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The purpose of this paper is to develop a method for the construction of solutions to initial problems of linear discrete systems with
constant coefficients and with two delays Ax(k) = Bx(k — m) + Cx(k — n) + f(k), where m,n € N, m#n, are fixed, k = 0,..., 00,
B = (b;), C = (c;) are constant r X r matrices, f isa given rx 1 vector,and x is an r x 1 unknown vector. Solutions are expressed with
the aid of a special function called the discrete matrix delayed exponential for two delays. Such approach results in a possibility to

express an initial Cauchy problem in a closed form. Examples are shown illustrating the results obtained.

1. Introduction

Throughout the paper, we will use the following notation. For
integers s, t, s < t, we define the set ZZ ={s,s+1,...,t—1,t}.
Similarly, we define the sets Zioo ={.,t-Lt}and Z :=
{s,s + 1,...}. The function |-] used below is the floor integer
function. We will employ the following property of the floor
integer function:

x—-1<|x]<x 1

where x € R.
In this paper, we deal with the discrete system

Ax (k) = Bx (k —m) + Cx (k —n) + f (k), (2)

where m,n € N, m+#n, are fixed, k € Z°, B = &), C = ()
are constant r X r matrices, f : Z;" — R’ isagivenr x 1
vector, and x : Z;° — R’ isanr x 1 unknown vector.

Together with (2), we consider an initial (Cauchy) prob-
lem

x (k) = ¢ (k). 3)

Define binomial coefficients as customary; that is, for n €
Zandk e Z,

n!
T ifnzk>0,
<Z> = K=k @

0 otherwise.

We recall that, for a well-defined discrete function w(k), the
forward difference operator A is defined as Aw(k) = w(k +
1) — w(k). In the paper, we also adopt the customary notation

Z:Z:il g; = 0ifi, <i,.In the case of double sums, we set

irJo
Y =0 (5)

=iy, /=]

if at least one of the inequalities i, < i, j, < j; holds.



In [1, 2], a discrete matrix delayed exponential for a single
delay m € N was defined.

Definition 1. For an r x r constant matrix B, k € Z, and fixed
m € N, one defines the discrete matrix delayed exponential

eglk as follows:

(0
ifkez ™",
Bk _ ]
) e (k-m(j-1) (©)
I+)B.
= j
. _ £(m+1)
if£=0,1,2,...,k € 2y ms1ys1®

where © is an r X r null matrix and I is an r X r unit matrix.

Such discrete matrix delayed exponential was used in [1]
to construct solutions of the initial problems (2), (3) with
C = O, where @ is an r xr zero matrix. In these constructions,
the main property (Theorem 2) of discrete matrix delayed
exponential for a single delay m € N was utilized in

(1].

Theorem 2. Let B be a constant r x r matrix. Then, for k €
ZOO

_m)
A =B, )

The properties of delayed matrix exponential functions
for their continuous and discrete variants and their applica-
tions are the topic of recent papers [1-18]. We note that the
definition of the delayed matrix exponential was first defined
for the continuous case in [4] and, for the discrete case, in
(1, 2].

The paper is organized as follows. Discrete matrix delayed
exponentials for two delays and their main property are
considered in Section 2. A representation of the solution to
problem (2), (3) is given in Section 3 and examples illustrating
the results obtained are shown in Section 4.

2. Discrete Matrix Delayed Exponential for
Two Delays and Its Main Property

In order to extend the results proved in [1, 2] to problems
(2), (3), a discrete matrix delayed exponential for two delays
was proposed in [3]. There is a discrete matrix delayed
exponential for two delays m,n € N, m+#n, defined as fol-
lows.

Definition 3. Let B, C be constant »xr matrices with BC = CB

and let m,n € N, m#mn, be fixed integers. One defines a
BCk

. called the discrete matrix

discrete r X r matrix function e
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delayed exponential for two delays m, n and for two r x r
constant matrices B, C:

BCk
mn
©
if k e 7~ maxtmni-1
—00 b

= ifkez®

— max{m,n}>
p(k)—l,q(k)—l o . . k _ .
I+(B+C) Y B’CJ<I+,]>< - ”])
i=0.7=0 i i+j+1
if k e Z7°,

(8)

where

k k
Py = {ﬂJ (k) 3={ +nJ' )

m+ 1 n+1

Let us show an example illustrating this special exponen-
tial function.

Example 4. For k € Z;> we will construct the matrix efﬁk if

m = 2 and n = 3. Computing particular matrices generating

BCk 12
€,; fork e Z,", we get

B
CO:I,

BC1 _
€3 €5 = I+B+C,

BC2

ey =1+(B+C)2, B3

&3 =1+(B+C)3,
&5 =1+(B+C)(4+B),
ei§5=1+(B+C)(S+3B+C),
e5® =1+ (B+C)(6+6B+3C),
ef’?=I+(B+C)(7+10B+6C+BZ),
55  =1+(B+C)(8+15B+10C+ 4B +2BC),
)5 =I+(B+C)(9+21B+15C + 108’ + 8BC + C*),
efngl+(B+C)

x (10 +28B +21C + 20B + 20BC + 4C* + B’),
e55 =TI+ (B+C)(11+36B+28C + 358’

+40BC + 10C* + 5B’ + 3B°C),,

BC12

€552 = I+ (B+C)(12+45B + 36C + 56B° + 70BC

+20C? + 15B° + 15B°C + 3BC2) )
(10)

The main property of eggk was proved in [3].
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Theorem 5. Let B, C be constant r X r matrices with BC = CB
and let m,n € N, m#n, be fixed integers. Then

A BCk BC(k-m) | eﬁg(k—n) ()

_B%n
fork e Zg°.

The analysis of eﬁﬁk applicability to a representation of
the solution to initial problem (2), (3) unfortunately does
not lead to satisfactory results because, as we will see below,
an additional condition det(B + C) # 0 is necessary. A small
difference in the definition results in representations of
solutions of initial problems without this assumption. Now

we give a second definition of a discrete matrix delayed

exponential for two delays &2 Ck.

Definition 6. Let B, C be constant »xr matrices with BC = CB
and let m,n € N, m < n, be fixed integers. One defines a
discrete r x r matrix function €25* called the discrete matrix
delayed exponential for two delays m, n and for two r x r
constant matrices B, C as follows:

~BCk
emn
(O
ifkez”},
1
if k e 7,
Pro—Lqu—1 . . . .
::<I+B(k)z(k) Boi(it] k —m —mi — nj
i0.7-0 i i+j+1
P~ 1.9 —1 . . . .
+C(k)z(k) soi(iti k —n—mi-nj
i=0.7=0 i i+j+1
| ifkeZ),,,
(12)
where
k+m k+n
=[] = @
Remark 7. Fork € Z5, it is easy to deduce that &5 = e8¢,

In order to compare both types of discrete delayed
matrices for two delays and see the difference between both
definitions, we consider the following example where delays
are the same as in Example 4.

