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1 INTRODUCTION

Mathematical and numerical modeling of different physical processes forms an
important part of every technical discipline. Tribology is not an exception. It is
defined as the field of science studying friction, wear and lubrication of interacting
surfaces in relative motion. The practical objective of tribology is to control wear
and friction, while lubrication is an effective way to control wear and reduce
friction [1]. We can distinguish between hydrodynamic, elastohydrodynamic,
mixed and boundary lubrication.

Elastohydrodynamic lubrication (EHL) can be defined as a form of hydrody-
namic lubrication where the elastic deformations of the contacting bodies and
the changes of viscosity with pressure play fundamental roles [1]. EHL is mainly
typical for non-conforming contacts of machine elements - rolling bearings, gears,
cams and many others. The two main characteristics of the EHL problem, the
elastic deformations and the piezo-viscous effects, create a complex problem re-
quiring a detailed numerical solution. In a typical EHL contact the increasing
performance and operating life results in decreasing lubricant film thickness. The
scale of the film thickness in such contacts requires to consider the roughness
components of the surfaces.

The study of the roughness behavior inside an EHL contact is essential for the
design, maintenance and life prediction of any machine element and it is closely
related to the stress prediction, contact fatigue, etc. This fact resulted in many
published experimental and numerical works observing the behavior of rough sur-
faces in an EHL contact. Roughness can be incorporated into numerical models
by assuming real or artificial surface features. While real roughness is hard to
model numerically, works dealing with artificial roughness are more widespread.
Different rapid prediction tools for the evaluation of roughness deformation were
published, but their applicability is limited, and therefore full numerical solutions
are required as well. For many years, the numerical works assumed Newtonian
fluid flow, however, compared to experiments it was revealed that this assumption
is quite inaccurate. The dependence between the shear rate and shear stresses
of a lubricant is not linear, especially when the contacting bodies operate under
rolling-sliding conditions.
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2 STATE OF THE ART

The history of theoretical EHL goes back until the 19th century, when in 1886
Reynolds [2] derived from the Navier-Stokes equations and from the continuity
equation the equation describing the fluid flow in a narrow gap assuming New-
tonian viscous flow. His work formed the basis for hydrodynamic lubrication
and confirmed Tower’s experiments [3]. Later in 1916, Martin [4] applied the
Reynolds equation to non-conformal surfaces. Assuming this type of contacting
bodies the elastic deformations of the surfaces can not be neglected. Grubin [5]
was the first to include these deformations into his solution in 1949. Moreover,
he assumed that the viscosity of the lubricant is pressure-dependent. In 1951
Petrusevich [6] published the first analytical-numerical solution of EHL confirm-
ing Grubin’s assumptions. Later on, advances in computer techniques enabled
full numerical solutions of the problem. The mathematical model of the EHL
problem consists of three main equations: the Reynolds equation, the film thick-
ness equation and force balance equation. These are completed with relations
describing the lubricant properties and their dependence on the pressure. More
equations such as the description of the roughness feature or the energy equation
can be added to the model depending on the exact problem to be solved.

2.1 Smooth EHL

The early numerical simulations considered stationary models of the smooth
EHL contacts revealing several characteristics such as the horse-shoe shaped film
thickness distribution confirming the experimental observations, the empirical
central and minimum film thickness formulas, or the pressure distribution with
its shape similar to the Hertzian dry contact pressure distribution and the second
local maximum, the so-called pressure spike. The empirical formulas [7] are still
widely used and serve as a reference value although their applicability is rather
suitable for lightly loaded contact problems. It was shown that the phenomena of
the pressure spike is an issue related to the numerical solution [8], it’s magnitude
depends on the load and on the choice of the viscosity-pressure relation. Figure
2.1 shows the solution the pressure and film thickness distributions in a smooth
EHL contact [9].

The progress in computational techniques gave rise to more advanced calcu-
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Figure 2.1 Film thickness and pressure distribution in an EHL point contact
for a load 22.2 N and entrianment velocity 0.33 m/s presented by Ranger [9].

lations. The use of novel numerical methods yielded stable, fast and accurate
solvers for the EHL problems. The introduction of the multilevel methods greatly
reduced the computational complexity of the EHL model and enabled to solve
time-dependent problems as well. The multigrid method applied to solve the
Reynolds equation together with the multilevel multi-integration of the elastic
deformations for N grid points reduced the overall complexity from O(N 3) to
O(N lnN) operations [10]. Other alternatives are finite element [11] or finite
volume [12] based models (commercial softwares as well) or the combination of
several numerical methods. For example, the Fourier transformation enables to
calculate the pressure and film thickness for arbitrary rough surfaces [13]. The
choice of the discretization schemes and order plays an important role in the mod-
eling. For the transient problem all members of the Reynolds equation should
to be discretized by second order manner in order to obtain accurate results.

2.2 Non-smooth EHL

The assumption of smooth surfaces in an EHL contact is rather theoretical. Real
machine components encounter surface roughness which is defined by statistical
parameters. The complexity and uniqueness of each surface profile causes that it
is hard to incorporate them to the theoretical models and deduce a generalized
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method. The statistical approach [14] introduced in the 1970’s seems to be inac-
curate since it did not assume the elastic deformation of the asperities. On the
contrary, the deterministic approach is able to handle different surface features.
The roughness can be incorporated to the model by assuming artificial surface
features or assuming real surface roughness. Contact problems with real rough
surfaces are hard to model due to the uniqueness of each rough surface, solutions
were given e.g. by [15]. In [15] surface samples with O

(
105
)
- O

(
106
)
data

points were modeled with the conjugate gradient method. Another approach
used to model real surfaces is the fast Fourier transform [13].

