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ABSTRACT. For wedge splitting test specimens, the stress and displacement fields both in the vicinity and also 
in larger distance from the crack tip are investigated by means of numerical methods. Several variants of 
boundary conditions were modeled. The stress intensity factor K, T-stress and even higher-order terms of 
William series were determined and subsequently utilized for analytical approximation of the stress field. A good 
fit between the analytical and numerical solution in dependence on the distance from the crack tip was shown, 
compared and discussed. Presented approach is considered as suitable for estimation of the fracture process 
zone extent in silicate composite materials. 
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INTRODUCTION 
 

he research of the author’s collective is focused on estimation of the size, shape and other relevant properties of 
the zone with nonlinear material behaviour evolving at the tip of a propagating crack in composite materials with 
disordered internal structure, particularly those with quasi-brittle nature which exhibit strain softening. 

Characteristics of the zone, in the case of the materials in question referred to as the fracture process zone (FPZ), are 
intended to be utilized within methods for evaluation of fracture mechanical parameters in order to diminish the effects of 
the test specimen’s size, geometry and free boundaries on their values, mainly the fracture energy, determined from 
records of tests on laboratory-sized specimens. This topic is intensively researched in last decades [1–6]. 
A determination procedure taking into account the mentioned effects is currently under development by the authors [7,8] 
and outputs of individual parts of the procedure are being tested, verified and validated at present, both from the 
perspective of the FPZ extent estimation [9–11] and also the crack tip stress state description [12–14]. This paper is 
particularly focused on investigation of differences in crack tip stress state caused by changes in the test geometry (the 
specimen’s shape and boundary conditions) resulting in differences in the shape and size of the FPZ. Variants of what is 
referred to as the wedge splitting test (WST) geometry are taking into account for this study. 
A precise description of the stress state in the cracked body is necessary for the procedure of the FPZ extent estimation. 
For that purpose, multi-parameter fracture mechanics is employed as the size proportions of the FPZ in relation to the 
whole specimen is much larger in the case of the studied quasi-brittle composites than that of e.g. plastic zone in metals. 
Therefore, the FPZ extent analysis is preceded by a detailed finite element method (FEM) analysis of the stress and 
displacement fields in the test specimens serving as input to the over-deterministic method [15] for evaluation of higher-
order terms of the Williams power series [16] via which the fields are approximated. Main attention is given to this issue in 
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the paper; the accuracy of the approximation is investigated. Some examples of results of the verification analyses are 
presented in conclusion. 
 
 
MULTI-PARAMETER DESCRIPTION OF THE STRESS AND DISPLACEMENT FIELDS IN A CRACKED BODY 
 
Multi-parameter fracture mechanics [17–19] is based on the analytical description of the stress and deformation fields in 
the body with crack by means of Williams expansion [16]. This infinite power series for a homogeneous elastic isotropic 
body can be expressed for the stress tensor {} and deformation vector {u} as 
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respectively, where r and  are polar coordinates centered at the crack tip (considering the direction of the crack 
propagation in positive x-axis),  is a shear modulus, E and  are Young’s modulus and Poisson’s ratio; n represents index 
of term of the power expansion and  is Kolosov’s constant (depends on plane stress or plane strain state). Coefficients 
An are functions of relative crack length . They can be with convenience expressed as dimensionless functions (with 
regard to the loading) in various ways. We alternatively employ the two most frequently used ones in this paper which are 
adopted from [20,21] and [22,23], and they are expressed here only for the parameters presented later in the paper. With 
respect to the mentioned references they can be written as 
 

 
   1 I

1
0 0

2
( )

A K
B

K K

  
       and      

 
 

 
 

2
2

I I

4
( )

A a T a
B

K K

   


 
       (3) 

 
and 
 

 
  2

2( )
n

n
n

A
g W








       for  1,3,4 ,n N     and   
 2

2

4
( )

A
g t





     (4) 

 
respectively. In these formulas,  is nominal stress in the central plane of the specimen caused by (usually only the 
splitting component Psp of) the applied load (i.e.  = Psp/BW), K0 is the normalized stress intensity factor (i.e. 

0 spK P B W ), KI is the stress intensity factor, T is T-stress, a is the crack length, W and B is the specimen’s width and 

breadth, respectively.  
The crack length a is defined as a distance from the point of the splitting force application to the crack tip, i.e. 
a = c + dn – h  in the case of the WST, see Fig. 3. Consequently, the relative crack length  is defined as the ratio of the 
crack length a and the effective specimen width 
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Coefficients of the terms of the Williams power expansion used/presented in this paper were determined using direct 
methods which evaluate results gained via FEM computations.  
Values of first two terms (K and T-stress) were computed both using the direct method (e.g. [24]) or determined with help 
of quarter-point crack-tip elements (e.g. [25]). For the latter case, following formulas are used to calculate K and T 
 

 
 

(C)
( B) ( A ) ( B) (C)

I 2

2 2
4 , 4 2

3(1 )(1 ) 2 1
i

i i i i

vE E
K v T u u u

l l


  

 
            

