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Riziková analýza stochastického grafu PERT

Risk Analysis of Stochastic PERT Graph
Radek Doskočil, Karel Doubravský

Abstract:
Purpose of the article: The paper deals with a time and probability analysis of stochastic graph PERT. The 
paper focuses on the comparison of two different approaches calculation of probability analysis. Concretely the 
planning time of the project was calculated. A sample PERT network graph was examined, which comprised 
18 nodes and 18 real activities and 6 fictions activities. For the purpose of the analysis, the basic characteristic 
times were calculated in accordance with traditional approaches related to the PERT method.
Methodology/methods: The implementation of the PERT algorithm is based on the critical path method (CPM). 
It was calculated the basic time charactetistics of the project and identificed the critical path. For probability 
analysis was also calculated expected value, variance and standard deviance of the activities. For calculation 
of the planning time was used distribution function of standardized normal distribution. The PERT algorithm 
is realized by using spreadsheet in the MS Excel.
Scientific aim: of the paper is comparison of two different approaches calculation of the probability analysis 
and their influence on the calculation of the planning time of the project.
Findings: Two different approaches calculation of the probability analysis shows on different result of values 
of project planning time. Approach II better reflects the difference between the values of variances of project 
activities. The value of variance depends on the input values of three time durations s activity estimates 
(pessimistic, most likely, optimistic). For higher values of probability there is a bigger difference between the 
values of planned times that are calculated by two described approaches.
Conclusions: The problem was solved using the example project whose model (network graph) contained 
18 nodes and 24 activities. For each activity have been known three time estimates (pesimitic, most 
likely, optimistic). Based on these estimates were calculated expected values of the duration activities and 
their variances. Expected values of the duration activities were used as input values to calculate the time 
characteristics. Variances of the activities were used as input values to calculate the variance at the nodes. 
For these calculations two approaches was used. The expected value of project duration (value of earliest 
time in last node) was the same for both approaches. For the approach I is a value of the variance in the last 
node less than for the approach II. These values were used as input data for calculation of planning time of 
the project at various levels of probability according to the standardized normal distribution. From obtained 
results dependence between the probability and size of the differences in planned times were observed. This 
difference increases with a probability going to one. Based on the analysis a recommendation shows to use 
the approach II under conditions when there are large variations between optimistic (pessimistic) estimates of 
activity durations and the most likely estimate of activity duration. It causes great differences in values of the 
variances of the activities. The approach II better reflects this dissimilarity in the variances of the activities. 
This approach provides longer planning times of the project opposite the approach I.
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Introduction

Project management is nowadays a widely used 
and discussed discipline. This fact is substantiated 
by numerous scientific articles, books and publica-
tions dealing with these problems (Relich, 2010; 
Bergantiños, Vidal-Puga, 2009; Garcia, et all., 
2005). This discipline is also included in the courses 
of numerous faculties focusing on economy both in 
the Czech Republic (Korecký, Trkovský, 2011) and 
abroad. Experts are also associated in various pro-
fessional organizations or associations (Společnost 
pro projektové řízení Česká republika, 2011; Inter-
national Project Management Association, 2011).

Project managers and other members of the pro-
ject team use different tools, techniques or methods 
in project management (CPM, PERT, Gantt dia-
gram, Histogram of sources etc.). If we take a closer 
look at the PERT method, we will find out that in 
certain cases the manner of their application varies, 
depending on the approach of individual authors. 
These differences are based on various methods for 
calculating the variation of nodes. This fact causes a 
difference in the results of probabilistic analysis of 
the project. The scope of probability analysis may 
vary with each user depending in particular on his/
her needs. The basic ones include computation of 
the probability of meeting the planned deadlines 
(Jablonský, 2002), and analysis of node criticality, 
or activity criticality (Premachandra, 2001).

The paper deals with a PERT method. This meth-
od is signed as stochastic method. Its aim is an iden-
tification of critical path in a graph. The graph repre-
sents a model of a project. The implementation of the 
PERT algorithm is based on the critical path method 
(CPM). The paper focuses on the comparison of two 
different approaches calculation of probability analy-
sis and their influence on the calculation of the plan-
ning time of the project. A sample PERT network 
graph was examined, which comprised 18 nodes and 
18 real activities and 6 fictions activities.

