayer.

s the Lagrangian describing the lossless part of the system, and

ℜ =
1
2
ξ ẋ2 (15)

s a dissipative function.

. Application — lipid bilayer

The remarkable work [16] deals with memcapacitive phenomena occurring in lipid bilayers, which can serve as
ynthetic substitutes for cell membranes. The bilayer originates by the mutual touching of two lipid-coated water droplets
anging on supply electrodes in oil. This arrangement acts as a capacitor in which the contact bilayer forms a dielectric.
he layout is shown in Fig. 7.
7
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The capacitance of this arrangement is given by the classical formula

C (A,W ) = εrε0
A
W

, (16)

here ε0 and εr are the permittivity of the vacuum and the relative permittivity of the hydrophobic oil core of the bilayer,
and W are the area and the thickness of the bilayer.
The thickness W of the bilayer gradually decreases after the application of voltage by the action of electrostatic force.

ts instantaneous value is

W (t) = W0 − ∆W (t) , (17)

here W0 is the rest thickness at zero voltage v and ∆W is the instantaneous amount of compression relative to the rest
state. The applied voltage also causes an increased wetting of the droplets, which results in a decrease in bilayer tension
and an increase in the contact area A of the two droplets. The instantaneous size of the surface is

A (t) = A0 + ∆A (t) , (18)

here A0 is the rest area at zero voltage v, and ∆A is the area increment caused by non-zero voltage. Both of these
henomena (EC — electrocompression and EW — electrowetting) cause, according to (16), an increase in the capacity of
he bilayer.

The electrostatic field energy is given by the formula

E =
1
2
εrε0

A
W

v2. (19)

Let us choose ∆W and ∆A from (17) and (18) as the state variables. The corresponding (generalized) forces are obtained
y applying the relation (6b) to the energy (19). The electrostatic force causing the compression of the dielectric will be

FW =
∂E

∂∆W
=

1
2
εrε0

A
W 2 v2. (20)

It is a classical force measured in newtons. In contrast, the generalized force associated with increasing the area of the
bilayer

FA =
∂E

∂∆A
=

1
2
εrε0

1
W

v2 (21)

as a dimension of newtons per meter or joules per square meter. It means the change in bilayer tension caused by a
on-zero voltage.
The modeling diagram of a lipid bilayer controlled by an external voltage is shown in Fig. 8. It is a capacitive three-port

ith one electrical and two non-electrical ports. The electrical port provides voltage excitation, non-electrical ports are
quipped with circuits that model the dynamics of EW and EC processes. These are series combinations of a generally
onlinear capacitor and resistor. The changes in the area ∆A and in the thickness ∆W are non-electrical analogies to
he charges supplied by both non-electrical ports to the nonlinear capacitors CA and CW . The voltages on these capacitors
orrespond to the actual values of the bilayer tension and the compressive forces of the bilayer. The RA and RW resistors
odel the losses of EW and EC processes, and, in combination with capacitors, they form actually observable time
onstants. The dynamics of the EW process is described by the state equation

ξA
d∆A
dt

+ kA∆A = FA, (22)

here ξA and kA are the damping (N s m−3) and the stiffness (N m−3) coefficients. The dynamics of the EC process is
overned by the equation

ξW
d∆W
dt

+ kW∆W = FW , (23)

here ξW and kW are the damping (N s m−1) and the stiffness (N m−1) coefficients. According to the modeling diagram
n Fig. 8, the damping coefficients correspond to the resistances of the resistors RA and RW , and the stiffness coefficients
orrespond to the inverse capacitances of the capacitors CA and CW .
The stiffness values are not constants, and the corresponding non-linear dependencies can be derived from the values

measured. It is well known [24–27] that after the voltage has stabilized at v∞, the area of the bilayer stabilizes on

A∞ = A0 + ∆∞A = A0
(
1 + βv2

∞

)
. (24)

A similar relationship was confirmed for a steady bilayer thickness

1
=

1
=

1 (
1 + Bv2

∞

)
, (25)
W∞ W0 − ∆∞W W0

8
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Fig. 8. Modeling diagram of lipid bilayer. The highlighted block is a capacitive three-port with the electric port (v, q), the port (FA , ∆A) of the
EW (electrowetting) process, and the port (FW , ∆W) of the EC (electrocompression) process. The circuits modeling the dynamics of the individual
processes are connected to the non-electric ports.

where β and B are material constants. For the steady state, Eqs. (22) and (23) are converted to algebraic equations, from
which nonlinear stiffness coefficients can be determined as follows:

kA =
1
2

εrε0

∆∞A (W0 − ∆∞W )
v2

∞
(26)

kW =
1
2

εrε0 (A0 + ∆∞A)