Artificial surface features can be classified as local (dent, bump) or global
(waviness) or the combination of these two which are local in one dimension, but
global in the second one (such as a ridge, scratch, furrow) [16]. The majority of
works uses harmonic functions to describe these features. The first deterministic
models assumed stationary problems, i.e. the asperity was fixed at a certain
location. Lubrecht [16] showed that the influence of the asperity on the pressure
and film thickness is proportional to its amplitude and wavelength. For high
loads the asperities are flattened out due to the Couette flow causing only small
changes in the film thickness, while for low loads the opposite process can be
observed. This fact was explained by the reduction of the Reynolds equation to
the transport equation.

Since in an EHL contact generally both surfaces move, time-dependent models
are necessary to consider (unless the feature is longitudinally orientated). The
role of the squeeze term in the Reynolds equation can not be neglected [17]. The
pressure flow will be absent inside the contact resulting in a shear flow dominated
solution. Both stationary (the feature is fixed at a given location) and transient
simulations were carried out for a dent revealing the differences caused by the
squeeze term: the pressure rise is not symmetrical for the transient case at the
leading and trailing edges, and an additional amount of fluid will be trapped in
the dent shifting through the contact zone. The presence of the squeeze term
implies that the geometry of the feature will be preserved during the time it
moves through the contact zone.

Major differences can be seen in the behavior of the roughness feature when
assuming pure rolling (the two surfaces have the same velocities) and under
rolling-sliding conditions (different velocities of the surfaces). The differences
between the stationary and transient simulations are more distinct for sliding
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Figure 2.2 Behavior of the two solutions: moving steady state solutions and
inlet disturbances [19].

contacts. It was shown that for pure rolling once the feature is inside the Hertzian
zone, it tends to undergo only slight changes, however, under sliding the film
thickness variation states that it travels with the mean velocity) is independent
of the feature’s velocity. Venner argued [17] that in order to keep the mass
conversation in the flow, the system has to move the trapped fluid through the
contact by means of the Couette flow, i.e. film thickness variations.

An asynchronism can be observed between the film thickness and pressure vari-
ations under sliding, the two components of the solution can be distinguished, see
e.g. [18]. Greenwood and Morales-Espejel [19] defined these two separate parts
as the particular integral (moving steady state solution) and the complementary
function - see Figure 2.2. The first one generates large pressure and small film
thickness variations traveling with the velocity of the surface roughness. The
second one is caused due to the inlet modulations of the film resulting in large
film thickness and small pressure variations traveling with the mean entrainment
velocity.

2.3 Roughness deformation

Surface features deform inside the contact as they pass through it. Besides
the full numerical simulations, different (predictive) analytical approaches such
as the amplitude reduction model [20] or the perturbation analysis [21] were
presented in order to study the deformation. The amplitude reduction model
expresses the deformation as the ratio of the undeformed (initial) roughness
amplitude to the deformed amplitude, it depends on the operating conditions and
on the wavelength of the roughness. A single parameter can be derived relating
the above mentioned parameters to each other. Features with long wavelengths
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are almost completely flattened out, while short wavelength components hardly
sustain any deformation [20]. The slide to roll ratio (SRR) influences the shape of
the amplitude reduction curve too, the parameter expressing the deformation has
to be modified so the the effect of SRR is included [20]. The point contact case
is somewhat more complicated compared to the one-dimensional case, however,
it is possible to create a single curve for all types of harmonic features (defined
by their wavelengths in both directions) [20]. It was shown that the roughness
follows similar behavior for both types of contacts (line and point contacts).
Hooke [21] studied not only the magnitude of the deformation, but also the
characteristics of the complementary function (its amplitude and decay).

The fluid properties, especially the rheology model plays an important role in
the simulation of roughness behavior. The early numerical works assumed New-
tonian fluid behavior (linear dependence between the shear stress and shear rate),
although this assumption was questioned later for several reasons. However, the
Newtonian fluid model is sufficient for smooth contact problems. Under pure
rolling conditions the differences between the Newtonian and non-Newtonian
behavior are negligible.

Under rolling-sliding conditions the Newtonian fluid model failed to explain the
experimentally measured traction curves [22], and non-linear relation between
the shear stress and shear rate of the fluid is expected. The incorporation of
the different rheological functions into the two-dimensional Reynolds equation
is in general complicated. While for the line contact the expressions can be
derived relatively simply and full numerical solutions are available, e.g. [23], the
derivation of the so-called effective viscosities for the point contact problem is
not straightforward. On the other hand, the generalized Newtonian approach
might serve as an alternative [24].

The Eyring sinh law is the most commonly used rheology model in the two-
dimensional simulations [25]-[26]. Simplifying the expression of the rheological
function the time-consuming integrations across the film thickness can be re-
placed. The exact derivation of these expressions can be found e.g. in [22] or
[25]-[26].