   (6) 

 
where l is the element length, u and v are displacement components in the x and y directions, respectively. The (A), (B), 
and (C) superscripts indicate the FE node positions as follows: A – node at the crack tip, B – node at a distance of 1/4l 
from the crack tip, and C – node at a distance of l. For the direct method [24] the estimation of the fracture parameters is 
derived directly from the stress description via eq. (1) (for max. n = 2). Let us note that several alternatives to the methods 
used in this paper are available in literature, especially for the determination of K (e.g. [26]). 
Coefficients of even the higher-order terms of the power expansion were calculated (alternatively to the previously-
mentioned techniques for the first two ones, however, as the only used technique for the other ones) by using the over-
deterministic method (ODM) [15]. ODM, based on the linear least-squares formulation, provides solution of the system 
of 2k equations (resulting from eq. (2)), where k represents the number of selected nodes around the crack tip, leading to 
values of N selected terms of the series. They can be calculated from the knowledge of the values of components u, v of 
the displacement vector and coordinates r,  of the selected nodes. Similarly to the above-mentioned techniques, inputs to 
the ODM were also obtained by FEM computations. 
Motivation of the determination of the higher-order of terms of the power series dwells in the requirements on the 
estimation of the crack-tip nonlinear zone extent. They must be taken into account in order to describe the fields in more 
distant surroundings of the crack tip, especially in the case of the quasi-brittle materials. 
 
 
WEDGE SPLITTING TEST GEOMETRY – DEFINITION OF NUMERICAL STUDY 
 

edge splitting test is a convenient and popular configuration for estimation of fracture parameters of silicate-
based composites, mainly building materials. It has been introduced in 80ies of the last century [27,28]. For its 
advantages it is often used as an alternative of standard three-point bending test of notched beams. The test 

can be performed on specimens of various shapes, however also the test setup, i.e. the boundary conditions, can 
significantly differ. And that is true both for the boundary conditions related to the load application (see Fig. 1) and the 
specimen supports (see Figs. 2 and 3). 
The differences in the load application and supporting are usually neglected, even fracture analyses utilizing functions of 
geometry corresponding to the compact tension test configuration are commonly published [29,30]. And if the K-
calibration curves are computed for the WST geometry and presented in the literature (e.g. [31]), details of supports and 
load application are not properly taken into account. Particularly, the compressive component of the loading force (Pv in 
Figs. 2 and 3) is ignored and only one central support is considered (except to [32], with regard to both aspects). 
Karihaloo and co-workers published the stress and displacement field description using as many as five terms of the 
Williams series [22,23]. Two variants of supports were modeled, but the compressive component of the applied loading 
was not considered too. 
It is worth noticing that if a certain fracture analysis has to be conducted for which the stress/displacement fields in only 
the very vicinity of the crack tip is required (i.e. the case of brittle fracture with description of the fields via K only), the 
simplifications mentioned in previous paragraph are possible (to some extent, i.e. when T-stress value is not too low or 
high). 
In our work, three variants of supports (one central support, and two supports positioned 1/4W and 1/8W from the 
central plane, see Figs. 2 and 3) and two alternatives of load imposition (via loading platens with bearings placed inside the 
specimen’s groove – platens I – and platens with bearings axes outside the groove – platens II, see Figs. 1, 3 left and right, 
respectively) are considered.  
The influence of the boundary conditions of the WST test was analyzed in several relevant aspects in detail in previous 
works by the authors [32–34, 12–14] and results were compared with the crack-tip fields descriptions published in 
literature. Selected parts of the rather thorough study are presented in this paper. The study was first conducted in the 
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framework of two-parameter fracture mechanics (investigation of the stress intensity factor K and the T-stress, or their 
normalized values B1 and B2, respectively). Later, more terms of the Williams series was considered and coefficients of the 
first several ones (up to around 10) were determined, again either in their absolute values An or expressed as the 
normalized shape functions gn.  
 

 

 
Figure 1: Variants of boundary conditions of the WST geometry in the area of the load application (compare (a), (b) vs. (c), (d)). 

 
 

(a) (b)

(c) (d)
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Figure 2: Schemes of variants of boundary conditions of the WST geometry in both the area of the load application (differences 
between (a) vs. (b), (c) and (d) vs. (e) and (f)) and supports (differences between (a) vs. (b) and (e) vs. (d) vs. (c) and (f)). Taking into 
account the vertical component of the loading force is essential. 
 
 
NUMERICAL MODELING 
 

he test configuration in considered variants of boundary conditions and specimen dimensions corresponding to 
results showed below are indicated in Fig. 3 and their values are summarized in Tab. 1.  
 

 

Dimensions [mm] 

W 100 
B 100 

a 20 ~ 80 

dn 20 

e 35 
f 30 

h 15 

i 25 
 

Table 1: Individual dimensions of the modeled WST specimen. 

T 

(a) (b) (c) 

(e)(d) (f) 
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Figure 3: Sketch of the modeled WST specimen with considered variants of boundary conditions. 
 