Example 8. For k € Z,? we will construct the matrix eBCk if
=2andn = 3. Computmg particular matrices generating
Efgk for k € Z}%, we get

~BCO ~BCl _

€3 = =1, €; = 1
~BC2 _ ~BC3 _

€3 =1, €3 = I+ B,

~BC5

&' =1+2B+C, &5 =1+3B+2C,

&3’ =1+4B+3C+B’,

&5 =1+5B+4C + 3B’ + 2BC,

&5’ =1+6B+5C+6B" +6BC +C,

&% = [+ 7B+6C + 10B” + 12BC + 3C* + B,

65" = 1+8B+7C+15B" +20BC + 6C” + 4B’ + 3B°C,

& = [+ 9B+ 8C + 21B + 30BC + 10C?

+ 10B® + 12B*C + 3BC?,

&2 = 1+10B +9C + 288> + 42BC + 15C°

+20B° + 30B>C + 12BC* + C° + B*.
(14)

. ~BCk
The main property of €, -
theorem.

is given by the following

Theorem 9. Let B, C be constant r X r matrices with BC = CB
and let m,n € N, m < n, be fixed integers. Then

peIE - g L I
fork e Zg°.

Proof. Let k > 1. From (1) and (13), we can see easily that, for
an integer k > 0 satisfying

(P —1)(m+1)+1

Skgq(k)(l’l‘l'l),

the equation

. Po~bw =t i\ (k—m—-mi-nj
A€, =A|I+B ;0 BC( i >< i+j+1 >

Puy—1qp—1 1\ [k . .
i C Z B,’Cj 1+ —n—-mi—nj
; .

=670 i+j+1
7)
holds by Definition 6 of &2*, Since AI = ©, we have
BCk Poomwt i+j\(k-m-mi-nj
—~ _ J - - -
AeP* = A| B izéo BC( : )( i+ )
+Cp(k’_1§(k) Boi i+j\(k—-n-mi-nj
a0 i i+j+1
(18)
By the definition of the forward difference, that is,
A—éZCk _ EBC(1<+1) EZik: (19)



we conclude that it is reasonable to divide the proof into four
parts given by the four values of integer k.
In the first case, k is such that

(P —-1)(m+1)+1
<k<prym+)A(ge-1)n+1)+1  (20)
<k<qg(n+1),

in the second case

k=pam+1)A(qe-1)(n+1)+1<k<qgn+l),
(21)

in the third case

(p(k)—l)(m+l)+1Sk<p(k)(m+l)/\k=q(k)(n+1),
(22)

and in the fourth case
k=p(k)(m+l)/\k=q(k)(n+l) (23)

We see that the above four cases cover all the possible
relations between k, p(,, and q.
In the proof, we use obvious identities

<nzl>=<z>+(kf1)’ (24)

where n,k € N and
i\ _ (i-1 i\ _[(ji-1
i) \i-1) 0/~ 0 ?
i+j\ _ (i+j-1 i+j-1
(3) =00+,

where i, j € N, derived from (4) and (24).

Now we consider (in parts (I)-(IV) below) all four
cases and perform auxiliary computations. The proof will be
finished in part (V).

k < g)(n+1). From (1) and (13), we get

(25)

k-m+m k
Ple-m) = m+1 = m+1 < Py
_{k—m+mJ> k _l_k—m—1> _y
Ploe-m) = m+1 m+1 T om+1 Py ==
(26)

Therefore, p_,,) = Py — 1 and, by Definition 6,

~BC(k-m)
emn "
) I+BP<k>*2"1<k‘*“)71Bicj i+j\(k—-m-m-mi-nj
= o i i+j+1
. Cp<krzi<wl g (i1 (k=m=n—mi-nj
o i i+j+1 .
(27)
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Similarly, omitting details, we get, using (1) and (13),
Q) = 9 — 1 and

S
Poe-wLAw=2 .. S B
S e () (ki)
o i i+j+1
i=0,7=0
Ponm”Vaw-2 . . —n—n-—mi-ni
L e () (i)
e 1 i+j+1
i=0,j=0
(28)
Let gy = 1. We show that
k—m—m—mi—nj 0 ifi>0 i>
i+j+1 =Y nr= = qeem
(29)
k—-m—-n-mi-nj e )
< i+l >:0 ifi>0, j=qu_m
By (1),
k-m+n k-m+n k-m-1
= > -1=—- (30
Uerm) { n+1 J n+1 n+1 (30)
or
k-m-m
Sm+1D)i+(n+1)j+1 ifi=0, j=qu_
(31

k-m-n

Sm+D)i+(n+1)j+1 ifi=0, j=qu_,.

From the last inequalities, we get
k-m-m-mi—-nj<i+j+1

ifi >0, ] = d(k-m)>

(32)

k-m-n-mi-nj<i+j+1 ifi>0, j>qu_.»

and (29) holds by (4). For that reason and since q_,,y < qx)»
we can replace g, by g in (27). Thus, we have

et
Py=24900~1 N\ [k . .
—I+B Z gt -m-m(i+1)—nj
b0 i i+j+1
+C"<k)’§<k”13icj i+ 7\ (k—n-m@i+1)-nj
670 i i+j+1 '

(33)
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It is easy to see that, due to (5), formula (33) can be used
instead of (27) if q(_,,,y < 1too. Let p_,,y > 1. Similarly, we
can show that

k—n—m—mi-nj s .
( i+j+l >=0 1f12p(k_n),]20,
(34)
k—-n—-n-mi-nj .y .
< i+j+1 )ZO llep(kfn),]ZO,
and, since py_,y < P> We can replace p_,) by py in (28).
Thus, we have

g
P(k)_l’q(k)_z . . k . .
=I1+B goi(iti)(k-m-mi-n(j+1)
oy i i+ ] +1
. CP(k)—§<k)‘zBicj itj\(k-n-mi-n(j+1)
; i+j+1 '

i=0,j=0
(35)

It is easy to see that, due to (5), formula (35) can be used
instead of (28) if p(_,) < 1 too By Definition 6,

_BC(k+1)
mn
Posy~b4eeny-l R
LS e (i) (i)
| i i+j+1
i=0,7=0
Py~ L4wy-l k+1 . .
L C Z goi(iti +1—-n—mi-nj
L i i+j+1 ’
i=0,7=0
(36)
Due to (1), we also conclude that
Pi+1) = Py A1) = dik) (37)
because
_lk+1+mJ< k +1< +1
Pk+1) = mel | Smal Py + 1
k+1+m k+1+m
= -1 (38)
Py l m+1 J m+1
__k > -1+ L
“me1 - Pw m+1
The second formula can be proved similarly.
Then,
~BC(k+1)
mn
pw~Law-1 . . R
=I+B Y B’C1<l+.]><k+l N ”J>
i=0,j=0 ! trJ (39)
Poo—14w —1 v\ (K . .
L C Z gci(tt] +1-n-mi-nj
i i i+j+1 '

Now we are able to prove that
_BCk
Ae, = =

a8 po <i+j) <k—m—m(i i1)- m)
1

BC(k—m) BC(k—n)
mn + Cémn

i=0,j=0 il
+Cp<kr§<krlB,~Cj i+j\ (k-n-m(i+1)-nj
oy i i+j+1
ol BP(k)‘l’q(k)_zBicj i+j k-m-mi-n (] + 1)

o i i+ ] +1
Py~ LA —2 i+i\ [k j j+1
+c Yy B ~nomizn(j+1)
oy i i+j+1

(40)

