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Abstract

The presented dissertation thesis deals with evaluation of the leading terms of the Williams
asymptotic expansion describing an in-plane electro-elastic field at the tip of piezoelectric bi-
material notches and interface cracks using the expanded Lekhnitskii-Eshelby-Stroh formalism in
connection to the pure anisotropic elasticity. It is demonstrated that the expanded Lekhnitskii-
Eshelby-Stroh formalism with modern Python programming concepts represents an effective
theoretical as well as a practical tool for the fracture analysis of piezoelectric bi-materials.
The theoretical part of the thesis outlines aspects of anisotropic elasticity and their connection
with piezoelectric materials. The governing equations focused on special types of monoclinic
piezoelectric materials, which enable decoupling to the in-plane and anti-plane problem, are
introduced via the complex potentials. In the practical part of the thesis, the eigenvalue problem
of a bi-material notch is proposed in order to determine the singularity exponents as well as the
generalized stress intensity factors by application of the two-state W-integral. All relations and
numerical procedures are applied to the pure anisotropic and subsequently expanded to the
piezoelectric fracture problem of bi-material notches and deeply investigated in the numerical
examples. A special attention is paid to the change of the asymptotic solution connected with the
transition of a very closed notch into an interface crack. Also the influence of arbitrary oriented
poling directions upon asymptotic solution is investigated. The accuracy of calculations of the
generalised stress intensity factors is tested by comparing the asymptotic solutions with results
obtained by the finite element method using a very fine mesh. Finally, the formalism is modified
for non-piezoelectric media such as conductors and insulators.
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formalism, piezoelectricity, U-integral, singularity exponent, generalized stress intensity factor






Abstrakt

Predkladand dizertacéni prace se zabyva stanovenim hlavnich ¢lentt Williamsova asymptotického
rozvoje popisujiciho rovinné elektro-elastické pole v okoli piezoelektrickych bi-materidlovych
vrubtl a trhlin na rozhrani za pouziti rozsiteného Lechnického-Eshelbyho-Strohova formalismu
v navaznosti na Cisté anizotropni pruznost. Je ukazano, ze rozsiteny Lechnického-Eshelbyho-
Strohtiv formalismus predstavuje spolu s modernimi programovacimi koncepty v jazyku Python
efektivni a také prakticky nastroj pro lomovou analyzu piezoelektrickych bi-materiali. Teore-
tickd cast prace popisuje aspekty anizotropni pruznosti a jeji ndvaznost na piezoelektrické ma-
teridly. Zakladni rovnice zamérené na specialni typy monoklinickych materidla, které umozinuji
oddéleni rovinného a anti-rovinného problému, jsou vyjadieny pomoci komplexnich potenciala.
V praktické ¢asti prace je sestaven problém vlastniho hodnot pro bi-materialovy vrub, na jehoz
zékladé jsou stanoveny exponenty singularity a pomoci dvoustavového W-integralu také zobec-
néné faktory intenzity napéti. Veskeré vztahy a numerické procedury jsou nésledné rozsifeny na
problém piezoelektrickych bi-materidlovych vrubi a podrobné prozkouméany v uvedenych pii-
kladech. Zvlastni pozornost je vénovana prechodu asymptotického feseni témér zavrenych vrubi
a trhlin na rozhrani. Vliv sméru polarizace na asymptotické feseni je také zkouméan. Presnost
stanoveni zobecnénych faktora intenzity napéti je testovana srovndnim asymptotického reseni
a Teseni ziskaného pomoci metody konecnych prvki s velmi jemnou siti koneénych prvki. Na
zavér je formalismus modifikovan pro nepiezoelektrické materialy.

Klicova slova

Bi-materidlovy vrub, trhlina na rozhrani, monoklinicky material, rozsiteny Lechnického-Eshelbyho-
Strohtiv formalismus, piezoelektiina, W-integral, exponent singularity, zobecnény faktor intenzity
napéti
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1 Introduction

Piezoelectric materials have been extensively used as sensors or actuators in smart advanced
structure design, as well as in many branches of technology. It is well known that piezoelectric
materials produce an electric field when deformed and undergo deformation when subjected to
an electric field. This is so called intrinsic electromechanical coupling phenomenon. Commonly
used piezoelectric materials are ceramics manufactured by conventional ceramic processing. In
order to insure the reliability and structural integrity of electromechanical devices made from
these materials, it is necessary to understand their mechanical behaviour. There has been a lot
of research dealing with behaviour of piezoelectric ceramics. The introduction of the Pak’s paper
[1] is a vignette of primary scientific researches in the field of piezoelectricity, such as [2, |3}, |4} [5].
Nevertheless, these studies were limited to the linear elastic fracture mechanics without taking
the electrical effects into account. Modelling of the electro-elastic coupling in combination with
anisotropic behaviour requires a different approach.

Firstly, the computational model for general elastic anisotropic bi-materials is investigated.
The constitutive laws for generally anisotropic materials involve 21 independent elastic constants.
Stress and displacement fields are described by using two well-known formalisms, based on the
complex potential theory. The Lekhnitskii formalism [6] starts from expressions for stresses in
terms of stress functions that satisfy equilibrium and provides a compatibility condition decom-
posed into six operators of the first order. Alternatively, the Stroh formalism |7} 8] shows that
particular solutions can be found in the form of a certain complex combination of z1 and zo
coordinate axes. More detailed exposition of the Stroh’s solution including numerous examples
can be seen in [9]. Both the Stroh and Lekhnitskii methods are based on the appropriate lin-
ear transformation of the in-plane coordinates x1, xo. This approach requires special solution
methods, limited only to plane elasticity problems.

Many researchers have investigated singular stress fields around a sharp notch in homoge-
neous materials or interface corners |1, 10} 11} [12]. Williams introduced an eigenvector approach
to examine sharp notches in homogeneous media [13]. Based on this studies, Labossiere and
Dunn [14], Carpenter [15] and Sinclair et al. [16] used the Betti’s reciprocal principle to derive
the path-independent W-integral to obtain the stress intensity factors of interface corners be-
tween dissimilar anisotropic materials by using the Stroh formalism. The general solution for
eigenvalues of anisotropic multi-wedges has been provided by Hwu [17].

Stress field in the closed vicinity of multi-material joints has a singular character and stress
singularity exponents differ from 1/2, a characteristic value for cracks. The degree of anisotropy
of many advanced materials is lower than the general anisotropy [9]. These materials possess one
or more symmetry planes, e.g. orthotropic materials with three symmetry planes or transversally
isotropic materials. In such cases, in-plane and anti-plane strains can be decoupled, which allows
these cases to have counterparts for plane analysis of cracks in isotropic materials [18]. To avoid
the difficulty with handling the large number of material constants, the so-called Lekhnitskii-
Eshelby-Stroh (LES) formalism can be implemented [9} |17} [19].

Based on the above mentioned anisotropic theories, piezoelectric continuum is governed by
the expanded equations of linear electromechanical statics. The anisotropy of piezoelectric mate-
rials requires usage of suitable mathematical tools and numerical methods. The expanded Stroh
formalism has been developed for this purpose, as can be seen in |20, |21} 22]. A detailed study
was done by Hirai et al. [23] and Abe et al. [24] for bi-material corners including determination
of the stress intensity factors by using the W-integral. However, the correspondence with other
approaches, such as in Ou and Wu [25] or Ou and Chen [26], has not been pointed out.

In the beginning of the presented thesis, basics of the linear fracture mechanics and its
generalization to the case of the piezoelectric materials are briefly summarized. The thesis is
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focused on the Irwin’s concept of the stress intensity factors and its generalized form for bi-
material notches. Their evaluation combines analytical and numerical methods, which are put
together in the so-called W-integral. The main goal is the deep investigation of the present
LES formalism for pure anisotropic elasticity and its expansion for problems of piezoelectric
materials and a subsequent implementation to the eigenvalue problem of the bi-material notches
and interface cracks. Equivalence of the formalism for the limit case of the geometry — an
interface crack and the Hilbert problem will be also proved.

In spite of a large number of studies related to the interface corners and interface cracks in
jointed dissimilar piezoelectric materials there are only limited data concerning the asymptotic
solutions around these concentrators. In particular, a transition between the oscillatory and
non-oscillatory singularity as a function of the notch geometry and poling orientation for various
dissimilar bi-materials has not been investigated yet. Hence, a wide range of notch geometries,
material combinations, and poling orientations is considered here to shed some light on these
problems.



17

—N= \

(a) (b) (c)

Fig. 2.1: Three symmetry modes, (a) in-plane opening mode, (b) in-plane shearing mode, (c) anti-plane
shearing mode.

2 Linear elastic fracture mechanics

The theory of fracture mechanics is based on stress distribution and stability criterion assessment
of a crack in a homogeneous isotropic material. For description of a stress distribution in the
vicinity of a bi-material notch, we proceed from concepts describing crack properties, because the
basic type of a failure is the unstable crack propagation. Subsequent relations for a simple crack
can be then generalized to notches or wedges. The linear elastic fracture mechanics (LEFM) can
be applied, if the relation between stress and deformation is linear, i.e. the material follows the
Hooke’s law . There are two basic approaches for a crack assessment: the Griffith’s principle
of energetic balance and the Irwin’s principle of the stress intensity factor (K-conception) [18

7.

2.1 Symmetry modes

In 1960, Irwin introduced so-called symmetry modes describing the fundamental crack loading
states, as illustrates Fig. This specification does not impose a limitation on the non-uniform
loaded notches, because such problems can be solved as a superposition of the three symmetry
modes :
1. The opening mode is referred as mode I. The principal load is applied normal to the crack
plane and tends to open it (Fig. 2.1f(a)).
2. The in-plane shearing mode is referred as mode II. This mode tends to slide one crack face
with respect to the other (Fig. [2.1(b)).
3. The anti-plane shearing or sliding mode is referred as mode III. The stresses are parallel
both with the plane of a crack and with a crack front (Fig. 2.1fc)).

2.2 Stress and displacement distribution in the vicinity of a crack

The K-conception, based on the works of Westergaard and Williams , is the historically
oldest method for description of a singularity ahead of the crack front. However, it is practically
usable if the plastic zone at the crack tip is small. This is called the small-scale yielding concept.
Let us assume a crack in a continuous linear elastic medium. The crack has a sharp tip
(the crack tip radius — o0), see Fig. The stress and displacement ahead of a crack tip can
be then described as
Ky,

- - 1(0), k=TI III, 2.1a
Tij \/%f]k() ( )
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Fig. 2.2: Definition of the (a) Cartesian and (b) polar coordinate system ahead of a crack tip, the z
direction is normal to xy-plane.

1
w = WJFV)\/TQZ.(Q,V), k = 1,11, 111, (2.1b)
E 2

where Ky, k = L IIIII is defined as the stress intensity factor [18]. The functions f;;; and g
depend only on the polar coordinate 6 and Poisson’s ratio v. The relations (2.1a)) and (2.1b))
represent the classical formulation of fracture mechanics problems, where functions describing
the stress or displacement development are expressed in the form of the product of the normalized
shape function and the stress intensity amplitude. The amplitude is characterised by the stress
intensity factor Kj. In practice, the mode I is often considered as the most dangerous case. The
equations only for mode I can be then expressed in the form of [30]

s 0 i 360
Oy K (9) 1—s%ngs%n% 220
Oy ¢ = cos | — +singsin g o, .2a
Tay V2mr 2 sin g cos %

0

Uy Ky [r CoSs 2
= L/ (k— cosf 2 2.2b
{uy} oG\ 2 8 Cos ){smg}’ (2.2b)

where for
plane strain : s =3 — 4v, o, =v(0y +0y),

plane stress: k=3 —-v)/(1+v), o,=0. (2:3)

The solution for stresses has the singularity type #, which approaches infinity for » — 0.

The amplitude of the crack-tip field is characterised by the above mentioned stress intensity
factor K, which can be determined from the stresses in (2.2) by setting 6 = 0 [30]:

Ky = lin(l) V2rroy (6 =0). (2.4)
T—

For larger distances r from the crack tip, higher (non-singular) terms have to be taken into
account, as reported in [31} 32} 33].
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Fig. 2.3: Typical examples of general singular stress concentrators: (a) V-notch in a homogeneous ma-
terial, (b) bi-material V-notch, (c) interface crack or very closed bi-material notch, (d) crack
terminating at the inclusion surface (e) free edge singularity, (f) example with multiple stress
singularity concentrators.

2.3 General singular stress concentrator

Modern material constructions require application of components with a complicated geometry
including also a combination of different materials whose presence is generally connected with
existence of singular stress concentration. There are many types of singularities such as cracks
with the tip at the bi-material interface, a bi-material laminate, bi-material notches and wedges
[34], as is schematically shown in Fig. [2.3

The stress near the tip of a singular stress concentrator has a singular character, but the type
of singularity differs from this of cracks. Hence, the standard approach of fracture mechanics
cannot be applied directly. To establish fracture parameters, the asymptotic analysis of the stress
and strain fields has been introduced. Considering n singular terms only, the stress distribution
in the vicinity of a general singular stress concentrator (GSSC) is generally expressed in the
form of

n
Hy,
Oij = Z
1 V2T

Tﬁkaijk, (25)

where 7, 6 are polar coordinates with the origin at the tip of the concentrator, see Fig.
and Fjj;, are the functions of a material and geometry. Hj, (k = 1,2,...,n) are the generalized
stress intensity factors (GSIF), which determine the amplitude of the stress distribution and are
dependent on the external loading. py. is the stress singularity exponent and it can be determined
on the basis of boundary conditions prevailing at the notch tip [34]. The value of py is generally
complex and since the stress field and strain energy cannot be unbounded, only values located
in the range of 0 < R(py) < 1 are considered.

In the case of a transversally isotropic bi-material notch, which is the subject of the study,
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material 1

w2

material 2

Fig. 2.4: Bi-material notch as a special case of the general singular stress concentrator. The stress and
displacement field is described by polar coordinate system with the origin in the notch tip.

the value k = 2 is taken into consideration. The stress singularity exponent pj is given by

in which §; is the kth eigenvalue (exponent) of the eigenvalue problem established from the
boundary conditions at the bi-material notch tip. Note that the physical unit of the GSIF is
[Hy] = MPa - m!' =%,

The electro-mechanical coupling and anisotropy of piezoelectric materials make the stress
distribution near a general singular concentrator more complex. The singularity exponent need
not to be necessary simple root of the corresponding eigenproblem. Moreover, it can be accom-
panied with the logarithmic type of singularity (In7)r!'~°. Omitting this kind of solution, the
stress field can be written as , but supplemented with the electric displacement field. The
stress tensor o;; is extended with

n
Hy,

Dj = U4j = Z 7’ka4]'].€. (27)
o V2T

2.3.1 Conditions of stability

The classical approach of the linear elastic fracture mechanics (the K-conception) says that an
unstable fracture occurs if the stress intensity factor reaches its critical value Kieit, which is
represented for brittle materials by the fracture toughness Kjc. In other words, a crack will
propagate under the pure mode I whenever the stress intensity factor K7 reaches the material
constant Kic |18} 27]. A similar situation comes about fatigue crack growth where the range of
the stress intensity factor AK is lower than the fatigue crack growth threshold AKyy [27]. The
stability criterion for a crack has the following form

K[ < KIcrit' (2.8)

Analogically to cracks, a condition for a general singular stress concentrator can be establish.
This value expresses circumstances under which no crack is initiated from the GSSC tip. A
general principle of the stability assessment has been introduced in [34]. Equivalently to ,
the stability condition for such concentrators can be expressed by means of its critical value
Hperit, that is [34, [35, |36]

Hy, (Uappl) < Hperit- (29)

In practice, there is sometimes a requirement to express the relation between Ki.it and
Hieit- We assume that the mechanism of the crack propagation from the tip in a generally
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anisotropic material is the same as in the case of a crack in a homogeneous media. New control
variable L with the clear physical meaning is introduced. The second assumption is based on the
condition that instability (i.e. Kieit and Hyeiy) occurs when the variable L reaches its critical
value L = L¢, which is identical for both critical parameters [34]. For the bi-material notch
stability assessment, we proceed from relations derived for cracks.

2.3.2 Maximal tangential stress criterion (MTS)

The stability condition for a crack with the singularity exponent different from 1/2 is related
to the average stress o calculated across a critical distance d ahead of the crack tip [37]. It
is expected that the crack will initiate from the notch tip when the average stress achieves its
critical value oc, i.e. [19]

Tpg = Uc(eo), (2.10)

where the averaged stress on the left-hand side is expressed as
1 rd
Tog = g/ ogo (r,60) dr. (2.11)
0

2.3.3 Criterion of strain energy density factor (SEDF)

The strain energy density factor criterion is based upon the work of Erdogan and Sih [38].
The modified criterion was introduced for example in [39] or [40]. The stress field around
a bi-material notch inherently combines the normal and shear mode of loading. Additionally,
under an assumption that both materials are perfectly bonded, the crack propagation into either
material 1 or 2 is supposed. The strain energy density is defined as

dWw €rq
b (r,@) = TW = T‘/O Oij dé‘ij, (212)
where W is the strain energy, dV is a differential volume and ¢;; is a strain. The integrand
in (2.12) has to be the total differential to provide the integral path-independent. The strain
energy density depends on the distance r from the notch tip. To avoid this dependence, it is
convenient to introduce a mean value of the SEDF over some distance d, which is defined by

the relation .

S (r0) = é /0 5 (1,0) dr, (2.13)

from which the resulting direction is determined and subsequently used for the stability criterion
estimation defined in Eq. (2.9). A detailed study was reported in [39} 41].

2.4 Determination of the singularity exponent

Let us consider a bi-material notch composed of two generally anisotropic materials. An ideal
adhesion along the interface is assumed. The most effective tool for describing problems of
plane elasticity are methods based on the complex variable theory. Isotropic plane elasticity is
dominantly treated by employing the Muskhelischvili complex potential theory [17, 42]. But,
for dealing with generally anisotropic materials, there are two major approaches implementing
complex potential methods: the Lekhnitskii [6] and Stroh [7] formalism. The expanded Stroh
formalism for piezoelectric media developed by Barber and Ting [43], Pak [1], Suo et al. [10]
and Hwu |20} 22|, includes both in-plane and anti-plane fields. But, within the dissertation, an
expansion of the LES formalism presented by Suo [44] is introduced, based on works [45, |46, 47,
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48,149, 50, |51} |52, 53]. The principle of the expanded LES formalism will be described below in
section after introducing the linear theory of piezoelectricity.

2.5 Determination of the generalized stress intensity factor

Methods for a stress intensity factor determination of a crack has been well examined and they
are also available in the commercial FEM software. Determination of the GSIF requires more
sophisticated methods, such as the direct or integral method implemented for example in [32,
54, 55]. The latter group involves one special and robust tool for the GSIF computation — the
two state path-independent W-integral (in the literature also known as the H-integral), which is
based on the Betti’s reciprocal theorem. The method of the W-integral enables determination of
the local stress field in the vicinity of the crack or notch tip by using the real deformation and
stress field in the remote points, where the numerical results are more accurate [19]. Neglecting
the body forces and residual stresses, the W-integral is expressed in the following form:

U (u,d) = /F (uTt—aTt) ds. (2.14)

It is path-independent for free-free multi-material wedges when the path I' emanates from one
notch face to the second one in the counter-clockwise direction [17]. The GSIF is then determined
by virtue of the FEM, regular and auxiliary solutions.



23

3 Aims of the thesis

On the basis of the literature survey, the aims of the research conducted within the dissertation
can be proposed as:

¢ Determination of the stress singularity exponents of a sharp piezoelectric bi-material notch
using the expanded Lekhnitskii-Eshelby-Stroh formalism.

o Establishing the path-independent W-integral to determine the generalized stress intensity
factors. The method of the W-integral enables to define the local stress field parameters,
i.e. the generalized stress intensity factors, in the vicinity of the crack or notch tip by
using a displacement and stress field obtained by the finite element analysis in the remote
points.

o Parametric studies of a dependence of the fracture-mechanical parameters on the material
parameters and boundary conditions.

One of the goals is to introduce and describe theories in the most general way and after that to
give simplified relations that often occur in published papers.
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4 Overview to references relating to the solved prob-
lems

4.1 Two-dimensional anisotropic elasticity

A bi-material notch composed of two generally anisotropic materials covers a group of special
configurations such as orthotropic and isotropic materials or their combinations. Before intro-
ducing the complex potential theories describing stress singularity, some restrictions of material
symmetry have to be defined. The equilibrium equations can be then simplified and decoupled
to in-plane and anti-plane counterparts.

4.1.1 Generalized Hooke’s law

Let us assume an elastic material. Additionally, if the relationship between stresses and strains
is linear, it is usually called the generalized Hooke’s law and written as [17]

Oij = Cz‘jklé‘k:l, (4-1)

where Cjjp; is the fourth rank tensor characterising elastic behaviour of the solid with 81 in-
dependent constants and ¢,5,k,l = 1,2,3. Employing the stress tensor properties and material
symmetry leads to reduction of the independent material constants.

Since the stress and strain tensor components are symmetric, it implies that [17]

Cijkt = Cjikis Cijkt = Cijik Cijkl = Chiij- (4.2)
Foregoing symmetry restrictions lead to 21 independent elastic constants for the most general
case of anisotropy.

4.1.2 Contracted notation

It is more convenient to express the generalized Hooke’s law by using the contracted notation
of strains and stresses as

op = Cpeeq, Cpg = Coyp pqg=12,...,6, (4.3a)

where the indices shrink according to Tab. In engineering applications, o; and ¢; are usually
replaced by the engineering stress 7;; and engineering strain 7;;. The definition (4.3al) can be
expressed in the matrix form as

o = Ce. (4.3b)

It is necessary to point out that the quantities o, Cpq, €4 are not tensoreE] and their trans-
formation cannot be treated as by tensors. In the literature, C, is sometimes called stiffness
matrix. Its transformation to a new coordinate system will be described in the section

The inverse Hooke’s law is defined as

€ij = SijkiOkls (4.4)

'Note that the material properties written down in the component form Cijri are called elastic constants. A
bold symbol C is usually called elastic tensor.
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index ij or ki index p or ¢
11 1

22 2
33 3
23 or 32 4
)
6

31 or 13
12 or 21

Tab. 4.1: Contraction of the individual tensor component indices.

in which S;jz; are the compliances, also components of a four rank tensor. The symmetry
conditions and contracted notation can be specified in the same manner of the previous relations

(4.2) and (4.32), i.e.
Sijkl = Sjikis Sijkl = Sijiks Sijkl = Skiij- (4.5)

The contracted notation can be also introduced, nevertheless, some additional rules have to be
added [9]:

Sijkt = Spqs if both p,q < 3,
2S5k = Spqs if either p or ¢ < 3, (4.6)
45k = Spq, if both p,q > 3.
Using the above-stated conditions, it is also possible to express the inverse Hooke’s law in the

contracted form as
€p = SpgOq, Spqg = Sep pg=12...,6 (4.7a)

and in the matrix form:

e =So. (4.7b)
Substituting (4.7b)) into (4.3b)) yields to the important relation

CS=SC=1, (4.8)

where I is the unit matrix of the shape 6 x 6.

4.1.3 Material symmetry
Due to the symmetry of the elastic tensor, it is possible to express the relation (4.3b)) as

o1 [C11 Ci2 Ci3 Cuy Ci5 Cig] (e1
o2 Ciz O Coz3 (o (a5 Cop| |e2
o3 Ci3 Coz3 C33 (O34 C35 Cs6| Je3
04 Ciy Co C3p Cy Cys Cyp| |ea
o5 Cis5 Cos C35 Cy5 Cs5 Csef |es
Ci6 Cx C3z6 Css Cse Cesl \co

g6

The stiffness matrix in Eq. (4.9) has the form characterising the most general anisotropic
material with no planes of symmetry of the material properties, usually called triclinic material.
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If a material has some symmetry planes, the number of independent constants will be
reduced. Without loss of generality, let the symmetry planes coincide with the global coordinate
planes defined by the Cartesian coordinate system z1, xo, x3. If a material has one symmetry

plane defined by x3 = 0, the stiffness matrix in (4.9) reduces to

[C11 Ci2 Ciz3 O 0  Ci6]

Cia Ca Coz 0 0 Co%

_|Ci3 Cog C33 0 0 (s
C=10 0 0 cu Cs 0 (4.10)

0 0 0 Oy Css 0

[Cie Co6 C36 0O 0 Cesl

and such material is called monoclinic and has 13 independent elastic constants.
If a material has three mutually orthogonal planes [9], we call it orthotropic (or rhom-
bic) material. With the above introduced condition of principal axes and coordinate system

coincidence, the matrix of elastic constants has the following form:

[C11 Ci2 Ci3 O 0 0

Cilo Co Coz3 0 0 0

_|Cig Cy3 C33 0 0 O
C=lo 0 o0 cu 0o ol (4.11)

0 0 0 0 Css 0

(0 0 0 0 0 Ce

which has 9 independent elastic constants.
An orthotropic material with one certain plane in which the material is isotropic, is called
transversally isotropic. If the plane x1 = 0 is the plane of isotropy, the stiffness matrix is

[Ci11 Ci2 Cie 0 0 07
Cia Co (a3 0 0 0
Cia Caz Coo 0 0 0
0 0 0 0 Cu O
0 0 0 0 0 Cu

with 5 independent constants. A material with elastic constants symmetric to any axis, or in
other words, material properties are identical in all directions, is called isotropic and the stiffness
matrix structure is

[C11 Ci2 Ch2 0 0 0
Ci2 Cin Ci2 0 0 0
Ci2 Ci2 Cn 0 0 0
=17 0 o anee 0 (4.13)
0 0 0 0 GuzCe 0
Lo 0 0 0 0  “uzCu]

Such material is characterised by 2 independent Lamé constants A and p defined from Eq. (4.13))
by [17]

Cy—-C
A=Cla,  p= % (4.14)
The generalized Hooke’s law for an isotropic material can be written as
Oij = Aéijgkk + 2:“’£ij) 7’7] = 1)2737 (4.15)
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X1

W *
[
=

Fig. 4.1: Transformation between L-T and x;-z2 coordinate systems.

where ¢;; is the Kronecker delta.

Considering an orthotropic or an isotropic material in engineering applications, material
constants are usually defined, unlike elastic properties of piezoelectric materials, by the Young’s
moduli, Poisson’s ratios and shear moduli. They are measured by uniaxial tension and shear
tests. The structure of the compliance matrix S composed of these engineering constants for a
general anisotropic material is stated in [17], by using the Chentsov coefficients that have to be
additionally defined.