The amplitude reduction model can be extended to the non-Newtonian model
too [27]-[28]. It shows that for a faster wavy surface the deformation of the feature
increases with the Eyring model, while for the opposite case the two fluid models
behave similarly. Increasing the Eyring shear stress value τ0 the curve gradually

10



Figure 2.3 Ridge deformation under pure rolling (left), negative SRR (middle)
and positive SRR (right) [30].

reverts into the Newtonian curve. Hooke’s analysis [29] proved that major dif-
ferences between the Newtonian and non-Newtonian models can be seen under
sliding conditions. With the Newtonian fluid large deformations are predicted
for all the wavelengths. Moreover, Hooke stated that the roughness behavior is
not very sensitive to the exact nature of the non-Newtonian characteristics.

Full simulations [30]-[32] also indicate the differences between the Newtonian
and non-Newtonian models. Under sliding conditions the non-Newtonian model
yields better agreement with the experiments. It was shown in [31] that for small
wavelength roughness the film thickness depends strongly on the lubricant prop-
erties, with increasing roughness wavelength its deformation is hardly dependent
on the fluid flow model and its amplitude. The Newtonian model predicts a more
deformed ridge and is unable to reproduce the entrapped amount of lubricant
behind or in front of the ridge [30] - see Figure 2.3. Even tough, the Eyring
model is widely used in the two-dimensional simulations of rough problems, e.g.
its validity and shear-thinning behavior was questioned by several authors [33]
- [24]. The generalized Newtonian model represents an alternative approach,
although it is derived only for the line contact case [24]. Further work needs to
be done in order to extend it to two-dimensional time-dependent models.

11



3 AIMS OF THE THESIS

The aim of the dissertation is to study the effect of non - Newtonian lubricant
properties on the behavior of surface roughness inside the contact zone under
rolling - sliding conditions by means of numerical simulations. The problem
solved in this work is very complex requiring time-dependent solution. Therefore,
an accurate, fast and stable numerical method has to be chosen. The solution
of the work has two stages, the first requires the development of the numerical
solver. The second part consists of the simulations of the defined problem for
different cases and its comparison and verification by experiments.

First part
• development of the stationary EHL solver assuming Newtonian fluid model

and smooth surfaces
• extension of the solver to time-dependent problems assuming the passage

of surface features through the contact zone
• inclusion of the non-Newtonian fluid model into the solver

Second part
• simulation and verification of the smooth contact EHL problem considering

both Newtonian, and non-Newtonian fluid rheology
• simulation of the passage of surface feature under pure rolling, and rolling -

sliding conditions assuming Newtonian and non-Newtonian fluid rheology
models
• comparison with the results of experimental measurements
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4 METHODS

The current chapter gives an overview of the mathematical model used to de-
scribe the problem of the transient EHL problem with a single transverse ridge.
Furthermore, the chapter summarizes the numerical methods applied to solve the
problem. Detailed description of both the matematical model and the numerical
methods is given in the PhD thesis.

4.1 Mathematical model

The following form of the Reynolds equation defined on the domain{
Ω = (x, y) ∈ R2 : xa ≤ x ≤ xb ∧ ya ≤ y ≤ yb} is assumed

∂

∂x

(
ρh3ηx
12η

∂p

∂x

)
+

∂

∂y

(
ρh3ηy
12η

∂p

∂y

)
︸ ︷︷ ︸

Poiseuille terms

−um
∂ (ρh)

∂x︸ ︷︷ ︸
wedge term

− ∂ (ρh)

∂t︸ ︷︷ ︸
squeeze term

= 0, (4.1)

it is completed with boundary conditions

p (xa, y) = p (xb, y) = 0 p (x, ya) = p (x, yb) = 0 (4.2)

and the cavitation condition

p (x, y, t) ≥ 0 ∀ (x, y, t) ∈ Ω (4.3)

Variables ξx and ξy are introduced

ξx =
ρh3ηx
ηλ

and ξy =
ρh3ηy
ηλ

(4.4)

with λ = 12umη0R
2
x/a

3ph. The values of ξx,y determine which relaxation method
(Gauss-Seidel or Jacobi) should be applied at given location in order to relax the
Reynolds equation.

For the Newtonian case the effective viscosities in Equation (4.1) are ηx = 1

and ηy = 1. For the non-Newtonian model they are different, their values depend
on the rheology function. In the current model the Eyring sinh law is applied.
The derivation of their effective viscosities from the shear stress is based on the
perturbation approach presented by Ehret [25], and adapted by e.g. Jacod [22]
or Chapkov [26]. The mean shear stress for the Eyring model is

τmf (τm/τ0) = τ0 sinh

(
τm
τ0

)
=
η (u2 − u1)

h
(4.5)
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The effective viscosities for the Eyring model are

ηx = cosh

(
τm
τ0

)
and ηy =

τ0
τm

sinh

(
τm
τ0

)
(4.6)

The lubricant is assumed to be compressible and the Dowson-Higginson density-
pressure relation is used

ρ (p) = ρ0
5.9 · 108 + 1.34p

5.9 · 108 + p
(4.7)

The Roelands viscosity-pressure relation is used to model the viscosity η

η (p) = η0 exp

(
(ln (η0) + 9.67)

(
−1 +

(
1 +

p

p0

)z))
(4.8)

The film thickness equation consists of the mutual approach of the contacting
surfaces h0, the terms describing the geometry of the undeformed surfaces, the
geometry of the surface feature and the elastic deformation

h (x, y, t) = h0 (t) +
x2

2Rx
+

y2

2Ry
−R (x, y, t)

+
2

πEr

∫ ∞
−∞

∫ ∞
−∞

p (x′, y′) dx′dy′√
(x− x′)2 + (y − y′)2

(4.9)

The force balance equation is

w =

∫ ∞
−∞

∫ ∞
−∞

p (x, y) dxdy (4.10)

The geometry of the roughness is defined as the following. A single transverse
flat-top ridge is assumed defined by its height Hd and base and top widths W1

and W2 respectively. The ridge R(x, y, t) is placed on surface with velocity u1.
The other surface with velocity u2 is assumed to be smooth. Figure 4.1 shows
the geometry of the ridge and comparison to the ridge used in experiments.

