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Abstract
The purpose of this paper is to present an inventory balance
model including an order-up-to replenishment policy with partial backlogging. Pictured in the model is a situation, where
goods are not replenished continuously, but only at predetermined intervals. The model is described by ordinary differential equations with delayed argument because of the assumption of a time lag between ordering and delivery.
A computer simulation which helps to demonstrate and verify model behaviour is utilized for the numerical solution of the
model. Sales data of a real company are used as the input data.
Due to the comparison of the designed model outputs against
the real state in the company, it was verified that it is possible to
achieve a substantial reduction in warehousing costs without a
disproportionate increase in the risk of inventory shortage. The
authors note that modern methods of functional analysis can
be successfully applied in solving an inventory balance model.
Keywords
inventory balance equation, inventory management, delay
differential equation, computer simulation

Department of Informatics, Faculty of Business and Management,
Brno University of Technology, Czech Republic
1

*

Corresponding author, e-mail: novotna@fbm.vutbr.cz

1 Introduction
Every organization, whether profitable or non-profitable
one, manage certain assets. Managing and exploiting these
assets for corporate purposes is an inseparable part of managerial work at all levels of management. The most significant
component of current assets is inventory, which is typical for
its perishability.
The purpose of this paper is to introduce a model of inventory balance equation extended by an order up to replenishment policy with partial backlogging, described by means of
an ordinary differential equation with delayed argument in a
situation when goods are not replenished constantly, but only
at pre-specified times.
The economic theory that forms the essential basis for the
model is explained in the introductory section and serves as a
basis for the designing of the model. Methods of analysis, synthesis and differential calculus are also used. The equation of the
model is then solved using the modern theory of so-called functional differential equations, a highly special part of which is the
theory of linear differential equations with delayed arguments.
The scientific aim is a solvability verification of such a problem using the theory of functional differential equations. The
solution is demonstrated on a specific example in the application part. Computer simulations help to present the behaviour
of the model in different situations. The graphical presentation
was created in Maple system.
Our findings are that due to the exact expression of the
model and the availability of suitable software, it is possible to
assess the effect of any changes in parameters.
2 Materials and methods
When considering investments in business economics, it is
important to be aware that in many industrial and trading companies stock represents the largest investment. In manufacturing plants and trading companies, stock may account for more
than 20% and more than 50% of total assets respectively (Lambert et al., 2000). The competitive character of the market in
the last twenty years has resulted in, among others, a growth in
stock. The main reasons were that on the one hand, companies
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tried hard to meet the needs of the diverse market segments by
stocking a considerably extended range of products and on the
other hand, customers required immediate satisfaction of their
needs and, consequently, higher availability of goods. A rise
in stock levels is a logical impact of such requirements. At the
same time, a need arose to pay sufficient attention to inventory
management, which may lead to both a better cash-flow and to
higher return on investment.
Inventory management is an essential part of business operations, especially in retail business. The main reason is that
the availability of goods in retail has an immediate impact
on buyer experience and, consequently, may significantly
influence buyer behaviour. This issue has been investigated
in a lot of papers that take into consideration such aspects as
information accuracy (Fleisch et al., 2005, Dehoratius et al.,
2008), perishability (Blackburn and Scudder, 2009, Maihami
and Kamalabadi, 2012), product range (Ketzenberg, 2000) and
demand substitution (Smith and Agrawal, 2009; Yücel et al.,
2009). Characteristics of Supply Chain Management (Horvat et
al., 2015) or logistics were also studied (Grundey and Rimienė,
2007). According to (Elsayed, 2013), inventory represents one
of the most important and, at the same time, difficult assets,
which should be addressed both on a corporate level and on
a macroeconomic level.
Inventory management, as one of the essential parts of management of industrial companies and retail businesses, is presented for instance in the publication (Nenes et al., 2010),
which emphasises the impact of inventory on their global performance. The impact of purchasing activity on the cash flow
of a company is studied by (Vörösmarty and Dobos, 2013).
Li (2013) seeks to apply the theory of optimal management
on the production–inventory problem and analyses a situation
when the model even features tradable emissions permits;
(Geary et al., 2006) explores issues caused by the instability
of a supply chain; while seasonal demand is studied by (Costantino et al., 2013). The impact on creating an inventory management strategy in the event that a supplier allows delays
in payments is discussed by authors (Abad and Jaggi, 2003;
Jaber and Osman, 2006) or (Yang and Wee, 2006). The bullwhip effect has been analysed from various points of view, e.g.
the probability theory (Lee et al., 2000), management theory
(Disney et al., 2004), game theory (Dobos and Pintér, 2013),
differential equations with delays (Warburton, 2004, Csík et
al., 2010), stochastic inventory management (Luong and Phien,
2007; Zarandi et al., 2008; Chou, 2010; Chatfield et al., 2004),
and the theory of chaos (Hwarng and Xie, 2008). Other authors,
such as (Kim et al., 2008) examine volatility by means of the
model’s system dynamics.
The situation when the demand for goods stabilizes after a
certain time is captured by models with ramp type demand rate.
The process of stabilization can easily be observed in newly
launched products, as described by e.g. (Hill, 1995). The demand
2