In the following chapters, a bi-material notch composed of at least one transversally isotropic
solids with fibres parallel to the plane 23 = 0 is considered. Such properties can have for
example unidirectional fibre-reinforced composites consisted of parallel fibres embedded in the
matrix. The direction parallel to the fibres is generally called longitudinal, referred as L, the
perpendicular is called transverse direction, referred as T or T”. Note that TT” is the plane where
the material has isotropic properties, from which it follows that Epr = Ep. Let us designate
a coordinate system LT'T’ in these principal material directions. The compliance matrix S is
defined in the principal material axes by using the engineering constants as

r 1 —v —v
g S OHE 0 00
FE g EE 0 00
—vryp “VYriT 1 0 0 0
_ Err Err Err
=10 0 2Wbvee) g g | (4.16)
T
0 0 0 0 —— 0
LT
0 0 0 0 0
L Grr-

where the components of the lower triangular matrix have to be recomputed by using the
symmetry conditions
Vi v
Eﬂi = Ei] i,j = LTT. (4.17)
Assuming an arbitrary fibre orientation defined by the angle 6 (see Fig4.1)), the stiffness,
or the compliance matrix, respectively, has the form described in Eq. (4.10) for a monoclinic
material. Let us consider that fibres are oriented so that the principal axes go along with the
global Cartesian coordinate system defined by the axes x1, 2, 3. To avoid a mismatch in
the directional indices, we establish that the longitudinal direction L coincides with x; and the
transversal direction 7" with xg, i.e. @ = 0. Then the stiffness matrix attains the form (4.11)),
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e.g. the components Cig, Cag, C3g and Cy5 vanish.

The most convenient approach to compose the compliance matrix of a transversally isotropic
material with an arbitrary fibre orientation in the plane x1x2 can be divided into the following
steps:

1. Assembly of the compliance matrix S by using the engineering constants in the
principal material coordinate system LTT’.

2. Rotation of the L-T axes to the global x1-z2 axes about x5 axis by an angle 6. Note that the
arrow of the angle determines the positive direction of rotation (counter-clockwise). The
sign of the angle will be negative when transforming in the opposite direction (clockwise).

4.1.4 Transformation of the coordinate system

Before we introduce the conditions for a two-dimensional analysis, an orthogonal transformation
of the reference coordinate system has to be defined. Transformation of the principal fibre
directions discussed in the previous section stands for a rigid body rotation about the x3 axis
by the angle #. The orthogonal transformation matrix € is defined as

cosf sinf O
Q= |—sinf cosf O0f. (4.18)
0 0 1

Let us pronounce the principal material coordinate system LTT’ as z. Four rank tensor of
the elastic constants referred to a new coordinate system x; is expressed under the orthogonal
transformation z; = Q27 as [9)

Cijtl = Qip€iqQr Qs C,

pqrs*

(4.19)

The identical relation can be written for S;jz;. If we introduce the contracted notation (4.3af) or
(4.72), using of Eq. (4.19)) is not convenient. The stresses and strains in (4.9)) are transformed
according to

oc=Ko", (4.20a)
—1 T *
€= (K ) e”, (4.20b)
where the matrix
cos2 0 sin? 6 0 0 0 2cosfsinf 7
sin? 6 cos? 6 0 0 0 —2cosfsinf
0 0 1 0 0 0
K= 0 0 0 cosf —sind 0 (4.21)
0 0 0 sinf cos@ 0
|—cosfsinf cosfsinfd O 0O 0 cos? § — sin” 4|

defines a rotation about xg axis by the angle 6 (positive in counter-clockwise direction). The
Hooke’s law (4.3b)) in the coordinate system ] is expressed as

o* = C*e". (4.22)
Substituting inverse relations (4.20)) into (4.22)) we get

K lo=CK'e. (4.23)
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Multiplying by K from the left side, the stress-strain relations in the new coordinate system are
obtained:
o =KC'K'e, (4.24)

where

C=KC'K' (4.25)

defines the stiffness matrix transformation from the coordinate system x} to z;. Analogically,
one can derive a relation for transformation of the compliance matrix:

S = (K‘1>T S*KL. (4.26)

4.1.5 Generalized plane deformation

In a body with general anisotropic properties, plane deformation is usually not possible. Consid-

ering a transversely isotropic material enables to solve the problem as two-dimensional (plane)

problem by asserting that all stress and displacement components depend only on x; and xo

[17]. By satisfying this conditions, behaviour of such body is called generalized plane stress or

generalized plane strain. This state corresponds to given plane state in an isotropic material.
The state of generalized plane strain is characterised by

5 = 0. (4.27)

Under this condition, the third row of (4.7a) is rewritten as

S3,0
o3=—Y_ ﬁ (4.28)
q#3

Substituting this relation back into (4.7a)), we obtain

e’ =Se”, (4.29)
where . . . N N
o1 €1 §11 §'12 bj14 S15 €16
o9 €9 Stz Saa Sos Sos  Sa
o’ =<0y, e =1¢ey S= |84 Sou Su Sis Sl (4.30)
05 €5 315 5?25 $45 %5 356
T6 €6 Si6 S26 Sa6 Sse  See

Components S'pq are the reduced elastic compliances defined as

N S 333 N N
Spq = Spg — ]fggg “s S = Sap- (4.31)

Similarly, the relation (4.3a) under the condition (4.27)) leads to
o' = C%"°, (4.32)

where
Cii Ci2 Cuu Cis Cie

Cr2 O Coy Cos U

C’'= |Ciy Cy Cu Cu Cus (4.33)
Cis Cos Cys Cs5 Cse
Ci6 Cx Cus Css Cos
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is created from (4.9)) simply by deleting the third row and the third column.
Analogically, the generalized plane stress is defined by
o3 = 0. (4.34)
The equations (4.29)) and (4.32)) are rewritten as follows:

e’ = 8%, o’ COEO, (4.35)

where the components of S” are established by eliminating the third row and the third column
.0
of (4.7). C is the reduced stiffness matrix, which components are defined by

épq = Cpg — 07:33, Cpg = éqp. (4.36)
Similarly to (4.8]), it can be proved that
c’'s=1 s'C=1 (4.37)

4.1.6 Decoupling of in-plane and anti-plane relations

Let us consider a monoclinic material with symmetry plane parallel to x3 and generalized plane
strain. The constitutive equation (4.9)) for (4.10) comes into the shape of

o1 Cii Ci2 0 0 (il (e
op Ci2 Cp 0 0 Ol |e2
g4 ¢ — 0 0 044 045 0 g4 ¢, (4.38)
g5 0 0 C45 055 0 €5
o Cig Cxp O 0 Cos] |es

in which the in-plane and anti-plane relations are decoupled. Eqs. (4.38) can be written in the
decomposed form as

o1 Cii Ci2 Cig| |1
= Clg CQQ 026 g9 (4.39&)
Cis Co Ces| |c6

o4 Cas Cys| Jea
= . 4.39b
{05} [045 055] {65} ( )

The above stated assumptions allow solving the in-plane and anti-plane problem separately.
This relations can be analogically written for generalized plane stress.

Most approaches analysing stress singularities are derived for certain singular stress concen-
trators. Bi-material or multi-material anisotropic wedges are modelled by using plane elasticity
theories based on the Stroh and Lekhnitskii formalism, such as for example [56, [57]. By ex-
ceeding a certain wedge angle, the singularity exponent becomes complex-valued, just as the
resulting stress intensity factors. The aim of the following paragraphs is to derive an universal
formalism that would not distinguish whether the singularity exponents are real or complex.

SIS
D N

and
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4.1.7 Complex potential method — Lekhnitskii-Eshelby-Stroh formalism

In the second half of the last century, plane anisotropic elasticity theory based on complex vari-
able functions had been formulated. Lekhnitskii [6] and Stroh [8] presented pioneering works
for a stress description near singular stress concentrators, which employs advantages of com-
plex variable functions. At the beginning, the Lekhnitskii formalism considers two-dimensional
stresses, whereas Stroh starts with two-dimensional displacements [17]. The application suit-
ability of the individual approaches depends on the type and degree of the problem.

Hwu employed the Stroh formalism [8} 9] in his extensive research and introduced the Key
matrix [58] and the unified definition [59] for stress intensity factors of interface corners and
cracks. This theory represents a strong mathematical tool for dealing with anisotropic singular
concentrator. Considering a combination of an orthotropic and isotropic material, the relations
for complex potentials violate the key matrix. However, Hwu presented a study in [60] that
concerns with these configurations.

Besides that, Suo [44] introduced the Lekhnitskii-Eshelby-Stroh formalism (LES). It was
also based on the studies of Ting [61} 62], where the modified Lekhnitskii formalism was intro-
duced, which was in fact the same principle. When a monoclinic material defined in is
considered, the Lekhnitskii and Stroh formalism are formally indistinguishable. The equivalence
allows to take an advantage of the clear algebraic results as well as the explicit solutions derived
from Lekhnitskii’s relations. There have been two reasons to use these basic characteristics of
complex variable functions. Firstly, differentiation in the complex domain can be treated as an
equivalent of harmoniousness, i.e. when a function has its derivative in a complex domain (in the
complex theory they are called analytical functions), it fulfils the so called biharmonic equation
automatically and thus it can be used for an expression of the Airy stress function. Another
advantage is a complex variable application, which leads to simplification of the elastic variable
description. In the LES formalism, material properties of a monoclinic material are charac-
terized only by three material eigenvalues u; (i = 1,2,3), when both in-plane and anti-plane
fields are taking into account. When only in-plane fields are considered, material eigenvalues
are reduced to two. Their definition will be shown in the following paragraphs.

Governing differential equations

The basic equations for anisotropic elasticity are the equilibrium equations for static loading con-
ditions (4.40)), the strain-displacement relations (4.40b|) and the Hooke’s law for linear anisotropic

elastic solids (4.40c)). That is

doij &
i =0, 4.40
oz, 7 (4-40a)
1 8ui 8Uj
o= = 4.4
51] 2 <ax] + 8$Z> ’ ( Ob)
oij = Cijrick (4.40c)

where indices ¢,5,k,l = 1,2,3, fz designates body forces referred to a unit volume. In order to
conform with the Lekhnitskii’s nomenclature, all parameters will be written out according to
the conventional notation instead of the contracted notation, i.e. 1 — x, T2 — vy, 01 — 04,
02 — Oy, 012 — Tay, 013 — Tz, 023 — Tyz. On the basis of two Airy functions ¢(z,y) and
(x,y), the stresses are expressed as

P . 0% 0% oY oY

0y = —5 + F, Uy:w+F7 Txy:_m7 sz:@a Tyz:_aixv (4‘41)
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where E is the potential of the body forces fx and fy, for which it holds

A oF OF
o= k=% (142
By employing the inverse stress-strain relation and strain-displacement relation ,
strain and displacement components can also be written out in terms of the Airy stress function.
For the sake of brevity, only relevant equations of the formalism will be stated, the reader
is referred to |17, p. 34] for the detailed derivation. When the displacement compatibility is
satisfied, the problem leads to a homogeneous system of differential equations:

T 7 AU, 5 NP
Lyp + Lyt = —(S12 + S22) 5 + (S16 + Sa6) = (S11 + 512) 55>
ox 0x0y dy
b b (4.43a)
Lsp+ Loy = —2a+ AS3y — BSs5 + (5'14 + S'24)% + (S15 + 5125)87?;’

where Lo, L3, L4 are differential operators of the second, third and fourth order:

R 82 . 82 . 62
Lo=8u2 —98.- % _
2 = Sy 922 Sy 20y + Sss a2
o 3 N N o3 N o 3 .03
Lo _ 9 4.43b
3= ~Suy g+ (S25 + Sas) 9270y (S14 + 556)6908212 + 5155 3 ( )
. ot o o N o o4 A o4 . Ot
Ly = Soo— —259—— + (25 Se6) === — 2516=——=—= + S11=—
1="5257 2 550y + (2512 + 66)8962(%2 16 52857 + 511 o

where S’ij are the reduced elastic compliances defined in (4.31). A, B, a are the arbitrary
constants associated with the rigid body motion.

General solution
Lekhnitskii [6] assumed the solution in the form
=" 4+ o) =" @), (4.44)

where )| 1)) are the particular solutions of the non-homogeneous system (4.43al). Let us first
find a solution of the homogeneous system

Lyp™ 4 Layp® =0,

(4.45)
L3<,0(h) + sz(h) =0,

where " (") are the homogeneous solutions of the Airy stress functions. Eliminating
from both equations in (4.43a)), we get an equation of the sixth order:

(LaLy - 13) ") = 0. (4.46)

The sixth order operator LyLo — L% can be decomposed into six operators of the first order, i.e.

D6D5D4D3D2D1(p(h) = 0, (447)

where 5 9
Dy=——pp-—, k=12,...6 4.48
k 8y ,U’kaxu 94y ( )
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and pup are the roots of the characteristic algebraic equation associated with the differential
equation (4.46), i.e. |62
La()la(p) = B3(1) = 0, (4.492)

where
lo(pt) = Sssp® — 284500 + Saa,
I3(p) = 3151;’ - (§14 + §56)ﬂ2 + (§25 + §46)M - 324, (4.49b)
la(p) = Siip® — 28164 + (2512 + Se6)11® — 282611 + Soo.

For an anisotropic material and by considering both in-plane and anti-plane stress components,
there are always three pair of complex conjugate roots of the characteristic equation (4.49a)).
For the subsequent computations, let us arrange the roots uy in the following order:

Pk+3 = B, Swke >0, k=1,23. (4.50)

Solving the problem (4.47) by successive integration, we obtain the stress functions in the form

3
oM = 2R > pp(zr), 2=+ pry (4.51)
k=1
or
3
M =203 Y (z), (4.52)
k=1

when Eq. is expressed in terms of w(h).

At this point, it is convenient to introduce a material assumption which will lead to simpli-
fication of the governing equations. Firstly, for a monoclinic material with the symmetry plane
at z =0 (see (4.10)), the elastic compliances in [3(p) all vanish. The sextic equation is
then reduced to two equations: l4(p) = 0 for the in-plane field and I3(u) = 0 for the anti-plane
field. Three distinct material eigenvalues split up into pg, po as the roots of ly(p) = 0 and us
of la(n) = 0. Secondly, when the problem is treated as two-dimensional, with the monoclinic
material assumption and neglecting of the body forces, the particular solution is zero including
the arbitrary constants A, B and «. The relation between ¢ and ¥y is

Ur(2k) = mhpp(2k), k=123, (4.53)

where
—l3(pr)  —la(pr)

(ue) — la(ur)
As ly(p1) = la(pe) = la(pg) = 0, relations (4.54) will lead to be divided by zero or infinity. To
get non-zero expressions, we use l4(us) = la(p1) = l2(pu2) # 0. To avoid of using coefficients that
approach zero or infinity due to the l3(ur) = 0, the expressions for stress functions are defined
as

N = (4.54)

¢ = 2R {p1(21) + pa(22) + p3(23)},

/ , - (4.55)
P = 2R {/\1<p1(zl) + Aoy (22) + )\3@3(23)} )
in which I (ju1) I (12) 1 I ()
Ao =) oy o Tl 1 ) 4.56
L= ) 2 T () ST () (4.56)
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Since the terms Aj, A2 and A3 become zero for a monoclinic material and 3 is an arbitrary
function, we introduce the new stress functions fi(zx) that absorb the coefficients as follows:

fi(z1) = ¢1(21),  fa(z2) = ¢a(22), fa(zs) = )\13<P§(Z3)~ (4.57)

Inserting Eq. (4.55)) into (4.41)) with the new functions (4.57)) leads to the following expressions
for stresses:

o0 = 2R {pdfi(21) + 13 f3(=2) }
oy = 2R{fi(z1) + f3(22)}
Toy = —2R {1 fi(21) + p2f3(22)} (4.58)
oz = 2R {paf3(23)}
ye = —2R {fé(zii)} :
The displacements are expressed by inserting Eq. into the inverse stress-strain relation

(4.29) and consequently to (4.40b)), which leads to

ou A . . A
o= S110: + S120y + S147y2 + S15T22 + S16Tay,

ox
ov  a A N . .
ay = 51205 + S220y + S247y. + S25Trz + 5267y,
ow A N . N
873/ = Sl4o-:p + 524Jy + 5447_yz + 5457-12 + 5467—xy7 (459)
ow 4 A N . N
i S1504 + So50y + SasTy. + S55Te2 + S56Tay,
ou v A N N . N
ay + i 51604 + S260y + Sa6Ty> + S56Twz + S66Tay,
where the contracted notation u; = u, us = v, ug3 = w was implemented. Considering a

monoclinic material and generahzed plane strain, the reduced elastic compliances vanish, i.e.
5'14 = 5’15 = 524 = S25 = 546 = S56 = 0. By integration of these resulting equations, we can
find the displacements functions as

3
u = 2R {Z a1kfk(2k)} ;

k=1

3
v=2R {Z agkfk(zk)} , (4.60a)

k=1
3
w = 2R {Z a3kfk(2k)} :
k=1
where
alg = Nign + 312 - ngw,
agg = (M%gm + §22 - ng%) / 1k,
=0, k=12
asg ) 94y (460b)
a1z = 07
a3 = 07

asz = (N3§45 - §44) /M3,
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Eshleby et al. [63] presented a similar representation based on the Navier-Cauchy equations.
It has the same structure as Eqgs. (4.60) and (4.58) and it is written in more elegant form as

3
U; = 2% {Z Azkfk(zk)} s (4.61&)

k=1

3
T, = —2% {Z Lz‘kfk(zk)} : (4.61b)

k=1

3 3
o1 = —2R {Z szukf]'(zk)} , 09 = 2R {Z szf,;(zk)} , (4.61c¢)
k=1 k=1
where T; are the components of the stress function vector along the semi-infinite line passing
through the origin of the coordinate system z1xo. It is convenient to adopt the matrix convention

from the Stroh formalism. Let us write the complex potentials into a vector as

fi(z1)
f(z) =4 fa(22) ¢, zx=a+pupy, k=123. (4.62)
[f3(23)
Then, the equations (4.61a)) and (4.61b]) can be written as
u(z) =2R{Af(2)}, (4.63a)
T(z) = 2R{Lf(2)}. (4.63b)

The displacements and stress function vectors have the form:

(75} T1
u(z) =<cugp, T(z)=1Ts,, (4.64)
u3 T3

where u = u1, v = us, u = ug. The matrices A and L have then the following structure:

ail1 a2 a3 —p1 —p2 0O
A= as1 a2 az3| , L= 1 1 0 . (465)
asy a3z ass 0 0o -1

The matrix elements a;; are defined in (4.60b)). Assuming plane strain, each of the characteristic
roots ur and each corresponding column of A are solved from the eigenvalue problem from the
Stroh formalism [7], [44]

{Q + 1k (R + RT) + M%T} a=0, (4.66)

where

Qit = Citk1, Rir = Ciaka,  Ti = Cigk2, i,k =1,2.3. (4.67)
Each column of A is multiplied by the arbitrary normalization coefficient, i.e.
c1a11  C2012  €3013 —cpr —cgp2 0

A = |cias coa99 c3az3|, L= c1 Co 0 1. (4.68)
€1a31 C2a32  C3a33 0 0 —C3



4.1.7 COMPLEX POTENTIAL METHOD — LEKHNITSKII-ESHELBY-STROH FORMALISM 37

Fig. 4.2: Normal and tangent directions of a boundary surface.

Thus, ui are the roots of the characteristic sixth-order polynomial

Q-+ (R+RT) +2T| =0. (4.69)
The matrix L is associated with A as
3
Lij =Y [Rix + pjTi) ar; = 0. (4.70)
k=1

This relation shows that by comparing the uniquely normalized Lekhnistkii matrices with
those in derived by Stroh [7], the normalization coefficients are eliminated by using Eq.
and Eshelby’s [63] representation is uniquely determined by the elastic constants
of the considered material.

Boundary conditions

The arbitrary complex functions fx(z) are determined through the satisfaction of the boundary
conditions on the lateral surface. The first fundamental problem resides in prescribing the
tractions , fy and t, = 0 along the boundary by

0N + TgyNa = tg, ToyMi + Oyno =ty, Te.n1 + Tyn2 = 0. (4.71)

The normal vector n of the boundary is defined by

d d

d—z, ng = cosf = £ (4.72)
The tangential direction s is chosen so that when we face the direction of the increasing s,
the material lies on the right side (see Fig. [£.2). Inserting (4.41) and (4.72) into (4.71) and

integrating with respect to s, we get

ny = —sinf = —

o A Oy A
aiy = Tz(s) +c1, % = Ty(s) + ¢z, w = C3, (4733‘)

where c¢1, ¢, c3 are the integration constants and
A s A
T.(s) = —/ tyds,
0

. : (4.73b)
Ty(s) :/0 t, ds.
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Substituting (4.55) and (4.57)) into (4.73a)), we obtain

2R (i fr +prfr} = Tu(s) +c1,

2R{f1+ 1} = Ty(s) + e, (4.74)
2R{fs} = cs.

The second fundamental problem is represented by the displacements prescribed along the
boundary:
u=1a, v=170 w=n0. (4.75)

Using (:59), (-60) and (L.73), one gets

3
28R {Z amfk(zk)} =,

k=1

3
2R {Z azkfk(zk)} =1, (4.76)

k=1

3
2R {Z aSkfk(Zk)} =.

k=1

4.2 Two-dimensional piezoelectric elasticity

4.2.1 Background

Piezoelectricity was discovered by the brothers Jacques and Pierre Curie in 1880. Piezoelectric
materials possess a property that an electric field is induced when it is subjected to pressure,
i.e. direct piezoelectric effect. The effect is also reversible, i.e. deformations occur due to the
applied electric field, which is known as the converse piezoelectric effect predicted by Gabriel
Lippmann in 1881. The piezoelectric effect can be manifested only when materials have a
non-centrosymmetric crystal structure, represented by 21 crystal classes. Ten of them exhibit
spontaneous polarization without mechanical stress due to the permanent dipole moment [64].
Such materials are called pyroelectric [65]. If the polarization can be reversed, the material
is denoted as ferroelectric. Their relations can be seen in Fig. [1.3] Anther non-ferroelectric
piezoelectric classes do not have a spontaneous polarization, such as quartz, which has a trigonal
crystal lattice. The piezoelectric effect is then caused by polarization due to the distortion on
the crystal lattice and creating electrical dipoles, which dismiss during unloading. However, the
effect is not very strong. In the case of ferroelectric solids, the piezoelectric effect is caused
by changing the magnitude of polarization also by the lattice distortion, but it is stronger and
proportional to the initial polarization. These materials are not spontaneously polarized, but
the polarization can be induced through so called poling [66, p. 27], [67, p. 16]. Ferroelectric
materials can be crystals, ceramics or polymers.

Within the dissertation, we introduce a simplification that when we speak about piezoelectric
materials, we mean a group of ferroelectric piezoelectric materials, i.e. spontaneous polarization
exists in their structure even in the absence of an electrical field. We focus on piezoelectric
ceramics whose physical properties are suitable for a wide range of smart technical applications,
namely zirconate titanate (PZT) series, potassium sodium niobate (PSN) series or perovkites
characterized by the chemical formula ABOg, where A is a mono- or divalent alkaline earth
metal and B is a tetra- or pentavalent metal [65, 68]. These materials exhibit good strength
and stiffness and excellent piezoelectricity [69]. Piezoelectric ceramics are produced by pressing
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dielectrics

piezoelectrics

pyroelectrics

ferroelectrics

Fig. 4.3: Sorting of dielectric materials [66].

Fig. 4.4: Perovskite crystal structure of BaTiO3 (a) above the Curie temperature with cubic lattice, (b)
below the Curie temperature with tetragonal lattice (Curie temperature ~ 130°C).

ferroelectric grains, which are provided in a form of a fine powder. During the fabrication process,
the powder is sintered above the Curie temperature. Over this point, the crystal has a cubic
symmetry (such materials are called paraelectrics), with no dipole moments. As it cools down,
it undergoes a phase transformation to the ferroelectric state with a tetragonal or rhomboedral
crystal symmetry [70]. The process can be illustrated on the barium titanate (BaTiOs3) in Fig.
The phase transformation at about 130 °C involves movement of the Ba?* ions to the off-
centre position, which initiates a dipole moment. The electric domains are randomly oriented,
which leads to zero macroscopic net polarization and all piezoelectric constants would be zero
(Fig. 4.5(a)). Exposing the ceramic element to a sufficiently strong uni-direction electric field
usually at the temperature slightly below the Curie temperature causes reorientation of domains
in the direction of the applied field (Fig. [4.5(b)). After this poling process, domains do not return
to their initial positions and most nearly remain in alignment with the direction of the applied
electric field, which is called the poling direction (Fig. [4.5(c)). Now, it is able to induce the
piezoelectric effect by applying an appropriate electric field, which results to the domain motion
and consequent lattice deformation [71]. Hence, the poling direction is a significant material
parameter which plays an important role in a design of piezoelectric devices. Note that the above
described transformation phase is not the only one. For example, at 0°C (the second transition
temperature) or at —90 °C the ferroelectric to ferroelectric phase transformation occurs.



40 4 OVERVIEW TO REFERENCES RELATING TO THE SOLVED PROBLEMS

S

I +
—
T
T
—

— i I
R N EARINE | EAR
RARR RELLIEEE

Ly
(a) (b) (c)

Fig. 4.5: Poling of a piezoelectric element: (a) prior to polarization, domains are oriented randomly, (b)
exposing to large uni-direction electric field, (c) state after polarization, almost unidirectional
polarization of domains.

4.2.2 Piezoelectric constitutive equations

In the following paragraphs, the governing equations and boundary conditions for piezoelec-
tric materials by considering the variation principle and thermodynamics are introduced. The
internal energy stored in any linear-elastic dielectric can be written as [1]

U= %Uijé‘ij + %EZ'D,', (4.77)
where U is the internal energy density, o;; is the stress tensor, €;; is the strain tensor, D; is the
electric displacement (in the literature also called induction) and FE; is the electric field. The
internal energy U can be considered as the thermodynamic potential with respect to charges
on a dielectric. To derive the governing equations with E; (related to the electric potential ¢)
instead of D; (related to the electric charge ¢) as an independent variable, we need to introduce
another thermodynamic potential with respect to the electric potential. Therefore, the electric
enthalpy density is defined as [72]

H=U- D;E;, (4.78)

where the second term —D;E; has an importance due to the energy variation [1]. Therefore,
H is the thermodynamic potential when the mechanical displacement and the electric potential
are taken to be the independent variables.