4.2 Multilevel techniques

The main governing equations describing the EHL point contact problem were
presented above and in the thesis. The two-dimensional EHL model is very
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Figure 4.1 Model of the flat top ridge and the shape of the ridge used in the
experiments. Height Hd = 200 nm, bottom width W1 = 45 µm and top width
W2 = 20 µm.

complex consisting of a partial differential equation of second order (the Reynolds
equation (4.1)) and an integro-differential equation (the film thickness equation
(4.9)). This model can not be solved analytically, it has to be transferred from a
continuous form to a discrete one enabling its numerical solution. The solution
of the model can be very time consuming, especially when assuming a transient
model. A proper numerical method has to be chosen.

We can divide the current problem into two parts: the solution of the transient
Reynolds equation and the solution of the elastic deformations. These include
many computational operations in each time step. Brandt [34] states that: “the
amount of computational work should be proportional to the amount of real physi-
cal changes in the computed system.” Bearing this in mind, the multigrid method
in combination with the multilevel multi-integration are applied in the current
thesis to solve the presented mathematical model.

The following steps have to be made before solving the mathematical model
numerically:

• introduction of the so-called dimensionless variables and their substitution
to the mathematical model
• the equations of the model are discretized: second order central discretiza-
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tion is used for the pressure terms of the Reynolds equation, and the second
order narrow-upstream scheme [35] is applied to the wedge and squeeze
terms

The numerical solution is divided into two parts: the pressure distribution is
obtained using the multigrid method, and the elastic deformations of the film
thickness equation are calculated by multilevel multi-integration. These methods
are in detail presented in chapter Methods of the PhD thesis. Additional insight
to the methods are given in references such as [10].

4.3 Experiments

The results of the numerical simulations will be compared to experimentally
measured film thickness which is obtained by colorimetric interferometry. More
about the experimental apparatus and the method of obtaining the film thickness
can be found in [36].
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5 RESULTS

5.1 Smooth results

The smooth contact EHL model is described by Equations 4.1-4.10 presented in
the previous chapter. For this stationary case the squeeze term in Equation 4.1
is zero and there is no roughness assumed in Equation 4.9. Both fluid rheology
models were implemented in the solver and are compared with experimental
film thickness. The multigrid method is used to solve the Reynolds equation.
In the case of the stationary point contact model a FMG cycle is used. The
multilevel multi-integration is applied to obtain the elastic deformations in the
film thickness equation. The operating conditions (geometry of the contact,
material and lubricant properties) are summarized in Tables (6.1)-(6.3) in the
thesis.

Comparison between the numerically calculated central and minimum film
thickness values hc and hmin and the experimentally measured values is given in
the current section. The values of hc and hmin for a load w=27 N (another two
load cases can be found in the thesis) were numerically evaluated for a range of
mean velocities. Moreover, approximate values of the central film thickness hc
were calculated by the Hamrock-Dowson formula [7]. Throughout the simula-
tions a grid with 257 × 257 points was assumed. For the Eyring model shear
stress τ0 = 6 MPa and slide to roll ratio SRR=5% was assumed. The Newto-
nian model assumed pure rolling conditions SRR=0%. Figure 5.1 and Table 5.1
present the results.

The Newtonian and the Eyring model were both tested and the results con-
firm the observations that under pure rolling conditions and for smooth contact
problems there is very little or almost no difference between the two rheology
approaches. The Newtonian model can provide sufficiently accurate prediction
and can be used for smooth contact simulations. The figure shows that with
decreasing mean speed the difference between the experiments and simulations
increases. The increasing difference between the numerics and experiments at
low speeds was studied by [37] who pointed out that at low speeds very dense
grids might help. More results and comparisons can be found in the thesis in
Chapter 6.1.
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Figure 5.1 Comparison of the central and minimum film thickness values -
experiments, Hamrock-Dowson (H-D) formula and numerical simulations with
Newtonian and Eyring model. Load w=27 N.The mean velocities: 0.01, 0.02,
0.04, 0.08, 0.125, 0.2, 0.3 and 0.4 m/s.

Table 5.1 Central hc and minimum hmin film thickness values for load w=27 N - experi-

ments, prediction by the Hamrock-Dowson (H-D) formula and numerical simulations with the

Newtonian and Eyring fluid models.

mean velocity Experiments
H-D Numerical simulations

prediction Newtonian model Eyring model

[m/s]
hc hmin hc hc hmin hc hmin

[nm] [nm] [nm] [nm] [nm] [nm] [nm]
0.01 67.2 26 59.3 50.7 19.0 50.7 19.0
0.02 106.6 45 92.3 84.0 35.2 84.0 35.2
0.04 163.2 78 146.8 137.2 64.2 137.1 64.2
0.08 259.2 133 233.6 221.8 114.5 221.8 114.5
0.125 335 183 315.7 300.9 165.4 300.9 165.4
0.2 433 264 432.3 413.4 242.4 413.3 242.5
0.3 559.7 355 567.8 541.8 334.6 541.7 334.8
0.4 674.9 444 688 655.3 419.4 655.1 419.5
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5.2 Surface roughness results

Non-stationary simulations with a specific surface feature passing through the
contact zone were done. The geometry of the transverse ridge which approxi-
mates the ridge used in the experiments was described in Chapter 4 and shown
in Figure 4.1. In the present section the effect of different operating conditions
and oil parameters on the roughness deformation, film thickness and pressure
distribution is studied. Here, only part of the results are presented while the
entire results are available in the thesis in Chapter 6.2. For the time-dependent
model the numerical solver of the smooth contact model is extended such that
the model is solved in each time step. Simulations with both rheology models
(the Newtonian and the non-Newtonian Eyring model) were carried out, their
definition is the same as for the stationary solver.