rate for a new product rises from the beginning until it stabilizes
and becomes constant (Skouri and Konstantaras, 2009).
Moreover, the lifespan of a product also plays a significant
role in constructing the model, as after the expiry the product
may be rendered worthless or is damaged, etc. (Goyal et al.,
2001; Bakker et al., 2012). Other research areas include, for
example, models with partial backlogging investigated by (San
José et al., 2005; San José et al., 2006). In their paper (Skouri et
al., 2009), the authors expanded on the publication (Deng et al.,
2007) by introducing a general ramp type demand rate.
In this paper, we proceed from the model which was introduced in (Warburton, 2004) and (Forrester, 2013).
The model is based on the assumption that businessmen seek
to fully meet demand D(t), due to the level of inventory I(t),
which also allows for accidental influences. That is why the
existing level of stock is maintained at about the required level
Ip . The inventory level is then gradually decreased by meeting
demand D(t) and, at the same time, increased by the supplied
goods I(t). Equation (1) defines the inventory balance:
∂I ∂t = R ( t ) − D ( t )

(1)

in compliance with reality, it is necessary to assume that there
is a certain time delay between ordering goods and the delivery
time. It means that the number of goods replenished at time
t equals the size of the order at time t − τ.
R (t ) = O (t − τ ) .

(2)

The publication Warburton (Warburton, 2004) defines
the replenishment policy equation, where the size of order is
directly proportional to the inventory deficit:
O ( t ) = ( I p − I ( t ) ) K for I ( t ) < I p

(3)

O ( t ) = 0 otherwise.

(4)

and

Ip represents the required level of inventory. In the event of an
unexpected rise in demand, inventory is replenished, but thanks
to optional parameter K (K > 0), the replenishment can be spread
over a longer period of time. Equation (4) adds limitations which
can stop inventory from being replenished if its level exceeds the
required quantity. This prevents overflow of inventory, which is
considered an undesirable phenomenon. (Forrester, 2013)
A mathematical model of such an economic process on
interval [0, T ] is described as follows:
1
dI  ( I p − I ( t − ∆ ) ) − D ( t ) for I ( t − ∆ ) ≤ I p
= K
dt 
− D ( t ) for ( t − ∆ ) > I p ,


(5)

I ( t − ∆ ) = h ( t − ∆ ) for t ∈ [ 0, ∆ ] ,

(6)

