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Abstract

Bandpass time-continuos signals are shown being
able to be uniquely expressed in terms of the samples
gi(nTy) of the impulse responses gi(t) of m linear time-
invariant systems with input f{t} sampled at 1/m
Nyquist rate. Various known extensions of the samp-
ling theorem can be regarded as special cases of the
resulting generalized sampling expansion of f(1).
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1. Introduction

Methods of sampling and reconstruction of time-con-
tinuos signals can be explored in many branches of science.
Although the first publications describing an application of
the sampling theorem to the solution of telecommunication
problems appeared more than sixty years ago, the methods
of sampling and reconstruction have belonged to the actual
topics even today.

Various sampling theorems for band-limited signals can
be regarded as special cases of the Papoulis generalized
sampling expansion [1].

This expansion deals with the configuration shown in
Fig. 1, where a common input f{¢) is led into m linear time-
invariant (LTT) pre-filters (channels). The outputs of all the
filters are then sampled at (1/m)th input Nyquist rate. If a
mutual independence of the pre-filters is assumed and if no
noise is present in the system, the input signal can be
exactly reconstructed by adding the outputs of m LTI post-
filters with impulse responses (interpolating functions)
@, yA0), ..ym(® to the aggregate of samples g(nT})
where Ty is the sampling period.

Recently, the interest of theoreticians specialized in
signal reconstruction was oriented more frequently towards
bandpass signals 3], [4] than towards band-limited ones.
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Fig.1 Multi-channel sampling configuration.

In the case of bandpass signals, a final generalization
similar to [1] has not been published yet. Its presentation is
an aim of this paper.

2. Preliminary Conditions

The bandpass function f{f) with a finite energy (the
function occupies L) is considered being represented by a
finite limit (truncated) inverse Fourier transform, since the
spectrum F{a) of the function ff) is assumed being zero
outside the band (-ay, - ap) and (+ ap, + ay) as it is
depicted in Fig 2a.

In the case of higher sampling order, the original spec-
tral components and their replicas are overlapped. The
sampling order m has to agree with the number of overlap-
ped spectral replicas, with the number of sub-bands inside
the frequency ranges (+ ap, + @) and (- @, - ap) and
with number of linear systems. As described in [5], me-
eting the above described demands is conditioned by the
requirement of m being an even number and by the requi-
rement that the angular frequencies @, ax=ay -ap and
av=2Ty meet a following condition:
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and
o, [, =2fm - ®

An example of a fourth-order sampled signal spectrum
in vicinity of positive and negative original spectral com-
ponents is shown in Fig. 2a and Fig. 2b.

3. Main Results

Assume m LTI pre-filters with system functions
H\(o),H,(@),...,H, ()

If common input bandpass time-continuous signals f{¢) are
led to the inputs of this system of pre-filters then m
resulting output functions are obtained:

a0=5 - [Py akdo
C))

oy

+ El;r_ f F(w)H (w)e’™ do

Then, the function f{f) can be expressed in terms of samples
gi(nTy) of these functions where -

T, = mrjo, - 6)

For this purpose, the following system of equations has to
be formed:

HY=R - ®

where matrix [ and vectors Y, R are of the following form
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Spectrum of bandpass signal (a), spectrum of
sampled impulse responses of LT! pre-fiters in
vicinity of positive (b) and negative (c) original
spectrum components. .

Fig. 2

where ¢ is any number and @ €{-ay, -a+ o).

This system defines m functions

Y(a) t) Y, (w,t), (a) r)
of @ ant tbecause coefficients i in matrix H depend on @
and the right-hand side depends on .

The functions H{«) are gereral on.one hand, but they
cannot be entirely arbitrary on the other hand: they must
meet the condition that the determinat of the matrix of co-
efficients differs from zero for every @ e(-ay, -ax+av).

H| (w),a, H2 (w): ‘ Hm(w) )
H(o+w,), H, (w+w,), H, (o+0,)
i HlevG-De,).  H(o+g-Do,), H, (0+(2-Do,) ™
= | H(o+3+k)w,), H, (0+(3+ky)w,), H (o+(3+ky)w,)
H\(o+(g+k+hw,), Hy(o+(G+k+Do,),  H,(o0+@+k,+Do,)
H\(o+(ky+m-Do,), H,(w+(k,+m-Da,), H, (0+(k,+m-Dw,))
Y, (w,0) 1 - The solutions Y;(a,f) can be expanded into a Fourier
BACY) exp(jw, 1) Zeegi:in the interval @ e(-ay, -ah+cov) in which they are
. " exp(j (D, 1) ®) Since the sampled impulse responses g;’(f) are of the form
Uk )y 1) £ (1) = () 8t - n1;) ©)
exp(J(B+k,+Dw,t) ‘ =0
Y (a.0) the function £{¥) at the output of the multi-channel sampling
mol A o configuration can be described by the following formula
Y, (0.0) exp(j(k, +m-Nw, 1) SR ;
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Zg (0= Z[gI (nT,)y,(t-nT, )+ -

= (10)
+g2(nTv)y2( -nT, )+..+8,, (1T, )y ( -—nT,,)]
where - |
b= Tr(@pda, i=1,..m (ay

—wy

The above expressed conclusion can be proven by the
similar way as published in [1]. Since the coefficients
I1{w*rax) do not depend on ¢ and since the right-hand side
consists of periodic functions (with respect to #) with the
period T/, the fiinctions ¥; (e,f) have to periodic too

Y(o,t+7, )=¥,(@,1) (12)
On the basis of b and (12), the following formula can be

ob(amed

3 ’d)H*ﬂJy

_[Y , (-nT, )e”’(' ) da=
- \ (13)
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The eqn. (13) shows that y,(r-nTy) is nth coefficient of the

Fouricr series of the function Y; (w,f)¢™ in tlle frequency
range @ €(-ax, -G avy). Therefore

P f (a), )= Z y.(t-nT, )e"™*

n=—w

(14)

Multlplymg the ﬁrst equanon of (6) by e"”‘ and using (14)
yields =

e’ =H,(w) i y(t-nT, Ye" ™ +...
ne— R (15)

w) iy,,, (t—n];/ )ejnT,,(u

n=—o0

Obviously, (15) holds for every @ e€(-ay, -a») and for
o €(@), ay ). Indeed, multiplying the rth eqn. of (6) by &™

and using (14), following conclusion can be done for every
 €(-ay, ~atan)

el =g (0+ro,) iy,. (t-nT, )ej"r"(‘”"”") +..
n=-—n .

+H, ((u+r&),, ) iym (t—nTV )ej"r”(””""”)

n=w

' The described peribdicity comes from the relation
ra{t+Ty)= rot+2nr.

because ¢’ ™) — o#m% However, if o varies in the
interval @ €(-ay;, -wytay) then @+ray varies in the
interval @ e(-ayq+(r-1)ay, -atroy), and therefore, eqn.
(15) is valid in this interval.

In order to complete the proof of (10) and (11), eqn.
(15) is inserted into the formula

f(t)——- j F(a))ef“"dw+ j F(op™do  (16)

L

Assuming k=0 and substituting this value into (2), the
equality ar=wy?2 is obtained. This means, that the
bandpass function turns to the band-limited function with
the cut-off frequency ap and above described sampling

- theorem turns to the generalized sampling expansion [1].

Therefore, [1] can be said being a special case of (6), (10)
and (11).
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