(II) k= p(k)(m + 1) AN (q(k) - 1)(n+ 1) +1< k < q(k)(f’l‘F 1)
In this case,

_{k—m+mJ_l k J_
DP-m) = o il I = Py
_{k+1+mJ k+1+m Kk 1= 1
Plern) = m+1 m+1  m+1 = Pw ’
_{k+1+mJ>k+l+m - ko
Plern) = m+1 m+1 _m+1_p(k)
(41)

and pyi1) = Py + 1. In addition to this (see the relevant
computations performed in case (I)), we have g,y = gy —1

and Ak+1) = (k)

Then,
~BC(k+1)
emn
o1
:1+Bp(k)§‘f) BiCj<i+j> <k+ 1 —m—mi—nj>
e i i+j+1 (42)
Py —1 P4 j j
ijf(i+j\(k+1-n—mi-nj
+ci=§=OBc< ; >< i+j+1 ’
s
Py~ Lge-m—1 i+ i\ [k i —nj
=1+ Y BC/('T/)(FTmImomW
o i i+j+1
11 . P
+CP(k> f ) ol (it k—m—n—-mi-nj
o i i+j+1 ’

(43)



.
_ I+Bp(k_n)7zl)q(k)723icj l+] k—n—m—mi—nj
B = i i+j+1
Ple-m L2 . .
i(i+j\(k-n—-n—-mi-nj
+C ,-:g:o BC( ; >< P )
(44)
For k = pyy(m +1),i = py), and j > 0, we have
k+1-—m—mi-nj\ _(pg+1-m-nj ~0
i+j+1 Py t1l+j ’
(45)

k+1-n-mi-nj Puy +1-n—nj\ _
i+j+1 Puy+1+] B

and, for k = pg(m +1),i = pyy — 1, and j > 0, we have

<k—m—m—mi—nj>:<p(k)—m—nj>:0
i+j+1 Poy tJ ’
(46)
<k—m—n—mi—nj>:<p(k)—n—nj):
i+j+1 Paoy *+J

Thus, we can substitute p,
P — 1in (43).

Like with the computations performed in the previous
part of the proof, (29), (34) hold. So we can substitute g,
for q(k—m) in (43) and p(k) for p(k—n) in (44)

Accordingly, we have

—1for py, in (42) and p, -2 for

~BC(k+1)
emn

Py~ L4 ~1 .
B ifi+j\(k+1-m—-mi-
=I+B igo BC< i >< i+j+1

")

—nj>

“1,9-1
+CP(k) Zq(k) BcJ<l+]><k+l—n—mi
b0 i+j+1

_BC(k—m)
emn

=1+ Bp(k)_f(k)_lB il <l + J) <k ol nj)

i+j+1
i=0,j=0 J

+CP<k)‘§<k)_lB,-Cj itj\(k-n-m(@i+1)-nj
i=0,j=0 : SEAS |

(48)
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~BC(k—n)
emn

:I+Bp(k)_lz’q”“)_2 ici l+] k-m-mi-n(j+1)
=030 i+j+1

+CP(k)—lz":Z<k)‘2B1C] i+j\(k-n-mi- Vl(] + 1)
i=0,j=0 i it .

(49)

It is easy to see that, due to (5), formula (48) can also be
used instead of (43) if g(_,, < 1 and formula (49) can also
be used instead of (44) if py._,) < 1. Therefore, we see that
(like in part (I)) the relation (40) must be proved.

In this case, we have (see the relevant computations in cases

(I) and (I1))

Pe-my = Py = 1> Ps1) = Py
(50)
Ak-n) = D> A1y = 9 + 1
Then,
~BC(k+1)
emn !
pw—Law . o
S o (1) (ki)
i=0,j=0 ! trJ (51)
) . .
L C Z BCJ(1+])<k+1. n = mi n]>,
i+j+1
i=0,j=0
e
Pay=2:94-my—1 . .
e o () (ki)
L i+j+1
i=0,7=0
Pwy=2:94-m)~1 . .
L C Z BC]<1+]><k m—n—mi n]>’
L i i+j+1
i=0,7=0
(52)
grctn
Pow LAw-1 .. PR
e e () (i)
| i i+j+1
i=0,j=0
P L ™1 i+ k-n-n-mi-nj
+Cc Y Bcf< J)( - J).
L i+j+1
i=0,7=0
(53)
For k = qy(n+ 1), j = (), and i > 0, we have
k+l1-m-mi-nj\ _(qp+1-m-mi -0
i+j+1 B i+qg +1 o
(54)
k+l1-n-mi-nj\ _ (qu+1-n-mi ~0o
i+j+1 - i+qg+1 -



Abstract and Applied Analysis

and, for k = g)(m + 1), j = q4) — 1, and i > 0, we get

<k—n—m—mi—nj>:<q(k)—m—mi>:0
itj+1 i+qgy ’
(55)
<k—n—n—mi—nj>:<q(k)—n—mi>:0
i+j+l i+Q(k) '
Thus we can replace g, by g, —1in (51) and g, — 1 by g4 -2

in (53).

Like with the computations performed in cases (I) and
(I), formulas (29), (34) hold and we can substitute g, for
Q(k-m) in (52) and g, for gy_,, in (53). This means that

~BC(k+1)
emn "
o Bp(k)_f(k)_lB - <z + ]> <k +1-m—mi-— nj)
L i+j+1 (56)
Poo~LAw 1 i+j\(k+1-n—mi-nj
J
e i=§=o BC< i >< itj+l >’
g
. BP(er,tﬂkfmrlBiCj i+j\(k-m-m-mi-nj
= oy i i+j+1
N CP(k)*fom) s CJ (1 + ]) (k -m-n—mi-— 7’l]>
i=0,j=0 RS ,
(57)
~BC(k-n)
emn "
=1+ Bp(k_n)iq(k) 2B ic/ <1 + J) <k mnm e mi ”j)
o i+j+1
Plk-my~ LGy —2 1 j
i(i+j\(k-n—-n—-mi-nj
+C izgzo BC< i >< i+j+1 >
(58)

It is easy to see that, due to (5), formula (57) can also be used
instead of (52) if g4._,,;) < 1 and formula (58) can also be used
instead of (53) if p(_, < 1. Therefore, we see that (as in parts
(I), (II)) (40) must be proved.