where function h(t) describes the behaviour of inventory function for t ∈ [− Δ, 0].
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2.1 Solutions of ordinary differential equations with
delays
In economic fields, experiments are sometimes replaced
with theoretical models.
Modelling such phenomena is possible owing to methods
based predominantly on mathematical disciplines such as statistics, operational research, linear and dynamic programming, numerical methods, optimizing, etc. (David and Křápek, 2013; Fumi et al., 2013). Dependence on time is most
crucial in dynamic models. Systems of dynamic equations are
divided into autonomous or non-autonomous ones according
to whether or not time is explicitly present on their right sides.
One way to aptly depict the dynamism of processes in a model
is to describe a dynamic model by means of differential equations. Dynamic models are usually defined by means of ordinary or partial differential equations. In such a case, time must
be regarded as a continuous quantity. Thanks to this, we may
make use of a sophisticated mathematical apparatus of differential and integral calculus. The result is not an estimate of
parameters of a pre-defined function type, but rather a function
itself, the shape of which gives evidence of the character of the
quantities studied.
In his paper describing the above mentioned model, (Forrester, 2013) explores the impact of time delay if the function
describing the state of inventory is influenced by demand for
the goods. An integral part of the paper is derivation of an ordinary second-order differential equation with delay described in
the model. (Warburton, 2004) also takes advantage of opportunities provided by differential equations with delays. In order to
solve a model, he uses exponential approximation of the solution (the Lambert W function), whose main drawback is the
fact that the final characteristic equation is transcendent. As a
result of this, the calculation of the solution is affected by errors
in root approximation.
Mathematical models in economics, described by differential
equations and their systems, have solutions complying with certain conditions, and they model the behaviour of economic characteristics in time t . In general, such situations are best described
by problems of solvability, attributes and/or, if need be, construction of solutions to non-linear ordinary differential equations,

x1′ ( t ) = f1 ( t , x1 ( t ) ,… , xn ( t ) ) ,


xn′ ( t ) = f n ( t , x1 ( t ) ,… , xn ( t ) ) ,

(7)

where function f1, …, fn and functionals h1,…,hn meet legitimate requirements in the theory dealing with such problems. At
the same time, requirements related to such functions and functionals determine the attributes of solutions to problems (1), (2)
ranging from the „classic“ solution (all components are continuous and continuously differentiable functions of an independent variable t), via the Carathéodory solution dating back to
the first half of the 20th century (the solution’s components are
continuous, but its derivation does not have to exist in the set of
„measure zero”), to a generalized solution whose components
may only be partially Carathéodory’s (studied since the second
half of the 21st century).
Mathematical models designed to describe economic phenomena have long used and, to a large extent, still use the
„classic” model of problem (7), (8). As new methods of Carathéodory theory of differential equations have developed and
as the Carathéodory theory has been generalized by the theory
of functional differential equations, new mathematical models
have been appearing since the middle of the 20th century discovering real issues of economic relations.
Let us focus now on economically proven and useful special cases of the systems of functional differential equations,
i.e. the systems of differential equations with constant delays
(more delays and also non-constant delays are possible as well
as generally “deviated“ arguments)
x1′ ( t ) = f1 ( t , x1 ( t − ∆ ) ,… , xn ( t − ∆ ) ) ,


xn′ ( t ) = f n ( t , x1 ( t − ∆ ) ,… , xn ( t − ∆ ) ) ,

or linear systems of differential equations with constant delays

x1′ ( t ) = a11 ( t ) x1 ( t − ∆ ) +  + a1n ( t ) xn ( t − ∆ ) + q1 ( t ) ,


xn′ ( t ) = an1 ( t ) x1 ( t − ∆ ) +  + ann ( t ) xn ( t − ∆ ) + qn ( t ) ,

x1 ( t ) = ϕ1 ( t ) ,
xn ( t ) = ϕn ( t ) ,

meeting boundary value conditions



hn ( x1 ,…, xn ) = 0,

(8)

(10)

or systems containing both components of a solution with delay and without delay. As it is essential in this situation to know
the solution “before“ current time t , boundary value conditions of the solution’s behaviour must be supplemented with
corresponding data concerning the „history“ of the solution for
t ∈ [0, Δ] for example, in the following way



h1 ( x1 ,… , xn ) = 0,

(9)

(11)