∆∞W (W0 − ∆∞W )2
v2

∞
(27)

Consider (24)–(27) as a system of four algebraic equations with five variables kA, kW, ∆∞W, ∆∞A, and v∞. This means
that the condition is fulfilled of expressing the parameters kA and kW as functions of steady changes in area and thickness:

kA = kA (∆∞A) (28)

kW = kW (∆∞W ) (29)

It is evident that if the capacitors CA and CW do not have inverse capacitances with nonlinear dependencies according
to (28) and (29), then the relations (24) and (25) for steady states will not be satisfied. Therefore, in the range of voltages
v for which the experimentally confirmed relations (24) and (25) hold, the inverse capacitances must be governed by the
following nonlinear formulae

kA (∆A) =
1
2

εrε0

βA0W0

(
B∆A
βA0

+ 1
)

(30)

kW (∆W ) =
1
2

εrε0A0

B (W0 − ∆W )3

(
β∆W

B (W0 − ∆W )
+ 1

)
, (31)

hich are specific forms of (28) and (29), derived as a solution of the above set of algebraic Eq. (24) - (27). Note that the
ormal stiffness of the bilayer increases according to (31) with increasing compression ∆W. Thus, it is not necessary to
ntroduce an artificial nonlinearity in the model [16], which would prevent the variable W from reaching negative values
uring the simulation.
By using suitable nonlinearities of the resistors RA and RW according to Fig. 8, it is possible to capture potential

onnections between energy dissipation and the rate of the change of the area and the thickness of the bilayer. In
he following simulation, we left these resistors linear. The simulation was performed with parameters from the SPICE
ubcircuit in Appendix B. The parameters correspond to lipid-coated water droplets in the oil medium C10H22 (decane).
he drops are connected via electrodes to a sinusoidal voltage source with an amplitude of 150 mV of suitable frequency.
he series resistance of the power supply is set to 1 M�.
9
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Fig. 9. q-v pinched hysteresis loops for sinusoidal excitation with an amplitude of 150 mV and various frequencies. The black loop for the lowest
frequency practically copies the DC dependence (32).

Fig. 10. Time evolution of the bilayer surface and its thickness and energy influx to the bilayer by EW (EA) and EC (EW) processes when driven by
a harmonic signal with an amplitude of 150 mV and a frequency of 0.1 Hz.

Fig. 9 shows the q-v hysteresis loops for a wide frequency range of the driving sine signal. The loops are of type II,
i.e. non-crossing pinched hysteresis loops typical of generic memsystems [28]. The loops are captured at a steady state
after the transients have subsided, which are most pronounced at higher frequencies. For high frequencies, the loops
degenerate into a linear dependence, which is fully consistent with one of the fingerprints of generic mem-elements [29].
Based on Eqs. (16), (24), and (25), it is easy to conclude that for very low frequencies, the loops get ever closer to the
curve of the nonlinear DC characteristic given by the relation

q = C0v
(
1 + βv2) (

1 + Bv2) , (32)

here C0 is the capacitance of the bilayer at zero voltage. The experiment also shows that there is a frequency at which
he hysteresis is most pronounced, i.e. the area of the loop has its local maximum as a function of frequency.

Fig. 10 shows the area and the thickness of the bilayer as functions of time together with the curves of the energy
ccumulated in the bilayer via electrowetting (EW) and electrocompression (EC). From the last graph it is evident that
bout 4.5 times more energy is invested in changing the area than in changing the thickness of the bilayer.
The ratio between the amount of energy EA stored in the area by the EW process and EW energy accumulated in the

ilayer compressed by the EC process has its regularities, which can also be examined exactly as a proportion of energies
tored in nonlinear capacitors CA and CW according to the model in Fig. 8.

EA
=

∫
kA (∆A) ∆Ad (∆A)∫ . (33)
EW kW (∆W ) ∆Wd (∆W )

10
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The inverse capacitances kA() and kW () are described by the nonlinear functions in (30) and (31). After performing the
ndicated integrations and using Eqs. (24) and (25), the final form of Eq. (33) for steady states is as follows:

EA∞

EW∞

=
β

B
2Bv2

∞
+ 3

2βv2
∞

+ 3
. (34)

or a constant voltage v∞ in the range from zero to any value, the ratio (34) of energies ranges from β/B to 1. For the
ase of droplets in the decane environment, β/B = 4.874. At any non-zero voltage v∞, the value (34) will always be
ower than this number; for v∞ = 150 mV it is 3.039. The simulation according to Fig. 10 shows a higher value of 4.5
ue to non-compliance with the steady state DC condition. For very low driving voltage frequencies, the simulations fully
onfirm the validity of (34).