(IV) k = pgy(m + 1) Ak = g,(n + 1). In this case, we have
(see similar combinations in the cases (II) and (III))

Pl—m) = Py Pier1y = Poy +1

(59)

Aik-ny = (k> Aks1) = 90 T 1

7
Then,
~BC(k+1)
mn
—I+Bp(l§(k)BC] <z+]> <k+ 1 —m—mi—nj>
i=0,j=0 frjl
P i+j\(k+1-n-mi-nj
j
+Ci:;:()BC< i >< itj+l >’
(60)
~BC(k—m)
mn
Py~ LAg-my—1 k j j
reg S g () (ki
i=0,j=0 i it
. CP(k)ﬂ%ﬁmrl S i+j\(k-m-n-mi-nj
i=0,j=0 i it |
(61)
g
P(kfn)_l’q(k)_l . . k . .
-1+ Yy BC(MTI)(FTrTmommW
e i i+j+1
Ple-m— 14 —1 k j i
vc Y BC <1+1>< _”._”._ml_"]).
e i+j+1
(62)

Asinpart (Il), for k = py,(m+1),i = py,,and j > 0, formulas
(45) hold and, for k = pgy(m +1),i = pyy —1,and j > 0
formulas (46) hold. Thus we can substitute p) — 1 for p, in
(60) and p(k) -2 for p(k) —1lin (61)

As in part (ITI), for k = qgy(n + 1), j = qy), and i > 0,
formulas (54) hold and, for k = g, (m + 1), j = q4) — 1, and
i > 0, formulas (55) hold. Thus we can replace g by g — 1
in (60) and g, — 1 by q) — 2 in (62).

As before, (29), (34) hold and we can substitute g, for
Q(k-m) in (61) and py, for p(_, in (62). Thus, we have

~BC(k+1)
emn

Py~ 14 —1 . .
B i(i+j\(k+1-m-mi-nj
=I+B i—g—o BC( i >( i+j+1

P~k ~1 .
ifi+j\(k+1-n—-mi-
+C l,:gzo BC( i >< i+j+1

(63)



~BC(k—m)
mn
Py =2qk-m~1 e (K . .
_I+B Z gci(it] —m—m—mi— nj
i i+j+1

i=0,j=0

+Cp(k)72§‘iﬁm) IB CJ <l + ]> (k -m-n-—mi-—

nj)

=670 i i+j+1
(64)
~BC(k-n)
emn "
Plk-ny = 1G4 =2 k . .
_I+B Z BCl i+j —-Nn—m-—mi-—nj
=70 i i+j+1

Pioe-my~ 1Ay —2 i+ i\ [k .
WS o () (o

1 i+7+1
i=0,j=0 J

nj>.

(65)

It is easy to see that, due to (5), formula (64) can also be used
instead of (61) if g;_,,,y < 1 and formula (65) can also be used
instead of (62) if py_,) < 1. Therefore, we see that (as in all
the previous parts) (40) must be proved.

(V) The Proof of Formula (40). Now we prove (40). With the
aid of (18), (19), (24), and (36), we get

A~BCk
~BC(k+ 1) ~BCk
= e emn
o
=I+B

ij(i+i\(k+1-m-mi-nj
0 BC( i )( i+j+1 >

nj>

i=0,j=

el (o) (B

=630 i+j+1
Paw—1qu—1 . .
_I_B Z BC i+j\[(k—-m-mi-nj
it i i+j+1
Piy—1qg =1

_CZ

ijf(i+j\(k-n-mi-nj
2, ()

Py~ 1qu—1 .
B i+ ] k+1-m-mi-
=8 i=§=0 BC( i )[( i+j+1

")

Poo~Ldew=1 i+j\[(k+1-n-mi-nj
ic

ZO BC(:‘)[( i+j+1 )

i=0,j=
_(k—n-mi-nj
i+j+1

(k-m-—mi-
i+j+1

+C

P14 —1

+

BC]<1+
i

@)
~
T
™ME
o
Q
/\

i1

i=1,j=1

Py—1
I+ ) BC° <

i=1

quo—1

+ZBC’

i=1,j=1

By (25), we have

A~BCk

_B[

I+ ZBC

+

+

Pa—1

i=1

ZBCJ

(')

Puo~—1490~1 .
j(i+j-1\(k-m-mi-
> wo() (T

i=1,j=1

o ;
+ Z B'C’ (

|

i=1,j=1
Pu—1

I+ Z B’ (
quo—1

+ Z B cf<

s
+ Z BCJ<

i=1,j=1

Py~ LAqw—1 .
i(i+j\(k-m-mi-
<y wd(U)(
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7\ (k—m—mi-nj
it+j
i+j\[(k—n-mi-nj
i i+j

~Zre @)

i+j

)

nj)]

@) ()

Piy~1Ap~1 .
ifi+j\(k-n-—mi-
2, (V)T

nj)]_

(66)

))

()

)
)
))
)
e

i+j—
i—1

nj)
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Py~ LA 1 .
ifi+j— k—n—mi-
I QR ey

i=1,j=1
-B I+p<k)_§(k)_13icj i+j- k—m—mi—nj
it i— 1 i+j
o . k . .
T e (1) (ki
i i i+
iC I+p(k)7§(k)713icj i+j-1\(k-n—-mi-nj
i i—1 itj

P~ w1 i+j- k-n-mi-nj
j
)

(67)

Now, in the first and third sum, we replace the summation
index i by i+ 1 and, in the second and fourth sum, we replace
the summation index j by j + 1. Then,

AEBCk

><<k—m—m(i+l)—nj>

i+j+1
Po~L4qu =2 1 i\/k . .
+ Z gt (it -m-mi-n(j+1)
oo i i+j+1

Pao=2490)~1 (it
1+ ]
+C|lI+ ZO B c< ; )

i=0,j=

><<k—n—m(i+1)—nj)

i+j+1
Py =12 i+ i\ [k . .
N Z gort (it —n-mi-n(j+1)
=070 i i+j+1

-2,qg0-1 L i j
_B+sz(k) Zq(k) BlC] 1+] k—m—m(l+1)_nj
= o i i+j+1

+BCP(k> f(krzB o <1 + ]> <k -m-mi-n(j+ 1))

i i+j7+1
i=0,j=0 J

Paoy—2:9~1 i
+C+BC Y B’cf< .J>
1

i=0,j=0

<k n-m(@Gi+1)- nj)

i+j+1

9
-1,
+c2pk) zq(k B'C/ ’+J k—n-mi-n(j+1)
i=0,j=0 i+j+ :
P =290 -1 i+ i\ [k i .
=B|I+B ) BC i+ j\(k-m-m(i+1)-nj
i=0,j=0 : A
+CP(k>*§(k) IBC] 1+] k-n-m(@i+1)-nj
o i+j+1
Paoy~1dm—2 i+
+C|I+B BC]( ]>
i=0,j=0 l
" k—m-mi-n(j+1)
i+j+1
Py~ =2 k i j
+C ) BC <Z+J>< RN 1)>
i=0,j=0 A
_BC(k—rm) BC(k-n)
=Bemn " +C€mn ”.
(68)

Due to (33) and (35), we conclude that formula (40) is
valid.