where functions φ1 , … , φn are continuous on the given interval.
By using constructions of solutions to differential equations
and their systems with delays derived in the last few decades, we
can successfully avoid drawbacks of methods which were used
to solve mathematical models in the above mentioned pioneer
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studies. The method described below is based on the theorem of a
fixed point of the operator affiliated to the problem. This method
has got a “global” character (a solution is obtained by using the
method of gradual approximations on the whole interval simultaneously) and is stable from the numerical point of view.
Many real systems which we mathematically model by
means of dynamic systems show difficulties caused by delays
of one of the modelled quantities. Current literature (Půža
and Sokhadze, 2013; Domoshnitsky et al., 2012; Kiguradze
and Půža, 2003) dealing with the solvability of such systems
provide a range of results which can be applied to real economic problems. In their studies, authors deal with conditions
of the solvability of such problems (existence and unambiguity of solutions), conditions of their correctness (i.e. a small
change in the input data corresponds with a small change in the
solution at the output), conditions determining non-negativity
of solutions, etc.
2.2 Allowing for safety stock in the model
Uncertainty concerning inventory management may be
caused, for example, by excessive consumption or extended
delivery time. The aim of safety stock is to cover gaps in supplies or demand.
Our model takes into consideration not only level Ip but also
the amount of safety stock Ipoj . Let us assume that in the event
of a drop in stock below the safety stock level, at least some
goods will need to be replenished earlier, and the replenishment
time for these goods will change. In such a case, two optional
parameters K1 and K2 (K1 > 0 , K2 > 0 ) must be introduced,
expressing the speed of replenishment of two parts of stock. If
t ∈ [0, T ] , the model can be described as follows:
1
1
 K ( I p − I poj ) + K ( I poj − I ( t − ∆ ) ) − D ( t )
2
 1

for I poj ≤ I ( t − ∆ )

1
dI 
( I p − I (t − ∆ )) − D (t )
=
K1
dt 
for I ( t − ∆ ) ≤ I poj ≤ I P


−D (t )


for I ( t − ∆ ) > I p ,


(12)

I ( t − ∆ ) = h ( t − ∆ ) for t ∈ [ 0, ∆ ]

(13)

 1 for t ≥ 0
χ[0,T ] ( t ) = 
0 for t < 0,

(14)

dI ( t )
dt

= χ I p ( I ( t − ∆ ) ) χ I poj ( I (t − ∆ )

 1 for I < I p
χIp ( I ) = 
0 for I ≥ I p ,

(15)

1 for I < I poj
χ I poj ( I ) = 
.
0 for I ≥ I poj

(16)

1
I poj
K2

− χ I p ( I ( t − ∆ ) ) χ I poj ( I (t − ∆ ))

(

)

1
χ (t − ∆ ) I (t − ∆ )
K 2 [0,T ]

+ 1 − χ[0,T ] ( t − ∆ ) h ( t − ∆ )
+ χ I p ( I ( t − ∆ ) ) χ I poj ( I (t − ∆ ))

1
( I p − I poj )
K1

(

+ χ I p ( I ( t − ∆ ) ) 1 − χ I poj ( I ( t − ∆ ) )

) K1 I

p

1

(

− χ I p ( I ( t − ∆ ) ) 1 − χ I poj ( I ( t − ∆ ) )

) K1 χ[

0 ,T ]

(t − ∆ )
(17)

1

(

I ( t − ∆ ) − χ I p ( I ( t − ∆ ) ) 1 − χ I poj ( I ( t − ∆ ) )

(

)

1
1 − χ[0,T ] ( t − ∆ ) h ( t − ∆ ) − D ( t ) ,
K1

)
(18)

I ( t ) = I h ( t ) , t ∈ [ − ∆, 0 ] .

At the same time, a natural consequence of a continuous connection of a solution I(t) from interval [0, T ] to „historic”
function h(t) (t  [−Δ, 0]) is the initial condition of a solution
I(t) of Eq. (12) defined as follows:
I (0) = h (0).

(19)

It follows, from the nature of the above mentioned model,
that Ip > 0 , Ipoj > 0 , Δ > 0 , K > 0 are constants, D(t) and h(t)
are continuous functions and, from the above stated construction, it follows that problem (12), (13) is equivalent to problem
(17), (18).
If the right side of Eq. (2) is marked L (I ) (t) , then it can be
written down as follows:
dI ( t )

Let’s have

4

Clearly, it is possible, for t ∈ [0, T ] and using the above
listed specification to write Eq. (12) down with condition (13)
as follows:

dt

= L ( I )( t )