To derive the governing equations and boundary conditions for a piezoelectric material, we
need to employ the following variational form of the relation between the enthalpy and
the work of the external mechanical and electric loads [73]:

5 /V Hav — /V (fidu; — qyd) AV — /S (t:6u; — qs66) dS = 0, (4.79)

where f; is the body force, u; is the displacement, g, or g is the body or applied surface charge,
which is usually zero, t; is the applied surface traction, ¢ is the electric potential, V is the
volume of the material and S is the material boundary. The electric enthalpy density in the first
integral of for a linear elastic piezoelectric material follows from Eq. and according
to [72] it is defined as

1 1
H (g45,E;) = icijklgijgkl - iwz’jEiEj — eipiEp i, (4.80)



4.2.3 CONSTITUTIVE LAWS FOR PIEZOELECTRIC MATERIALS IN THREE-DIMENSIONAL STATE 41

where Cjji; is the elastic stiffness at constant electric field, w;; is the dielectric permittivity at
constant strains and e;x; is piezoelectric stress/charge tensors [20]. The strain and electric field
tensors are expressed by

1
€ij = 5 (uij + uji)

Ek = _¢,k7

where the comma denotes differentiation with respect to k. By substitution (4.80)), (4.81) into
(4.79) we get the the variational form

(4.81)

/Cijkﬁkl(sw,jdV—/ UJikEk(5¢,idV_/ ikt (€0 i + dup  E;) AV —
% % %
~ [ (idui — b8 av — [ (tdus — qsd0)ds =0, (4.8
1% S

from which, after the integration by parts, one can deduce equilibrium equations:

0ijj + fi =0 (4.83)
D;i = g,
and boundary conditions:
7y =t (4.84)
Din; = —qs,

where n; is the outer unit normal vector to the boundary S and the stress and electric displace-
ment are defined by

OH
0ij = 75— = Cijuicij + €kij B,
Oei (4.85)
0H '
—Di= 5, = emek - wij B

4.2.3 Constitutive laws for piezoelectric materials in three-dimensional state

There are natural crystals such as quartz that exhibit piezoelectricity. Much more stronger
piezoelectric coupling exhibit man-made piezoelectric materials, for example barium titanate or
lead zirconate ceramics. These materials are implicitly in isotropic and non-piezoelectric state.
Piezoelectric properties can be induced in these ceramics through a process called poling [1],
during which their mechanical properties change to generally anisotropic. However, most poled
material become transversally isotropic.

For an anisotropic and linearly electro-elastic solid, the constitutive laws between the elastic
field tensors (o;; and e;5) and electric field vectors (induction D; and electric field E;) are
represented by four equally important equation systems. They can be written in a tensor
notation as |20} |74]

{Uij = Cgkﬁkl — egij By, {Eij = Sgkﬂkl — dy;j Bk,
Dj = ejrien + wjp Lk, Dj = djriown + wii Bk, (4.86)
{Uz’j = CPen — hiij Dy, {é‘ij = S0kt — 9kij D,

Ej = —hjer + 85Dk Ej = —gjuow + B, Dk,
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where Sgkl and Sgkl are elastic compliances at constant electric field and induction; Cgkl and

Cilj?kl are elastic stiffnesses at constant electric field and induction; Wi, Wiy, and ,B]E-k, 5}7k are
dielectric permittivities on non-permittivities at constant strains and stresses; di;, €kij, Grij
and hy;; are piezoelectric strain/charge, stress/charge, strain/voltage and stress/voltage tensors,
respectively. Due to the symmetry of the stresses and strains and the path-independence of the
elastic strain energy, the electro-mechanical material constants have the following symmetry

properties:

CiE‘kl = ngkz = Cngijv €kij = €kji» %E‘k = Wija
S%‘kl = Sjli)kl = Sk[l)ij7 diij = diji, Wi = W (4.87)
Ci jkl — Cjikl = Ck:lij? hkij = hka’v ]Ek Blf;ﬁ

Sijkl = Sj[i)kl = Slgija Gkij = Gkjis Pk = 5127]'-

4.2.4 Contracted notation

In order to determine the solution of piezoelectric problems, it is suitable to transform the
extended tensor notation to the matrices by using the contracted matrix notation introduced in
section for pure elastic anisotropic materials. This simplification consists in replacing ij or
kl by p or g, where 4, j, k and [ take the values 1, 2 and 3 and p and q take the values 1, 2,...,
6. The parameters are transformed by the following prescription:

e ifi=jor k=1, then p =1 and ¢ = k, for example Ci190 = C12

e if i # j or k # [, then p or ¢ is equal to the remaining number from the progression 1, 2,

3 increased of 3, for example C3193 = Csy.

With this assignment and the symmetry properties (4.87)), certain transformation rules have to
be added:

2S;jk1 = Spq, if either p or ¢ > 3,
48511 = Spq,  if both p and ¢ > 3, (4.88)
2eij = €p, 2dpij = dip, 20kij = Grp if p>3.

Using the contracted notation, the constitutive laws (4.86) can be then rewritten in the matrix
form as [20]

(4.89)
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where
o1 011 €1 €11
lop) 0922 ) €22
_Joz| _ Jos3 ~Jes| ) ess
o= = , = = ,
04 0923 €4 2e93
o 013 €5 2e13
06 o12 €6 2e12

T |cE ck ck och ochk ookl (4.90)

Eq D1 €11 €12 €13 €14 €15 €16
E=<Fy;, D=.Dy;, e= |ea e €23 € €25 €],
E3 D3 €31 €32 €33 €314 €35 €36

1> €
Wiy Wiz Wig
— 3 & g
We = |Wig Wiy Wog
1> &€ 1>
Wiz Wiz Wss
Expressions for the matrices Sg, Sp, Cp, d, g, h, w,, B, B, are similar. The superscript T

denotes a matrix transposition. One set can be recomputed from the other by the following
equations:

o )

Cp=S;', Cp=8p", B.=w! B,=w,’
d=eSg =w,g, e=dCp = w:h,
g=hSp=p5,d, h=gCp = P.e,

Wy — We = dCEdT = eSEeT = deT, (4.91)
B.—B,=hSph’ =gCpg’ =hg',
Cp—Cg= eTﬁEe = hngh = hTe,
Sp—Sp=glw,g=d'8,d=d'g.

An inversion of the material characteristics can be also performed by using the matrix identities

T T T _aT
CE e SD g :L CD h SE d :I, (4'92)
e —w:l|lg -B, h -8.||d —w,
where I is the unit matrix of a shape 9 x 9.

4.2.5 Material symmetry

Material characteristics of piezoelectric materials are predominantly provided by the elastic
stiffnesses C’g ; plezoelectric constants e;; and dielectric permitivities wy;. The inverse forms can
be determined by the transformation relations , or the elastic, piezoelectric and electric
constants can be merged into a compact matrix as in and use the identities to get
the inverse constants. Both operations lead to the same result.

The stiffness, piezoelectric and permittivity matrices Cg, e and w, in characterise
the most general form of an anisotropic material with piezoelectric properties. We make the
same deliberation as for the pure anisotropic elasticity in section The symmetry planes
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coincide with the global coordinate planes in the Cartesian coordinate system x1, x2, 3. The
matrix structure of the monoclinic piezoelectric material, i.e. when the material has only one
symmetry plane defined by x3 = 0, is

cE Cck Ccf o 0
ch ch ol oo 0 C&
ch ch ck o o CF

0 0 o0 cCch cfE o}
0 0 0 CE CE o (4.93)
Cfs C% C 0 0 Cfl
ei1 ez ez 0 0 e wi; wiz 0
e=lear e e 0 0 exp|, we=|wp w5 0
0 0 0 €34 €35 0 0 0 w§3

It is worth noticing that the stiffness and permittivity matrices are symmetric, but the piezo-
electric matrix is not.

An orthotropic material has three mutually orthogonal symmetry planes. Considering a
poling direction parallel to xj-axis, the material matrices reduce to |75]

cE ¢k ¢ o o0 o0
ch ch ok 0o 0 o0
ch ok ¢k o 0 o0
Ce=10%""0 0 ¢c& o o]
44
0 0 0 0 CE o (4.94)
L0 0 0 0 o0 C&
€11 €12 €13 0 0 0 wfl 0 0
e=|10 0 0 0 0 exp|, we=|0 wiy O
0 0 0 0 e O 0 0 wi

The initially isotropic ceramic becomes transversally isotropic during the poling process with
the plane of isotropy perpendicular to the poling axis. This symmetry state plays a significant
role in investigations of poled piezoelectric materials. The material matrices have the following
structure:

ch cf Cf 0 0 0
ch Cc§ CL 0 0 0
ch ok Cf 0 0 0

Co=149 o o % ¢ o]
0O 0 0 0 ch oo (4.95)
0 0 0 0 0 CE]

€11 €12 €12 0 0 0 offl 0 0

e=|0 0 0 0 0 exp|, we=|0 wiy 0O
0 0 0 0 eg O 0 0 ws

From the above depicted structures we can see that the directional properties depend on the
poling axis. Since we want to unify the procedure with the pure anisotropic relations, we
coincide the poling axis with the longitudinal direction of the laminate model. We can observe
the equality of the stiffness matrices (4.12) and (4.95)). Structure of the piezoelectric matrix
depends on the poling direction, which can attain two limit configurations: coincidence with x1-
axis or with xe-axis. Between this states the structure corresponds to monoclinic (see )
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It is illustrated in the following scheme:

e;n1 ez ei2 0 0 O
nz1 {0 0 0 0 0 ey
0 0 0 0 €26 0

J
enn ez e;3 0 0 e
in between |eg; €99 ea3 0 0 e (496)
L 0 0 0 €34 €35 0
U

0 0 0 0 0 €16
Ty |€21 €22 €921 0 0 0
0 0 0 €16 0 0

Let us consider a rotation of the material coordinate system about x3 axis by an angle of 90°
and —90°, i.e. the poling direction coincides with x5 axis. Considering a transversally isotropic
material in pure anisotropic elasticity, the resulting stiffness matrices will be equal, so will be for
a piezoelectric material. The difference is only in the piezoelectric matrix, where the absolute
values of the matrix element will be same, but their signs will be opposite. Structure of the
permittivity matrices will be also equal. It follows from the above that the poling has an unique
orientation and contrary to the adopted laminate theory there are no symmetries in rotations
of the longitudinal directions. More about the matrix structure of individual crystal classes can
be found in [76, p. 123].

4.2.6 Transformation of the coordinate system

Similarly to pure anisotropic elasticity, we define transformation relations to investigate material
configurations with a poling axis arbitrary oriented in the plane x3 = 0. As was stated in the
previous section, we coincide the longitudinal direction L with the poling axis and the plane
of isotropy is defined by transversal directions T7”. Let us designate the principal material
coordinate system LTT" as z}. We assemble the stiffness, piezoelectric and permittivity matrices
in these coordinates and perform the inverse by using to obtain the compliance matrix
S}, piezoelectric matrix g* and non—permittivitiesﬂ B5. Then the relation can be used to
transform the compliance matrix of a piezoelectric material, i.e.

Sp = (K—l)T ST K™, (4.97)

where the transformation matrix K is defined in (4.21)).

To derive the transformation of the piezoelectric and dielectric constants, we proceed from
the constitutive equation 4. Transformation of the electric intensity and electric displace-
ment is realized by using

D = QD"

4.98
E = QE*, (4.98)

where the transformation matrix €2 is defined in (4.18]). The angle 6 defines a rotation about x3
axis in the counter-clockwise direction and physically refers to the poling direction, see Fig. [.1]

2Dielectric permittivity has not an inverse quantity. It is stated in some papers that the inverse is electric
susceptibility xe, but these parameters are not inverse, but it holds that y. = w. — 1. Owing to this fact, we
adopted the Hwu’s non-permittivity [20].
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Considering a homogeneous non-dispersive linear anisotropic material, the relation between the
electric displacement and electric intensity in the coordinate system z; is

E* = g,D". (4.99)
Inserting into Eq. we get
Q'E=p35:9"'D. (4.100)
After multiplication by €2 from the left we obtain the relation in the new coordinate system:
E=08:Q"'D=3,D, (4.101)

where

B, =08:07! (4.102)

is the transformation of the non-permittivity matrix from the coordinate system z; to z;.
Analogically, a transformation relation for piezoelectric matrix can be defined. The coupling
relation between piezoelectricity and elasticity (see (4.89)4) in the coordinate system x is

—E*=g'o". (4.103)

Substituting (4.98]) and (4.20)) into (4.103) one obtains

—Q'E=g'K 0. (4.104)
After multiplication by €2 from the left we get
E=Qg'K o =go, (4.105)
from which we get the transformation relation for the piezoelectric constants:

g=0g'K . (4.106)

4.2.7 Constitutive laws for piezoelectric materials in two-dimensional state

Analytical solutions to fully-coupled piezoelectric problems in three-dimensional systems exist
under very restrictive geometry assumptions. On the other hand, the numerical solutions are in
generally computationally expensive. To avoid these limitations, it is convenient to simplify the
3D problem into a mathematically two-dimensional formulation, which is much easier from both
analytical and numerical point of view. The problem dealing with piezoelectric materials can
be simplified to a plane problem when in-plane and anti-plane relations are decoupled. Section
[4:2.5] shows that when a monoclinic piezoelectric material with symmetry axis parallel to z3 = 0
is considered, all assumptions are fulfilled to extend the LES formalism to piezoelectric mate-
rials. Despite the fact that ideal piezoelectric materials are homogeneous ceramics, its poling
direction can be apprehended as the longitudinal directions in the sense of dominant material
properties. This fact enables extension of pure anisotropic elasticity to piezoelectric materials.
The conception of the principal material directions as an analogy with fibre orientations provides
a great utility to model the problem.

In two-dimensional anisotropic plane problems, generalized plane strain (¢3 = 0) or gener-
alized plane stress (o3 = 0) can be introduced. As for elastic fields described in section m
two states for electric fields can also be considered: open circuit condition (D3 = 0) when the
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faces of the piezoelectric body are in contact with a non-conducting media and the top an bot-
tom surfaces are free of charge, and short circuit condition (E3 = 0) when the top and bottom
surfaces are held at the same electric potential [20]. By combining the previous conditions, a
two-dimensional state of the piezoelectric material can be divided into four different situations,
ie.

1. Generalized plane strain and short circuit: e3 = 0 and E3 = 0.
2. Generalized plane strain and open circuit: €3 =0 and D3 = 0.
3. Generalized plane stress and short circuit: o3 = 0 and E3 = 0.
4. Generalized plane stress and open circuit: o3 = 0 and D3 = 0.

The constitutive laws under the above plane conditions can be reduced by eliminating
the terms associated with the zero values of €3, (or 03) and E3 (or D3) and replacing o3, (or £3)
and D3 (or E3) according to the generalized relation for the reduced elastic compliances [9, |17].
The matrix form of the constitutive laws for a piezoelectric material in two dimensional state
are [20]:

State 1: e3 =0 and E3 =0

) [y 0T 0 &) [8s —&T o0
DY | e —w! —E°(’ D[ — d -, ~E°(’

T ¥ 7 (4.107a)
0 / / 0 0 N 0
o 0 _ CD —h 50 & 0 _ SD g . 0'0
_ / / ’ _ N ~ )
E h —B. D E g -8B, D
where
E E E E E
o )21 o )2 e |Gz G2 G O O
g = 04 g = €4 CE = ClE4 C2E4‘1 C4E4 C4E5 C%; y
06 €6 Cis O Ci Css Cgp (4.107b)
EO Eq DO Dy 0_ |enn ez el es e
- E 9 - D 9 - 9
2 2 €21 €22 €24 €25 €26
(> &
0 Wi Wiz
wa - £ £ Y
Wi Wag
oD D D QD Q1D
ST Stz Sia Sis Sie
D D &iD &iD Q1D
N Sl2 522 524 525 S26 Al Al Al Al Al
§. = |§D gD &D GD  &D N 911 912 914 Y15 Y16
S s S S e e R S O A A
oD QD Q1D Q1D QiD
S5 Sy Siz S55  Ssg (4.107¢)
oD D D QD Q1D
Si6 S 16 S5 966
) plo Ao
B = 11 12
o~ |ale Ao
12 P22
e matrix elements are recompute
Th t 1 t puted by
A A Ao A Ro po
ap _ap , 9303 e o~ PR3 e e P50 Ak
SU = SZ] + BU = S]l s gl] = g7».7 — 7/\0_ s 5” = Pij — Y. = 6]17 (4107d)
33
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in which

D aD _aD
gD _ gD _ SSiS3j — 8D g 91353]' ho _ po I 9i39j3 o
i T Mg — My 9ij = Gij SD ) ij — Mij SD - Mji*
33 33

b D i (4.107e)

The expressions for S B, El, Wy, CID, B; are obtained analogically. The individual equations in
are called after the letter of the matrix of piezoelectric coefficients, i.e. e-type, d-type,
h-type and g-type [66]. Mostly, only the e-type and g-type constitutive laws are used,
therefore in the other three states only this two equation systems are stated.

State 2: e3=0and D3 =0

Py "C/E T [ & g0 S, gT 1 (o0
{DO}_ e _w/(5 _EO ) _EO - g _Bo DO ) (4108)

State 3: o3 =0and E3=0

o0 -CE éT ] g0 g0 I /D g/T' o0
{DO}‘_ ~o | |E°f B T g -8, \ DS (4109

é
State 4: 03 =0 and D3 =0

Pty CIE é/T ] &0 0 _S% goT 1 (o0
= , = , 4.110
{DO i é/ —(:Jlg_ _EO _EO g0 _/33- DO ( )

The remaining material characteristics are considered as follows:

£ I 1
IE_ ~E | €335 yE  , _  W3i€3) e, e WBi¥3; e
Cij =Ciyt+— o =Cji\ €y=eij—— = wy=uw;—— g =uj,
33 33 33
ENE
OF — 0F _ G035 CF 60— e3Cs; . n €i3€53
ij — “ij CcE T Wi G TG T TeE o Wi T Wi T TAE
33 33 33 (4 111)
CIE _ B L 88 _am y o Wiy e e CBYY e
g =G+ —— =0, €y =65 — — o Wiy =Wy e =Wy,
W33 W33 W33
o s o . 9.39.
gD — gD 4 93i93; _ g'D ro_ 55935 Bl7 = 8% — ﬂ31/63] — ge
ij = Pij 3e =i Yij = Yij A ij = Pij 3e = Pji-
33 33 33

The parameters 5’5, Gij, ﬁfj, S’Z’é), s AZ"]’ are defined in and (4.107¢).

As in the three-dimensional state, it is sometimes more convenient to use inversion of the
e-type and g-type compound matrices. Transformation between this two types can be done
simply by inverting the compound matrix by the same way as in the three-dimensional state
(4.92), such as for state 1:

A/ T N AT

Cp 1Sy & |y |Cp WISy —d | _; (4.112)
eo _wg g/ _60' h/ _ﬂé‘

and for state 2, 3 and 4:

& S s [ L)l 4
¢ —wi|lg B, = & - g -8,
v [ -
¢ -l |g” -8
Note that the order of the coordinate transformation and conversion to generalized plane state

are commutative operations. In the present algorithm, material characteristic are firstly trans-
formed and then converted to generalized plane state.

(4.113)
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4.2.8 Expanded Lekhnitskii-Eshelby-Stroh formalism for piezoelectric media

Solutions presented in |5 |10, 77, |78, |79, [80] show that equations for piezoelectric anisotropic
problems have the same structure as those for corresponding anisotropic pure elastic materials.
A closed form solution of a central crack based on the expanded Stroh formalism was derived
in [5], while a solution for an elliptic inclusion and hole was presented in [11, 80, 81]. A first
attempt to express material the matrices explicitly was performed in [82]. The most significant
work was done by Hwu in |20} 21, 22 |83] and also in his monograph [17], where he summed
up the previous research and expanded the Stroh formalism, the Key matrix, and the unified
definition [84] to piezoelectric media. Hirai et al. [23] and Abe et al. [24] applied the theory
to certain bi-material notch configurations including determination of stress intensity factors by
using the W-integral method.

Similar progress was carried out in extending the Lekhnitskii formalism in [45, |46]. A gen-
eral solution for piezoelectric anisotropic materials was derived in [47, 48, 49, 50, 51, 52]. Xu and
Rajapakse [85], Chue and Chen [53] or Chen [86] investigated composite piezoelectric wedges and
junctions, i.e. bi-materials composed from both piezoelectric and anisotropic materials. Singu-
larity exponents and stress intensity factors of an interface crack in isotropic metal /piezoelectric
or insulator/piezoelectric bi-materials were computed in [26, [87, |88]. Banks-Sills et al. [12]
computed stress intensity factors by using the M-integral method.

Kah Soh et al. [89] or Liou and Sung [90] used the modified Lekhnitskii and Stroh approach
to find explicit expressions for the Barnett-Lothe tensors. Crack singularity solved by boundary
integral equations was reported in [91]. Two-dimensional analysis of a semi-infinite crack by
employing the Green’s function was investigated in [50]. An interesting introduction to non-
linear piezoelectric fracture mechanics was presented by Kuna [92]. Authors in [93] developed a
new hybrid finite element method for a plane piezoelectric problem. One of the most significant
method for investigating piezoelectric materials is the boundary element method [94], employed
for example by Li et al. [95].

Suo [44] developed the LES formalism for evaluating the stress singularity of anisotropic
bi-material notches. However, its limit case — an interface crack — is primarily treated as the
Hilbert problem, as can be seen in [25, 80, 96, 97, |98, 99, [100]. The present work employs the
expandedﬂ LES formalism for a piezoelectric continuum based on the studies [9, (17, 19] and
applies it to the problem of a piezoelectric bi-material notch and interface crack.

Governing differential equations

Deriving of the expanded LES formalism for piezoelectric materials is based on the fourth set
of the g-type constitutive equations 4. It corresponds to the generalized plane state
described in section and short circuit, i.e. €3 = 0 and F3 = 0. In the following chapters,
only this plane state is assumed, all other combinations would be derived analogically.

In the absence of body forces and free charges, the equilibrium equations are

aO'ij —0 8D1 -

= = 4.114

where the repeated indices imply summation. In contrast to the Lekhnitskii’s nomenclature
used in section [£.1.7] it is more convenient to use the Hwu’s variable indexing as in ([£.90) for

3 According to Hwu [17], the “expanded” formalism is used for expansion to piezoelectric materials, while
the “extended” Stroh formalism is used for problems involving temperature. However, the classification is not
commonly accepted in the research community. For example Fang [66] uses “extended” for both Stroh and
Lekhnitskii formalism. We suggest to follow the Hwu’s classification.
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piezoelectric materials and rewrite coordinates as * — x1, y — x2, 2 — x3. The stresses and
electric displacements can be denoted by two Airy stress functions ¢ and ¢ from (4.41]) and an
electric displacement function y by

P P P _ W
=02 T 97 8T T 0w0xy TP 9z Tt Bxy (4.115)
DX o O ’
8a;2’ (91'17

which satisfy the equilibrium equation (4.114)) automatically. Substituting (4.115)) in the consti-
tutive equations (4.107al)4 and then making use of the compatibility equations for piezoelectric
materials

?;521 Oea oo _ O Oa_, OB OB, (4.116)
x5 Oxy  0x10x2 Oxy O Ory  Ox
we obtain a system of second order partial differential equations for the unknown stress and
electric displacement functions ¢, ¥ and x:

Lyp + Msx + Lap =0,

Msp + Pox + Matp =0, (4.117a)

L3y + Max + Latp =0,
where the differential operators Lo, L3, Ly, My, M3, Py are defined by [52, 66|

R 82 R 62 R 62
L _ S/D _ 25«/D 1D
2T G2 T A0 5y 7 gl
o O3 N N o3 R R 93 JU
La = —S/D S/D S/D . S/D S/D S/D ,
3 247396:%“‘( 25 T 46)7893%8332 (514 + 56)6 ) %4‘ 15(9%
R 84 R 84 R R 84 R 84 R 84
Li = S/D o QS’D QSID S/D o 1D S/D
TP gt 2 9230, (251 + 66)8x%8m% 10 91023 on ox3’
, A . (4.117b)
My = Gy — (G + Bhs) o + G5y
24a$% 14 25 811318552 158.’1)%7
83 33 83 83
Ma = —&! ) N) A N N
3 922 s + (912 + 926)8:13%8952 (921 + 916)8331895% + 9117(%?
R 62 R 82 R 62
P = — /o 2 /o _ pQlo .
2 ﬁ2278:c% + 51278m18$2 ﬁlli@x%

General solution

We assume herein that the partial solutions of the stress functions are zero due to the absence of
body forces and free charges (see Eqs. (4.44))). Then, by eliminating ¢ and x from the equation

one gets
(LaLoPy + 2LsMy My — PyL3 — LaM3 — Ly M3 ) 0 = 0. (4.118)
Let us suppose that ¢ is a function of a complex variable, i.e.
p=¢(2), z=uaz1+ pz. (4.119)

Substituting it into (4.118]) and considering a nonzero solution of ¢, we get a characteristic
equation [20]

La()l2 (1) p2 () + 23(yma()ma(p) — p2() (1) = la(pym3(n) — la(p)ym3(pn) =0,  (4.120a)
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where
lo(n) = S§ 1 — 28+ Sif,
I(n) = 818 1° — (517 + S56)1” + (S5 + S48 ) — 557,
la(n) = 57 M4 — 2816 1° + (2515 + 556 )? — 2556 1+ 535, (4.120D)
ma() = Gisp® — (914 + a5+ Gaa,
m3(p) = 911# — (951 + G16)1” + (G2 + Ga6) 1t — Gas
pa(p) = =B p* + 2B15m — 55

Since the strain energy is positive, the material eigenvalues pj obtained from the eighth-degree
eigenrelation occur in four pairs of complex conjugates (in contrast to pure anisotropic
elasticity described in section where three pairs of complex conjugates appeared). The
arrangement condition can be extended to

Ukta = g, Sur >0, k=1,234. (4.121)

The general solutions ¢, 1 and y of (4.117al) have the form [53]

4 4 4
e =20 or(z), =20 tplz), x=2RD_ xulz), 2k =1+ urza. (4.122)
k=1 k=1 k=1

The similar material assumptions, as for the pure elastic anisotropic materials, can be
introduced in order to illustrate the expansion to piezoelectric materials. When considering
a monoclinic material with symmetry plane at z = 0 (the matrix structure in ), the
elastic compliances in [3(u) and piezoelectric coefficients in mqo () all vanish. The octic equation

(4.120a)) is then reduced to
1o (1) (1) () = m3()) = 0, (4.123)

where the product of la(p) and the bracket assures that the in-plane and anti-plane fields can be
decoupledﬁ Then lyps — m3 = 0 yields to three material eigenvalues p1, p2, ji4 for the in-plane
field and anti-plane relation lo = 0 gives one eigenvalue us.