We proved that formula (15) holds in each of the consid-
ered cases (I), (II), (III), and (IV) for k > 1. If k = 0, the proof

can be done directly because p) = q) = 0, pqy =gy = L,
<BCO _ <BC1 _ <BCO
Aem = mn - mn
0,0 .
I+BZB’ 1+] 1-m—-mi-nj
=070 i+j+1
0,0 . .
+CZB'C 1+] 1-n-mi-nj
=670 i+j+1

-1,-1 o L 69
_I_-B BC <z+]><m mi n]> (69)
i+j+1
i=0,j=0

-1,-1 .. . .
3 ijfi+j\(—n—mi-nj
C.ZBC< i )( i+j+1 >

i=0,j=0
=1+BO+CO-1-BO-CO =0,
BeECCm 4 ceB — Be + CO = 6.
Formula (15) holds again. Theorem 9 is proved. O
3. Representing the Solution of

an Initial Problem by Discrete Matrix
Delayed Exponential for Two Delays

In this part, we prove the main results of the paper. With
the aid of both discrete matrix delayed exponentials we
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give formulas for the solution of the homogeneous and
nonhomogeneous initial problem (2), (3).

3.1. Representing the Solution of a Homogeneous Initial Prob-
lem. Consider the homogeneous initial problem

Ax (k) = Bx (k —m) + Cx (k —n),

x (k) = ¢ (k),
First we derive formulas for the solution of (70), (71) with the

aid of discrete matrix delayed exponential eBCk and then with
gBCk,

kezy, (70)

ke?’,. (71)

the aid of discrete matrix delayed exponential €,
Theorem 10. Let B, C be constant r x r matrices such that

BC=CB,  det(B+C) #0, (72)

and let m,n € N, m < n, be fixed integers. Then, the solution
of the initial Cauchy problem (70), (71) can be expressed in the
form

x (k) = Z Dy, (73)
wherek € 7% and

Vo = 90(_’/1) - sz’
s=1 (74)

n—¢
ve=(B+C)" | Ap(-0) = Y A v, |, £eZ]

t=1

Proof. We are going to find the solution of the problem (70),
(71) in the form

x(k) ZeBC(k+]) . ke 7% (75)

-n

with unknown constant vectors v;. Due to linearity (taking
into account that k varies), we have, for k > 0,

Ax(k) = A BCk+] Ale BCk+] ]
= Z
(76)
_ ZA [eBc(k+j)] v
mn
=0
Using formula (11),
Ax (k) = Z (Beﬁg(k_mﬂ) + Cefgk—"ﬂ)) v
=0
(77)

mn
j=0

n
_ BC(k m+j) BC(k— n+])
=B v+ CZe v;

=Bx(k-m)+Cx(k-n).

Abstract and Applied Analysis

Now we conclude that, for any v; and k € Z°, the
equation Ax(k) = Bx(k — m) + Cx(é — n) holds. We will
try to satisfy initial conditions (71). Due to (75), we have, for
keZ’,

eBCOVO + eBClvl +e, Cz vyt eﬁg("_z)vn_z
+er‘ﬁ(n K V- 1+e v, =¢(0),
e Vo + e Vit e vy + o+ e Ty,
+ eﬁg(n—Z) v, |+ eBC(n 1) (P(_l) ,
Dy Dy, By e I
+ egg(”%)vn L+ eBC(" z)v =¢(-2),
+ B0y, 4 BC0Yy, g (-3),
+ efﬁzvn,l + efffv =¢(-n+3),
+emC1v 1+eC =¢(-n+2),
efﬁ(fnﬂ)vo + eﬁffﬁmz)vl + eﬁi(7”+3)v2 ot effl( Dy
+ eﬁﬁovn,l + eﬁglvn =¢(-n+1),
efg(_”)vo + ef;lfl(_"ﬂ)vl + eﬁi(_”ﬂ)vz et efi(_z) e
t e v, + ey, =g (-n).
(78)
Due to Definition 3, eﬁgk =Jforke Z?n. So we have

Vo +ebly 4By, o 8Oy,
BC(n—1) (EO)
* Cn n1+e V —(P(O)
Vo + v+ by, 4o g B, )
1
BC(n-2) BC(n—1) _
* Cn V1t € Vn—¢(_1)’

Vo + v+ vy ke,

BC(n-3) BC(n-2) _
+ Cmn Vp-1 t €un V=@ (_2) >

BC(n-5)
V0+V1+V2+"'+emn L)

BC(n—4)
mn

BC(n-3)

+e V-1 T €

n =§D(_3),
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BCl1 E
Vot vyt vyt te, v, ( n-3)

BC2

+ € Vo 1+e

v =¢(-n+3),

VotV + vyt v,

(E,)
+ eBClv !

mn n—

C.

1+eB 2v =¢(-n+2),

VotV VeV,

(En—l)

+vn1+e v, =¢(-n+1),

VotV + vyt Y, Y, Y, =@ (-n). (E,)

Subtracting the neighbouring equations ((E,_; - E,),

( n-2 n 1) ( ))>We get
(BCI—I)V =p(-n+1)-¢(-n), (E,., - E,)
BC1 BC2  _BCl
(emn _I) V-1 +(emn ~Cun )Vn
(Ean _Enfl)
=¢p(-n+2)-¢@(-n+1),
(emn = 1) Vaz + (€mm — € ) Vs + (e — € ) Vi
=¢p(-n+3)-¢(-n+2),
(En—S _En—Z)

( BC1 I)

BC(n—4) BC(n-5)
+ (emn - emn ) Va2

( BC2 BC‘I)

€mn Con )Vat

(00D D)y, (B ),
= (P(—Z) - (P(_3) >
(Ez - E3)
(eﬁgl —I) 2+( Bcz—eigl)v3+-~-
(e ),
(&0 )y, (B - ),
=p(-1)-¢(-2),
(E, - Ez)
(e = 1) V2 + (e =€ ) V2 +--
(e o)y,
G ) PR (LY
=¢0)—¢(-1).
(Eo - Ey)

1

By Definition 3, we have
el I=1+B+C-I1=B+C, (79)
and, from the foregoing equations, we get
v, = (B+C)'Ap (-n),

Vyor = (B+C) [A(p(n+1)_(BC2 eBCI)vn],

mn
nz—(B"'C)_ [A(p( n+2)_( BC2 eBcl)vn_1

mn
BC3 BC2
- (emn ~Cun ) Vn] >

vy = (B+C) " [Ap(=3) = (ep —ep vy — -

mn

BC(n—4) BC(n-5)
- (emn " ~ S " ) Va2

BC(n-3) _BC(n—4)
- (emn ! - emn ! ) Vn—l

_ (eBC(n—Z) _ eBC(n—3)) Vn] , (80)

v2=(B+C)_ [A(p( 2)—( BC2 erLI)v3—

_ (eBC'(n—3) _ eBC(n—4)

mn mn ) V-2

BC(n-2) BC(n-3)
- (emn " - emn " ) V-1

(B )

vy =(B+C) " [Ap(-1) - (b —ept) v, -

BC(n-2) BC(n-3)
- (emn ! - emn " ) Vn—2

BC(n-1) BC(n-2)
- (emn emn ) n—l

~ (e —emn ") va)