The operating conditions can be found in Table (6.1) and Section 6.2.1 of the
thesis. The ridge is defined by the following parameters: its height is Hd =

200 nm, the base and the top widths of the ridge are W1 = 45 µm and W2 =

20 µm respectively.

 x
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Figure 5.2 Film thickness (blue line) and pressure (red line) distributions,
pseudo - interferometry and interferometry plots of film thickness for rolling
sliding conditions - SRR = 1, um = 0.08 m/s - at location of the ridge xd =

-83.5 µm
.

The passage of the ridge through the contact zone is illustrated in Figure 5.2.
Film thickness and pressure distributions at y = 0 and numerically calculated
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pseudo-interferometry plots and experimentally measured film thickness inter-
ferometry plots are shown for a chosen time step and for operating conditions
given in the figure.

In the thesis both Newtonian and non-Newtonian simulations were done. Ex-
ample of their comparison is in Figure 5.3 which shows the film thickness distri-
butions with the Newtonian (solid line) and the Eyring model (dashed line) for
two different time moments. The operating conditions are given in the figure’s
caption.
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Figure 5.3 SRR = −100% - film thickness distribution calculated using the
second order Newtonian (solid line) and Eyring (dashed line) models at ridge
locations xd = −100.2 µm (on the left) and xd = 0 µm (on the right).

5.2.1 Effect of mean entrainment velocity and the slide to
roll ratio

Surface roughness deforms inside the contact causing film thickness and pressure
variations. Under rolling-sliding the roughness and the complementary function
induced film thickness and pressure variations do not move together. Based on
the value of the SRR (positive or negative) the complementary function can
gradually overtake the roughness or lag behind it which enables to study the
deformed roughness profiles separately. The current part presents simulations
and comparison with experimentally measured film thickness. The effect of dif-
ferent operating conditions, such as the mean velocity um and the SRR, on the
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magnitude and shape of the roughness deformation is examined. A range of slide
to roll ratios SRR={±50%, ±70%, ±100%, ±150%} and mean velocities um =

{0.01, 0.02, 0.04, 0.08, 0.095} m/s (see Table (6.10) in thesis) was chosen for
which full simulations were carried out with the Eyring and Newtonian models
respectively.
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Figure 5.4 Comparison of the undeformed (blue solid line) and deformed ridge
profiles: (a) pure rolling and (b) rolling-sliding (SRR = 100%) conditions for
xd = 0 µm. The inlet of the contact is on the left.

In order to illustrate the magnitude of the roughness deformation the original
undeformed and deformed profiles of the ridge are shown in Figure 5.4. Figure
5.4a compares the profiles under pure rolling, Figure 5.4b shows the same com-
parison for rolling-sliding conditions (SRR=100%). The deformed profiles are
shown for both Newtonian and non-Newtonian fluid models.

Figure 5.5 shows the deformation for mean velocities 0.04, 0.08 and 0.095 m/s

and SRRs ±70%, ±100% and ±150% (positive SRRs on the left, negative SRRs
on the right). For positive SRR the shape of the deformed ridge and the height
of the deformation at the edges are practically the same for SRR=100% (dashed
line) and SRR=150% (dotted-dashed line) while for SRR=70% (solid line) the
deformed shape beneath the ridge is higher and a larger film thickness constric-
tion around the leading edge is present. When the ridge is on the faster surface a
minor variations in the deformed shape of the ridge can be seen for every negative
SRR at a given mean speed. The size of the deformation is slightly increasing
with decreasing mean speed for a given SRR.
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Figure 5.5 Ridge deformation of different values of positive (on the left) and
negative (on the right) SRR and a range of mean velocities um.

Comparisons with experimentally measured film thickness values were done
for the presented range of operating conditions. The Eyring model was assumed
in the simulations since when the contacts operate under rolling-sliding condi-
tions the lubricant exhibits non-Newtonian behavior. Figure 5.6 compares the
deformed ridges for negative SRR, i.e. a faster roughness. In the figure the inlet
is on the left, the solid lines mark the experimental results and the dashed lines
stand for the numerical simulations. More results and comparisons are available
in the thesis in Chapter 6.2.

5.2.2 Effect of oil parameters

The effect of different lubricant properties on the deformation is studied. Three
different lubricants were chosen for the calculations. First is a mineral base oil,
SR 600, the second is synthetic base oil, polyalpha olefin, PAO 100, and the
third fluid is a simple hydrocarbon, glycerol. Their parameters are given in
Table 5.2. A steel ball - glass disc configuration was used. The load was 55 N
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Figure 5.6 Comparison of the ridge deformation for SRR = −100% and SRR =

−150% for four mean velocities um=0.01, um=0.02, um=0.04 and um=0.08
m/s.

which corresponds to Hertzian pressure 0.63 GPa and Hertzian radius 204 µm.
In the experiments a step-like flat-top ridge was used, i.e. its base and top widths
were equally 40 µm. The height of the ridge was 190 nm. Simulations with the
non-Newtonian model were carried out for three different mean velocities which
correspond to the smooth central film thickness values of 150, 250 and 350 nm.
The values of mean velocities for each lubricant are different, Table (6.12) in
the thesis summarizes their values. The slide to roll ratio was 120% in each
calculation.