(20)

and, given its construction, it is a linear non-homogeneous differential equation with delay with piecewise constant coefficient and with piecewise continuous non-homogeneity1. These
requirements fully comply with the above-mentioned general
theory of functional differential equation, according to which
it is adequate for Eq. (20) to consider coefficients and non-homogeneities which are Lebesgue integrable. The considered
functions are piecewise constant and piecewise continuous on
1 We will say that function f is on interval [0,T ] piecewise continuous
(piecewise continuously differentiable), if there is a finite number of points
0 = t0 < t1 < … tk < tk+1 < T in such a way that function f is continuous (continuously differentiable) on each interval (ti , ti+1 ) (i = 0, 1, … , k) and, at utmost
points of the intervals, function f ( f ' ) has got finite one-sided limits.
Analogically, we can say that function is piecewise constant on interval
[0,T ] if there is a constant finite number of points 0 = t0 < t1 < … tk < tk+1 < T in
such a way that on each interval (ti , ti+1 ) (i = 0, 1, … , k) function f is constant.
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interval [0, T ] and meet the above-mentioned requirements.
Therefore, it is possible to apply on Eq. (12) the numerical
method of constructing a solution and the method of gradual
approximations cited in the bibliography.
Based on the above-stated assumptions, problem (12), (13)
has got only one solution and the solution can be found on
interval [0, T ] as continuous and piecewise continuously differentiable. If functions D(t) and h(t) had additional jump-like
discontinuities on interval [0, T ], the solution of problem (12),
(13) would be continuous, but, at points of continuity, it might
not have derivation corresponding to the breakdowns.
Conclusions that follow from the theory in (Kiguradze and
Půža, 2003; Bobalová and Maňásek, 2007) and from literature
dealing with general linear boundary value problems for functional differential equations are the following:
• unequivocal solvability of problem (12), (13) and (17)
(18) respectively
• possible construction of a solution via gradual approximations.
Application of the method presented in studies (Kiguradze
and Půža, 2003; Bobalová and Maňásek, 2007), allows us to
construct a solution to problem (17), (18) using the method
of gradual approximations in the following manner:
1. we randomly choose function I0 continuous on interval
[0, T ], for example

In (0) = h (0).

3 Model of piecewise continuous supply of goods
The model only gives a partly true picture of a real situation that may be encountered in inventory management. If we
want to make the situation as real as possible, we need to take
account of the fact that goods are not replenished continuously,
nor do they have to be replenished in regular intervals. Therefore, it is necessary to moderately modify the model and to
take into consideration that replenishment only takes place in
certain subintervals of interval [0, T ].
Let us establish Ts set of all subintervals from [0, T ], when
goods are replenished. The adjusted model can be written down
by means of relationship (20) as follows:
 L ( I )( t ) t ∈ Ts
.
=
dt
 − D ( t ) t ∉ Ts
I (0) = h (0).

dI ( t )

dI n ( t )
dt

dI n ( t )
dt

= L ( I n −1 )( t ) .

1 t ∈ Ts
χTs ( t ) = 
.
0 t ∉ Ts
dI ( t )

1
χ ( t − ∆ ) I n −1 ( t − ∆ )
K 2 [0,T ]

)

+ 1 − χ[0,T ] ( t − ∆ ) h ( t − ∆ )
1
( I p − I poj )
K1

(

(

χ I p ( I n −1 ( t − ∆ ) ) 1 − χ I poj

(

p

1

− χ I p ( I n −1 ( t − ∆ ) ) 1 − χ I poj

)

(

)

= χTs ( t ) L ( I n −1 )( t ) − 1 − χTs ( t ) D ( t ) ,
t ∈ [ 0, T ] ,

(26)

It must be emphasised that the model, which describes the
economic process of inventory management in a more realistic
way, is again an initial problem for a linear differential equation
with constant delay Δ, piecewise constant coefficients, piecewise continuous non-homogeneity.
Therefore, its solution will be a continuous function and, in
some parts continuously differentiable on interval [0, T ] , or, in
other words, a continuous function on [0, T ] , with the utmost
number of points lying within the interval, at which there is no
derivation. The graph of such a solution is a continuous function on [0, T ] with the utmost definite number of “steps”.

1
χ ( t − ∆ ) I n −1 ( t − ∆ )
K 2 [0,T ]

) K1 I
( I (t − ∆ )))
( I (t − ∆ )))

(25)

I (0) = h (0).