1.  Methods

The problems under analysis are shown on a PERT 
network graph comprising 9 nodes and 14  ctivities. 
Three estimates of activity duration were provided: 
optimistic, most likely and pessimistic. Subsequently, 
activity duration mean times (1) were computed accor-
ding to the following formula (Plevný, Žižka, 2005):
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where:
tij activity duration,
aij optimistic estimate of activity duration,
mij most likely estimate of activity duration,
bij pessimistic estimate of activity duration.

Variances (2) and standard deviations (3) of acti-
vity duration were also calculated. The following 
formulas were used for their calculation:
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For the purposes of the time analysis, basic cha-
racteristic times were calculated in accordance with 
traditional approaches. For more detailed informa-
tion see related publications (Černá, 2008; Wis-
niewski, 1996).

Using incidence matrix, the earliest times for each 
node (4) were calculated as follows:

 { }max ,
where ,
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where:
ETNj Earliest Time of Node,
EFTij Earliest Finish Time of Activity,
ESTij Earliest Start Time of Activity,
tij Activity Duration.

The latest times for each node (5) were calculated 
as follows:

 { }min ,
where   ,

i ij
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where:
LTNi  Latest Time of Node,
LFTij Latest Start Time of Activity,
LFTij Latest Finish Time of Activity,
tij Activity Duration.

The total float of activity (6) from ith node to jth 
node was calculated as follows:

 ij j i ijTF LTN ETN t= − − , (6)

where:
ETNi Earliest Time of Node,
LTNj Latest Time of Node,
tij Activity Duration.
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There are two generally used approaches for com-
putation of variances needed for the node criticality 
analysis.

The first approach is based on the fact that the va-
riances of the earliest times of nodes (7) correspond 
to computed variances of the earliest finish time of 
activity, out of which that one is selected that apper-
tains to the maximum duration of the earliest finish 
times of activities incising with the respective node.
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where:
σ2ETNi Variance of the Earliest Time of Node,
σ2EFTij Variance of the Earliest Finish Time of 

Activity,
k Number of Nodes.

As regards the first approach, the variances of the 
latest times for each node (8) correspond to the com-
puted variances of latest start time of activity, out 
of which that one is selected that appertains to the 
minimum duration of the latest start times of activi-
ties incising with the respective node (Gross, 2003).
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where:
σ2LTNj Variance of the Latest Time of Node,
σ2LSTij Variance of the Latest Start Time of 

Activity,
k Number of Nodes.

The second approach is based on the fact that the 
variances of the earliest node times (9) correspond 
to the computed variances of earliest finish time of 
activity, out of which that one is selected that has 
the maximum value out of those incising with the 
respective node.

 { }2 2max , 1, 2, ... ,i iji
ETN EFT j ks s= = , (9)

where:
σ2ETNi Variance of the Earliest Time of Node,
σ2EFTij Variance of the Earliest Finish Time of 

Activity,
k Number of Nodes.

Variances of the latest times for each node (10) 
correspond to the computed variances of the latest 
start time of activity, out of which that one is selec-
ted that has the maximum value out of those incising 

with the respective node (Operační analýza [Opera-
tional Analysis], 2003):

 { }2 2max , 1, 2, ... ,j ijj
LTN LST i ks s= = , (10)

where:
σ2LTNj Variance of the Latest Time of Node,
σ2LSTij Variance of the Latest Start Time of 

Activity,
k Number of Nodes.

The calculated value (parameter) of the standardi-
zed normal distribution (11) will be:

 ( )
n

n

ETN
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s

 −  ≤ =    
, (11)

where:
P Probability,
T Time,
PT Planning Time,
ETNn Earliest Time of End Node (Time duration 

of the project),
σ ETNn Standard Deviation of Earliest Time of 

End Node.

The sought probability will be the value of the 
distribution function F(u) (Wonnacott, 1990), which 
can be found e.g. in the statistical tables, or using 
appropriate software (Mathews, 2005).

Case study (the PERT algorithm with probabili-
stic analysis) was calculated by using software MS 
Excel which provides quickness and comfortable of 
the solution (Doskočil, Doubravský, 2012). Samuel 
Bodily (Bodily, 1986) showed the use of spreadshe-
ets for calculation the Operation Research (OR) pro-
blems. Spreadsheets provide a simple way how to 
obtain solutions and how to generate reports. Only 
few papers have presented a generalized method for 
implementation of the PERT method in a spreadshe-
et as the medium (Seal, 2001; Hillier, 2000). Some 
authors transform this PERT problem to the linear 
programming and solve it using solver module avai-
lable in MS Excel. (Ragsdale, 2001).