Eliminating x from Eq. with a substitution of and consecutive integration
gives the relation between stress functions:

wk’(zk) :)\k‘@;g(zk’)v for k= 17274a

Vr(2k) :)\1,6%(7%)7 for k=3, e
where [52, 53]
_ U3(pk) p2(p) — ma () ma (1) or k=
A = p2(pur)la(pr) — ms(ux) or bt
B _lg(uk)pz(uk) — ma(pk)ma(pg) or —
A = ool (ur) — 3Gy O F =D e
_lalu)ma () = ls(u)ms () o
A = i (pe )l () — ms (pe )2 (pae)” or k=

4This is not the only case of decoupled in-plane and anti-plane fields. Other cases, such as degenerate case or
materials with hexagonal symmetry can be found in [53]
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Similarly, eliminating 1 from equations (4.117a)) with substitution of (4.119)) and consecutive
integration gives the relation |70]:

Xk (zk) =&l (21), for k=123,

(at) =g (), for k=1, 120
where [12, [46} [49, [52, 53]
“ Mol @ s
The stress functions can be then rewritten as
@ = 2R{p1(21) + p2(z2) + 3(23) + palz4)}
v =20 g (a1) + dadh(2) + 5o0hn) + Aagh(a) (128)

y = 2R {wa(zl) 1 € (z2) + Eapl(z3) + ;4@'4@4)} |

Since the terms Ay, Ao, A3, A4 and &3, become zero for a monoclinic material and 3 is the
arbitrary function, we introduce a new stress function fi(zx) that absorbs the coefficients as
follows:

fi(2) = GUz1) falz) = gh(2), f3(23)=;3@0§(23), f4(24)=;¢2(24)- (4.129)

Substituting (4.128)) into (4.115)) by involving the new functions (4.129) and considering a mon-

oclinic material, we obtain the following expressions of the stresses and electric displacements:

o1 = 2R {3 f{(21) + 3 f3(20) + pi€afi(za) }

oo = 2R {fi(21) + fo(z2) + Eafa(za)},

o6 = —2R {p1 fi(21) + pafo(ze) + pabafi(2a)}

o5 = 2R {usfi(z3)}, (4.130)
o4 = —2R{f3(23)},

Dy = 2R {mé1fi(z1) + pabafo(z2) + pafi(za)}

Dy = 2R {&1f{(21) + E2f5(22) + fa(za)}

where the prime denotes a first derivative with respect to z;. Note that o = 7y, 05 = 75, and
04 = Tys.
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The displacements and electric potentials are determined by inserting (4.130]) into (4.107a)4,
which leads to

8’&1

oxy

8’&2

Oy

8’&3

Oy

8’&3

Oy

8U1

Iy

99

Oy

99

Oy

&1 D oD orD oD oD Al Al
= 51101+ S1302 + 81404+ S1505 + S1606 + G11 D1 + 21 Do,

&1D &1 D oD &1D &1 D Al Al
= 51301 + Sy302 + Sg104 + Sg505 + So606 + G12D1 + oo Do,

&1D Q1D Q'D Q1D Q1D Al Al
= 814 01 + 524 (o) + S44 04 + 845 o5 + S46 [ + gl4D1 + 924D2,

= 51115)0'1 + Sélg))O'Q + SA'4/£0'4 + Sé?ag, + Sélg(fﬁ + Q/15D1 + §/25D2, (4.131)

Oug

+871

S 601+ S’élﬁ)ag + §i€04 + S’g]g% + Sélgag + §'16D1 + @éﬁDg,

N Al Al Al Al Alo Alo
= 01101 + §1202 + §1404 + §1505 + 1606 — B11 D1 — P12 Da,

N Al Al Al Al Alo Alo
= 02101 + §2202 + §2404 + §o505 + §2606 — B15D1 — Bya Do,

where u1, us, ug are the displacements in x1, 2, x3 directions and ¢ is the electric potential For a
monoclinic material, the following constants are zero: S1) = §1P = St = S0 — &/ — §1D —

and §14 = 915 = §54 = J55 = 0. Integrating the equations (4.131])) we obtain

where

2 &1D oD
ajg = pp Sy + 513

a14 = ( 45 "‘S’ié)
ag4 = [(Hisig + gég

up = 2R {Z alkfk(zk)} ;

Uz = 2R {Z a2kfk zk)}
4 (4.132a)
us = 2§R {Z agkfk(zk)}
k=1
4
¢ = 2R {Z a4kfk(zk)}
k=1
— 1k S1E + & (pedin — 1), k=12
ask = (W3S + S8 — iS5 + & (uidia — Gho)| Jrn, k=12
aqx = [M%gél + .@,22 - ,U«kgé(; + &k <_,Uk6102 + 35‘5)} e, k=12
- M4g¥6)) 4+ padhy — G,
- “4*%%)) &4+ padys — f]éz] /b4,
(4.132b)

aqq = [(Miﬁél + 9
aspe =0, k=124
a3 =0,
azs =0,

43 = 07

- M4§/26) €4 — s + 3&3] e

ass = (M35'45 - §44) /3.
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Leugering [101] published a work that deals with expansion the Eshelby’s theorem [63] to piezo-
electricity. By using the notation (4.61]), but with & = 1,2,...,4, the Stroh matrix notation is
adopted once more. Let us write the complex potentials into a vector as

fi(z1)
f(z) = Rl2) U k=1234 (4.133)
f3(23)
f3(24)
Then the displacements and tractions can be written in the matrix form as follows:
u(z) = 2R{Af(2)}, (4.134a)
T(z) = 2R{Lf(2)}. (4.134Db)
The displacements and stress function vectors have the following form:
(75} T1
() =101, TE)={7 (1.135)
u(z) = s [ z) = (- .
¢ Tp

Ty, To, T3 and Tp are the components of the stress function vector and electric charge ¢ along
the semi-infinite line passing through the origin of the coordinate system z1xs and ¢ is the
electric potential. The structure of the matrices A and L is:

ail1 a2 413 a4 —p1 —p2 0 —puséy
a1 Q22 G23 Q24 1 1 0 &4

A= L= 4.136
as; as2 asz azal|’ 0 0 -1 0 ’ ( )
a4l Q42 Q43 Q44 =& =& 0 -1

while the matrix elements a;; are defined by (4.132b]). Assuming generalized plane strain, each of
the characteristic roots ux and each corresponding column of A are extracted from the eigenvalue
problem of the Stroh formalism [7], [44]

Q-+ (R+RT) +4iT]a=0, (4.137)
where the matrices Q, R, T have now the dimension 4 and their elements are defined by

Qi =CH1, Qu=Qu=rcii, i=123, Qu=—-w5
Rix = Chro, Riy= Ry = €19, =123, Ry = —wi, (4.138)

7

E .
Tit = Cigpoy  Tia = Tuy = €224, 1 =123, Tyy = —wss.

(2

The matrix A is multiplied by an arbitrary normalization coefficient, i.e.

c1a11  C2a12 €313 C4Q14 —cip1 —cop2 0 —capgéy
C1a21 C2a22 C3G23 C4024 c1 c2 0 csés
A= 3723 , L= S (4.139)
€1a31 C2a32 C€3333 C4a34 0 0 —c3 0
Cla41 C2042 €343 C4Q44 —c1§1 —cé 0 —cy

Each column is normalized arbitrary by coefficients ¢;. The material eigenvalues py, are the roots
of the characteristic sixth-order polynomial

Q-+ (R+RT) + 21| =0. (4.140)
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The matrices L and A are associated with

™=

Lij = [Rir, + i Tix) ar; = 0. (4.141)

k=1

As for pure anisotropic elasticity, comparing the uniquely normalized Lekhnitskii matrices
(4.136]) with those in (4.139)) derived by Hwu [20], the normalization coefficients will be elimi-
nated by using the relations (4.141)).

Boundary conditions

The generalized stress functions T; are related to the stresses and electric displacements by
on =-Ti2, oip="T, 1=123, Dy=-Tyo Dy="1Ty;. (4.142)

The operation (); denotes derivation with respect to z;. f(zx) are four holomorphic functions
of the complex variables zj, which will be determined through the satisfaction of the boundary
conditions on the lateral surface. The first fundamental problem lies in prescribing the tractions
te, fy and t, = 0 along the boundary by

oiny +o12ng =t1, 01201 + oang =ta, 01301 + Tazng = 0,

- (4.143)
Ding + Dang = t4,

where 1, ta, t3 are the prescribed surface tractions and #, is the prescribed electric displacement
on the normal direction of the surface. The normal vector n is defined by . The tangential
direction s is chosen so that when we face the direction of increasing s, the material lies on the
right side (see Fig. . By integration of the prescribed surface tractions from zero to infinity
along a straight line, we can specify the following boundary conditions for a piezoelectric notch:

2R {11 f1(21) + pafo(22) + pafa(za)} =T1 +c1,
2R {f1(21) + fo(22) + fa(za)} =I5 + c2, (4.144)
2R { f3(23)} =c3,
2R {&1 f1(21) + Eafol22) + Eafa(za)} =T + ca.

The second fundamental problem is represented by displacements prescribed along the

boundary. By using (4.132a)) we get

2R

M=

a1 fr(2x) } =1y,

’
25}%{
k=1
25R{Za3kfk Zk) } =3,

1

M,,;

asr fr(2k) } =g,
(4.145)

|l

4
2R {Z a4kfk(zk)} =9,
k=1

where 1, 2, U3 are the prescribed displacements and qAS is the prescribed electric potential.
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5 Methods and results

5.1 Stress singularity of an anisotropic bi-material notch and in-
terface crack

In the present work, two types of common general stress concentrators are considered — an in-
terface crack and a bi-material notch. When a monoclinic material is considered, the in-plane
and anti-plane relations are decoupled. When a sample is loaded in the x1x9 plane, we can focus
only on the in-plane problem. There are two well known plane elasticity methods for stress
singularity description — the Lekhnitskii and the Stroh formalism. They are based on the theory
of complex variable functions. It simplifies the solution so that the elastic variable description
is shrunk only to three material eigenvalues. The Lekhnitskii formalism [6] was derived for a
cylindrical body bounded by a cylindrical surface and all relation are in terms of the elastic
compliances. In addition, the stresses and displacements depend only on x;, xs, which is sat-
isfied only by the assumption of the in-plane loading. The Stroh formalism [7, 8, |9} [63] starts
with the two-dimensional displacements and its relations depend on the elastic stiffnesses.

As it was mentioned earlier in section where a transversally isotropic, or more gen-
erally a monoclinic material is considered, both Stroh and Lekhnitskii formalisms are formally
indistinguishable, i.e. the material eigenvalues, stress and displacement relations and singularity
exponents have the same form. Suo [44] introduced the Lekhnitskii-Eshelby-Stroh formalism,
which linked both techniques together. Its structure is described in section That approach
enables simplification in the eigenvalue extraction or eliminating the scaling factors needed in
the Stroh formalism. The LES formalism is dominantly used for investigating stress singularities
of V-notches and transversally isotropic bi-material wedges, of which stress term exponents are
real values, as was reported for example in [19, 39, |102} 103, 104} [105} |[106].

All previously mentioned authors assumed that the singularity exponents § are only real
values. Then, the relations for the stresses and displacements can be expressed as

u(z) = 2R {Af(2)} = 2R {AZ'V}, (5.1a)

T(z) = 2R {Lf(2)} = 2% {LZ’v ], (5.1b)

v:{m} (5.2)
V2

is the eigenvector corresponding to the singular order §. Moreover, due to the assumption of a
monoclinic material, the structure of the material matrices A and L defined in Egs. and
(4.60b)) enables that the in-plane and anti-plane components of the displacements and stresses
can be decoupled. Then, the following analysis is considered as a two-dimensional in-plane
problem and the dimension of the material matrices is 2 x 2, i.e.

_|an a2 I et R 15 I Kt )T
I SR )

The elements a;j, ¢,j = 1,2, are defined in Eq. . When the notch angle w; exceeds a
certain angle, the eigenvalue ¢ turns into a complex value and the form in is not valid, or
more precisely, the neglected imaginary components corresponding to the individual singularity
exponents § are not equal and do not mutually subtract.

where
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Setting the notch angles w; to their limit values 27, an interface crack can be modelled.
This special case has been mostly treated as the Hilbert problem [42} 44, 57} 1107, |108]. In such
case, the singular solution has an oscillatory character and the singularity exponent equals to

5— % + e, (5.4)

where ¢ is so called oscillatory index. Suo [44] proposed the generalized Dundurs parameters
[109], by which the oscillatory index is expressed as

€= % In (i;g) . (5.5)

The parameter [ is derived in |44} [110] only for a material with principal axes coincident with
the reference coordinate system. Considering a monoclinic material defined in Eq. , the
relation has to be modified.

It follows from the survey that in the literature, there has been a gap in investigation of
the very closed notches whose stress term order become complex-valued. This state can occur
when the delaminated interface has face angles very close to the interface crack. In the follow-
ing paragraphs it will be presented that the LES formalism described in the previously stated
papers can be extended through notches with the complex-valued oscillatory index to interface
cracks. The definitions for the stresses and displacements have a slightly different form. The
next goal is the expansion of the LES formalism for piezoelectric materials. However, the theory
for pure elastic anisotropic bi-materials has to be firstly investigated in order to get limits of its
application.

5.1.1 Formulation of the fundamental equations describing the stress singu-
larity of a transversally isotropic bi-material notch

Profant et al. [19] proposed the formulation of the orthotropic bi-material notch based on the
LES formalism and following the Hwu’s concept [17] which generalizes Eq. to the case of
the complex singularity exponent §. Assuming stress singularity at the wedge apex, the complex
potentials are expressed as

f(z) = Z%v. (5.6)
If the singularity exponent § is generally a complex number, the stress function vectors and

displacements are considered in the following form:

u(z) = AZ% + ﬁéw, (5.7a)

T(z) = LZ°v + ﬁ(sw, (5.7b)

where A and L have the structure (5.3) and their elements are defined in (4.65) and (4.60b)).

v = {vl,vg}T, w = {wl,wg}T are the eigenvectors associated with the eigenvalue ¢, which is
determined through the satisfaction of the boundary conditions at the notch tip. If ¢ is a real
value, the eigenvectors v and w will be complex conjugate and the displacements and stress
function vectors are obtained in the form of .
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\

Fig. 5.1: Cartesian coordinates mapping to a complex plane. An unit circle is mapped to the ellipse
defined by vectors eq, es.

5.1.2 Transversally isotropic materials

The LES formalism is defined under the assumption of transversally isotropic, or generally
monoclinic materials if principal material directions L and T are arbitrary oriented in zixzo
plane. The complex functions Z° are of the form

7° = diag [z‘ls, zg} , (5.8)

where
zi =x1 + iz, ©=1,2. (5.9)

The material eigenvalues u;, ¢ = 1,2 are extracted from Eq. for each material. Note that
if anti-plane relations are taken into account, one more material eigenvalue p3 is obtained.

It is more convenient to express the independent variables 1, z3 appearing in[5.9]in terms of
the polar coordinates r, 8, while the stresses and displacements are considered in the Cartesian
coordinates z;. We say that the formalism is defined in dual coordinate systems [9, [17]. With
the origin located at the wedge apex, the transformation relations between the Cartesian and
polar coordinates are

x1 =rcosf, xg =rsinf. (5.10)
By substitution (5.10]) into (5.9)), the definition (5.8)) holds
7° = diag [7“5 (cos B + puy sin6)° , r® (cos O + pg sin 0)5} . (5.11)

To make later differentiation of Z easier, a mathematical simplification introduced by Ting [9]
is implemented. Let us define the material eigenvalue as a summation of its real and imaginary
part, i.e. p; = pl +ipl. Then, the complex variable

zi = (@1 + piwa) + ipl g (5.12)

is a mapping from the zjzo-plane to the complex plane (see Fig. [5.1)) [111]. It represents a
mathematical trick, where the whole space, over which the solution is searched, is deformed
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Fig. 5.2: Geometry of a bi-material notch characterized by two regions I and II. The notch faces are
defined by angles wy and wy. The material interface is always considered at § = 0. The angles
a1 and as denote the fibre orientation, i.e. the longitudinal material direction.

in order to avoid the complicated description of an anisotropic continuum properties in a non-
deformed space. The space distortion supplies the material anisotropy and it is proportional to
(/1] 19]. Eq. (5.11) is then defined as follows:

5 _ diag [r(stls ez‘a\ylﬂﬂaRg eia%] ’ (5.13)
where
R? = (cos O + piisin ) + (4 sin0), i =1,2 (5.14)
and " sin 6
o, = arctan (COS%ZFW) for 6> —m L i=1.2. (5.15)

—T for 60 =—

Note that in comparison to [19], the relation (@ is reduced from four to only two cases. This
could be done due to using Python’s np.arctan2E| function, which fixes a discontinuity of the
arctangent and simulates the complex function Arg(z). The complex conjugation of is
performed simply as

7’ — diag [T‘SR? e*i‘wl,r‘ng e*i‘w?} ) (5.16)

5.1.3 Formulation of the eigenvalue problem

In the previous sections, the fundamental matrices of the LES formalism were defined as func-
tions of the singularity exponent §, which is a root of the characteristic equation for the notch
geometry and prescribed notch tip boundary conditions. Let us consider a bi-material notch
illustrated in Fig. where each wedge occupies the region 0 < 8 < w; or wy < 6 < 0. The

notch faces are stress free which imposes the following boundary conditions:
T (w1) =0,

H( 1 (5.17)

T ((,UQ) = 0.

It is assumed that the bi-material interface coincides with x; axis. The displacement and traction
continuity conditions are prescribed along the interface 6 = 0 as

u!(0) = u'l(0), (5.18a)

IThe functions is contained in numpy library, of which procedures are based on FORTRAN LAPACK functions.
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T!(0) = T(0). (5.18b)

A bi-material notch composed of two monoclinic materials with the principal material symmetry
arbitrary oriented in the plane x3 = 0 is considered. By substituting into (5.17) and (5.18]),
one gets eight homogeneous algebraic equations for the exponent §, which can be written in the
matrix form as

Liz¥@h)-' L'z (@H! 0 L0 LIIVI
0 0 LUz (L=t LZ, (L) | ) Lw!
AlZI (L)1 AIZES(LI) _ AlZlS (-1 AIIZHJ(LII) Lyt (=0 (5.19)
11
L'ZB@H T'Zy @)t —wizPah -t gz’ @ (Tw!

The matrix 0 denotes a 2 X 2 zero matrix on the left-hand side and a 8 x 1 zero vector on
the right-hand side of the equation . The subscript denotes the index of the angle w;,
while the superscript stands for association with the material region. With the reference to the
assumption that the interface always coincides with z; axis, i.e. wg = 0°, it follows that

ZH¥ =1, 7t =1, k=11 (5.20)
where I is a 2 x 2 identity matrix. Introducing

XE = LAZF (w)) (L)), X5 =T'Z () @71, (5.21a)

<k\— .
Yh=(X7)7'XE j=12,

(5.21b)
j=1 = k=1 j=2 = k=1],
B =AML, Bl = —iAF@H (5.21c)
the system (5.19)) can be rewritten as
x!I X o o] (LW
— =1
o o XI Xj|)Lw
I — 2H 7121 LHVH — 0 (522)
By -By, -Bg By I
I I -1 -1I| L w!
The equations in (5.22)) can be reduced to the algebraic system of two equations
K (§)L'vi =0, (5.23)
where 0 is now a 2 x 1 zero vector and the matrix K is expressed by
_ -1
K =B} +ByY] - (BY + By YY) (1- YY) (1-Y1). (5.24)

The reduction is described in detail in Appendix [Bl The eigenvectors v! are extracted by the
backward substitution of § to K (4). To avoid computational complications, the eigenproblem
was modified by Desmorat and Leckie [110], presented also in |112], but only for cases
when ¢ is real. The real part of the eigenvector L'v! is defined as

R{L) = 0 (L 4 DY) (5.25)
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After applying this procedure, it can be proved that if the eigenvalue § is real, the eigenvectors
v and w are complex conjugate. The relation (B.2a]) can be rewritten as

L'¥ = —YILW. (5.26)

By combination of two previous equations ({5.25)) and ([5.26)), the real part (5.25)) can be expressed
as

1 1
R{LWV'} = 5 (L' = YL = 5 (T-v)Lv (5.27)
Substituting L'v! from Eq. (5.27) into (5.23) we get the modified eigenproblem

K (I- Y]{)_1 2n {1V} =0, (5.28)
which leads to the equality between the eigenvectors v and w if § is real:
w=V. (5.29)
The generally complex eigenvector v! is evaluated from as
vi= (L) - = Yll)*1 2R {Lv'}. (5.30)
The eigenvector v!! for the second material is computed from as
Vil = (LH)_1 (1- YI;)_1 (1-vi)Lv' (5.31)

Note that to get an unique value of the stress intensity factor H, we have to normalize the vector
L'v! in (5.30). The remaining eigenvectors, i.e. L!vl and EIWI, L wi! satisfy the normality
automatically.

In the case of complex 0, the previous formalism can be also used. However, some relations
have to be modified. Let us start from the right-hand side of Eq. ([5.27). Employing the general

form (B.2a)) we get
1 AN 7 AR S S B R S AN
i(I—Yl)Lv—g(Lv—i—Lw)—Lava, (5.32)
where the index a stands for an average value of both eigenvectors with no physical meaning.
By solving the modified eigenproblem ([5.28)) for a complex ¢, the resulting eigenvector would

not be purely real. Therefore, Eq. (5.28]) can be expanded as

-1
K (I-Y}) 2Liv,=o0. (5.33)
The eigenvector v! is calculated from the accordingly modified relations (5.30)), i.e.
-1 -1
vi= (L) (1-vl)  2Livi. (5.34)

The eigenvector v!! of the second material is obtained from Eq. (5.31). The values of w! and
w!l are determined from (B.2a)) and (B.2b):

— 1\ —1
wh=— (L)) viL, (5.35a)

— 17\ —1
wi = — (T") " vV (5.35b)
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shear fibre
Young’s modulus [GPa] Poisson’s ratio |-] modulus orientation
[GPa] [°]
Er Er VLT vrT Grr a
material 1 100 50 0.3 0.3 30 0
material 2 400 a0 0.3 0.3 30 90

Tab. 5.1: Material properties of transversally isotropic materials. It follows from (4.12) and (4.16]) that
Er = Ep.

To get a non-trivial solution of ([5.28]), the following relation must be held:
-1
det {K (I - Y{) } =0, (5.36)

which leads to a nonlinear characteristic equation, which has an unlimited number of solutions
d;. In the literature, § is sometimes called eigenvalue. This is not mathematically exact, but
it fulfils the physical meaning. Since the strain energy cannot be unbounded from the physical
point of view, eigenvalues from the interval 0 < R {d} < 1 have to be considered.

The previous procedure has determined the parameters for defining the so-called regular
solution. It can be proved that 6; = —&; also satisfies the characteristic equation , see
[113]. This so-called auxiliary solution is a mathematical tool allowing the evaluation the GSIFs
via the Betti’s theorem-based path-independent integral introduced hereafter. It represents a
stress field at the notch tip with singularity stronger than the regular one and hence it exhibits
unbounded energy. By reinserting 5; into and by employing , the corresponding

auxiliary eigenvector ¥! can be evaluated as well as the remaining auxiliary eigenvectors v'!, w!

and W', by application of (5.31)), (5.35a) and ([5.35D).

Example 1: Material eigenvalues of a transversally isotropic material A transver-
sally isotropic material with fibres oriented in the xjxo-plane by the angle a; (see Fig. |5.2)) is
considered. The material properties are stated in Tab. In the first step, the determination
of the material eigenvalues py and pg for in-plane field was carried out. Under the assumption
of the monoclinic material and in-plane problem only, the equation is reduced to

la(p) =0, (5.37)

where 1[4 is defined in . As the equation is written in the form of a polynomial of the
unknown variable p, the Python function polynomial.polyroots from the numpy package is
suitable to be used instead of a general root-finding algorithm. Nevertheless, the procedure
requires an attention in its output values. They have to be reordered so that the requirement
is satisfied. If the principal material directions coincide with global Cartesian axes x1 and
x9, i.e. the longitudinal axis is either parallel or perpendicular to x;-axis, the material constants
5’16 and 5’26 vanish. For such case, Suo [44] developed an explicit solution for determination of
the material eigenvalues. The characteristic equation can be then expressed in the form

At 2pA2p% +1 =0, (5.382)

where . . .
_ Su _ 2512+ Seo

o P Ta
S22 24/ 5115922

A

(5.38b)
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H1 H2
material 1, a3 = 0° —0.1478 + 1.1656% 0.1478 + 1.1656¢
material 2, ay = 0° 0.78057% 3.47661
material 1 a; = 40° —0.1635 + 0.8948: —0.1598 + 1.1522;

Tab. 5.2: Material eigenvalues for certain material configurations.

03 _ contour f(dl) :q |

—  RFO)
02l — Sf) |l

7

—0.1} .

—-0.2} .

—03 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5.3: The HSV phase portrait of the characteristic function f(§) = det[K(I—Y7})™"] defined in
and the contour plot for f(é) = 0 for a bi-material notch with geometry w; = 125°, wy = —180°
and materials defined in Tab. [5.I] The intersections of the curves of different colour give the
searched roots.

The roots of the characteristic equation ([5.38al) are determined by

m:i)\_%(n—i-m), ,u,gzi)\_%(n—m), for 1< p< oo,
1

w1 =A"1(in+m), pz= A_Tll(in —m), for —1<p<l, (5.39)
U1 = o = M‘Tll, for p=1,

1+p 1—p’
n =/ 5 M ‘ 5 (5.40)

The case p = 1 corresponds to a material with the cubic symmetry and the case A = p =1 to
the isotropic material, which are together the so-called degenerated states of anisotropy.