The previous formulas can be shortened as

BCt
~ S ) Vire :|

n—

Z (eii(m)

t=1

v, =(B+C)" [A(p (-¢) -
(81)

n—=¢
=(B+0)" [Asv (o) - ZAe,‘;?vHe] ,

t=1

where ¢ € Z". Finally, from (E,,), we get

Vo=@ (-n) - sz. (82)
s=1

Theorem 10 is proved. O

Now we express the solution of the homogeneous Cauchy

problem by €, [ k). In this case, the condition det(B+ C) # 0 is
not necessary.
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Theorem 11. Let B, C be constant r Xr matrices with BC = CB ’éﬁﬁ(_l)wo + 'e'ﬁlgowl + Ef;ilwz +e
and let m,n € N, m < n, be fixed integers. Then the solution BC( 0, BC( »
of the initial Cauchy problem (70), (71) can be expressed in the +&, " w, , + € " w,
form
+5C Dy, — o (-1),
n
—BClk ~BC(-2) ~BC(-1) _BCO
X (k Z ( +J) (83) €mn Wy +¢€,, Wy te,, w+-
j=0
+€BC(n 4) w, , +—éBC(n 3)wn_1
wherek € Z*° and
n +€BC(n 2, = 0(-2),
_ ~—BC(-+n-1) _BC(- — ~
w, = Ap(-€-1)-Ae o (-n) efﬁ( 3)wo + efﬁ( 2)w + eBC( Dw )+
—t-m-2 ~BC(n Ol ~BC(n 4)
Z A~BC €_5_2)A§0 (S) , g € Zg—m—l, ( ) + e n 2 + e wn_l
S=—n 84
+ ~e~BC(n 3) =¢ (_3) ,
w,=Ap(-€-1), Ce ZZ::,,,
w, =@ ((-n).
~BC(-n+3) ~BC( n+4) ~BC( n+5)
€ wy + €, w, +€ Wy + e
Proof. We are going to find the solution of the problem (70), m 2 (88)
(71) in the form . .éffn:l W,y + .éBcz w,
n ~BC3
_ i +€,, W, = n+3
x(k)=Ye M, k=0 (85) =g+,
j=0 .éfi(ﬂHZ)w + ~éBC( n+3)lu1 +§BC( n+4)w2 T
with unknown constant vectors w;. Due to linearity (taking + §Bcown S+ 'éBClwn,l
into account that k varies), we have
+ é‘fﬁzwn =¢(-n+2),
_ ~BC( k+; ~BC(k+j) __BC(— _ _
Ax (k) = AZ ZA[ ] GBCntl)yy g gBCCmiD)y, | GBCEmd)y,
86 ~BC( 1) ~BCO
Z BC . ] (86) +€,, W,y € W,
= YA[eBCEN ]y
+‘éBC1wn =¢p(-n+1),
~BC(~n) ~BC( n+l) ~BC( n+2)
We use formula (15) and we get Cmn  Wo T €y Wyt ¢y, Wyt
) + EBC( 2y L+ ,éBC( 1)wm1
Ax (k) _ BEBC(k_m+j) + CEBC(k_n+j) w _BCo
];)( mn mn ) ] + e w _ (P( n)
87)
~BC(k m+j) ~BC(k n+]) (
=B =~ wj+ C - wj By Definition 6, we have 'éBCk O for k € Z:(lx) and
a a 'éﬁgk = I for k € Z'. Thus, we have
=Bx(k-m)+Cx(k-n).
~BC(erl)

Now we conclude that, for any w; and k € Z°, the Wyt Wy + Wy + -+ Wy, €, Wint1
equation Ax(k) = Bx(k — m) + Cx(k — n) holds. We will _BC(m+2) ~Bc(n 2) ( B )
try to satisfy initial conditions (71). Due to (83), we have, for t Cmn Wiip ot €y Wn—2 0

0
kez_, +@BCn Dy, L ECy, 5 (0),
0wy + 8w, + 82w, 4 - W+ Wy + Wy et Wy + B,
+.éBC(n 2, w, +.éBC(n 1)wn_1 +~éBC(m+2)wm+3 ‘. +-e-BC(n D w, ( E1)
_BC ~BC(n-2 ~BC(n-1
+&, "w, =¢(0), +emn(” w, | + € (" w, = (-1),
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_BC(m+1
W, + Wy + W+ + W, + €, (m+)wm+3

—BC(m+2 _BC(n—4
+€, (m+ )wm+4+ “+E, (" )wn_z

~BC(n-2) 2

—
l
~—

BC(n 3)

+ €, w, ; +€,." Tw, =¢(=-2),

Wyt Wy T Wyt H Wy,

~BC(m+1)

+e ~BC(m+2)

w,=¢p(-n+m+2),

(B2
(Buwr)

w,_ 1+e

Wy YWy T Wy + 0 T Wy

~BC(m+1)

+w, | +€,, w,=¢p(-n+m+1),

Wy T W1 T Wy T

(Euvn)

twy , +Wy +wW, =¢ (—1’1 + m) >

(i)

W, , tw,  tw,=¢(-n+2),

W, tw,=¢@(-n+1), (En_l)
=¢(-n). (En)
We see directly that w, = ¢(-n). Subtractlng the

E,), (Ena-Epi) -0
(En,m—En,m +1)), we immediately get the formulas for
W1, Wy_gs - -« > W,,_,, as follows:

neighbouring equations ((En_1

s =9 e D g = b9 (), (Fra=E)
W,y =¢(-n+2) =@ (n+1)=Ap(-n+1),
(E"—Z _En—l)

Wym+1 =(p(—n+m—1)—q)(—n+m—2)
=Ap(-n+m-2),

(En—m+1 - En—m+2)
W, =¢(-n+m)—@(-n+m-1) ~

=Ap(-n+m-—1). (E”*m a E"*mﬂ)

Further, subtracting the nelghbourlng equations

((En—m—l - En—m)’ (En—m—z - En m— 1)’ (EO )) we get
w, L+ ~BC(m+1) I]
=p(-n+m+1)-@(-n+m)
= W,y = Ap (—n+m) = [ " — T o (-—n),

(En m—1 En—m)

W+ [~BC(m+1) I] w, |

+ [~BC(m+2) ~BC(m+1 ]wn

=¢p(-n+m+2)-@(-n+m+1)

Wy =

Ap(-n+m+1)

[~BC(m+2) ~BC(m+1 ]q)( I’l)

[~BC m+1) I] A(P (—I’l) ,

(En—m—Z - En—m—l)

~BC(m+1)
w, + [emn - I] Wyy13

~BC(m+2) ~BC(m+1)]
+ [emn ~Cun Wypg + 0t

~BC(n—4) ~BC(n 5)
+ [emn mn ] Wy_»

[ -0,

+[B D — &I w, = 9(-2) - ¢ (-3)
— w, = Ap(=3) - [~BC(n 2) ~BC(n 3) ]S"( n)

[R5 s

[ g -

~BC| 2 ~BCi
- [emn(er ) - emn(mﬂ)] AgD (_m - 5)

_ [-evBC(erl ] A‘P( m— 4)

mn

(.- E)

~BC(m+1) ~BC(m+2)  ~BC(m+1)
wy + (€, - I] Wypyp T+ [emn ~ € ] m+3

_BC(n-3) ~BC(n—4)]
+ [emn = € Wy

+ [~BC(n 2) ~BC(n 3)] w

4+ ...