. Conclusion

The article introduces a methodology for compiling predictive models of generic memcapacitors fulfilling the general
efinition (3). The only building blocks of the model are one-port (α, β) elements supplemented with a capacitive
ultiport.
The multiport capacitive core of the model is a unifying circuit element; various physical quantities get together on its

orts, forming the overall dynamics of the generic memcapacitor. In general, there can be multiple processes of different
hysical origins, each modeled as a separate block connected to one non-electrical port. The methodology for selecting
he generalized forces (6b) that form a pair of port variables with the respective state variables guarantees that the
apacitive multiport will be a reciprocal element with a potential function equal to the energy of the electrostatic field
f the memcapacitor. This fact allows a smooth application of the Lagrangian formalism.
The selection of state variables itself has a significant effect on the specific implementation of the block that models

he relevant physical process. In [16], for modeling the electrowetting (EW) process in the lipid membrane, the minor
adius of the elliptic surface of the bilayer is selected as the state variable on the tacit assumption that the ratio of major
nd minor radii does not change during the EW process. It is known that the elliptical shape is only an approximation of
much more complex fact ( [27], Electronic Supplementary Material). In this work, in contrast to [16], the state variable

s the surface of the bilayer itself; the question of which curve actually forms its outline is left aside. The model calculates
his area directly, while the parameters of the probable contour curve can be easily determined, if necessary, using an
utput equation, which no longer affects the dynamics of the process.
Eqs. (24) and (25) are examples of experimentally obtained relations that can serve to precisely tune the parameters of

he state equations describing the dynamics of the memcapacitor. In the given case of lipid bilayers, these relations made
t possible to identify the nonlinearities that govern the inverse capacitances in the EW and EC models. This eliminates the
eed to replace these parameters with different constants in each circuit situation, or to introduce additional nonlinearity
n the state equation to limit the state variable of the EC process [16]. It would also be appropriate to replace the linear RA
nd RW resistors for modeling the dissipation in EW and EC processes with non-linear resistors. The types of nonlinearity
ould be derived from the experimentally determined dependencies of energy dissipation on the rate of change of the
ilayer area and the thickness. There would probably be no necessity to change the values of the corresponding damping
oefficients each time the frequency of the excitation signal changes, as follows from [16].
Eqs. (30) and (31) are as accurate as the experimental data on which the initial relations (24) and (25) are based. If

ata for a larger voltage range is obtained and the relations affect such phenomena as EW saturation, the change will
e incorporated into another type of nonlinearity and the model will describe this phenomenon as well. The usefulness
f predictive modeling, which aims to capture all significant nonlinearities, is also demonstrated by relation (34) for
omparing the energy intensity of EW and EC processes in the lipid membrane. According to (34), the energy invested in
ncreasing the membrane area at low voltages is β/B times higher than the energy required to compress the membrane.
or oil environment of the decane (C10H22) or hexadecane (C16H34) type, this ratio is equal to 4.874 or 27.827, respectively.
ith increasing voltage, this value decreases and approaches the limit of 1. For a voltage of 150 mV, this ratio decreases

o 3.039 or 23.043. These facts well illustrate the predictive capabilities of the modeling method given in Part V and
omplete the data from [16] according to which the EW process is involved in the change of membrane capacity by more
han 80%.

The methodology of modeling the generic memcapacitors can also be used for studying phenomena in integrated MEMS
Micro-Electro-Mechanical Systems), particularly those containing electrostatic or piezoelectric sensors and actuators. It
urns out that such devices can be modeled as generic memcapacitors [30]. For example, the so-called rate-dependent
ysteresis in piezoelectric actuators, which affects the positioning accuracy in micro-displacement technology, is currently
tudied as an interesting phenomenon of observing elliptic trajectories in displacement-voltage space [31]. The knowledge
hat such actuator behaves as DC biased electro-mechanical memcapacitor can help in understanding that such hysteresis
s only a modified type of the well-known pinched hysteresis in memcapacitor. It is shown in [30] that similar elliptic
ysteresis is associated with the operation of electrostatic comb drives used as micromirror actuators, and that the analysis
f memcapacitive effects can help in the synthesis of electronic damping of the associated mechanical part of the MEMS.

here are also other recently published results such as a piezo-ceramic incorporated into FitzHugh–Nagumo neuron for

11
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capturing and encoding sound signal [32] that indicate the potential of the use of memcapacitive modeling in assorted
areas of science.
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