The material eigenvalues have the form of ;2 = Fa + bi or they are purely imaginary for
two fibre configurations described in the previous paragraph. If an arbitrary fibre orientation is
included, the real and imaginary parts of u; and ps become distinct. The compliance matrix
has to be recomputed by using the transformation relation . Values for three material
configurations are stated in Tab. [5.2}

where



5.1.3 FORMULATION OF THE EIGENVALUE PROBLEM 65

03 __ contour f(5|) =0 |

— RF0)
02} — SO

0.1} ]

7

—0.1} .

—0.3 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5.4: The HSV phase portrait of the characteristic function f(¢) = det[K(I—Y})™!] defined in
and the contour plot for f(d) = 0 for an interface crack with geometry w; = 180°, wy = —180°
and materials defined in Tab. The intersections of the curves of different colour give the
searched roots.

Example 2: Singularity exponents and eigenvectors of a transversally isotropic bi-
material notch The characteristic function is a complex function, which has generally
complex roots. A convenient tool to investigate the complex function development is the phase
portrait described in Appendix [A] which is based on the recomputing of a complex number
in terms of hue, saturation and value. Let us consider a bi-material notch defined by angles
wy = 125°, we = —180° and material characteristics defined in Tab. The complex function
£(8) = det[K(I — Y})~!] defined in Eq. is depicted in Fig. It can be seen that
on the interval 0 < R{d} < 1 the characteristic function has two real roots, i.e. 6; = 0.5186
and do = 0.7647. In the interval limits [0,0] and [1,0], which delimit the singular exponents,
the transcendental characteristic function has two poles. The same root identification can be
done for a wedge with complex roots. The characteristic function for an interface crack, i.e.
wp = 180°, wy = —180° is depicted in Fig. It is obvious that there are two complex
conjugate roots 01 = 0.5 4+ 0.02474i, o = 0.5 — 0.02474i and two poles in the points § = 0 and
0 = 1. Note that the determinant of the matrix on the left-hand side of has roots at
points § =0 and § = 1.

The root identification algorithm was developed in Python programming language, based
on the findroot from the mpmath library . The default secant method was used and the
tolerance error has been set to 1 x 1071°. It is advised to prove whether the calculated solution
represents the root. By re-inserting the root into the characteristic equation a numerical
zero has to be obtained. The second possibility is to set verify=True into key arguments of
the root-finding method. The next verification that could be done is to check continuity of
displacements and tractions (along the material interface). This will be discussed in the next
numerical example.

Fig. shows a dependence of the singularity exponents ¢ on the notch angle wy while the
angle wo = —180 remains fixed. For an unreal limit case wy = 0, d; is approaching 1, while
09 goes to 2. The second term &5 is singular for wy < 77° only and the eigenvalues §; and 09
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Fig. 5.5: The exponent §; dependence on the notch geometry w;, materials are defined in Tab.

become complex conjugate when w; > 165°. The notch angle w; = 180° represents an interface
crack with ®{d;} = R{d2} = 0.5. The received results can be compared with Chen [115], in
which the same values of J; for the varying notch geometry are obtained.

The right eigenvectors are evaluated by the backward substitution of § to or
and by using linalg.eig of scipyE| library. The required eigenvector corresponds to the zero
eigenvalue of the matrices on the left-hand side of or , respectively. One eigenvector
for each singularity exponent d; is obtained. In order to get unique stress intensity factors H,
the eigenvectors have to be normalized properly. Employing , the eigenvector L'v! is
normalized by )

I 1
. (1- Y1) 1 2% {Liv'} | _
|(-v) Tarfuivy

or analogically for a complex §

. (1 —Y{)_1 oLl vl
v

= . 5.41b
H(I - Yll)ﬂ oLl vl o410)

Subsequently, the eigenvectors v!, vII, w! and w'l are determined by using the definitions
(or for a complex eigenvalue), , and . Note that in the numerical
algorithm, the relations and are not distinguished and the procedure output is
either real for real eigenvalues d or complex for complex § and in the text there are written
separately in order to observe the formality. Tab. [5.3]shows eigenvectors for a bi-material notch
with real singularity exponents. We can see that the vectors v and w for the individual material
regions I or II are complex conjugate. Then, the imaginary parts of both addends in are
equal, but with an opposite sign, and the simplified relation can be used.

The eigenvectors for an interface crack as a special case of the bi-material notch are given
in Tab. The vectors v and w are now distinct, but after substitution to we get
real-valued expressions for displacements u and resultant tractions T. It will be discussed in
the next example in detail. It can be easily proved that the structure of the eigenvectors is not
changed when the arbitrary fibre orientations «; and g are considered.

Since the LES formalism derived in section [£.1.7] considers also an arbitrary fibre orienta-
tion (in the plane xjx2), an effect of fibre orientation was also studied (see Fig. [5.6(a)). The
angle of fibre orientation attain the values a; € (0°,180°). The state for a; = 0° and «; = 180°

?Both scipy and numpy libraries are based on LAPACK libraries programmed in FORTRAN language.
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) VI WI VH WII

5 {0.52054 + 3.40988i} {0.52054 - 3.409881'} { 1.27408 + 0.04509: } { 1.27408 — 0.04509: }
1

0.46619 — 3.323341 0.46619 + 3.32334¢ —0.28735 + 0.01257: —0.28735 — 0.01257:

5 4.88166 — 0.760657 4.88166 + 0.760657 —0.34464 — 0.89033: —0.34464 + 0.89033:
2 —5.34670 + 0.20628¢ —5.34670 — 0.20628: —0.12041 + 0.38015¢ —0.12041 — 0.380152

Tab. 5.3: Eigenvectors corresponding to the singularity exponents é; = 0.5186 and do = 0.7647 of a
bi-material notch with material characteristics defined in and w; = 125°, wy = —180°.

5 vl wl vII wil

5 0.83013 + 0.33470: 5.23087 + 0.286521 0.50303¢ 1.13871¢
! —0.83013 + 0.33470: —5.23087 + 0.286521 0.07000¢ —0.46932¢

5 6.11052 — 0.33470: 0.96972 — 0.39098: —1.330201¢ —0.587631
2 —6.11052 — 0.33470: —0.96972 — 0.39098: 0.54824¢ —0.08177%

Tab. 5.4: Eigenvectors corresponding to the singularity exponents §; = 0.5 4+ 0.02474¢ and J, = 0.5 —
0.02474i of an interface crack with material characteristics defined in and w; = 180°,

wo = —180°.
1.0 T T T T T T T T 1.0 T T T T T T T T 0.030
2 o
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=/ & |— e
0.8 | e 0.8 |
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-0.024
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Fig. 5.6: The exponent §; dependence on the notch geometry on the angle of fibre orientation «; of a
bi-material notch defined by (a) w; = 125° and (b) w; = 180°, we = —180° and materials
defined in Tab. @

corresponds to the same configuration and the graphs of both stress singularity exponents have
the same character. These results can be compared with the study done by Chen [115] or by
Hwu et al. [58] with application of the Stroh formalism. However, there is not clearly distin-
guished which singular exponent belongs to anti-plane field. The same study was done for an
interface crack (Fig. [5.6(b)). Both eigenvalues have the real part #{d1} = R{d2} = 0.5 and
their imaginary parts are complex conjugate with the minimal value of the oscillatory index for
a1 = 90°.
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5.1.4 Problem redefinition by introducing the shape functions

As the in-plane problem of transversally isotropic material leads to two generally complex sin-
gularity exponents d; and ds, the resulting displacements and stress functions are obtained by
superposition of the individual solutions for each ¢;, where the generally complex valued
weights represent the GSIFs (see Eq )

Displacements and stress functions are expressed as

u(z) = Hy (AZ"vy + AZ" w1) + Hy (AZ%vs + AZ"w,) , (5.42a)

T(z) = Hy (LZ%v1 + LZ" wi) + Hy (LZ7v; + TZ"ws ), (5.42b)

where the indices 1,2 denote association to the eigenvalue d; or do, respectively. In order to
simplify the numerical algorithm and relations for the W-integral, it is convenient to introduce
the angular functions n; and A;, ¢+ = 1,2 defined as follows:

m:(0) = AZ% (9)v; + AZ" (8)w, (5.43a)

Xi(0) = LZ% (0)v; + LZ" ()ws, (5.43b)
where the angular variable 6 in the bracket of Z%(#) emphasizes that the radial variable r0 was
excluded. The complex functions (5.13)) and (5.16) can be then rewritten as [19]

70 = 1°Z°(0) = 1° diag [R‘f eV RS ew%} ,

0

a6 [mb 61 Db . —i6Us (5.44)
Z' =17 (0) =r’diag |[Rye """, Rye .

Displacements and stress functions can be expressed by using the shape functions ([5.43)) as

u(r,&) = H17“51?71(9) + H2r62772(0)? (545&)
T(r,0) = Hiro A1 (0) + Hor%2Xo(0), (5.45b)
in which
_Jm gy dMl
n;(0) =90, XN(0)=1{\ip, i=12 (5.46)
2 A

Example 3: Shape functions of a transversally isotropic bi-material notch The shape
functions 1, My and A, A2 for a bi-material notch w; = 125°, wy = —180° (with real singularity
exponents) are shown in Fig. We can see that all imaginary parts (dashed lines) are zero,
which match up with the statement that imaginary parts of both addends of (5.43a)) or ([5.43b)
subtract from each other. A different situation occurs when §; are complex conjugate. The
shape functions are then generally complex (see Fig. , because the eigenvectors v and w
are not complex conjugate. It implies that the generalized stress intensity factors will be also
complex, but not complex conjugate.
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Fig. 5.7: Components of the shape function vectors (a) my, my and (b) Ay, A2 for a bi-material notch
w1 = 125°, wp = —180° (materials defined in Tab. [5.1)).

5.1.5 Determination of the generalized stress intensity factors

Generalized stress intensity factors determine an amplitude of the displacements and stresses
characterized by the normalized shape functions . In the present work, GSIFs are deter-
mined by using the U-integral method outlined in section[2.5] This method was firstly introduced
by Sinclair et al. or Vu-Quoc and Tran [117], and deeply investigated by Hwu . It
is based on the theorem of Betti and Rayleigh [118|. Contrary to the J-integral introduced by
Rice , the path-interdependence of the W-integral is also preserved for multi-material stress
concentrators.

The Betti’s reciprocal theorem claims that if an elastic body is subjected to two systems of
body and surface forces, the work that would be done by the first system in acting through the
displacements due to the second system of forces is equal to the work that would be done by the
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Fig. 5.8: Components of the shape function vectors (a) n;, 1, and (b) Ay, A2 for an interface crack
w1 = 180°, wp = —180° (materials defined in Tab. [5.1)).

second system in acting through the displacements due to the first system of forces . Let us
then choose the first system to be regular (actual singular fields) and the second system to be
the auxiliary (also called complementary). Neglecting the body forces (assumed by Lekhnitskii
formalism), the W-integral is characterized as

]é (uTe—aTt) ds=o. (5.47)

The vectors 11, t are the auxiliary solutions to the displacements and tractions corresponding to
the exponent 6; = —d;. It can be proved that each regular solution of the eigenvalue problem
(5.36)), generating the basis functions in (5.45a)), i.e. r%n,(#), is associated with the dual solution

rgiﬁi(ﬂ) of the same eigenvalue problem, where §; = —§; || The auxiliary solutions are defined
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Fig. 5.9: Scheme of a closed U-integral contour around the bi-material notch tip. The closed path is
F:F1+El +F2+22

as
w;(r,0) = Hir~#;(0), (5.482)
Ti(r0) = Hr~%X(0), i=12, (5.48b)

where H; = 1. The auxiliary eigenfunctions have the following structure:
7:(0) = AZ7%(0)%; + AZ " ()W, (5.49a)
Ai(0) = LZ7%(0)v; + LZ " (0)w. (5.49b)
The eigenvectors v, w are computed by the same procedure described in Example 2 just by
substituting §; = —d; into the algorithm. The auxiliary functions for the same above studied

geometric configurations are depicted in Figs. and in Appendix
The vectors u and t represent either the regular asymptotic or the full-field solution obtained

numerically. In the first case, the vector u is given by (5.45a)) and the vector t is given by the
derivative of (5.45b)) with respect to 6,

0T _ 0T _ T,

=S =g = (5.50)

The tangential direction s is chosen so that when one faces the direction of increasing s, the
material lies on the right-hand side. Substituting (5.45b)) into ([5.50)) we get expressions for the
traction vector in terms of the shape functions:

—t(r,0) = Hir" 7'\ X[(0) + Hor®> 7' N5(0), (5.51)
where ()’ denotes differentiation with respect to 6. A derivative of A(6) defined in is
X(0) =L (Z%(0)) vi + L (Z"(9)) wi. (5.52)
where
(Z‘S(G))/ = diag {5}%‘15_1 et O=D¥1 [_sin(9) + 1y cos(6)]
SR 0D [~ sin(6) + iy cos(0)]]  (5.53)
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Fig. 5.10: Scheme of two circular W-integral contours I'y and I'p.

and

(Z°(6)) = ding [5RI e O~D¥ [ sin(6) + i, cos(6)] .
SR e 102 [~ sin(6) + iy cos(0)]] . (5.54)

The auxiliary tractions are obtained analogically by employing (5.50)):
—ti(r,0) = Hir % 71X5(6), (5.55)

and
o ) ——0

N(0) =L (27%0)) %+ L(Z ") wi. (5.56)

I" is a closed contour in a simply connected region. Let us consider a contour I' =T"; + 37 +
I'; 4+ X9 as shown in Fig. The integral (5.47) can be rewritten as follows:

/1“1 (qu: — ﬁTt) ds + /21 (uT’E — ﬁTt> ds + . (uT’E — ﬁTt> ds + s (uT’E — ﬁTt) ds(: 0.)
5.57

Since the notch faces are assumed to be traction free (boundary conditions ([5.17))), the terms
corresponding to the contours ¥; and Yy equal to zero and Eq. (5.57)) reduces to

/F 1 (uTt—a't) ds+ 5 (uTt—a't) ds=o0. (5.58)

Let us denote I'a = I'y and I'g = —I's, i.e. we changed the orientation of the second contour
so that both are oriented in the counter-clockwise direction (the paths emanate from wy to wy).

We get
/F A (uTt—aTt) ds = /F ) (uTt—at) ds, (5.59)

which proved that the W-integral is path-independent for free-free multi-material wedges .
For simplicity, a circular counter-clockwise paths I'y and I'g through the region dominated by
the singular field are chosen, see Fig. [5.10] The W-integral for a bi-material notch characterised
by angles w; and wy becomes

U= /w1 (uTE - ﬁTt) rdo. (5.60)

w2
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Obviously, if the integration contour shrinks to the notch tip, the full-field solution reduces to

the asymptotic solution (5.45a)) and (5.51)). Inserting the regular solutions (5.45al), (5.51]) and
auxiliary solutions (5.48a)), (5.55)) into (5.60]), we obtain

W (w2 (0 ):22:  (rm;(0).r 0 (0)), i=12 (5.61)

Since the regular and corresponding auxiliary solutions are orthogonal with respect to the inte-
gral (2.14), it follows for the individual integrals that [17, |117]

const #0 for i=j,

o (5.62)
0 for i # j.

W (rm;(0),r~i;(0)) = {

Applying (5.62)), the W-integral (5.61)) computed along a path very close to the crack tip gives
an important result for the GSIFs evaluation

o a0 0) =8 (P 007010 -
= / (BT @) R0) — 5] () Hir ™ I N(0)) r o =

w2

—H; [ (T @)X0) - T (0)X(6)) do =

w2

Ty AT !
= H [ (nl@X(0) Al ON(6) a0, (5.63)
which is independent on the radial coordinate r. The W-integral with a contribution of the regular
and auxiliary fields is zero when the contour is not in the singular dominance region. Note that
the integration path and the boundary defined in [4.2] are oppositely oriented. Reorienting the
boundary leads to changing the sings of t and t deﬁned in and ( -

Making use of the W-integral path-independence, the GSIFS can be evaluated when the
right-hand side of Eq. is put equal to the U-integral computed along the remote contour
which contains a full-field solution to the vectors u and t. In the present work the full-field
solution is approximated using FEM implemented in ANSYS software [120]. The integration
contour is chosen far away from the bi-material notch tip. Let us introduce the integral

o ( FEM . m(@)) /“’1

w2

T “
((uFEM) r0 130 () + rc—5iﬁiT(6)tFEM> redo, (5.64)

where 7. is the radius of the circular path far away from the notch singularity. Note that the
signs follow from the orientation of the outward normal and the integration contour. Elements
of the vector ufPM = [¢/f'FM o/F EM]T are the direct output from the finite element analysis, but
elements of the vector t¥*M on the surface of the contour have to be computed from the stresses
by using the Cauchy’s formula ¢; = 0;;n;, in the matrix form written as

tFEM — G FEMpy (5.65)

where oFEM ig the two-dimensional stress tensor and n is the outer normal to the domain
enclosed by a circular integrating path of the radius r. defined as

FEM S FEM cos(f
oM = l FEM %‘2EM‘| , D= {sin((ﬁ))}' (5.66)

021 022
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Fig. 5.11: Finite element mesh of the bi-material notch model with scaled regions with a refined and
mapped mesh. The loading and constrains are depicted on the left.

Note that the normal vector introduced in has now a different orientation than in (4.72),
because it is normal to the domain enclosed by the circular contour. Applying the analogy with
the standard dot product, the W-integrals (5.63|) and project analytical and numerical
solution of the same problem into the basis function of a dual function space generated by the

auxiliary solutions (5.49)). Hence, both W-integrals (5.63)) and (5.64) are equal and the following
relations hold

(WM, (0)) = W (Hyrd e, (0) + Haorno(0)r:%;(6)) =
= Hy (v, (0),r7,(0)) + HoW (r22my(0).07%0(0)), i =12 (5.67)
Applying (5.62)), two separate definitions for each index i = 1,2 are obtained:

W (w0 (0)) = HW (2t (6)r i (6))

(5.68)
(WM 220, (0)) = HoW (r2my(0),r5 2 0,(0))
from which the generalized stress intensity factors can be extracted as
W (uFEM 0, (6) )
Hl = 5 R )
v (rc n,(0)rc 771(9)) (5.69)
¥ (P 7, 0)
Hy = - o .
W (r2,(0),rc 2 (0) )

5.1.6 Finite element model of a bi-material notch

The knowledge of the character of the stress singularity represented by the exponents J; is nec-
essary for the GSIFs evaluation. The FEM analysis is an important component of the procedure
that allows one to get a complete description of the singular stress field at the bi-material notch
tip. A script code in the APDL programming language in ANSYS software was created in order
to gain the output data on the desired circular contour. The geometry of the FEM model is
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depicted in Fig. The finite element mesh in the vicinity of the notch tip consists of two
regions. The small circle delimited by the radius R; = 0.00l mm has a free mesh, because
using of special singular elements would cause a mesh distortion for a finer element length. The
region between R; and Ry = 7mm is the area of the interest, from which the stresses and
displacements are extracted and the mesh here is fine and mapped so that each element has a
square-like shape. All desired nodal results are saved to a text file and consequently imported
by using a Python script, where the displacement and stress fields are reconstructed by using
scipy.interpolate package, namely griddata function. This procedure requires a homoge-
neous and well-structured finite element mesh. The data on the circular path are interpolated
by using scint.splrep and scint.splev libraries. The advantage of this method is that only
one computation with a fine mesh in ANSYS is necessary in order to reconstruct a circular
path with an arbitrary radius. The second advantage is that employing of adaptive integration
methods for evaluating the W-integral is available.

The 8-node quadratic plane element PLANE183 was used with plane strain enabled. As was
stated in the previous paragraphs, only plane strain state is considered in the studies, because
from the computational point of view, the constitutive equations for plane stress can be analog-
ically modified (see section . A variable notch geometry is enabled, the face angles wq, ws
could attain values between 0° and 180°, while the bi-material interface remains fixed at wy = 0°.
The fibre orientation is realized by orienting the element coordinate system by angles a; and
ao, respectively. Dimensions of the two-dimensional model are a = 180 mm and b = 180 mm.

When investigating a stress concentrator in a technical component by using FEM, the sub-
modelling technique is widely used. This method consists in performing two computations.
The whole model with a coarse mesh is analysed. Output of this analysis represents boundary
conditions to a second model, which analyses the singular region more closely, meshed very fine.
Boundary conditions of the sub-model can be both displacements and forces. In the present
work, the finite element model is constrained according to Fig. Nodes at the bottom
edge are fixed in the o direction and, on top of that, the right lateral node is fixed in the x;
direction in order to avoid a rigid body motion. The upper side is loaded with the applied stress
ngpl = 100 MPa. Displacements us on the upper boundary are coupled in order to minimize
the non-uniform loading. After deformation, the origin of the coordinate system of the finite
element mesh does not coincide with the origin of the coordinate system of the analytical solution
1. Hence, the notch tip displacements have to be subtracted from all body displacements.
It has to be reminded that the notch faces have to remain mechanically unloaded (zero tractions
t).

Example 4: Study of the V-integral path-independence for a transversally isotropic
bi-material notch Before we proceed to investigate the path-independence of the W-integral,
the finite element model with respect to element size is checked. Let us set the integration radius
to r. = 2mm. The only parameter that controls the mesh density is the line division parameter
A, of the R and Ry perimeters related to the arc of 90°. The another divisions, edge lengths
and spacing ratios are computed based on this value in order to achieve the best mesh topology
and element shape. It implies from the results in Fig. that the most appropriate angular
division is A, = 60. This value gives us a sufficient angular division, by which reliable results
are obtained and minimal computational time is achieved.

All integrals were evaluated by using the Romberg’s method implemented in the library
scipy.integrate.romberg. An advantage of this method, compared to the trapezoidal rule,
for example, consists in possibility of usage of the adaptive integration step, owing to that a
better accuracy is achieved. Therefore, an interpolation function for the nodal results is de-
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Fig. 5.12: Study of the minimal mesh density. The governing parameter was the generalized stress in-
tensity factor H;. The studied cases were (a) a bi-material notch given by w; = 125° and
(b) an interface crack (w; = 180°). The second notch face was wy = —180°. The materials
are defined in Tab. the singularity exponents are (a) §; = 0.5186, d = 0.7647 and (b)
01 = 0.5+ 0.024747, do = 0.5 — 0.02474:.

fined in order to get an approximative value in each point of the contour. For that purpose, a
linear interpolation function was used, because the cubic spline caused numerical instabilities
near boundaries and in the vicinity of the interface. Since the mesh density is very fine, we can
assume that the error will be minimal. From the computational point of view, the integrals are
evaluated for each material region separately, because the discontinuity of 11 causes a numerical
error if integration of the whole path from w9 to wy is performed. The resulting integrals for the
whole path are the sum of the particular integrals for the individual material regions.

The study of W-integral path-independence was carried out for forty integration radii r
between 0.0005mm and 4mm. As in the previous studies, two representative cases were in-
vestigated — a bi-material notch with real singularity exponents (w; = 125°, wy = —180°) and
an interface crack with complex conjugate singularity exponents (w; = 180°, we = —180°).
To prove the path-independence, the GSIF as the governing parameter was chosen. Since the
denominator in the definitions for GSIFs does not depend on 7., the independence of
the integrals in the numerator is tested. The results in Fig. show that all integrals for
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Fig. 5.13: Test of path-independence of the GSIFs on the integration contour radius enclosing (a) a
transversally orthotropic bi-material notch characterized by w; = 125°, §; = 0.5186, J; =
0.7647 and (b) an interface crack with 6; = 0.5 4 0.024744, 02 = 0.5 — 0.024744. Materials are
defined in Tab.

both notch configurations are path-independent, which is in accordance with [59]. The small
discrepancy near zero is caused by the finite element mesh, because the first integration radius
r. = 0.0005 mm lies in the first circle characterized by R; = 0.001 mm, where the mesh is un-
structured and also quite rough comparing to the magnitude of r.. The complex GSIFs in Fig.
5.13(b)| were decomposed to real and imaginary parts, which were investigated separately. For
the next studies, r. = 2mm is chosen.

Here, a sign of the GSIF is discussed. As an experienced reader knows from the Irwin’s
theory, the stress intensity factors for a crack under mode I loading are always positive. The sign
of the GSIF for a bi-material notch depends on the orientation of their corresponding eigenvec-
tors v and w. In the case of real singularity exponents ¢, the sign of the GSIF can be changed
just by multiplying the corresponding eigenvector by —1. A different situation occurs when the
stress term orders d are complex conjugate. The problem leads to two complex and distinct
stress intensity factors, which cannot be distinguished by virtue of a negative or positive sign.
Same problem arise when we want to recompute the unit from Pa - m!'~% to MPa - mm!~°. The
value in SI units is multiplied by the constant 107 - 10309 which is for the first case a real
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number, but a complex number for the second case. This can cause a sign change by the real and
imaginary parts of the GSIF. This effect can be eliminated by employing the unified definition
introduced by Hwu [59].

There is a question how to compare the individual fracture parameters among themselves.
If we change one or both notch face angles w; and ws or a material parameter, we get different
stress term orders ¢;, which leads to different units of the generalized stress intensity factors.
From the engineering point of view, configurations which differ only from the external loading
can be compared. Other possibility is a comparison of the resulting stress development or a
change in the potential energy of the body, when it is disturbed by the crack of small finite
length [19, 121].