Figure 5.7 reveals some interesting features of the ridge behavior. It shows all
the deformed ridge profiles for the different mean velocities and the three central
film thickness values. Simulations with the SR 600 and PAO 100 lubricants
predicted very similar deformed ridge profiles for every value of the mean velocity,
however, completely different deformation behavior and magnitude was obtained
for the glycerol. The pressure and film thickness distributions deviate as well (see
Figure 6.32 in the thesis).
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Table 5.2 The parameters of the oils assumed in the calculations - SR 600, PAO
100 and glycerol.

Oil SR 600 PAO 100 glycerol
pressure-viscosity coefficient α [GPa−1] 24 20 5
viscosity at ambient pressure η0 [Pa s] 0.22 1.8 0.46
Eyring stress τ0 [MPa] 5 0.1 2.5
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Figure 5.7 Roughness deformation for three different types of lubricants - for
central smooth film thickness values 150, 250 and 350 nm.

By examining the oil parameters, the radically different behavior could be
explained by some of the lubricant properties given in Table 5.2. In order to
reveal the reason for the differences the effect of the pressure-viscosity parameter
α and the Eyring stress τ0 on the ridge deformation were investigated. A range
of different values of α were tested and calculated for a case with w = 30 N,
η0 = 0.22 Pas, mean speed um = 0.08 m/s, SRR=100% and τ0 = 1 MPa. The
non-Newtonian model was used in the simulations. Figures 5.8 and 5.9 show film
thickness and pressure distributions. It can be seen in the figures that for low
values of α, i.e. 5 and 10 GPa−1, the pressure and film thickness distributions are
very different compared to the distributions of higher α values. The deformation
is larger at the trailing edge of the ridge, a backward tilting shape is observed.
Increasing the value of α the height of the film reduces compared to the film
thickness under the ridge. The pressure gradients at the edges of the ridge are
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not developed as for higher values, the pressure variations have a forward tilting
shape around the ridge which is again lost when as α increases. With increasing
α the central film thickness increases as well, on the other hand the pressure
spikes around the ridge edges do not increase with increasing α. More about the
effect of α is in the thesis in Chapter 6.2.5 as well as the results of the effect of
Eyring stress τ0 and compressibility on the deformation.
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6 DISCUSSION

6.1 The role of the surface roughness model

Accurate description of the surface roughness is very important in the numerical
models. In the majority of theoretical works real roughness shapes are replaced
by artificial models which can be described by e.g. harmonic functions. This
effort stems from the fact that these models ensure converged solutions for a
wide range of operating conditions due to the smooth edges of the roughness.

The current work assumed the model of a transversely orientated ridge with a
flat top which approximates the geometry of the ridge used in experiments. This
geometry is implemented in the solver using linear interpolation.

R (X, Y, T ) =



Hd
X−Xd+

W1
2

(W1−W2)/2
if (X −Xd) < −W2/2

Hd if (X −Xd) < W2/2

Hd
Xd+

W2
2 −X

(W1−W2)/2
if (X −Xd) ≤ W1/2

0 otherwise

(6.1)

The edges of the ridge are sharp which can cause instability inside the contact
zone and lead to large pressure gradients.

An alternative geometry of the ridge with smoother transition around the
edges was designed which could more accurately approximate the ridge used in
the experiments from Section 5.2.2. The proposed function in its dimensionless
form is the following

R (X, Y, T ) =Hd

[
arctan ((X −Xd + 0.5W1)S)

π

− arctan ((X −Xd − 0.5W1)S)

π

] (6.2)

where Hd is the height of the ridge, W1 the base width and parameter S defining
the smoothness at the edges of the ridge. The choice of the value of S in the
simulations was arbitrary. With increasing value of S the shape of the ridge
model described by Equation (6.2) approaches the geometry of the flat-top ridge.
Figure 6.1 compares two ridge geometries each given by Equations 6.1 and 6.2
and a ridge described by the Gaussian function see e.g. [19]. The effect of the
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Figure 6.1 Comparison of ridge geometries - the flat-top ridge used in the sim-
ulations with W1 6= W2 and W1 = W2, the ridge defined by (6.2) with S = 2 and
S = 10 and the Gaussian ridge.

ridge geometry on the deformation and the pressure distribution is investigated.
The operating conditions were the following: um = 0.08 m/s, ph = 0.566 GPa,
SRR = 100%. Detail of the ridge deformation is shown in Figure 6.2.