n-1

+ [~BC(n 1) ~BC(n 2)] w,

=¢p(-1)-¢(-2)
= w; = Agp(-2)

~BC(n—1 ~BC(n-2
[ (n-1) _ mn(n )](P(_”)
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[.éBC(n 2) ~B2(n—3)] Ag (~n)
[ ~BC(n-3) ~BC(n 4)]A¢( 1) o
— [P0 _ B ] pg (- ) E -E,)
(RS -] apem -3,
wy + [ ~ 1] w,,,
+ [eBGmD B D]y
+ [e2CD _ghooa)
+ [eBC0) gDy,
[elsr =g,
=¢0)-¢(-1) (E, - E,)
8o

»e-BC(n—l) ] @ (—1’1)

mn

~BC(n—-1) ~BCn 2)] A‘P( T’l)

= wy = Ap(-1)- [¢

BC(n-2) _ ~BCn 3)]Ago( nel)—

(Dl

BC(m+2) _ ~BC(m+1)] A(P( m— 3)

(Dl

~BC(m+1)

-[em
- [em
- [em
-l - 1] Ap (-m-2).

The previous formulas can be written as

wy = A (=€ - 1) - [eh T8 — gV o ()
—C-m-2
_ Z —éf;(—e—s—l) _ éﬁg(—e—s—z)] A(P (S) ,
_ AgD( o 1) ~BC( £+n-1) QD(—T’l) (89)
—l—m=2
Z NS (5), e zp™,
w,=Ap(--1), ez},
w, =¢(-n).
Theorem 11 is proved. O

3.2. Representing the Solution of a Nonhomogeneous Initial
Problem. We consider a nonhomogeneous initial Cauchy
problem

Ax (k) = Bx (k—=m)+Cx(k-n)+ f (k), keZ;, (90)

x(ky=¢k), keZ’,. (91)
By the theory of linear equations, we can obtain its solution as
the sum of a solution of adjoint homogeneous problem (70),
(71) (satisfying the same initial data) and a particular solution
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of (90) being zero on an initial interval. Let us, therefore, find
such a particular solution.

We need an auxiliary lemma the proof of which is
omitted.

Lemma 12. Let a function F(k, n) of two discrete variables be
given. Then,

k k
Ay [ZF(k,j)jI =F(k+Lk+1)+ Y AF(kj). (92)
j=1

j=1

Now we are ready to find a particular solution x,(k), k €
72, of the initial Cauchy problem:

Ax (k) =Bx(k—-m)+Cx(k—-n)+ f (k), keZ;, (93)

keZ® . (94)

—-n

x (k) =0,

Theorem 13. The solution x = x,(k) of the initial Cauchy
problem (93), (94) can be represented on Z%) in the form

=

x, (k)= Y e O (e-1), kez. (95)

=1

Proof. We are going to find a particular solution x,(k) of
problem (93), (94) in the form (95). We substitute (95) into
(93). Then, we get

k
|:Z ~BC(k— é’f(e 1)]
¢=1

—m

Z~BC(k m—e) f(€— 1) (96)

+ CZEBC(k " e) -1)+ f (k).

We modify the left-hand side of (96). With the aid of
Lemma 12, we obtain

[im”m )]

=1

= GPCUD D) £ g 4y 1y (97)

YA (=),
=1
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and, applying Theorem 9, we get

|:Z~BC(k 0 )]

_»éBCOf(k)+Z[B~BCkm€)+ BC(kné]f(]_l

k-m
=~BCO (k)+B[Z BC(kme _1)
=1

+

Z ~BCkm€)f(] ):|

C=k-m+1

2~BC(k n—=2) f(]_ 1)

+ Z ~BC(kn€f(]-_1)]'

=k-n+1
(98)

CO = [, 8BCkm0 — @fore ¢

’mn

By Definition 6, we have &

Z',z _— and~BCk "t - @ forE € Zk 2e1- Thus, we get
d _BC(k-¢
Al e OG-
=f()+B Zm“”")f(f 1) (99)
+CZ~BCk - ef(j— 1)
and (96) holds. ]

Combining the results of Theorems 10, 11, and 13, we
get immediately the following two theorems, which describe
the solution of (90), (91). The first theorem uses the delayed

matrix exponential e

matrix exponential € Ck.

Ck and the second one uses the delayed

Theorem 14. Let B, C be constant r X r matrices with

BC=CB,  det(B+C) #0, (100)
and let m,n € N, m < n, be fixed integers. Then, the solution
of the initial Cauchy problem (90), (91) can be expressed in the

form

x (k) = Z Pty + Z~BC’< Ofe-1, (o

15
wherek € 7% and
n
vo =@ (=n) = D v,
s=1
1 (S
ve=(B+C)" [ Ap (=)= Y A& v, |, CeZl.
t=1
(102)

Theorem 15. Let B, C be constant r xr matrices with BC = CB
and let m,n € N, m < n, be fixed integers. Then, the solution
of the initial Cauchy problem (90), (91) can be expressed in the
form

x (k) = Z~Bc‘k+f>w + ZEBC(k Ofe-1) (103)
where k € Z%, and
w,=Ap(—€-1) - Aéfﬁ(_“"_l)(p (-n)
Ly &BC(-t-s-) 1
N, T A (s), ez,
szn ¢ 0 (104)
w,=Ap(-£-1), ez},
w, =@ (-n).
4. Examples

Below, we show four examples to demonstrate the results
achieved.

Example 16. Let us represent the solution of the scalar (r = 1)
problem (70), (71) where we putm = 2,n = 3,B =b,C =
6 o(=3) = 1, 9(-2) = 2, ¢(-1) = 3, and ¢(0) = 4, using
Theorem 10. We get

Ax (k) =bx(k-2)+cx(k-3), keZ, (105)
x(=3)=¢(-3)=1,
x(-2)=¢(-2)=2,

(106)
x(-)=¢(-1)=3,
x(0) =¢(0) =4
By Theorem 10, the solution of problem (105), (106) is
3
x(k)= Y& v, kez, (107)

j=0
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where

0
vs=b+c)" [Ago( -3) - ZAegC§Vt+3] =b+c)?,

v, = (b+c) [A(p( 2)—ZAe23vH2]

= b+ [ap(-2) - Ak v,
=(b+0o)" [1 - (eg,caz - eggl) b+ C)_l]
=(b+c)" [

1-(b+o)(b+0o)7'] =

2
=b+c)? Ap (-1) - ZAeggvm
t=1

=(b+c)" Ap (-2) - Aeggvz be2 ]

[ Aey3vs
=(b+0o)" [1 - (eg? - egg) b+ c)fl]
[

=b+o 1=+ @+ =

3
Yo =go(—3)—sz =1-(b+c)"

s=1

Thus, we get

x =3 [1-0+0" ] +&7 b +0o™

We give values of x(k) for k € Z? as follows:

x(1)=4+2b+c,

x(2) =4+5b+3c,

x(3) =4+9b+ 6c,

x(4) =4+ 13b + 10c + 2b* + be,
x(5) =4+ 17b + 14c + 7b* + 6bc + ¢,

x(6) = 4+ 21b + 18¢ + 166> + 17bc + 4¢7,

x(7) = 4 + 25b + 22¢ + 29b” + 36bc + 10c* + 2b° + b’c,

x(8) = 4 + 29b + 26¢ + 46b> + 63bc + 20c*

+9b° + 9b%c + 2bc%.