5.1.7 Stress and displacement fields of a transversally isotropic bi-material
notch

The displacement field is expressed directly by the Williams’ asymptotic expansion
with the knowledge of the analytical form of the angular function . The stresses in
the coordinate system arbitrary rotated with respect to z3 axis are expressed from the stress
functions as

Os5 = —sTT,n

Osn = _nTT,n = STT,S (570)

T
Onn =11 T,sa

where normals n and s are defined by

cosf —siné
5= {sin@}’ n—{ cosf } (5.71)

Note that the normal n has been introduced in (4.72)). The stresses in the Cartesian coordinate
system given by axes x1, xo are obtained by setting § = 0 in the definitions (5.71). According

to Fig. it holds that s — x1 and n — x5. Substituting (5.7b]) into (5.70)) leads to

70 _dz’
ol=—H {Ldv—l—LdW},

d.ilfg dl’Q
) 5 (5.72)
o’=H {Ldzv +Ldzw} ,
dl‘l i)

where the stresses are ordered in the vectors as

pofo), o fol -
712 022

Since Z° is expressed in polar coordinates (see (5.§)), we can make these mathematical operation:

Az _ dZ} dz _ dZ) dz _ 52010,
dzo dzo dz; dz; dzo t
Az}  dZ0 dz  dZ? d
dzy  dzy dz; dz dag

zi =x1 + Wiz, =12

_ 551 (5.74)
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Eq. (5.72) can be then rewritten as
ol=—H {L6Z6_1uv —l—ﬁéflﬁw} ,
o? = H{LsZ" v + ﬁé’lw} :

pi 0 ﬁ:ﬁl()
0 2|’ 0 M|

(5.75)

l’l’:

For programming purposes, the equations (5.75)) can be modified by means of the shape function
X introduced in (5.43b)). Decomposing the complex function Z°~! in the same way as in (5.44)
leads to

701 _ 745—1Z5—1(0) _ 01 diag [Rf’l ei(5—1)\1/17Rgf1 ei(é—l)\l/g} ’

5.76
2571 _ 7"6—12671(0) — 7"6_1 dlag [R(ifl e—i(é‘—l)\lfl’Rgfl e—i((s—l)\yg:l ) ( )
Let us introduce the following functions:
Ny (0) = LS, 291 (0) v + LSZ" () ws, i =1,2.3, (5.77a)
Xioy (0) = L&,Z% 1 (0)v; + L& Z0 " (O)ws, i=1,2.3, (5.77b)

where the subscripts ;, and ., denote differentiation with respect to the Cartesian coordinates
1, T2, i.e.

5 dA
Az (T1,22) = ((;C;’xg), i=1,2. (5.78)

Considering both singularity exponents ¢;, the equations (5.75)) can be expressed by employing
(5.77a)) and (5.77D)) as

0’1 = — Hl’l“élilj\l,xz (6) - H2T62715‘2,:C2 (6)’

0'2 :H1r51_15\1,x1(0) + H2T52_1X27m1(0). (5'79)
Example 5: Displacement and stress reconstruction in the vicinity of the transver-
sally isotropic bi-material notch tip The input parameters, boundary conditions and ex-
ternal loading remain identical as in the previous examples the including materials defined in
Tab. Fig. illustrates the dominance of the stronger stress singularity 1 — &1, contribu-
tions of Hs to the stress amplitude is not very significant. It is obvious from Fig. that d;
has always stronger singularity, but the difference fades away with closing the notch angle to its
limit state, i.e. w; — 180°.

The stresses and displacements in Fig. [5.14] were evaluated along the circular path enclos-
ing the notch tip on the radius » = 0.001 mm, which shows a very good correspondence between
the analytical and FEM solution. The superscripts H;, ¢ = 1,2 of plotted quantities listed in
the legend indicate particular asymptotic terms in Eqgs. (5.45) and (5.79). The stresses and
displacements depicted on the radius » = 2mm farer from the tip (see Fig. illustrate that
the analytical solutions differ from FEM more significantly. The most noticeable mismatch can
be observed by 11, where the difference is higher for radii far from the tip. This phenomenon
is causes by the effect of T-stress [122].

The same study was performed for an interface crack from the previous examples. Fig. [5.16
and illustrate the displacement and stress distribution on the circular paths » = 0.001 mm
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Fig. 5.14: The displacement and stress components on the circular path » = 0.001 mm of a bi-material
notch w; = 125°, we = —180°. Materials are defined in Tab. singularity exponents are
01 = 0.5186, d, = 0.7647.

and r = 2mm. Here, the singularity rate is equal for both stress term orders §;. However,
one can see that the shape functions for a complex ¢; are complex-valued (see . Then, also
the components of displacements H;r%n,(6) or stress function vectors H;r%\;(#), i = 1,2 are
complex. In Fig. we can see that their imaginary parts have the same magnitude but
an opposite sign and the total displacements or stress functions will be real. In the graphs in
Fig|5.16| and and in all following graphs the imaginary parts of the individual singularity
exponents 0; are omitted and only real part is depicted.

The GSIFs of above studied bi-material combinations are stated in Tab5.5l The real sin-
gularity exponent ¢ implies that the corresponding GSIF is real-valued. For complex conjugate
singularity exponents §; we get two distinct complex-valued GSIFs. In contrast to that, studies
investigating interface cracks by the Hilbert problem provide two complex conjugate
stress intensity factors, but this difference is based on the formulation of the eigenvalue problem.

The LES formalism presented within the dissertation is able to cover arbitrary fibre orien-
tations in the x1xs plane. In the most research studies, fibres either parallel or perpendicular
to the global Cartesian coordinate system were considered, i.e. the principal material direction
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Fig. 5.15: The displacement and stress components on the circular path r = 2mm of a bi-material
notch w; = 125°, we = —180°. Materials are defined in Tab. singularity exponents are

01 = 0.5186, d2 = 0.7647.

L coincides with either x7 or xo axis. The stresses and displacements for the interface crack
from the previous case, but with fibres of the material 1 rotated about oy = 50°, are stated
in Appendix in Fig. [C4l A study of the singularity exponent on the fibre orientation was
reported in [115].
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Fig. 5.16: The displacement and stress components on the circular path » = 0.001 mm of an interface
crack wy = 180°, wo = —180°. Materials are defined in Tab. singularity exponents are
01 = 0.5+ 0.02474i, §o = 0.5 — 0.02474:.

5.1.8 Problem redefinition for modelling an isotropic/transversally isotropic
bi-material notch

The LES formalism is primarily derived for anisotropic materials. If the the Young’s and shear
moduli, Poisson’s ratios are equal in the longitudinal and transversal direction, respectively, the
stiffness matrix attains the form of the isotropic material. Nevertheless, using of the relations
defined in causes that the matrices A and L are degenerate or non-semisimple and can-
not be no longer inverted. There are double material eigenvalue 12 = i. Let us consider a
bi-material notch composed of one isotropic and one transversally isotropic material. To de-
scribe the elastic field of the isotropic material, the Muskhelishvili complex potential method
was implemented in the framework of previously described LES formalism. Though authors
in , , dealt with bi-material orthotropic/isotropic notches, nobody published
detailed results for notches with complex values of §.

Let us distinguish the parameters describing the isotropic material with asterisk. The com-
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Fig. 5.17: The displacement and stress components on the circular path r = 2mm of an interface crack

wy; = 180°, we = —180°. Materials are defined in Tab. singularity exponents are §; =
0.5 4 0.02474i, 69 = 0.5 — 0.024744.

plex potentials f*(z) are assumed as [125]

df
£(2) = f(2) + (- 2) Q d(;), (5.80)
where
00
Q= 10
The components of complex potentials are sought in the form of
£(z) = L (5.81)

The Muskhelishvili complex potentials ¢(z), 1(z) are assumed in the same form as in (5.8)), i.e.

p(2) = 2", P(z) = 20vy, (5.82)
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o1 %] 01 Hy [MPa - mm'~%]
! P Hy [MPa - mm!~%2]
90 0.5672 186.8

0.9456 131.9
0.5186 529.8
125 0.7647 —45.72
170 0.5187 + 0.01890: —33.89 — 692.57
0.5187 — 0.018901 —30.63 + 625.8¢
180 0.5+ 0.024743 —26.91 — 542.14
0.5 —0.024743 —23.04 + 464.13

Tab. 5.5: GSIFs for four transversally orthotropic bi-material notches defined by w; and we = —180° and
material characteristics in

where the complex variable z now becomes
z=r(cosf + isinf). (5.83)

Note that if the eigenvalues p1 2 = ¢ of the degenerate material are substituted into the sim-
plified notation , the same relation as are obtained. However, this representation
provides only one linearly independent complex potential. The second potential is created by
differentiation of the first one, because a function and its derivatives are linearly independent.
The displacements and stress functions are expressed as

u(z) = A*Zy + A Z W, (5.84a)

T*(2) = L*Z*v + L Z" w, (5.84b)

with matrices A* and L* defined as follows:

L1 [k —i L L]io—i
A_4Gz'[m 1]’ L_2[1 1]' (5.85)

k = 3 — 4v for plane strain and k = (3 — v)/(1 + v) for plane stress, where v is the Poisson’s
ratio of the isotropic material, and G is the shear modulus defined by

E

=500 (5.86)
Applying ([5.80)), the function (5.13]) attains the form
1) S 4100
w5 z 0| r’e 0
Z" = [(2— 2) 62071 z‘S] N l—%r‘sé ¢0=D0ging o ewe] ’ (5.87)
The complex conjugation of ((5.87) leads to:
o ,—166
= re 0
z = l2ir‘55e_i(6—1)9 sinf 70 e_"(w] ' (5.88)

In the following paragraphs, the eigenvalue problem for an isotropic/transversally isotropic
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bi-material notch is modified. When the relations for displacements and stress functions are
known for both material states, the eigenvalue problem can be redefined in terms of the equations
and . Let us consider the bi-material notch geometry in Fig. where the material
1 is isotropic, characterized by the material parameters £ and p. Let us redefine the matrices

(5.85)), (5.84) and (5.87) for the region I as:

Al=A* L'=L*
u=u, T =T¢ (5.89)

16 _ rpxd 16 _ %6
Zl_Z17 Z _Z07

while the corresponding relations for region II remain unchanged. The eigenvalue problem is
introduced by substituting these relations into the boundary conditions (5.17) and (5.18). The
system of eight homogeneous algebraic equations has the same form as ([5.19). Note that the
identity is valid also for the isotropic material, i.e.

7 =1, Z.=1L (5.90)

Then, the eigenvalue problem can be modified and reduced by 7. All other procedures
remain identical, with complex potentials and material matrices corresponding to the considered
region, i.e. the normalization ([5.41al) or (5.41b)), shape functions and the U-integral (5.47)—
(5.69). The finite element model has the same properties and geometry, except for the material
1, for which isotropic properties are considered.

The relations for the asymptotic stress extraction have to be also modified. The
stresses have the following form:

ot =Hir" I L, (0) + Hor®7IX5,, (0),

o2 =Hyr XL, (0) + Hyr™ X5, (), (5.91)
where the derivatives of the shape functions are given by
X0y (0) = B 6,Z0 7 0)v, + B 6Z " (O)wi, i=12, (5.92a)
N2 (0) = L6200 + T 627 0wy, i =12, (5.92b)
where
B* = % E’ :ﬂ (5.93)
and
701 = p0-1g#0-1(g) = 01 [_%5(5 iellé‘sez;;:)e o 561‘(2_1)9] 7
=xd—1 S_15%0—1 S—1 §e—i(6—1)0 0 (5.94)
2 =2 0) = l%é(é 1) e—i-20 i 58_1‘(5_1)9] .

Subscripts ;, and ;, denote differentiation with respect to 1, x2.
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Fig. 5.18: (a) Dependence of the singularity exponents ¢; on the notch angle wy, material 1 is defined by
E =200 MPa, v = 0.3, material 2 is stated in Tab. (b) the oscillatory index € dependence
on the Young’s modulus E of the material 1 and four cases of material 2.

Example 6: Singularity exponents and displacement and stress reconstruction in the
vicinity of the isotropic/transversally isotropic bi-material notch tip For the sake of
brevity, we do not repeat all studies of the previous notch material configuration and we focus on
the most interest ones, in which the different behaviour of the actual notch material configuration
is expected. Let us consider a bi-material notch, where the material 1 is isotropic with following
material properties: E = 200MPa, v = 0.3. The material 2 is transversally isotropic with
material properties stated in Tab. Firstly, a study of the singularity exponent § dependence
on the notch angle wy is performed, while wy = —180° remains fixed. The result is illustrated
in Fig. It can be seen that the graph is similar to Fig. for transversally isotropic
bi-material notch.

A subsequent study was realized in order to investigate a variation of the oscillatory indices.
Fig. [5.18(b)| shows the dependency of the oscillatory indices on the Young’s modulus E of
the material 1 for four cases of longitudinal moduli E}, of the material 2. We see that the
oscillatory indices are always symmetric with respect to zero, because the eigenvalues § are
complex conjugate. Then, the zero value of the oscillatory indices, contrary to its non-zero
value implicitly assumed in the literature, is expected for the particular values of E. The zero
values of ¢; are successively for £ = 50.73 GPa, F = 69.51 GPa, E = 90.71 GPa, E = 107.5 GPa.
A correlation of these moduli with another material parameters is not obvious.

The effect of the fibre orientation oy on the oscillatory indices for three Young’s moduli of
the material 1 is illustrated in Fig. The oscillatory indices for an isotropic/transversally
isotropic bi-material notch do not depend on the fibre orientation of the material 2.

The integration radius of the U-integral procedure is chosen in accordance with the previous
bi-material notch configurations. Let us consider a bi-material notch defined by w; = 170°, we =
—180°. The material parameters of the material 1 are £ = 200 MPa and v = 0.3 and properties
of the material 2 are adopted from Tab. but with fibre orientation ag = 50°. The FEM
model is loaded according to Fig. With O_;ppl = 100 MPa. Two complex conjugate singularity
exponents 012 = 0.5092+0.03547 are obtained. The GSIFs are H; = 532.14-228.8¢ MPa-mm?! %
and Hy = 424.9—182.7i MPa-mm!~%2. The stresses and displacements on the radii » = 0.001 mm
and r = 2mm are shown in Fig. and Fig. respectively. A very good correspondence
between the analytical and FEM solution is observed.
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Fig. 5.21: The displacement and stress components on the circular path r = 2mm of an
isotropic/transversally isotropic bi-material notch w; = 170°, wy = —180°. Material 1 is

isotropic (F = 200 MPa and v = 0.3), material 2 is defined in Tab. with fibre orientation
ag = 50°, singularity exponents are d; = 0.5092 4 0.035361, d5 = 0.5092 — 0.035364.
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5.2 Stress singularity of a piezoelectric bi-material notch and in-
terface crack

The analogy between theories describing pure anisotropic elasticity and piezoelectric electro-
mechanical behaviour was outlined in section With respect to the material symmetry,
monoclinic materials with the symmetry axis parallel to x3 = 0 have to be considered. This
is the most general configuration when the expanded LES formalism can be employed. Then,
stress and displacement relations in the xg direction are functions of the 21 and x5 coordinates
only. The in-plane and anti-plane fields are decoupled, which enables the problem simplification.
Under the assumption of external loads parallel to the plane defined by xz3 = 0, we can focus
only on the in-plane field. Note that the anti-plane stresses or strains are not zero, but their
effects are induced by in-plane loads. More detailed studies of anti-plane fields were reported in
[53, 126, (127] 128|129, {130, [131].

The present research of singular stress concentrators in the piezoelectric materials as well as
in the anisotropic ones is mostly limited to the cases when the principal material directions are
in coincidence with the global Cartesian axes. This brings about simplifications of the governing
equations in the same manner as for pure anisotropic elastic bodies described by the equations
f. Additionally, there has also been a gap in linking between bi-material piezoelec-
tric notches and interface cracks, which are investigated dominantly as the Hilbert problem (see
[25, 126, 196, 98, [132]).

5.2.1 Formulation of the fundamental equations describing stress singularity
of a piezoelectric bi-material notch

In the following paragraphs the expanded LES formalism for piezoelectric media introduced in
section is investigated. The in-plane complex representation of displacements and stresses
for a piezoelectric bi-material wedge with the generally complex singularity exponents §; has the

same form as (5.1)), i.e.

u(z) = AZ% —i—ﬁaw, (5.95a)
T(z) = LZ’v + LZ w, (5.95b)
where
Ul T
u(z) =uzp, T(z)=1Ts ¢, (5.96a)
¢ Tp
ail a2 a4 —p1 —p2 —pabs U1 wy
A= az1 a2 a4 |, L= 1 1 f4 , V= v2 0, W= w9 . (596b)
(41 Q42 Q44 & —& -1 v3 w3

Elements of the matrices A and L are introduced in and . To avoid a confusion,
we kept the index 3 for the anti-plane parameters (consistent with pure anisotropic elasticity).
But this was not applied to the eigenvectors, their indices do not have a directional corre-
spondence. The singularity exponents d; and their corresponding eigenvectors are determined
through the satisfaction of the boundary conditions at the tip of the bi-material notch.
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5.2.2 Transversally isotropic materials

A poled piezoelectric ceramic has different material characteristics in the direction of poling
than in the plane perpendicular to poling, in which the material behaviour is isotropic. Similarly
to pure anisotropic elasticity, the matrices A, L are non-degenerate if the poling direction is
perpendicular with the x3 axis. In the case of semi-degenerate or degenerate materials, i.e.
when the poling direction coincide with x3 axis, the general solution requires a special
treatment, see [17), p. 385].

Poled piezoelectric ceramics have transversally isotropic properties in the sense of both
elastic and electric characteristics. We focus only on these technical types of non-degenerate
ferroelectric materials with hexagonal crystals. The typical representatives are lead zirconate
titanate, such as PZT-4, PZT-5H, PZT-6B, PZT-7, PZT-7A, barium titanate BaTiOg3, or zinc
oxide ZnO. These functional ceramics possess very good actuating strain (maximal to 0.2%),
high stiffness and a fast response.

The complex function Z° has the form

Z = diag [}, 25 23] , (5.97)

where
zi = a1+ pixe, = 1,2.3. (5.98)

The material eigenvalues are evaluated from reduced to the in-plane problem. Three
material eigenvalues p1, o, ,u are obtained for each material. The complex function Z° can be
also expressed in the polar coordinates in order easily specify the boundary conditions. Using
(5.10), (5.12), (5.14) and , in which the indices are extended to i = 1,2,3, we can write

Z? = diag {T‘SR‘{ i1 I RS £10V2 O RS ei‘s%} (5.99)
and for the complex conjugate function
7" = diag [T(SR? e 0V pORS e0V2 1O RS e_i‘s%} : (5.100)

5.2.3 Formulation of the eigenvalue problem

With the previous assumptions, the eigenvalue problem presented in section [5.1.3] can be ex-
panded to the piezoelectric materials. The boundary conditions express that the notch
faces are traction free and electrically insulated (impermeable, i.e. charge-free and the normal
component of electric displacement D vanishes). The boundary conditions imply that
normal electrical displacement is zero on the notch faces, i.e. DL = DIl = 0. This electric
boundary condition is still debated, but it requires much simpler mathematical treatment and
the zero surface charge condition is not violated, if one material has significantly higher permit-
tivity than the second one, e.g. a piezoelectric ceramic in a contact with air |[70]. The conditions
assure stress and electric displacement continuity in the direction normal to the interface,
and displacement and electric potential continuity. The eigenvalue problem has the same
structure and the identical algebraic modifications f expanded to the dimensions of
the piezoelectric problem can be employed. Here, the matrix 0 is 3 x 3 on the left-hand side,
12 x 1 on the right-hand side and I is a 3 x 3 identity matrix. The unknown exponents §; can
be determined from the nonlinear characteristic equation . Within the dissertation, values
bounded only on the interval 0 < R {d} < 1 are considered.

3The eigenvalue p4 will be solution of the anti-plane characteristic equation Iy (n) =0.
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Fig. 5.22: Geometry of a bi-material notch characterized by two regions I and II. The notch faces are
defined by angles w; and ws. The bi-material interface is always considered at § = 0. The
angles a; and ay denote poling directions of the materials I and II, respectively.

The auxiliary solutions needed for the determination of GSIFs by using the W-integral is
constructed in the same manner as for the pure anisotropic elasticity, i.e. considering 5= -0 as
the exponent of the auxiliary solution. The eigenvectors ¥! are evaluated by reinserting of the
exponents 5; into by employing . The remaining eigenvectors VI, w! and W' can
be determined from , and .

Example 7: Material eigenvalues of a piezoelectric material Let us consider a piezo-
electric material with poling direction parallel with the xxo-plane. The poling direction is
characterizes by the angle «; (see Fig. . Note that poling has a directional character,
which corresponds to the polarization. It means, contrary to the fibre orientation of pure
anisotropic elastic materials, that the poling direction rotated about for example 90° and —90°
does not give the identical material behaviour. The stiffness and permittivity matrices Sp and
B, respectively, have the same structure for both poling orientations, but the only difference
is in the structure of the piezoelectric matrix g, of which elements have opposite signs for the
above mentioned poling configurations. We will apply the formalism on common transver-
sally isotropic piezoelectric materials, whose elastic, piezoelectric and electric characteristics are
stated in Tab. In many studies, the material properties are defined for poling in z3-axis.
To keep the formalism consistent with the LES for pure anisotropic elasticity, the poling direc-
tion is considered parallel with zi-axis. The elastic, piezoelectric constants and permittivities

. E E E E E E

can be reordered by the following procedure: Cy;*' = C33™, C3™ = C13"*, O™ = C13™,
Exy _ ~FExs ~Fax1 _ ~Fzx3 _x _ _x3 _x1 _ _x3 _T1 __ T3 €,T1 __ €T3 €01 __  E,T3

Co' = O 0y = Oy, eq] = €53, €15 = €13, €35 = €13, Wi] = = ws3~, Woy ' = wij

where the superscripts **! or **3 stand for poling in the x1- or x3-axis, respectively.
Since the in-plane problem only is considered, the material eigenvalues are evaluated from

the second bracket in Eq. (4.123)):
La(w)pa(p) — m3(n) =0, (5.101)

where l4(p), p2(p), ma(p) are defined in (4.120b). The using of the same numerical procedure
as in the case of pure anisotropic elasticity is conditioned by the formulation of the equation

(5.101)) in the form of a polynomial, i.e

ao + aip + aop® + asp® + agpt + asp® + agp® =0, (5.102a)
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material constants P7ZT-4 PZT-5H PZT-6B PZT-TA BaTiO3
Cch %1010 [Pa] 11.3 11.7 16.3 13.1 14.6
CE %1010 [Pa] 7.43 5.30 6.00 7.42 6.60
02% %1010 [Pa] 7.78 5.50 6.00 7.62 6.60
Cck %1010 [Pa] 13.9 12.6 16.8 14.8 15.0
CcE x 1010 [Pa] 2.56 3.53 2.71 2.54 4.40
e11 [Cm~2] 13.8 23.3 7.10 9.50 17.5
€12 [Cm~2] -6.98 -6.50 -0.90 -2.10 -4.35
€26 [Cm~2] 13.4 17.0 4.60 9.70 11.4
wiy x1072 [C(Vm)~Y] 5.47 13.0 3.40 7.35 11.2
who %1079 [C(Vm)~!] 6.00 15.1 3.60 8.11 9.87
Tab. 5.6: Material properties of some transversally isotropic piezoelectric ceramics poled in x1-direction
123, 124, |25].
poling direction 1 2 13
a=0° —0.2183 + 0.864831 0.83961 0.2183 + 0.86483¢
o = 50° 0.0944 + 1.3004: 0.1266 + 0.7898: 0.1757 + 1.0154¢
o = 90° —0.2744 + 1.0871i 1.19104 0.2744 + 1.08714
a = 180° —0.2183 + 0.864831 0.83961 0.2183 + 0.86483:

Tab. 5.7: Material eigenvalues for certain poling directions « of PZT-4.

where

. Al2
ap = 522 99 — G52,

DA DA
Séﬁ By5 + 552 B1% + 932912 + 926))
) /a - 45%%1% - Ségﬁla — 2055 (951 + d16) — (912 + 956)°

al = (
—(28

az =2 (5116)/3 D+ Ség) 315, + Séle.)ﬁu + §11952 + (912 + G56) (G51 + 936)) ; (5.102b)
—(285
( /o

a9 =

> 1"1 — 48123 — SE B — 2851 (912 + dhe) — (9h1 + 916)%
fé + 311 (991 + ﬁies)) ,

ay =
ay =

&1D A ~12
ae = _5115 — 911-

Then, the numerical procedure polynomial.polyroots from numpy library can be employed. In
the case of an in-plane piezoelectric problem, three pairs of complex conjugate material eigen-
values are obtained. They are reordered according to .

In many studies, the poling direction is considered parallel with either x1- or xo-axis. Then,
the material eigenvalues have the form p1 3 = Fa + bi, p2 = ci. When an arbitrary fibre orien-
tation is considered, the real and imaginary parts of p; and ps are distinct. This is illustrated
in Tab. for PZT-4. The values for poling direction v = 90° agree with those in [52]. Note
that for the cases & = 0° and o = 180° we get equal material eigenvalues, but as was mentioned
in the previous paragraph, the material behaviour is different due to the opposite signs in the
piezoelectric matrix g'.
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Fig. 5.23: The HSV phase portrait of the characteristic function f(8) = det[K(I—Y})~!] defined in (5.36)
and the contour plot for f(§) = 0 for a PZT-5H/BaTiO3 bi-material notch with geometry
wy = 120°, wy = —180°. The intersections of the curves of different colour give the searched
roots.

Example 8: Singularity exponents and eigenvectors of a piezoelectric bi-material
notch The exponents §; can be also real or complex, but there are certain dissimilarities in
comparison to pure anisotropic elasticity. In the root-finding procedure findroot, the Muller’s
method was chosen instead of the default secant method, which provided incorrect roots for
some notch and material configurations or converged very slowly. The tolerance error remained
1x 10715,

Let us consider PZT-5H/BaTiOg3 bi-material combination (the order will always be material
1/material 2) and a bi-material notch described by w; = 120° and we = —180°. In all following
examples, the poling direction is parallel with zo-axis (a1 = ay = 90°) if it is not specified
otherwise. The phase portrait of the transcendental function is depicted in Fig. We
have obtained three real roots d; = 0.5226, d5 = 0.5770 and d3 = 0.7462 of the characteristic
function on the interval 0 < R{d} < 1. In the case of an interface crack (w; = 180°),
there are two complex conjugate roots d; = 0.5 + 0.01293i, do = 0.5 — 0.01293¢ and the third
root is real, 63 = 0.5, see Fig. The real parts of the exponents are equal to 0.5. The
imaginary part of the complex conjugate roots di 2 is the oscillatory index. The characteristic
function has two poles in the points § = 0 and § = 1 in the case of the notch as well as
the interface crack.