2.  Results

Case study describes a project which includes 18 
subactivities. The details of the activities and their 
predecessor relationships are presented in column 
1 and 2 of table 1. The details of the activities and 
time estimates, i.e. optimistic (aij), most likely (mij) 
and pessimistic (bij) of activity duration are shown in 
column 3, 4 and 5 of Table 1.
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Table 1.  Representation of the Project.

Activities Immediate Predecessor
Time of Activity Duration

Optimistic Time (a) Most likely Time (m) Pessimistic Time (b)
A – 21 24 26
B – 50 56 62
C A, B 75 80 85
D C 30 32 34
E C 3 4 5
F C 6 8 10
G C 3 4 5
H D, E, F, G 2 3 4
I H 10 12 14
J I 3 4 5
K H 9 12 16
L K 3 4 5
M L 1 8 20
N L 2 3 4
O J 4 5 6
P J 1 1 1
R O, P 1 5 6
S M, N, R 2 4 6

Source: Edited by (Rais, Doskočil, 2011).

Table 2.  Calculation of Activity Duration Mean Time and Activity Variance.

Activities
Number of Node Time of Activity Duration

Mean Time 
(te

ij)
Variance 

(σ2
ij)i j Optimistic Time 

(aij)
Most likely Time 

(mij)
Pessimistic Time 

(bij)
B 1 2 50 56 62 56.00 4.00
A 1 3 21 24 26 23.83 0.69

Fic. I 2 3 0 0 0 0.00 0.00
C 3 4 75 80 85 80.00 2.78
E 4 5 3 4 5 4.00 0.11
F 4 6 6 8 10 8.00 0.44
G 4 7 3 4 5 4.00 0.11
D 4 8 30 32 34 32.00 0.44

Fic. II 5 8 0 0 0 0.00 0.00
Fic. III 6 8 0 0 0 0.00 0.00
Fic. IV 7 8 0 0 0 0.00 0.00

H 8 9 2 3 4 3.00 0.11
I 9 10 10 12 14 12.00 0.44
K 9 11 9 12 16 12.17 1.36
J 10 12 3 4 5 4.00 0.11
L 11 13 3 4 5 4.00 0.11
P 12 14 1 1 1 1.00 0.00
O 12 15 4 5 6 5.00 0.11
N 13 16 1 2 3 2.00 0.11
M 13 17 1 8 20 8.83 10.03

Fic. V 14 15 0 0 0 0.00 0.00
R 15 17 1 5 6 4.50 0.69

Fic. VI 16 17 0 0 0 0.00 0.00
S 17 18 2 4 6 4.00 0.44

Source: Own work.
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Table 3.  Times Characteristic of Activities.

Activities Times Characteristic of Activities

i j ESTij EFTij LSTij LFTij TFij

1 2 0 56 0 56 0
1 3 0 23.83 32.17 56 32.17
2 3 56 56 56 56 0
3 4 56 136 56 136 0
4 5 136 140 164 168 28
4 6 136 144 160 168 24
4 7 136 140 164 168 28
4 8 136 168 136 168 0
5 8 140 140 168 168 28
6 8 144 144 168 168 24
7 8 140 140 168 168 28
8 9 168 171 168 171 0
9 10 171 183 171 183 0
9 11 171 183.17 171.5 183.67 0.5

10 12 183 187 183 187 0
11 13 183.17 187.17 183.67 187.67 0.5
12 14 187 188 191 192 4
12 15 187 192 187 192 0
13 16 187.17 189.17 194.5 196.5 7.33
13 17 187.17 196 187.67 196.5 0.5
14 15 188 188 192 192 4
15 17 192 196.5 192 196.5 0
16 17 189.17 189.17 196.5 196.5 7.33
17 18 196.5 200.5 196.5 200.5 0

Source: Own work.

Figure 1.  Network graph. Source: Own work.

The graphical representation of predecessor and 
relationships of project (the network graph) is shown 
in Figure 1. Network graph consists of 18 nodes,18 
real activities and 6 fictions activities.

Table 2 presents the calculated mean time (esti-
mate of expected value) of the activities (column 7) 
and their variances (column 8). Column 1 to 6 repre-
sents informations about the project.