Example 17. Let us represent the solution of the scalar (r = 1)
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o(=3) =1,9(-2) =2,¢0(-1) = 3,9(0) = 4,and f(k) =k+1,
using Theorem 11. Thus, we have
Ax (k) =bx(k-2)+cx(k=3)+k+1, keZ,
(111)
x(-3)=g(-3)=1,
x(-2)=p(-2) =2,
112)
x(-)=¢(-1)=3,
x(0)=¢(0)=4

By Theorem 11, the solution of problem (111), (112) is

(108)
x (k) = Zegg(k“) Z &*Ve kezs, 1)
where
wy = A (- 1)—Aégc32(p( 3) - ZAezs( . 2)A(,o(s)
s=-3
=1- (&5 -&3)1
—1-(1+b-1)=1-b, (114)
w, = Ap(-2) =1,
w, =Ap(-3) =1,
(109) 2709

wy; =¢(-3)=1
Thus, we get
x(k) = 612”3]‘ (1-b)+8 ~bc(k+1) + 61;)c§k+2)
(115)

~bc(k+3) ~bc(k— Z
+ €3 + Zez 3 e.

The first eight values of the homogeneous problem are given
in Example 16. Now, we compute the first eight values of a

particular solution xp(k) = ZI;=1 'ég;(k*e)f as follows:

Xy =1, x, (2) =3,
x,(3) =6, x,(4) =10+ b,
xP(S):15+4b+c, xp(6):21+10b+4c,

(110) x,(7) = 28 +20b + 10c + v,

x, (8) = 36 + 35b + 20c + 5b° + 2bc.

problem (90), (91) where we putm =2,n=3,B=b,C =, (116)
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Together, we get
x(1)=5+2b+c, x(2)=7+5b+3c,

x(3) =10+ 9b + 6c,

x(4) = 14 + 14b + 10c + 2b* + bc,

x(5) =19 + 21b + 15¢ + 7b* + 6bc + ¢,

x(6) = 25 + 31b + 22¢ + 16b* + 17bc + 4c?,

x(7) = 32 + 45b + 32¢ + 30b” + 36bc + 10 + 2b° + bc,

x(8) = 40 + 64b + 46¢ + 51b% + 65bc + 20¢°

+9b° + 9b%c + 2bct.
(117)

Example 18. Let us represent the solution of the scalar (r = 1)
problem (70), (71) where we putm = 2,n = 3, B=0b = 4,
C=c=-1¢(-3)=1¢(-2) =2,¢(-1) = 3,and ¢(0) = 4
using Theorem 10. Thus, we have

Ax(k)=4x(k-2)-x(k-3), keZ, (118)
x(-3)=¢(3)=1,
x(=2)=¢(-2) =2,
(119)
x(-1)=¢(-1) =3,
x(0)=¢(0)=4

By Theorem 10, the solution of problem (118), (119) is

3
x(k)= Y&y, kez, (120)
j=0

where

1
V3 = (b+o) A (= ZAe23Vt+3:| =(b+o)" = 3’

v, =(b+c) [Ago( 2) - ZAe“sz]

=(b+0o)" [Aq) (-2) - Aeggl v3]
=b+o[1- (egf - eggl) b+07"]
[

=+ 1=+ b+ =

17

2
Ap (1) - ZAerstVtﬂ

t=1

=(b+c)!
= b+ [Ap(-2) - A, - ASTv,]
b+ [1- (2 - b0
[

=b+o 1=+ +)] =0

3
(3 -y =1 -1_2
Vo=@ (=3) sz—l b+c) =3

s=1

(121)
Thus, we get
x (k) = &% §+ Sk é,
x(1)_e§“§-§+e§f§-§=4-§+2s-§=11,
x(2)—eg°32~§+eé’f35-§:7-§+49-§:21,
x(3)_e§f§-§+e§f§.§=10-§+82.§=34,
x(4)—e12”;-§+el§f37-%:25-§+172-§:74,
x(5)_eg’c§-§+e§f§-§=49-§+343~§=147,
x(6)—e§f§-§+e‘2’f§%=82-§+622-§=262,
x(7)—e12”37-§+ ig‘o-%:m §+1228 = =524,
x(s)_e35§-§+ e %:343 §+2428 %-1038.

(122)

Example 19. Let us represent the solution of the scalar (r = 1)

problem (90), (91) where we putm = 2,n = 3,B =b = 4,
C=c=-1¢(-3)=1,¢(-2) =2,¢(-1) = 3,9(0) = 4, and

f(k) = k + 1, using Theorem 11. Thus, we have
x(k-3)+k+1, kezy, (123)

Ax (k) =4x(k-2) -
x(=3)=¢(=3)=1,
x(=2)=¢(-2) =
(124)
x(-)=¢(-1) =3,
x(0)=¢(0) =

By Theorem 11, the solution of the problem (123), (124) is

x (k) = Zegg("“)w + Zé‘;g(k 9%, kez%, (125
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where
_ ~bc2 ~bc(-s-2)
wy =Ap(-1) - Ae2)3(p (-3) - Z Ae23 Ag (s)
s=-3
=1- (83 -&3)1
=1-(1+b-1)=1-b=-3,
wl = A(p (—2) = 1,
w, =Ap(-3)=1,
wy;=¢(-3)=1
Thus, we get

x (k) _ ~bck ( 3) +3 ~bc k+1) + 62,3(k+2)

~bc( k+3)

_be(k—£)
+¢3 Z 23 b

R = ()l w4 e
=-3+1+5+8+1=12,

2
~bc2 ~bc3 ~bc4 ~bcs ~bc(2-¢)
x(2)=€;(-3)+€; +&; +&; + ) &3 ¢

e=1
=-3+5+8+11+3 =24,

X(3) =3 (3 + 8T +TT + T+ 25‘52(3 e
=-15+8+11+30+ 6 =40,

xX(4) =83 (3) + 8T + &3 + 8 + ZE?%“ e

=-24+11+30+57+ 14 = 88,

5
x(9)=FT () +FT T T+ Y B
=1
=-33+30+57+93+30=177,
x(0) =FF (-3)+ 8] +ET T3 Z'e'?f e

-90+ 57 +93 +202 + 57 =319,
x(7) = égfg (-3)+ 62”38 +€gc39 + 62’5310 + Z”bc(7 Op

-171 +93 + 202 + 400 + 114 = 638,

x(8)

=279 + 202 + 400 + 715 + 228 = 1266.

~bc8 ~bc9 | =bcl0 | ~bcll ~bc(8-0)
3 (F3)+85 48,5 +8,; +Z ¢

(126)

(127)
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