Different results are obtained when we consider an interface crack between PZT-5H and
PZT-4 materials. Note that the crack faces are considered to be impermeable, i.e. free of
electric charge. One can see in Fig. that there are three real roots §; = 0.4558, do =
0.5 and d3 = 0.5442 contrary to complex ones in the previous material combination. Why is
the oscillatory index missing? Actually, it is not missing. The answer will be more clear by
comparing the results with Ou and Wu , who investigated the interface crack in terms of
the Hilbert problem, e.g. . They found out that there are two types of singularities in the
case of an interface crack between two piezoelectric materials — the oscillatory singularity when
exponents have the oscillatory index € or non-oscillatory singularity with the parameter ¢x. In
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Fig. 5.24: The HSV phase portrait of the characteristic function f(8) = det[K(I — Y})™!] defined in
(5.36]) and the contour plot for f(§) = 0 for a PZT-5H/BaTiOj3 interface crack with geometry
wyp = 180°, wy = —180°. The intersections of the curves of different colour give the searched
roots.

the first case, the eigenvalues have the form
012 = 0.5 £ ie, (5.103)

while in the latter case
013=0.5xi(ik) =0.5Fk, (5.104)

which are real numbers. The bi-materials with an interface crack are then divided into two
classes: e-class and k-class. Contrary to the Hilbert problem formulation used in , the
employed procedure for solution of the eigenvalue problem and does not provide
for k-class bi-materials the parameter ix and the value 0.5 separately, but they are merged in
the resulting roots d of the characteristic function . When taking a look at the exponents
for the PZT-5H/PZT-4 bi-material more closely, it can be seen that §; and d3 are symmetric
with respect to the do = 0.5. Then the parameter x can be extracted by subtracting the value
0.5 from &7 or 3, respectively. The obtained results of §; and do for e-class or §; and d3 for
k-class bi-materials compared with the values reported in the literature are summarized in Tab.
and Tab. The remaining exponents are always d3 = 0.5 or do = 0.5, respectively. Tab.
m gives the parameter x extracted from the obtained exponent using Eq. . One can see
that the all received values of §; and do or d3 coincide with the values reported in , .

A study of the dependence of the exponents ¢; on the notch angle w; shows us more about
the differences between particular bi-material classes. Let the angle wy = —180° be fixed and
the angle w; changes on the interval 0 < w; < 180°. The dependence of the exponents §; on
the angle wy for PZT-5H/BaTiO3 bi-material is shown in Fig. Similar behaviour can
be obtained for all e-class bi-materials. The eigenvalues d; and do are real-valued almost in the
whole interval 0 < w; < 180° except for the values w; > 168°, where they become complex
conjugate. Note that the imaginary part of d2 is not plotted because it has the same values
as §{d1} but with an opposite sign. The third exponent 3 corresponds to the non-singular
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Fig. 5.25: The HSV phase portrait of the characteristic function f(8) = det[K(I — Y})™!] defined in
(5.36) and the contour plot for f(6) = 0 for a PZT-5H/PZT-4 interface crack with geometry

wy = 180°, wy = —180°. The intersections of the curves of different colour give the searched
roots.
bi-materials 01 O2 oscillatory index  comparison with
€ Ou and Wu
PZT-5H/BaTiO; 0.5+ 0.01293¢ 0.5 —0.01293¢ 0.01293 0.0130
PZT-5H/PZT-6B 0.5+ 0.02189¢ 0.5 — 0.02189: 0.02189 0.0219
PZT-5H/PZT-7TAf 0.5+ 0.00697¢ 0.5 — 0.006974 0.00697 0.0069
PZT-6B/PZT-7A 0.5 + 0.005474 0.5 — 0.00547¢ 0.00547 0.0055

612 =0.5+0.00697i computed by Hwu and Kuo by using the expanded Stroh formalism

Tab. 5.8: Oscillatory indices of e-class bi-materials and their comparison with results in .

character of the stress and electric displacement field at the notch tip because d3 > 1 up to
wy; = 78° and it is always real. The real parts of complex conjugate eigenvalues §; and do as
well as the third exponent d3 converge to the value 0.5 for w; — 180°. It has to be pointed out
that 3 is not equal to the real parts of neither §; nor Jy for very closed notch configurations.
The dependency for other material combination, PZT-7A /BaTiOs, is stated in Appendix Dl in
Fig. It is obvious that the oscillatory index € emerges in considerably smaller region of the
angle wy than in the previous case.

The same study was carried out for PZT-5H/PZT4 bi-material, one of representatives of the
k~-class bi-materials. One can see in Fig. the different dependency of the exponents §; on
the wy in contrast to the previous study. The third eigenvalue d3 provides the stress and electric
displacement field at the notch tip, which is singular when d3 < 1 for w; > 75°. Moreover, it is
real-valued in the whole interval 0 < w; < 180°. The exponents §; and o are complex conjugate
for 139° < wy < 166°. For the interface crack as the limit case of the notch, the exponent o
converges to 0.5, while the exponents d; and d3 become symmetric with respect to the exponent
02. The same bi-material was investigated by Hirai et al. . Unfortunately their results do
not agree with our ones.
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bi-materials 01 03 non-oscillatory comparison with

index & Ou and Wu [25]
PZT-4/BaTiO3 0.44914 0.55086 0.05086 0.0508
PZT-4/PZT-5H 0.45585 0.54415 0.04415 0.0442
PZT-4/PZT-6B 0.48316 0.51684 0.01684 0.0168
PZT-4/PZT-7A 0.47525 0.52475 0.02475 0.0247
PZT-6B/BaTiOg 0.49039 0.50961 0.00961 0.0095
PZT-7A/BaTiOg 0.47936 0.52064 0.02064 0.0206

Tab. 5.9: Non-oscillatory indices of x-class bi-materials and their comparison with [25].
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Fig. 5.26: The exponent §; dependence on the notch geometry w;. Poling directions are oy = 90°,
Qg = 90°.

Comparing the graphs in Fig. one can conclude that the bi-material classification
introduced by Ou and Wu [25] for interface cracks cannot be applied to bi-material notches with
a geometry characterized by an arbitrary angle wy. Depending on the angle w; both bi-materials
PZT-5H/BaTiO3 and PZT-5H/PZT-4 exhibit both the e-class type and x-class type behaviour.
In the case of PZT-5H/PZT-4 bi-material there exists even a value range of 139 < w; < 166°
where simultaneously € and k differ from zero.

Ou and Wu bi-material classification also fails for interface cracks if one of the poling angles
aq and/or «ay differs from 90° as can be seen from the dependency of the exponents §; on the
poling angle a; while the angle s = 90° remains fixed. The PZT-5H/BaTiO3 bi-material
combination in Fig. leads to two complex conjugate exponents §; and do in a small
interval 70° < a3 < 90° while their real parts are equal to 0.5. The third exponent is constant
03 = 0.5. The exponents d; and d3 become abruptly real-valued and symmetric with respect to
09 for the remaining values of a;. Observe that with increasing miss-orientation of the poling
orientations the exponent ; starts to decrease and reaches a lowest value for anti-parallel poling
orientation, i.e. for @y = —90°. It is worth of noting that the stress and electric displacement
field at the tip of the interface crack exhibits then a strong singularity, i.e. §; < 0.5.

The PZT-5H/PZT-4 bi-material notch has the real exponents ¢; in the agreement with Ou
and Wu bi-material classification. In this case, the maximum of the singularity exponent §; is
again reached for parallel poling orientation and the minimum for anti-parallel poling orientation.
The same parallelism effect of poling directions of the both materials in the cracked bi-material
is shown in Figs. [D.2(a)| and |[D.2(b), but for the case of a; = aa = 0. The result that the
always parallel poling directions maximize the singularity exponent of the stress and electric




5.2.3 FORMULATION OF THE EIGENVALUE PROBLEM 97

| — R} — R0} 63 —— s{al}| — & — 5 53|
0.58 T T T T T T - 0.030 0.65 - - : - - . T
0561 & J0.025 0.60 |- % 1
ose| 1) N
Jo. 0.55 |- §
052l 0.020
= 050 00155 = 050
& lerd
048 H0.010 0.45 | i}
0.46 |
Y o. 0.40 P ]
044} 0.005
042 1 1 1 1 1 1 1 0000 035 1 1 1 1 1 1 1
180 —135 -90 -45 0 45 90 135 180 180 —135 -90 -45 0 45 90 135 180
o1 [°] a [°]
(a) PZT-5H/BaTiO3 (b) PZT-5H/PZT-4

Fig. 5.27: The dependence of the interface crack exponents §; on the poling direction «;. The poling
direction ag = 90°.
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Fig. 5.28: The dependence of the interface crack exponents §; on the poling direction «;. The poling
direction oy = .

displacement field independently on the orientation of the poling directions with respect to the
crack plane, is illustrated in Fig. [5.28

The similar study was performed for non-symmetric bi-material notches. Two characteristic
notch configurations have been investigated to get an idea about the exponents d; behaviour.
Consider the PZT-5H/BaTiO3 bi-material notch defined by w; = 120° and wy = 180°. It is
shown in Fig. that there are three real exponents §;. Fig. |5.29(a)|shows that variation
of the poling direction ay does not affect the exponents d;, which remain real-valued. In contrast
to that result, the PZT-5H/BaTiO3 bi-material notch has two complex conjugate exponents 41,
09 and the real one d3 for 80° < ay < 130°. Three real exponents §; occur for the remaining
values 0 < a7 < 80° and 130° < a7 < 180°. Similar behaviour can be seen in Chen for
a right angle wedge in PZT-5H/PZT-4 bi-material. Thus, it can be concluded that the £ and
k classification of a bi-material is applicable only for an interface crack with poling directions
a1 = ag = 90°. It follows from the above investigation that a bi-material notch problem solved
by (5.22) and (5.21)) can have either three real exponents §; or two complex conjugates exponents
01, 6o with an oscillatory index € and one real exponent d3. Closing a notch by w; — 180°, two

unique exponent developments — type A (Fig. [5.26(a)|) or type B (Fig. |5.26(b)|) are observed for
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Fig. 5.29: Dependence study of the singularity exponents d on the poling direction «; for two geometries
of a bi-material notch. Poling direction as = 90°.

the poling directions a; = ag = 90°. Their limit configuration, an interface crack for w; = 180°,
has either three real exponents (two d; and d3 symmetric with respect to third one dy = 0.5)
or two complex conjugate exponents 61, do with real parts 0.5 and one real exponent d3 = 0.5.
However, by changing the poling direction a;, bi-materials can switch from one to another set of
exponents ¢;. Furthermore, the interface crack is the only one concentrator where the symmetry
of two exponents, e.g. §; and d3, with respect to the third one ds occurs. That is the reason why
the classification introduced in Ou and Wu [25] cannot be used in the present study for general
singular stress concentrators.

As a piezoelectric bi-material notch has two characteristic sets of exponents, eigenvectors
have also two typical forms. A disproportion of elastic, piezoelectric and permittivity constants
causes that the matrices appearing in the constitutive laws are ill-conditioned and hence the
procedure scipy.linalg.eig gives erroneous results. For this reason, it is suitable to use an

alternative method of the evaluation of the eigenvectors V%, vl W%, W,%I and their auxiliary

7

complements v}, v, Wi, wil. By substituting §; into (5.28) (or (5.33) if &; is complex) we get
K*(5;)v} =0, (5.105a)

where

1

K =K(1-Y}) , v =2:{LV'} =0, or v'=2Livl. (5.105b)

Eq. (5.105a)) can be expressed in the matrix form as

K 11 12 K 13 1Y
1k 1k 1%

Ko Koy Kol 40
1% 1% 1% 1%

K3 K3 Kiz| (vs

(5.106)

S
[\
Il
o oo

Because of the singularity of the matrix K*(d;), one vector component is chosen, i.e. v =1, to
eliminate one row of K*(d;). The system (5.106) is then reordered as follows:

Kii ki) foir) _ K
lKé’i K| et ) K5 [ 0107
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1
1.01825 + 2.47345¢ 1.01825 — 2.47345:¢
—0.19379 — 0.01713: —0.19379 + 0.01713:
—1.43309e—10 + (6.58147e—10)i —1.43309e—10 — (6.58147e—10)3
0 1.23043 + 1.743044 1.23043 — 1.74304¢
—0.76890 4 0.114767 —0.76890 — 0.11476¢
—3.18326e—10 + (4.16499e—10)3 —3.18326e—10 — (4.16499e—10)17
—0.20437 + 1.717361 —0.20437 — 1.71736:
0.09387 + 0.045361¢ w! 0.09387 — 0.045361
—3.58696e—10 + (3.89404e—10)i —3.58696e—10 — (3.89404e—10)i
02 0.09557 + 1.910801 0.09557 — 1.91080:
—0.07205 — 0.025461 = —0.07205 + 0.025461
—4.09823e—10 + (3.45040e—10)3 —4.09823e—10 — (3.45040e—10)17
—0.29351 + 0.630302 —0.29351 — 0.63030:
—0.06068 — 0.132162 —0.06068 + 0.13216:
—8.14879¢—10 — (1.34862e—10)7 —8.14879¢—10 + (1.34862e—10)3
0 —1.31872 4 0.87143: —1.31872 — 0.87143:
vil = —0.20858 — 0.66727: wil = —0.20858 4 0.66727:
—5.08349¢—10 — (2.90745e—10)3 —5.08349¢—10 + (2.90745e—10)3

Tab. 5.10: Eigenvectors corresponding to exponents §; = 0.5154, do = 0.5642 and d3 = 0.7299 of a
PZT-5H/PZT-4 piezoelectric bi-material notch for w; = 120°, wy = —180°, a3 = 90° and
Qg = 90°.

The remaining vector components can be now solved as an ordinary system of two linear equa-
tions. In connection with the LES formalism we can define

R{LVI} = { ot . (5.108)

The eigenvectors Lv! can be firstly normalized by using (5.41a)) or (5.41b) and subsequently
evaluated by applying (5.30) or (5.34), (5.31)) and . It has to be pointed out that the
expressions (5.30)) and (5.34)) are not distinguished in the numerical algorithm.

Eigenvectors for the PZT-5H/PZT-4 bi-material notch defined by w; = 120°, ws = —180°
and poled in xs-axis are stated in Tab. while for an interface crack of PZT-5H/BaTiO3
bi-material poled in xs-axis are in Tab. It can be seen that the eigenvector structure is
same as by pure anisotropic elasticity, i.e. the eigenvectors v and w are complex conjugate for
a real singular exponent d and generally not complex conjugate for a complex-valued §.

5.2.4 Expanded shape functions

Displacements and stress functions were redefined in terms of shape functions in section
Same treatment can be done for piezoelectric materials just by extending the addend with the
third term, i.e.

u(r,f) = H1r51n1(19) + H2r52n2(9) + H3r53773(0), (5.109a)

T(r,0) = Hir' AL (0) + Hor® Xo(0) + Hsr% X3(0), (5.109b)
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1) w
0.33567 + 0.210167 0.39072 — 3.42865%
0.06121 wl = —0.10605
—1.03589¢—10 + (0.44011e—10)7 —2.62627e—10 — (9.44911e—10)3
01 0.32512 + 0.10606% 0.35495 — 3.08419¢
0.02515 wlil = 0.02265
—0.55929¢—10 + (0.16120e—10)i —0.78607e—10 — (5.22511e—10)i
0.42379 + 3.71880i 0.36407 — 0.227941
—0.11503 wl = 0.06639
—2.84852e—10 + (10 2488e— 10) —1.12356e—10 — (O 47735e— 10
02 0.38498 + 3.34518i 0.35263 — 0.115041
0.02457 wil = 0.02727
—0.85260e—10 + (5 66729¢—10)i —0.60662e—10 — (0.17484e— 10
0.24554 + 2.72943: 0.24554 — 2.729431
0.50892 wl = 0.50892
—1.90684e—10 + (7.55132e—10)i —1.90684e—10 — (7.55132e—10)i
03 0.41885 + 2.165574 0.41885 — 2.16558:
vil = 0.16229 wil = 0.16229
—0.84048e—10 + (3.65881e—10)i —0.84048e—10 — (3.65881e—10)i

Tab. 5.11: Eigenvectors corresponding to exponents ; = 0.5+ 0.012937, d2 = 0.5+ 0.01293¢ and d3 = 0.5
of a PZT-5H/BaTiO;3 piezoelectric interface crack for wq = 180°, wo = —180°, ay = 90° and
Qg = 90°.

where 1; and A; are defined in (5.43)). The matrices A, L and eigenvectors VI vH w%, w? are
expressed in Eq. (5.96bf). Components of the shape functions are

Ut Al
n(0) =Moo, (@) =Ny, i=123. (5.110)
13 A3

The complex potentials are simply expanded as

Z5 — T(izé(g) — 7,5 dlag |:R(15 e’ié‘Iﬁ’R 10Wo R§ 7,5\113] ,

0

B (5.111)
7 =

7‘526(9) —_ diag {R‘ls e 0V , Rg e*i‘s%, Rg e*iw‘"’} ,
where R; and ¥; are given by(/5.14]) and (5.15)).

Example 9: Shape functions of a piezoelectric bi-material notch The shape functions
of a PZT-5H/PZT-4 bi-material notch with face angles w; = 120°, wy = —180° and an interface
crack for PZT-5H/BaTiO3 bi-material are shown in Fig. and Fig. The structure of
the functions is identical with the shape functions of pure anisotropic elasticity, i.e. when the
eigenvalue is complex, so is the shape function. The third components of 17 and A were depicted
in a separate graph due to its scale and units. It is worth noticing that n; and 72 correspond to
the displacements u, while n3 is related to the electric potential ¢. The shape functions A; and
Ao are related to the stress function T, A3 describes the electric displacement D.
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5.2.5 Determination of the generalized stress intensity factors

This paragraph directly follows section [5.1.5] which introduced the W-integral applied to pure
anisotropic bi-material notches. The definitions f assume traction free notch faces.
Considering of piezoelectric material implies that the notch faces are also electrically imperme-
able, i.e. D, = 0 along the notch faces, as follows from the boundary conditions . It makes
sense from the physical point of view. When the face is not mechanically loaded, it means that
it is in a contact with air, which has permittivity very close to vacuum and the circuit is open.
This is the most common case that can be investigated in engineering applications. If the notch
faces will be in a contact with a body of higher permittivity, the boundary conditions will
be different and the whole formalism including the WU-integral has to be modified. Within
the following section, traction free and electrically open (impermeable) notch faces are assumed.

The relations for the auxiliary solutions and corresponding auxiliary shape functions
were expanded according to the dimensions of the piezoelectric problem, i.e. ¢ = 1,2,3.
The eigenvectors v, W are computed by using the same algorithm described in Example 8 just by
substituting 6; = —0;. The development of the auxiliary solutions corresponding to the regular

solutions depicted in Fig. and is shown in Appendix (Fig. and |D.4)).
Substituting ((5.109b)) into ([5.50) we get the traction vector

—t(r,0) = Hyr' TN (0) + Hor®> IS (0) + Hyr® 1 5(0), (5.112)

where ()" denotes differentiation with respect to § and X'(6) is defined in (5.52)). The auxiliary

solutions corresponding to Eq. (5.112]) are expressed in (5.55)) and (5.56]). The first derivative
of the complex potentials Z°(6) and 25(9) can be written as:

(z° (9))' = diag [6R] ! /O~ D" [~ sin(6) + p cos(0)],
SRS et O=D¥2 [_sin() + g cos(6)]
SRS /00 [ sin(0) + iz cos(9)]]  (5.113)
and

(zé(g))/ — dlag |:6R(1$_1 e—i((S—l)‘I’l [— sm(@) + ﬁl COS(H)] 5
6Rg_1 e 012 [—sin(@) + 7y cos(0)]
SRS e 1O [ sin(6) + i cos(9)]] . (5.114)

The substitution of these regular and auxiliary solutions for the piezoelectric problem into
maintains all the orthogonality and path-independence properties of the W-integral and does not
modify the relations @ f.

The second integral @ is constructed in the same manner as for pure anisotropic bi-
materials, i.e. by using the auxiliary displacements and tractions as the virtual state and the
FEM solution as the full-field one. The tractions are computed by using the Cauchy’s formula
t; = o;jnj expanded to piezoelectric problems, i.e.

tFEM — G FEMp) (5.115)

where oFF

M s the expanded two-dimensional stress-electric displacement tensor
FEM FEM
011 012

oM — | GEEM 5 TEM (5.116)
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and n has the same form as in (5.66). The displacement vector is expanded with the elec-
tric potential ¢ as the third component, i.e. ufFM = [u?EM,ugEM,gZ)FEM]T. The integral

U (uFEMer*‘;iﬁi(Q)) has the form

U (M 0, (0)) = @ (Hurdny (0) + Haor2my(60) + Harns(0),r, (0)) =
= Hy (17, (0),r27,(0)) + Ha® (rP2my(0),r%47;(6)) +
+ HaW (r5n3(0).7%,(0)), i =1,23. (5.117)

Applying the orthogonality (5.62)), three separate relations are obtained:

W (a0, (0)) = HL (v (0). 0 (6)
W (M, (0)) = HoW (r2m(0).r 5 (0)) (5.118)
W (uNMr iy (0)) = Ha® (rmg(0).r; 2 05(0))

from which three generalized stress intensity factors for a piezoelectric problem can be expressed:

\IJ( FEM —51 9))
(v (0),rc i, (0))

H, = \P( e )) (5.119)
U (r20,(0),rc 25(6))

\I,(FEM 5577 ))
U (r¥ns(0),re #75(0))

H) =

Hs =

5.2.6 Finite element model of a piezoelectric bi-material notch

The finite element model for a piezoelectric bi-material notch was based on the model for the
anisotropic bi-material notch described in section[5.1.6] The notch geometry, mesh structure and
topology remain unchanged (see Fig. . The difference resides in the element type. ANSYS
has PLANE223 at coupled field analyses’ disposal. Plane piezoelectric problems are treated by
using 8-node quadratic element PLANE223. By setting KEYOPT,e_type,1,1001 an electrostatic-
structural coupled field analysis with piezoelectric effect is enabled. We have to pay heed to
some issues.

At first, there are only two plane deformation states to be set — plane strain and plane
stress. Plane strain is derived from the first equation of , while plane stress from the
fourth equation of , which is practically an inverse of the first one. Then, the first option
corresponds to the state 1 (generalized plane strain and short circuit: e3 = 0 and E3 = 0), while
the latter one is the state 4 (generalized plane stress and open circuit: o3 = 0 and D3 = 0), see
The electro-mechanical parameters were compared with a FEM model created in FEniCS
Projec‘ﬂ but the comparison is not quoted here. Within the following text, plane strain and
short circuit is considered for the FEM model.

Material properties are inputted to the ANSYS in the form of e-type matrices — the stiffness

“https://fenicsproject.org/


https://fenicsproject.org/

5.2.6 FINITE ELEMENT MODEL OF A PIEZOELECTRIC BI-MATERIAL NOTCH 105

mechanical quantity unit electrical quantity unit
force F N charge @ C
stress o Pa = % electric displacement D %
displacement  w m voltage ¢ A%
strain € = electric intensity E %
elastic constants  C Pa = % dielectric permittivity € % = % = %

Tab. 5.12: The electromechanical analogy.

matrix Cg, piezoelectric matrix e and dielectric constants represented by the relative anisotropic
permittivity at constant strain. The relative permittivity is obtained by

wh = §5=1,23 (5.120)

where wg = 8.854 x 1072 Fm™! is the vacuum permittivity. It si convenient to set the material
data in the form corresponding to the poling in xj-axis. A different poling direction is realized
by rotating element coordinate systems by angles a; and as.

Boundary conditions are represented by prescribed stresses,displacements, electric displace-
ments and electric potentials. To understand the connection between mechanical and electric
fields, it is suitable to introduce the electromechanical analogy of the physical quantities. Ne-
glecting the piezoelectric contributions in the first set of , we see that the elastic and
electric constitutive equations have the same form, i.e.

E
0ij = Cijrickls

(5.121)
Dj = ;:kEk

The elastic constants Cgkl and dielectric permittivities w;?k characterise the mechanical and elec-
trical properties of the material, respectively. Another analogous quantities and their units are
summarized in Tab. 512} The boundary conditions prescribed along the boundaries of the FE
model are illustrated in Fig. Zero displacements and zero electric potential are prescribed
on the lower side of the model. The displacement at the right lateral node is fixed in the x;
direction in order to avoid a rigid body motion. The upper side is loaded with the applied stress
ngpl = 10kPa and electric displacement Dgppl = 0.01 Cm~2. The displacements on the upper
side were coupled in the x5 direction in order to minimize the non-uniform loading. With respect
to the electromechanical analogy, the electric potentials were also coupled. The coordinate sys-
tems of the deformed FEM solution and the analytical solution are not coincident, both notch
tip displacements and electric potentials have to be subtracted from all body displacements and
potentials, respectively. It has to be reminded that notch faces have to remain mechanically and
electrically unloaded (zero tractions and electric displacements).

The Python function scipy.interpolate.griddata is used for reconstruction of both me-
chanical and electrical fields. The procedures scint.splrep and scint.splev are employed for
data interpolation on the circular path enclosing the notch tip. From the programming point of
view, all numerical procedures for the pure anisotropic bi-material notch were simply expanded.
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appl

appl
D2

o =0

Fig. 5.32: Finite element mesh of a piezoelectric bi-material notch with mechanical and electrical bound-
ary conditions.

Example 10: Study of the VU-integral path-independence for a piezoelectric bi-
material notch Algorithms controlling the mesh structure are the same as for the anisotropic
bi-material notch. The only parameter that controls the mesh size of the model is A., which
sets the number of elements on the perimeter Ry and Ra, related to the arc of 90° (see Fig.
. The other line division parameters are functions of this parameter and notch dimensions.
This algorithm ensures that the mesh is well-structured. An advantage of such structure is
obvious form mesh density studies in Fig. The governing parameters were the generalized
stress intensity factors Hi, Hs, Hs. It is obvious that changes of the stress intensity factor
are small in comparison to their magnitudes. The relative error was between 0.2% and 0.4%.
Although these errors are negligible, every small error negatively affects the solution of the me-
chanical and electrical quantities due to the ill-conditioned matrices of the LES-formalism. The
mesh has to be fine also due to the linear interpolation of the circular contour, on which the
electro-mechanical parameters are depicted. Then, the mesh size A, = 60 will be considered
in the following studies. Integration was performed by the Romberg’s integration method
by employing Python’s function scipy.integrate.romberg. The computation was realized in
the same manner as in Example 4, i.e. all integrals were evaluated for each material sepa-
rately. Forty radii between 0.0005 mm and 4 mm were investigated for two representative cases:
a PZT-5H/PZT-4 bi-material notch with the face angles w; = 120°, we = —180°, which has real
singularity exponents and an interface crack for PZT-5H/BaTiO3 with two complex conjugate
singularity exponents and one real. The results in Fig. [5.34] show that all W-integrals are path
independent on the integration path. Note that the complex intensity factors were decomposed
to real and imaginary parts.