Table 3 contains calculations of the basic charac-
teristic times at the level of activities, including total 
float, which identifies the critical path. The total float 
equals zero for the following activities: (1;2), (2;3), 
(3;4), (4;8), (8;9), (9;10), (10;12), (12;15), (15;17) 
and (17;18). These activities are therefore critical, 
and their sequence determines the probable critical 
path. The estimate of the project duration mean time 
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equals the critical path duration, i.e. 200,5 time unit.
Another step in the probability analysis is the cal-

culation of variances of characteristic times at the le-
vel of both the nodes (earliest and latest node times) 
and activities (see Table 3). An incidence matrix is 
used for practical processing, into which only cer-

tain values of characteristic times and their varian-
ces are entered. For more detailed information see 
related publications (Gros, 2003).

The following part of the text summarizes the re-
sults of both examined methods of variance com-
putation.

Table 4.  Incidence Matrix – Variances of the Earliest and Latest Times of Node – Approach I.

j           i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 σ2ETNi

1 4.00 0.69 0.00
2 0.00 4.00
3 2.78 4.00
4 0.11 0.44 0.11 0.44 6.78
5 0.00 6.89
6 0.00 7.22
7 0.00 6.89
8 0.11 7.22
9 0.44 1.36 7.33
10 0.11 7.78
11 0.11 8.69
12 0.00 0.11 7.89
13 0.11 10.03 8.81
14 0.00 7.89
15 0.69 8.00
16 0.00 8.92
17 0.44 8.69
18 9.14

σ2LTNj 9.14 5.14 5.14 2.36 1.92 1.92 1.92 1.92 1.81 1.36 10.58 1.25 10.47 1.14 1.14 0.44 0.44 0.00

Source: Own work.
Table 5.  Incidence Matrix – Variances of the Earliest and Latest Times of Node – Approach II.

j           i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 σ2ETNi

1 4.00 0.69 0.00

2 0.00 4.00

3 2.78 4.00

4 0.11 0.44 0.11 0.44 6.78

5 0.00 6.89

6 0.00 7.22

7 0.00 6.89

8 0.11 7.22

9 0.44 1.36 7.33

10 0.11 7.78

11 0.11 8.69

12 0.00 0.11 7.89

13 0.11 10.03 8.81

14 0.00 7.89

15 0.69 8.00

16 0.00 8.92

17 0.44 18.83

18 19.28

σ2LTNj 19.28 15.28 15.28 12.50 12.06 12.06 12.06 12.06 11.94 1.36 10.58 1.25 10.47 1.14 1.14 0.44 0.44 0.00

Source: Own work.
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Approach I:
Table 4 represents an incidence matrix of the ne-
twork graph. Its internal cells contain calculated 
variances of activity duration (see Table 2). The last 
column contains variances of the earliest node times 
calculated using the first approach, i.e. variances 
corresponding to the calculated activity variances, 
out of which that one is selected that appertains to 
the maximum duration of the earliest finish times 
of activities incising with the respective node. The 
last line contains variances of the latest node times 
calculated using the first approach, i.e. variances co-
rresponding to the calculated activity variances, out 
of which that one is selected that appertains to the 
minimum duration of the latest start times of activi-
ties incising with the respective node.

Approach II:
Table 5 represents an incidence matrix of the ne-
twork graph. Its internal cells contain calculated 
variances of activity duration (see Table 2). The last 
column contains variances of the earliest node times 
calculated using the second approach. i.e. variances 
corresponding to the calculated activity variances. 
out of which that one is selected that appertains to 
the maximum variance out of the earliest activity 
variances incising with the respective node. The 
last line contains variances of the latest node times 
calculated using the second approach. i.e. variances 
corresponding to the calculated activity variances. 
out of which that one is selected that appertains to 
the maximum duration of the latest start times of 
activities incising with the respective node.

3.  Discussion

Table 6 summarizes the results of both approaches 
of the node criticality computation. The first row de-
fines the node number. The second and third rows 
give probabilities of their criticality according to the 
first and second approach.

For calculation of planning time of the project 
was used (11). Planning times of the project for app-

roach I and approach II computing with probability 
0.95 are follows:

Approach I:

 
205.47 200.5( 205.47) 0.95

3.02
P T F

 − ≤ = =  
.

Approach II:

 207.72 200.5( 207.72) 0.95
4.39

P T F
 − ≤ = =  

.

Graphical representations (density function of 
normal distribution) of previous calculations for 
approach I (with expeted value 200.5 and standard 
deviation 3.02) and approach II (with the same ex-
peted value and standard deviation 4.39) are shown 
in Figure 2.

Table 6.  Standard deviation of the Earliest Time of Nodes.