− χ I p ( I n −1 ( t − ∆ ) ) χ I poj ( I n −1 ( t − ∆ ) )

(

)

Solution I(t) of this equation can be obtained by using the
method of gradual approximations as limn → ∞ In(t) , where for
each n ∈ N
dI n ( t )

χ I p ( I n −1 ( t − ∆ ) ) 1 − χ I poj ( I n −1 ( t − ∆ ) )

(

= χTs ( t ) L ( I )( t ) − 1 − χTs ( t ) D ( t ) ,
dt
I (0) = h (0).

1
I poj
= χ I p ( I n −1 ( t − ∆ ) ) χ I poj ( I n −1 ( t − ∆ ) )
K2

+ χ I p ( I n −1 ( t − ∆ ) ) χ I poj ( I n −1 ( t − ∆ ) )

(24)

We may write down the above mentioned problem as follows:

dt

(

(23)

If, analogically with previous thoughts, we determine a characteristic function of set Ts

I 0 ( t ) = h ( 0 ) , t ∈ [ 0, T ]

2. we gradually calculate the nth approximation of the soughtafter solution, n ∈ N , while using auxiliary problem

(22)

n −1

n −1

1
1 − χ[0,T ] ( t − ∆ ) h ( t − ∆ ) − D ( t ) ,
K1

(21)

4 Data
The proposed model of solution of the inventory balance
equation is applied to real situations from business. The data
were provided by an existing company, a wholesale dealer with
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connecting materials. Being part of a supply chain, the company
buys from an Asian supplier and has to allow for a replenishment lead time of up to 60 days from the date of order. The order
interval is approximately one month, i.e. 20 working days, and
the average size of an order is 800 units. The company requires
optimization of the costs of goods by reducing the interval
between orders and by lowering the amount of ordered goods,
which should result in a drop in warehousing costs.
An initial sales analysis was carried out based on the data
concerning sales of one of its fast moving consumer products
between January 2009 and December 2014; the demand curve
is shown in Fig. 1. Prediction of sales, done by means of neuron networks (Varyšová, 2015) in the following two months,
(January and February 2015) was converted to daily demand.
Results of this analysis will be used for further calculations.

The historic function arises from the specific development
of inventory level in the previous 60 working days, which
allows us to monitor the development of inventory with a
3-month delay. Parameters K1 and K2 have been set at 2.3 and
1.5 respectively.
After the company management of the company had been
consulted, the interval between deliveries was reduced to 7
days, while the size of the order will not be fixed, but it will be
derived from the current state of the warehouse.
5.2 Input data
∆ = 60; K 2 = 1.5; K1 = 2.3; I p = 700; I poj = 200
 11.14 for t ∈ 0 ; 9 )

 13 for t ∈ 9 ; 28 )

D ( t ) =  12 for t ∈ 28 ; 49 )
15.7 for t ∈ 49 ; 60
)

 12 for t ∈ 60 ; ∞ ) .
−304 − 13.2t for t ∈ −60 ; 52 )

 400 − 11.3t for t ∈ −52 ; −38 )
Ih (t ) = 
349 − 12.7t for t ∈ −38 ; −16 )
 370 − 11.8t for t ∈ −16 ; 0 ) .


Demand D(t) and history function Ih(t) is given according
to the actual development in the company. A calculated solution of the model as per the given parameters is shown in the
following graph (Fig. 2).
Fig. 1 Monthly sales from January 2009 to December 2014 with predicted
sales for January and February 2015

4.1 Utilized Software
Maple is a computer algebra system designed to teach mathematics and apply it in natural, technical and economic sciences. Its origins date back to the 1990s and its 15th version is
now available. Maple was created with the aim of simplifying
and accelerating mathematical computations. Maple can be
used not only for basic mathematical computations, but also in
mathematical analysis, in linear algebra, in mathematical logic,
etc. Maple makes both symbolic and numerical calculations
and is used to make graphs, special documents, presentations
and interactive computational modules. Besides that, it can
also create graphs of functions – one or two variables. Another
advantage is that data can be stored in diverse formats and can
be exported to other programming languages.

In the following text we would like to outline the model
behaviour in the case of a change of selected parameters.