Results indicate that the choice of W1 and W2 in the flat-top ridge geometry
(6.1), as well as the choice of the parameter S in the arctan model (6.2) have
major influence on the pressure distribution and the deformation of the ridge.
When the base and top widths of the flat-top ridge are equal the ridge is more
deformed than with a shorter top width. The shape of the deformation is not
symmetric around the edges of the ridge. At the leading edge a constriction is
visible while at the trailing edge much larger deformation is predicted resulting
in a peak. Comparing the ridges modeled by the arctan function it can be seen
that with increasing S the shape of the deformed ridge changes. Magnitudes of
the peak at the trailing edge and the constriction at the leading edge increase
with increasing S. The Gaussian description of the ridge proved to be inaccurate
to approximate the experimental flat-top ridge and the predicted distribution is
closer to a distribution predicted by a bump (see e.g. [17]) than a ridge. When
the ridge used in the experiments has a step-like geometry with equal base and
top widths the numerical model described by the arc tan function serves as
a more advantageous option. The edges of the ridge are more smooth yielding
better convergence of the residuals and ensuring higher stability of the numerical
solution than the flat-top model with equal base and top widths. Furthermore,
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Figure 6.2 Detail of the deformed ridge profiles for the five different geometries
from Figure 6.1.

the arc tan model predicts more moderate pressure spikes around the edges of
the ridges. It should be noted that the choice of the parameter S in Equation
(6.2) was arbitrary (S=2 and S=10) and therefore further work should be done
in order to determine the method of choosing parameter S.

6.2 The role of the non-Newtonian fluid model and lubri-
cant properties

Results in Section 5.2.2 compared the different properties of the lubricants and
their effect on the ridge deformation. Experimental results showed that inde-
pendently of the values of these properties (α, η0 and τ0) practically the same
deformation is obtained for given operating conditions (i.e. Hertzian pressure
pH , mean velocity um and slide to roll ratio SRR). Simulations, however, showed
different behavior for glycerol. The other two oils confirmed the experimental
results, although differences between the magnitude of the deformation around
the edges can be seen. The value of the Eyring stress τ0 does not have a signifi-
cant influence on the deformation or the pressure distribution. Previous studies
indicated that with increasing τ0 the conditions inside the contact approach the
distributions predicted by Newtonian model [28]. On the other hand, results
with different values of α indicate that its value has a significant effect on the
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pressure and film thickness distributions in the simulations.
The differences in the pressure and film thickness distributions for different

values of α can be traced back to the use of the pressure-viscosity relation (4.8),
the effective viscosties (4.6) and the Poisseuile terms in the Reynolds equation
(4.1). The pressure-viscosity coefficient α is present in the Roelands relation
which influences the value of ξi,j 4.6 in the pressure terms of Reynolds equation.
The value of ξ determines which relaxation scheme is to be applied. Venner
and Lubrecht [10] showed for a Newtonian lubricant that inside the contact zone
where the viscosities are high the pressure terms are almost negligible and the
Reynolds equation reduces to the so called transport equation. After the values
of ξ reach a certain limiting value the conditions inside the contact require to
use a more stable relaxation scheme, in this case the Jacobi distributive line
relaxation. It was shown in [10] that for the majority of contact problems this
limiting value (switch parameter) should be 0.3. The same criterion was used
by Jacod [22] or Chapkov [26] in their works with the Eyring model and for
surface roughness models. In section 5.2.2 the same criterion was applied for all
simulations. It has to be noted, on the other hand, that for a non-Newtonian
lubricant the values of the viscosities are not as high as in the Newtonian case,
and the pressure terms might not disappear from the Reynolds equation.

Analysis of the values of ξ is necessary in order to verify the criterion for the
switch between the relaxation schemes. Two conditions in the numerical solution
have to be checked:
• the value of the so-called switch criterion ξlim which determines the type

of relaxation scheme to be applied (the Gauss-Seidel line relaxation for low
pressures and the Jacobi distributive line relaxation for the high pressure
area)
• the range of ξx,i±1/2,j and ξy,i,j±1/2 in the pressure terms of the Reynolds

equation which’ values are to be compared with the switch criterion.
Simulations showed that the exact value of the parameter depends on the oper-
ating conditions in the contact and should be determined independently for each
case.

Figure 6.3 shows comparisons of the same operating conditions for α = 10

GPa−1 but with different values of the criterion ξlim. The genuine value from
Section 5.2.2 is 0.3, the higher values which were tested were 0.8 and 1.0, and
for comparison results with 0.15 are displayed too. The results show that the
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Figure 6.3 Film thickness (left) and pressure (right) distributions for α=10
GPa−1, SRR=100%, w=30N, um=0.8m/s and for different values of ξlim=0.15,
0.3, 0.8, 1.0.

higher the value of ξlim the better agreement with the higher α values (e.g.
α = 15 or 20 GPa−1) results can be obtained. The same conclusion can be drawn
for the pressure values which show that increasing the limit criterion improves
the ability of the pressure to generate the pressure gradients around the edges of
the roughness. Chapter 6.3 of the thesis discusses further these effects.

Chapter 6.3 of the thesis further discusses the following topics:
• accuracy of the numerical solver
• comparison of the current solver with previous numerical solver
• comparison between the current solution and previously published [30] nu-

merical solutions
• the effect of the choice of value of ξlim
• summary of results