The numerical study was conducted in the ANSYS FEM software [35]. All simulations were modeled in 2D under plane 
strain condition. The FE mesh was generated from 8-nodes isoparametric elements. Linear elastic isotropic material of the 
cementitious composite specimen and the steel loading platens was defined by Young’s moduli E = 40 and 210 GPa and 
Poisson’s ratios  = 0.2 and 0.3, respectively. Fig. 4a and b shows a static scheme and FE model for a variant of the WST 
with platens II and one central support (a half of the specimen with symmetry conditions). A detail of the near-crack-tip 
FE mesh is depicted in Fig. 4c and d. Fig. 4d shows utilization of the quarter-point singular elements at the very crack tip 
(used for calculation of K and T, or B1 and B2, via the first two mentioned methods), in Fig. 4c the (near-crack-tip) ring of 
nodes is indicated from which coordinates and computed displacements are used as inputs into the ODM for 
determination shape functions gn. 
 
 
RESULTS AND DISCUSSION, APPLICATION OF THE MULTI-PARAMETER FRACTURE MECHANICS  
 

his section presents some of the results obtained within the conducted study. In agreement with the definition of 
the normalized dimensionless expressions of the coefficients of the Williams series’ terms mentioned above, the 
influence of boundary conditions on the stress and displacement fields’ description is indicated in graphs in Figs. 5 

and 6.  
Fig. 5 shows the parameters B1 and B2 as functions of the relative crack length . Differences in the boundary conditions 
are apparently distinguishable for the latter one, particularly they are evident for short cracks (up to approx. a < 0.4, which 
corresponds to the influence of the loading platens, see differences between the "platens I" and "platens II" cases) as well 
as long cracks (i.e. from approx. a > 0.4, influence of the number and mutual distance of supports). It is also clearly seen, 
and that is true for almost the whole studied range of , that the neglecting of the compressive force Pv produces larger 
error if a single support is used. Effect of boundary conditions on the first term of the series is rather low, as can be 
expected, since the singular term domain is the very vicinity of the crack tip only. 
The graphs in Fig. 6 show shape functions corresponding to two selected higher-order terms coefficients, g4 and g7, and 
only the effect of supports can be investigated. Both curves are from simulations with loading platens II, therefore no 
differences between the curves are obvious up to a fracture process stage when the crack tip approaches the back-face of 
the WST specimen (see the magnified sections of the graphs in Fig. 6b and d). Differences are apparent only for the 
relative crack lengths around 0.9 and larger provided that compressive component of the loading force Pv is considered. If 
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Pv is neglected, significant difference appears earlier, around  = 0.75 (see Fig.  6a and b, where comparison with [23], 
which ignores Pv, is shown). 
 

 
                                         (a)                                  (b)                                       (c)                                      (d) 
Figure 4: 2D representation of the WST – static scheme with indication of boundary conditions (a) and corresponding FE model (b). 
Example of the FE mesh around the crack tip: ring of selected nodes (at radius 5 mm from the crack tip) (c) and quarter-point crack-
tip elements (d). 
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Figure 5: Geometry factors B1 and B2 as functions of the relative crack length  for various considered boundary conditions. 
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Figure 6: Shape functions g4 and g7 as functions of the relative crack length  for two support variants. 
 
An accurate knowledge of the mechanical fields in the cracked body is necessary for a relevant fracture analysis. As an 
example, a reconstruction of the stress fields in the WST (platens II, one support, Pv considered) is introduced. Fig. 7 

(a) (b) 

(c) (d) 
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displays distributions of selected stress components (in this case e.g. x, 1) over the specimen (symmetrical half) taking 
into account various ranges of terms of the Williams series (whose coefficients were determined via methods mentioned 
above). The fields correspond to load Psp = 1 kN. Different relative crack lengths were chosen for each case. It is clearly 
visible that if the knowledge of the stress field is requested even in larger distance of the crack tip, the approximation of 
the field by higher number of terms of the series is essential. The isolines in the second row of Fig. 7 may represent a 
nonlinear (plastic) zone extent provided that Rankine failure criterion was applied. If the strength limit of the material 
were 2 (1 and 0.5) MPa, 4 (around 7 and more than 12, respectively) terms would be necessary for the accurate enough 
description of the nonlinear zone. 
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Figure 7: Comparison of stress fields (x, 1) in WST specimen reconstructed by means of Williams power expansion using various 
ranges of terms of the series (from left 1, 2, 4, 7, and 12, respectively) with the numerical solution (right). The crack tip region is 
magnified in the second row (the axes scale is kept the same as in the first row). 
 
 
CONCLUSIONS 
 

nalysis of the stress and displacement fields near a crack tip in a WST specimen is presented. For this purpose, 
multi-parameter fracture mechanics was applied. Influence of the boundary conditions on the stress intensity 
factor and the T-stress (representing the first two terms of Williams expansion) was investigated and several 

resulting conclusions discussed. Moreover, even the higher-order terms of the series (up to order of 12) were calculated by 
means of the over-deterministic method. Subsequently, various ranges of them were used for reconstruction of the stress 
field around the crack tip and compared with stress distribution obtained by means of FEM. The results clearly show that 
especially for long cracks and/or in larger distances from the crack tip the accurate approximation of the stress field 
requires using more terms of the Williams expansion than it is usual within classical fracture mechanical approaches.  
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