5 Results and Discussion
5.1 Initial Assumptions
A delay of the model is derived from the delivery time of
60 days. The level of inventory at which goods are ordered is
set up by the company management at 700 units, and the level
of safety stock is 200 units.

5.3 The impact of changes in parameter K1
An increase in the value of parameter K1 means extension of
replenishment time, i.e. bringing the inventory to the required
level Ip . If we consider K1 = 3 (while keeping all the other
parameters at the original level) the behaviour of the model
changes as follows – see Fig. 3.

6

Fig. 2 Inventory movement as per the model’s solution
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∆ = 60; K 2 = 1.6; K1 = 1.14; I p = 700; I poj = 200
 9 for t ∈ 0 ; 7 )

D ( t ) =  6 for t ∈ 7 ; 20 )
10 for t ∈ 20 ; ∞
)

−384 − 12t for t ∈ −102 ; −56 )
Ih (t ) = 
 380 − 12.78t for t ∈ −56 ; 0 ) .

Fig. 3 A change of the model with increased parameter K1

As we can see from the figure, inventory in t ∈ (37; 50) is
kept below the level of safety stock, which is not the optimal
solution. In this case, the company would have to face the danger of inventory shortages in case of unexpectedly large orders.

Demand values D(t) were determined according to the
prediction using artificial neural networks; history function
Ih(t) is given according to the actual development. Predicted
demand acquires dramatically lower values than demand in
situations with real data and for this reason a different value
of parameter K1 and K2 is determined. A calculated solution
of the model as per the given parameters is shown in the following graph (Fig. 6).

5.4 Comparison with the real situation
Thanks to the known situation in the company, we can compare the results of the proposed model with real development of
the inventory level in the company. The inventory level of the
proposed model compared with the level of real inventory kept
in the company is shown in Fig. 4.
From the graph it can be seen that proposed model allows
us to optimize the inventory level in a given period. Unlike
actual development in the company where an inadequately
large stock level over a long time period can be observed, the
proposed model enabling regular deliveries maintains the stock
at a lower level and thus reduces storage costs.
The proposed model thus enables a considerable economy
of warehousing costs. The curve of the warehousing costs is
demonstrated in the following graph (Fig. 5).
The “Proposed model” line shows the curve of accumulated
daily warehousing costs based on the proposed model.
The “Real inventory” line shows the curve of daily warehousing costs while keeping the existing order system.
It can be seen in the graph that thanks to the model the
amount of warehousing costs decreases almost by 50% in the
given period. Total warehousing costs of in the real situation
are 2834 monetary units and in the proposed model are 1511
monetary units.
5.5 Prediction of the future
It has been verified that the model proposes more efficient
purchasing policy for the company based on real data. Therefore, it is appropriate to propose a suitable ordering policy for
the next period. A model suggesting stock level for the next
period based on the demand prediction using artificial neural
networks is proposed.
Order Management System Proposal with Non-continuous Replenishment

Fig. 4 Comparison of inventory level according to proposed
model and real situation
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reduce the need of both financial means and warehousing
costs on the other.
The model analysed in this paper may be extended in the
future. One option is to consider generalization of the model,
which would allow us to work with non-constant delay, thus
bringing the model even closer to reality.
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Fig. 5 Comparison of accumulated warehousing costs

Fig. 6 Inventory movement as per the model’s solution with
predicted demand

6 Conclusion
A very important role in the company management, of trade
or production, is played by proper inventory management. The
company thus gains the ability to keep inventory level sufficient for continuous supply, production and sale while achieving minimal costs associated with the warehousing of goods.
The paper introduced a model of inventory balance equation
extended by an orderupto replenishment policy with partial
backlogging, described by means of an ordinary differential
equation with delayed argument.
The model presented in the paper does describe a real situation which may arise in inventory management and among other
things it allows solving a situation where stock is emptied continuously, but goods are replenished in steps at irregular intervals.
Computer simulations help to demonstrate the model’s
behaviour while using real data. The example based on actual
data provided by a company confirms that using methods of
modern functional analysis can successfully solve such a problem. Thanks to this the proposed model is able to reduce the
risk of supplies shortages on the one hand and to significantly
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