6.3 Summary of results

• Under pure rolling conditions the Newtonian and non-Newtonian models
yielded almost identical pressure and film thickness distributions. Under
rolling-sliding conditions the ridge deforms more heavily. In the case of
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rolling-sliding the fluid rheology function does play an important role, e.g.
the Newtonian model predicts larger pressure variations around the ridge.
• The deformed shape of the ridge does not vary significantly with varying

values of the mean velocity. For a given value of the SRR the magnitude of
the deformation and the shape of the deformed ridge does not vary notably
with increasing or decreasing mean velocity.
• Comparing the results of the two rheology models it can be observed that

for positive SRR the predicted ridge profiles are very similar but the Newto-
nian model predicts lower values of film thickness for a given mean speed.
The situation is different for negative SRR in which case an increased
amount of film thickness (bump) can be observed under the ridge.
• Comparison with the experimentally measured film thickness values showed

differences compared to the calculations, better agreement was found pri-
marily with simulations with the lowest mean velocities.
• The geometry model of the ridge influences mostly the areas around the

edges of the ridge, i.e. the amount of the entrapped lubricant right before or
behind the ridge (depending on the sign of SRR) and the microconstriction
of film thickness.
• When the base and top widths of the flat-top ridge equal, the pressure

gradients around the edges are an order of magnitude higher than with a
smaller top width. The ridge deforms more heavily as well.
• Three oils with different lubricant properties (α, η0, τ0) were compared.

The results revealed some interesting features, the deformation of the ridge
was the same for two lubricants (SR 600 and PAO 100), but very different
for glycerol. The deformed shape of the ridge did not vary for any of the
oils with varying mean velocity.
• The large difference in the behavior of the ridge with glycerol could be

caused by the low value of the pressure viscosity coefficient α and the effects
it causes in the numerical solution. The value of α used in the Roelands
relation among others influences the values of ξx,y which determine (based
on some pre-defined criterion ξlim) which relaxation scheme is used in the
numerical solution. Analysis of the viscosity values and pressure terms
of the Reynolds equation in Section (6.3.4) of the thesis imply that the
complexity of the non-Newtonian model may require to expand the grid
points where the Jacobi relaxation scheme is used. Therefore, the values
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of ξi,j in the pressure terms of the Reynolds equation for low α indicate
that the switch criterion ξlim should be increased. The exact value of the
criterion may vary with the value of α and operating conditions.
• Experiments showed the same behavior for the glycerol confirming that

the differences found in the numerical simulations can be accounted for
the relations used in the mathematical model or implementation details of
the numerical solver.
• With varying value of the Eyring shear stress no difference was observed

in the ridge deformation for any of the tested oils (SR 600 or PAO 100).
Studying the effect of lubricant compressibility revealed similar features as
in the case of a smooth EHL contact, the assumption of an incompress-
ible fluid increases the film thickness but does not effect significantly the
deformation magnitude.
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7 CONCLUSIONS

The current dissertation presents results of numerical simulations of a single flat-
top transverse ridge under rolling-sliding conditions assuming non-Newtonian
lubricant model. Modern numerical techniques enable to solve a wide range of
lubrication problems such as the passage of different surface features through
the contact zone. The aim of the numerical models is to serve as a stable tool
in order to predict the EHL parameters or to be able to compare it with the
experiments.

The current work contains summary of the literature review in the area of
numerical simulations of different artificial surface roughness models (e.g. ridges,
waviness or dents). The importance of fluid rheology is pointed out and different
rheology models are described. The mathematical model describing the EHL
point contact model is presented too. A detailed description of the numerical
method applied in the current solution is given. The discrete equations and
implementation details of the current numerical model are presented as well.
The second half of the dissertation presents results obtained for the stationary
and time-dependent solver for a wide range of operating conditions.

The main goal of the dissertation was to study the deformation of a roughness
feature and the effect of different operating conditions and lubricant parameters
on the magnitude of this deformation. The results obtained by numerical calcu-
lations were compared to experimentally measured film thickness values. Partial
aim of the work was to develop a stable and fast numerical solver able to predict
film thickness and pressure distributions for a wide range of operating condi-
tions. The accuracy of the solver was compared to previously published works
and solvers. The results presented in the work can form the basis for further
studies and comparisons with experiments.
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ABSTRACT

This PhD thesis focuses on the study of roughness deformation inside an elasto-
hydrodynamically lubricated point contact. The passage of the roughness feature
through the contact zone is modeled using numerical techniques. A single trans-
verse ridge is assumed in the transient EHL model which presents a complex
problem with a second order partial differential equation an integro-differential
equation. Non-Newtonian fluid behavior is assumed in the model which fur-
ther increases its complexity. In order to solve the system of equations the
multigrid techniques are applied. The thesis contains the mathematical model
describing the problem and a detailed description of the multigrid method. The
results obtained by the simulations are compared to experimentally evaluated
film thickness values. The roughness deformation is observed for a wide range of
operating conditions as well as for different lubricant parameters. The effect of
these lubricant parameters on the deformation is studied as well.

ABSTRAKT

Tato dizertační práce je zaměřena na studium deformace nerovnosti uvnitř elasto-
hydrodynamicky mazaného (EHD) kruhového kontaktu. Práce se zabývá studiem
přechodu příčné nerovnosti přes kontaktní oblast, která je modelována pomocí
numerických metod. Model dále uvažuje nenewtonské chování maziva. Použitý
matematický model se skládá z parciální diferenciální rovnice druhého řádu pro
řešení tlaku a integro-diferenciální rovnice pro řešení elastických deformací. Pro
řešení tohoto modelu je použitá takzvaná multigrid (vícesíťová) metoda. Práce
obsahuje popis matematického modelu EHD kontaktu a aplikované numerické
metody. Výsledky simulací jsou porovnány s experimentálně stanovenýma hod-
notama tloušťky mazacího filmu. Deformace nerovnosti uvnitř kontaktní oblasti
je studována pro různé provozní podmínky (střední rychlost, poměr proklzu) a
různá vlastnosti maziva.
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