Number of Node 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Approach I 3.02 3.02 3.02 3.02 2.97 3.02 2.97 3.02 3.02 3.02 4.39 3.02 4.39 3.00 3.02 3.06 3.02 3.02

Approach II 4.39 4.39 4.39 4.39 4.35 4.39 4.35 4.39 4.39 3.02 4.39 3.02 4.39 3.00 3.02 3.06 4.39 4.39

Source: Own work.

Figure 2.  Density function of normal distribution for 
various σ. Source: Own work.

The values from last column of Table 6 were used 
as input data for calculation of planning time of the 
project at various levels of probability according to 
the standardized normal distribution (Table 7).

From obtained results dependence between the 
probability and size of the differences in planned 
times were observed (Table 7). This difference inc-
reases with a probability going to one. Based on the 
analysis a recommendation shows to use the app-
roach II under conditions when there are large va-
riations between optimistic (pessimistic) estimates 
of activity durations and the most likely estimate of 
activity duration. It causes great differences in values 
of the variances of the activities. The approach II be-
tter reflects this dissimilarity in the variances of the 
activities. This approach provides longer planning 
times of the project opposite the approach I.
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In Table 8 probabilities of planning time are sho-
wed for both approaches (I and II). In the last row 
the differences between the values of probability de-
termining by both approaches are calculated.

If the value of difference is less than 0.05 then it 
can be told that the values of probability determining 
by approach I and II are equal (can be regarded as 
the same) from statistical point of view. Otherwise 
the values of probability are not equal (can be regar-
ded as the different) from statistical point of view. 
The Table 8 shows that the probabilities determining 
by both approaches are the same close to the mean 
time of the project (200.5 time unit) and behind the 
border of ±3σ interval.

Conclusion

The problem was solved using the example project 
whose model (network graph) contained 18 nodes 
and 24 activities (18 real. 6 fictions). For each activi-
ty have been known three time estimates (pesimitic. 
most likely. optimistic). Based on these estimates 
were calculated expected values of the duration acti-
vities and their variances. Expected values of the du-
ration activities were used as input values to calcu-
late the time characteristics (Earliest Finish Time of 
Activity. Earliest Start Time of Activity. Latest Start 
Time of Activity. Latest Finish Time of Activity and 
Total float). Variances of the activities were used as 
input values to calculate the variance at the nodes. 
For these calculations two approaches was used. The 
first approach is based on the fact that the variances 
of the earliest times of nodes corresponds compu-
ted variances of the earliest finish time of activity. 
Out of which that one is selected that appertains to 

the maximum duration of the earliest finish times of 
activities incising with the respective node. The se-
cond approach is based on the fact that the variances 
of the earliest node times correspond to the compu-
ted variances of earliest finish time of activity. Out 
of which that one is selected that has the maximum 
value out of those incising with the respective node. 
The expected value of project duration (value of ear-
liest time in last node) was the same for both appro-
aches. For the approach I is a value of the variance 
in the last node less than for the approach II. These 
values were used as input data for calculation of 
planning time of the project at various levels of pro-
bability according to the standardized normal distri-
bution. From obtained results dependence between 
the probability and size of the differences in planned 
times were observed. This difference increases with 
a probability going to one. Based on the analysis a 
recommendation shows to use the approach II under 
conditions when there are large variations between 
optimistic (pessimistic) estimates of activity durati-
ons and the most likely estimate of activity duration. 
It causes great differences in values of the variances 
of the activities. The approach II better reflects this 
dissimilarity in the variances of the activities. This 
approach provides longer planning times of the pro-
ject opposite the approach I.
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Table 7.  Time duration of the project.

Value of Probability 0.7 0.8 0.90 0.95 0.99

Approach I 202.08 203.04 204.37 205.47 207.53

Approach II 202.80 204.19 206.13 207.72 210.71

Difference [time unit] 0.72 1.15 1.76 2.25 3.19

Source: Own work.

Table 8.  Probabilities for Planning Times of the project.

Planning 
Time 
[time unit]

192 194 196 198 200 202 204 206 208 210

Approach I 0.002442 0.015686 0.068103 0.203888 0.43425 0.690296 0.87676 0.965711 0.993494 0.999172
Approach II 0.02642 0.069352 0.152668 0.284517 0.45466 0.633706 0.787352 0.894869 0.956222 0.984768
Difference 0.023978 0.053665 0.084565 0.080629 0.02041 0.056589 0.089408 0.070842 0.037273 0.014403

Source: Own work.
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