It has to be pointed out that the default settings of the integration algorithm in Python are
inappropriate to get the results in Fig. [5.34] The third components of the eigenvectors v and
w from are much smaller in comparison to the remaining ones (see Tab. and [5.11]).
That brings about problems with the relative tolerance in the Romberg’s integration procedure,
which default value is 1.48 x 1078, It is higher than the order of the U-integral appearing in the
denominator of , i.e. in the U-integral involving the auxiliary and regular solutions 1,
and . It was found out that the relative error has to be set to 1.48 x 107%° to get
sufficiently precise results for all bi-material configurations. Hereinafter, the value r, = 2mm is
chosen as the radius of the integration path of the U-integrals in .
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Fig. 5.33: Study of the minimal mesh density of (a) a piezoelectric bi-material notch given by w; = 120°
and we = —180° and (b) a piezoelectric interface crack. The material is defined in Tab. The
singularity exponents are (a) 01 = 0.5154, §5 = 0.5642, 3 = 0.7299 and (b) é; = 0.5+0.012934,
d2 = 0.5 —10.01293i, §3 = 0.5.

5.2.7 Electro-elastic fields of a piezoelectric bi-material notch

The displacements, stresses, electric displacements and electric potentials are expressed by the

Williams’ asymptotic expansions ((5.109al) and (5.109b|), where the analytical forms of the angular
functions ([5.43al) and (5.43b|) are known. The stresses in the coordinate system arbitrary rotated

with respect to z3 axis are defined as

(5.122)
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Fig. 5.34: Test of path-independence of the GSIFs on the integration contour radius enclosing (a) the
piezoelectric bi-material notch characterized by w; = 120°, wy = —180°, §; = 0.5154, § =
0.5642, 63 = 0.7299 and (b) the piezoelectric interface crack with d; = 0.5 + 0.01293¢, dp =
0.5 —0.01293i, 63 = 0.5.

where the normals n, s and i3 are defined in

cos ¢ —sin 6 0
s=<sinfpy, n=¢ cosf », i3z=<0 (5.123)
0 0 1

By setting 8 = 0 in ([5.122]), stresses in the Cartesian coordinate system given by axes x1, x5 are
obtained. Substituting (5.95) into (5.122) we get

7z _dZ’
ol=—-H Ld—v—l—Ld—w ,
d$2 de

(5.124)
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where the matrices A, L and the eigenvectors v, w are defined in (5.96b]). The extended vectors

o', o2 have the form

011 021
0'1 =4012 ¢, O’2 = 4022 ¢ . (5.125)
Dy Dy

Considering ((5.74]) for i = 1,2,3, Eq. (5.124)) can be rewritten as
ol= 1 {L6Z5_1uv + ﬁ“ﬁw} :
o’=H {L5Z6_1V + ﬁgilw} ,

- (5.126)
pr 0 0 pp 00
=10 p 0, =10 o 0
0 0 ps 0 0 7
Generalizing the functions (5.76) to
701 _ Té—lzé—l(e) — 01 diag {R‘lsfl ei(&—l)\lllngfl ei(é—l)\l/g’ Rg—l 61(6—1)\1/3} : a0

o1 161
_ -1

7 Z’ ) = Fo-1 diag {R?—l 671(571)\1117}33—1 efi(éfl)\llzj Rg—l efi(571)\1’3}

and employing ([5.77al) and (5.77b)), the expressions for generalized stresses are obtained, i.e.

ol =— H1’I”61715\17$2 (6) — H2T52715\27$2 (9) — H37”53715\37x2 (9),

5 5 5 5.128
o2 =H7 "IN\ 4, (0) + Hor®2 M Xg 2, (0) + H3r%* X34, (6). ( )

Subscripts ,, and ., denote differentiation with respect to the Cartesian coordinates x1, x2

introduced in ([5.78]).

Example 11: Displacement, stress, electric displacement and potential reconstruc-
tion in the vicinity of the piezoelectric bi-material notch tip We focus on the two above
investigated bi-material configuration, i.e. PZT-5H/PZT-4 and PZT-5H/BaTiO3. In following
studies, the poling directions a; = 90°, ag = 90° are considered, if it is not specified otherwise.
The asymptotic stresses, electric displacements, displacements and electric potentials calculated
along the circular path with radius » = 0.001 mm encircling the notch tip in the bi-material PZT-
5H/PZT-4 together with results obtained by FEM are shown in Fig. [5.35| The superscripts H;,
i = 1,2,3 of plotted quantities listed in the legend indicate particular asymptotic terms in Egs.
(5.109al) and (5.128]). The plots show a very good agreement of the asymptotic solution with the
complete FEM solution obtained using a very fine mesh, which also demonstrates the accuracy
of GSIFs calculations. Results of the same calculations, but performed along the circular path
with radius 7 = 2mm are shown in Fig. [5.36] We can see that the correspondence is still very
good, more significant changes occur in the electric displacements.

The same study was carried out for an interface crack for PZT-5H/BaTiO3 bi-material.
Figs. [5.37 and show the electro-elastic parameters on circular paths around the notch tip.
The contribution of the components corresponding to the complex conjugate exponents d; and
09 to the total mechanical stresses and displacements as well as the electric displacements and
potential are equivalent. The correspondence between the asymptotic and FEM solution is very
good for both radii 7 = 0.001 mm and r = 2 mm, respectively.

According to our best knowledge, only poling directions coinciding with one of the Cartesian
coordinate axis, mostly x2 or x3, have been considered in currently published studies. Such
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Fig. 5.35: The displacements, stress components, electric displacement components and electric potential
of a PZT-5H/PZT-4 bi-material notch on the circular path » = 0.001 mm, w; = 120°, wy =
—180°, the singularity exponents are §; = 0.5154, do = 0.5642, d3 = 0.7299.
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Fig. 5.36: The displacements, stress components, electric displacement components and electric potential
of a PZT-5H/PZT-4 bi-material notch on the circular path r = 2mm, wy = 120°, ws = —180°,
the singularity exponents are §; = 0.5154, §; = 0.5642, 63 = 0.7299.
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an orientation is related to the manufacturing technology, operational purpose and relations
for material eigenvalues. But there are some situations that can cause an abrupt change of
poling direction. When a body is subjected to a high compressive load in the direction of
the spontaneous polarization or to the high tensile load perpendicular to the direction of the
spontaneous polarization, the electric domain can be switch by 90°. The polarization can be also
switched by application of an electric field with a different direction, which can force the crystal
to transform to one of the another five possible configurations. The expanded LES formalism
can provide a solution with the arbitrary poling direction in the plane xyx2. The graphs in Figs.
and show the stresses, displacements, as well as electric displacements and electric
potential for a PZT-5H/PZT-4 bi-material notch defined by angles w; = 155°, wp = —180°,
where the poling of the PZT-5H is a; = 40°. One can observe an excellent agreement between
the full-field FEM solution and the asymptotic solution in Eqs. (5.45) and calculated
along the circular paths with radii » = 0.001 mm and 2 mm, respectively.

The asymptotic and finite element solutions along the bi-material interface are shown in Fig.
A very good agreement of both solutions for stresses can be observed up to the distance
of 10mm from the crack tip, while the dominance region of the first singular term for electric
displacement is smaller.

The GSIFs for some notch configurations for above stated material combinations are stated
in Tab. and If the exponent d; is real-valued, so is the corresponding GSIF. Two
distinct complex GSIFs are obtained for complex conjugate exponents §;. The third exponent
is always real, just as its stress intensity factor.

o Hy [MPa - mm'~%]
wi [°] d2 Hy [MPa - mm?!~%]
03 H3 [MPa - mm!~%]
0.5407 41.09
90 0.6232 —34.42
0.8898 3.456
0.5154 93.93
120 0.5642 —97.95
0.7299 15.10
0.5062 4 0.01161% —114.4 4+ 107.2¢
150 0.5062 — 0.01161 —113.0 — 105.8i
0.6210 —40.47
0.4764 —146.4
170 0.4969 —112.1
0.5674 —55.83
0.4559 —108.5
180 0.5 —62.15
0.5441 —65.85

Tab. 5.13: Generalized stress intensity factors for a PZT-5H/PZT-4 piezoelectric bi-material notches
defined by wy and ws = —180°.

The application of the fracture mechanics concept requires the knowledge of the conventional
stress intensity factors K7, K1, K1yv. The proper definition for stress intensity factors for the
piezoelectric bi-material notches is the unified definition proposed by Hwu and Ikeda [22]. Stress
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Fig. 5.37: The displacements, stress components, electric displacement components and electric potential
of a PZT-5H/BaTiOg3 interface crack on the circular path » = 0.001 mm, w; = 180°, wy =
—180°, the singularity exponents are §; = 0.5 + 0.01293i, do = 0.5 — 0.012934, §3 = 0.5.
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Fig. 5.38: The displacements, stress components, electric displacement components and electric potential
of a PZT-5H/BaTiO; interface crack on the circular path r = 2mm, w; = 180°, wy = —180°,
the singularity exponents are §; = 0.5 4+ 0.01293i, 6o = 0.5 — 0.012934, d3 = 0.5.
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Fig. 5.39: Stress and electric displacement distribution along the bi-material interface for a PZT-
5H/BaTiOj3 interface crack.

01 Hy [MPa - mmlf‘;l]
w1 [°] 52 Hy [MPa - mm?!~%2]
03 H3 [MPa - mm!~%]
0.5582 1.430
90 0.6256 —3.775
0.9212 —0.2342
0.5226 3.287
120 0.5770 —6.313
0.7462 —1.738
0.5079 1.608
150 0.53591 —14.74
0.6036 —-9.917
0.5099 + 0.0040001 —53.19 — 107.44
170 0.5099 — 0.0040007 —52.24 4 105.5¢
0.5244 —100.4
0.5+ 0.01293: 53.82 — 3.8761
180 0.5 —0.01293: 48.71 + 3.574i
0.5 —74.38

Tab. 5.14: Generalized stress intensity factors for a PZT-5H/BaTiOs piezoelectric bi-material notches
defined by w; and ws = —180°.

intensity factors of the in-plane problem are given as

Kn . o12
Kr p = lim V2! ROGA(r/0)TEFVAT L on p i =1,2,3, (5.129)
r—0
Ky Dy
where
A=A =0)=[A(0=0) (0 =0) 30 = 0)]. (5.130)

The brackets () stand for the 3x3 diagonal matrix, d. is the most critical singularity exponent
and £ is the length parameter which may be chosen arbitrarily. Substituting (5.128]) into ((5.130]),
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Fig. 5.40: Geometry of a bi-material notch characterized by two regions I and II. The notch faces are
defined by angles w; and ws, where the face corresponding to the latter angle is mechanically
clamped and electrically closed. The material interface is always considered at § = 0. The
angles a; and ay denote poling direction of the materials I and II, respectively.

the relation between stress intensity factors K and GSIFs H is obtained:

Kn | H
Ky p =V2rA((R{0:} +ig;) /") S Ho p, 1 =1,2,3. (5.131)
KIV H3

Using the relation (5.131]), the near tip solution ([5.45)) can be rewritten in terms of Ky, K1, K1y

as

K
1 )

u(r,f) = —r*OSEO)(R{6:} + i) (r/0)*HAT Ky ¢, (5.132a)

vam Ky
T(r0) = —rROI A (G)(R]6.) + ier) (/€)= ) A If{(III , (5.132b)

var Ky
where

E(0) = [n1(0):n2(0):m3(0)] - (5.133)

5.2.8 Problem redefinition for modelling a piezoelectric bi-material notch with
a clamped notch face

The presented eigenvalue problem was derived under the assumption of traction free and elec-
trically open notch faces, see boundary conditions (5.17)). Within the following paragraph, a
modified algorithm for modelling a piezoelectric bi-material notch with one clamped face is pro-
posed. Another cases of boundary conditions can be modelled analogically, but they are not
presented here due to their similar form. Some studies, in which a single or permeable interface
crack was considered, were reported in [100} 130, {134, [135].

Let us consider a piezoelectric bi-material notch with a geometry and boundary conditions
depicted in Fig. .40l The notch face corresponding to the notch angle wy is clamped. The
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boundary conditions ([5.17) have the form

T (w1)

w1
1T (w2)

0 (5.134)
0. '

u

From the structure of the generalized displacement vector can be seen that the second
face is mechanically clamped and electrically closed. Another combinations of the boundary
conditions of the notch face, such as clamped and electrically open, cannot be covered by the
above presented eigenvalue problem . The asymptotic solution of that kind of problems
was reported for example in [85, 128, 136, |137]. Substituting (5.95) into ((5.134)) and interface
continuity conditions we obtain a system of twelve algebraic equation for the exponent 4,
written in the matrix form as

LIZIlé(LI)_l flzlfs(fl)_l 0 0 Liv!
0 0 Allgls pin-1 A7 E I -1 Tyl
Izlsp -1 Al79 7h-1 11 211(5 11 1 —11—211§ —1) it (= 0, (5.135)
AZPIY T AZE) T ANz A7 @) | L
L'zP@ht L'zy @) -wizPah)t Lz @) (LW

where 0 denotes a 3 X 3 zero matrix on the left-hand side and a 12 x 1 zero vector on the

right-hand side of the equation (5.135). The subscript denotes the index of the angle w; and

the superscript stands for association with the material region. With ([5.20)), the system can be
rewritten as

1 <1 I I

X; X5 0 0 L'v

— =1
o o B B)|JLw

— — =0, (5.136)
B, -B, -BJ B,||LV
I 1 -1 -If(Lw"
where the matrix elements introduced in ([5.21) are redefined as
X! = LIZV (wy) (L), X =T'Z) (w) (@)Y, (5.137a)

— 115118 —II, _1

Bl = AUZIY () L), BY = AMZ () (@Y (5.137b)

This system can be reduced to the algebraic system of two equations given by ([5.23) and ([5.24)),
where

vi=(X)'xi, Y¥=(B;) Bl (5.138)

Then, the procedure represented in Eqgs. f for the piezoelectric problem and reduc-
tion of the algebraic system introduced in Appendix [B|can be used. The unknown exponents J;
are determined from the nonlinear characteristic equation . The auxiliary solutions, eigen-
vector evaluation, expanded shape functions, V-integral and electro-elastic field reconstruction
are computed by using the procedures introduced in sections [5.2.3 Note that the contour
Yo in (see Fig. is also zero due to the zero displacements and electric potential. The
FEM model is constrained according to the boundary conditions , i.e. displacements and
electric potential are set to zero along the second notch face. The applied stress and electric
displacement is identical to the previous piezoelectric bi-material problem. Settings for all nu-
merical procedures remain the same as in the previous examples. For the sake of brevity, the
V-integral path independence and the mesh density studies are not performed.
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Fig. 5.41: The HSV phase portrait of the characteristic function f(§) = det[K(I—Y})~!] defined in
and the contour plot for f(§) = 0 for a PZT-5H/BaTiO3 bi-material notch with geometry
wy = 120°, we = —180°. The latter notch face is mechanically clamped and electrically closed.
The intersections of the curves of different colour give the searched roots.

Example 12: Singularity exponents and electro-elastic field reconstruction of a
piezoelectric bi-material notch with a clamped face Consider a PZT-5H/BaTiO3 bi-
material notch with the local geometry and free/clamped boundary conditions of the notch faces
illustrated in Fig. The notch geometry is defined by the angles w; = 150 and we = —180.
The poling direction is parallel with xo-axis, i.e. a3 = as = 90°. The phase portrait of the
transcendental function is depicted in Fig. It can be observed that on the inter-
val 0 < R{0} < 1 there are two real and two pairs of complex conjugate roots: d; = 0.2187,
02,3 = 0.2961 £ 0.05114¢, 045 = 0.7883 £ 0.045321, 6 = 0.9079. The character of the singularity
exponents is considerably different in comparison to singularity exponents of the notch with
traction-free faces. A dependence study of the exponents §; on the notch angle w; sheds some
light on this problem. Fig. shows the singularity exponents §; for a PZT-5H/BaTiOg3
bi-material combination. In the case of an interface crack, there are six rots of the characteristic
function : two real 1, 06 and two complex conjugate pairs d3 3, d45. When taking a look
at the exponents more closely, it can be seen that 1, o, d3 and &4, d5, dg are symmetric with
respect to 0.5. Note that the imaginary parts of the complex roots d2 3 and d45 have the same
magnitude. However, in contrast to the free/free piezoelectric bi-material notch, the value 0.5
is not the root of the eigenvalue problem (see Fig. |5.26)). The exponent ¢; remain real
and d 3 are complex for all notch angles wy. All six exponents are singular up to w; = 130°.
The same study was carried out for a PZT-5H/PZT-4 bi-material (see Fig. |5.42(a)). The
roots in the case of the interface crack have the same structure, i.e. &1, d9, d3 and &4, 05, g
are symmetric with respect to 0.5 and the imaginary parts of the complex roots ds 3 and d45
have the same magnitude. The exponent J; remain real for all notch angles wy, while d3 3 turns
real-valued for 38° < w; < 145° and w; < 15°. All six exponents are singular up to w; = 130°.
The abrupt changes in the development of the dg (angles w; = 100° and w; = 45°) indicate that
the sixth root become complex conjugate with the next non-singular term between these angles.
The main conclusion is that the character of the roots J; as a function of the notch geometry
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Fig. 5.42: The exponent ¢; dependence on the notch geometry w; for free/clamped piezoelectric bi-
material notch. Poling directions are a; = 90°, as = 90°.

is more complicated than for free/free bi-material notches. The HSV phase plot represents a
convenient tool to visualize the roots for subsequent setting the initial guess for the root finding
algorithm.

As there are more singularity exponents than in the case of a free/free piezoelectric bi-material
notch, procedures for eigenvector extraction, shape function determination and GSIF calculation
can be just expanded for the higher number of the exponents. The generalized displacements
(5.109a) and the generalized stresses attain then the form

6
u(r,0) = ZHir‘sini(H) (5.139)
i=1
and

6
0'1 = — Z Hirtsiilj\i’xz (0),

=1 (5.140)

6
o’ = Z Hz‘fr’(;iflj\i@l (0).
i=1

The asymptotic stresses, electric displacements, displacements and electric potentials calculated
along the circular path with radius r = 2mm encircling the notch tip in the bi-material PZT-
5H/BaTiOs together with results obtained by FEM are shown in Fig. m The superscripts
H;,i=1.2,...,6 of plotted quantities listed in the legend indicate particular asymptotic terms
in Egs. (5.139) and . The plots show a very good agreement of the asymptotic solution
with the complete FEM solution obtained using a very fine mesh.
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5.2.9 Problem redefinition for modelling a non-piezoelectric/piezoelectric bi-
material notch

Previous bi-material configurations described bi-material notches composed of two ferroelectric
piezoelectric materials, a specific configuration used for example in piezoelectric actuators. In
constructions which employ piezoelectric elements, piezoelectric materials are coupled to elec-
trodes, which conduct the electric charge, or to insulators, e.g. an underlay or insulating pads
between piezoelectric and electrodes, or simply to the body of a construction. Solving problems
of bi-materials consisting of combinations of piezoelectric and non-piezoelectric solids requires
specific changes in the standard formalism used in the previous examples.

The first step in the modification of the expanded LES formalism for piezoelectric materials
to pure elastic non-piezoelectric materials is to set the piezoelectric constants to zero, i.e. e;jr = 0
for any 7,j,k. The elastic and electric fields are then decoupled and both direct and converse
piezoelectric effects vanish. The latter phenomenon is sometimes confused with electrostriction,
which is a property of all materials [65, |13§], since atoms, molecules, ions or polarizable domains
can be distorted under an application of electric excitation. Let us consider solid dielectrics
only. If a crystal does not become charged under any uniform mechanical load, i.e. it is non-
piezoelectric, the applied voltage will nevertheless induce a mechanical strain. Furthermore,
the strain remains unchanged when the electrical field is reversed [6§]. Such behaviour has a
quadratic character and the strain tensor is expressed as

€ij = QijrDr Dy, (5.141)

where Q;;i; are the electrostrictive coefficients [139]. However, for materials with piezoelectric
properties, the electrostriction is superposed with the converse piezoelectric effect (compare with

Eq. (4.86)4), which has a linear behaviour, i.e.
€ij = kijDr + Qijr Dy Di. (5.142)

During a pure electrical loading, strains corresponding to the stress components that induce
electric charge have linear behaviour, whereas the other ones behave quadratic. Under standard
operating conditions (Ez’“pp1 =0.1-5 MVm_l)7 the quadratic component is sufficiently small when
a material is piezoelectric [140]. But for non-piezoelectric dielectrics, the linear component
is zero and the electrostrictive strains are quadratic and not negligible. Since the nonlinear
electrostriction (see Eq. (5.141)) is not included in the constitutive laws (4.86])4, the effect is
not covered in the redefined problem for insulators and conductors as well.

The second step is to modify the problem according to the case of an insulator or conductor.
Both cases are different from the physical point of view. In the framework of the Lekhnitskii
and Stroh formalism, Hwu and Kuo [21] proposed a method which fulfil the condition of the
interface impermeability by reducing the permittivity to a sufficiently small value when modelling
an insulator or increasing to a very large value when considering a conductor. Its purpose was
to be in agreement with authors in [85, (137, 141], who modelled the insulator/piezoelectric
bi-material by prescribing Distatr(() = 0 along the interface, and conductor/piezoelectric bi-
material by prescribing ¢<°"ductor(0) = 0 along the interface (the interface was defined coincident
with zi-axis, as in Fig. [5.22)).

However, the condition for an insulator/piezoelectric interface is not physically exact. The
assumption of zero electric displacement expresses an impermeable interface condition, i.e. the
surfaces are free of charge. This effect is not violated, if one material has significantly higher
permittivity than the second one, e.g. a piezoelectric ceramic in a contact with air [70], which is
actually prescribed on the notch face. But this cannot be applicable to an insulator/piezoelectric
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interface, because relative permittivity of insulators attains a wide range on values. Then, an
insulator/piezoelectric bi-material notch can be modelled in the same way as a piezoelectric
bi-material, but by prescribing zero piezoelectric constants and given permittivity, if they are
known. Other notch face boundary conditions and their effects were reported in |142].

Electric intensity E inside a homogeneous conductor is zero. Thus, the electric potential ¢
is constant. An uncharged conductor in electrostatics can be regarded as a body with infinite
permittivity w [138]. Since the electric displacement D does not rely on the permittivity and it
is finite in the entire body, it follows for the electric intensity that £ — 0 for w — oo, which
is in accordance with properties of a conductor. Thus, the method of Hwu and Kuo in [21] for
modelling the conductor /piezoelectric interface by setting a very large permittivity is in agree-
ment with Landau and Lifshitz [138]. However, when zero electric intensity E is considered, it
follows from Eq. 2 that ¢ = const inside the conductor and on its surface, but Hwu and
Kuo in [21] implicitly assumed ¢ = 0. The resulting constant value of the asymptotic solution
represented by the expanded LES formalism along the interface between the piezoelectric mate-
rial and conductor is contingent upon the permittivity magnitude and boundary conditions of
the FEM solution.

The above mentioned modifications of the piezoelectric bi-material problem is valid for
a bi-material, where the non-piezoelectric material shows transversally orthotropic properties,
i.e. the material matrices are not degenerate. However, most insulators and especially
conductors have isotropic properties. By substituting the material parameters into the in-plane
characteristic equation , triple complex conjugate roots 1123 = ¢ are obtained. The
formalism has to be then modified according to the redefinition introduced in section by
employing the Muskhelishvili complex potentials.

Due to the assumption of zero piezoelectric coefficients g (see Eq. 4), the structural
and electrical constitutive equations are decoupled, as can be seen from and .
Thus, the modification of the formalism discussed in the previous sections unifies the relations
for pure isotropic elasticity introduced in section[5.1.8] with equations describing the electrostatic
filed. The complex potentials of an isotropic media (marked with a star) have the same form as

(B30, i.c.

df
f*(2) =f(2)+ (z—2)Q d(zZ)’ (5.143)
where
0 00
Q=100
0 00
The complex potentials f(z) are defined as
¢ (2)
f(z)=<9Y(z) p, z=r(cosf+isinb), (5.144)

<(2)
in which the first two complex functions are the Muskhelishvili complex potentials defined in

(p.82) and <(2) is
(2) = 2%vs. (5.145)

The displacements and stress functions (5.7 have the form

u*(z) = A*Z*v + A*Z*éw, (5.146a)

T*(2) = L*Z*v + T Z" w, (5.146b)
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where the matrices A* and L* are expressed by

1 . 1 - . .
X rci,im —@z 0 L1 i —1 0
0 0 44 0o 0 -1

with a4q is defined in (4.132b)) and k = 3 — 4v for plane strain and k = (3 —v)/(1 +v) for plane
stress. Since the available material data of insulators or conductors are provided in the same
form as the piezoelectric ones, it follows for the isotropic parameters that

E
ClZ

y=—"12 __ G_CE 5.148
The complex functions Z*° are
20 0 0 79 90 0 0
790 = |(z—2)020"1 20 0| = |—-2irf5e 0= Dging 9 eid? 0 (5.149)
0 0 2° 0 0 70 i00

Note that the upper left 2x2 matrix is the same as in for pure isotropic elasticity, while
the third diagonal element describes the electric field. The simplified notation can be
implemented for the diagonal elements, because it follows for functions and that
R? =1 and ¥ = 6 when t1,2,3 = ¢. Complex conjugation of the function leads to

8 o—id0 0 0
70 — |9ip050—i(0-D0gin g 50 o—id? 0 _ (5.150)
0 0 0 o—id0

The eigenvalue problem for a bi-material notch composed of a piezoelectric material and a
conductor or insulator is redefined in terms of the equations and . A bi-material
notch with the geometry in Fig. [5.2]is considered, where material 1 is the non-piezoelectric one
defined by elastic constants Cg and permittivities w;;. Let us define the following identities:

AI — A* LI — L*
u =u, T'=T*, (5.151)
le(s — Zi«s, ZI§ — Z*<57
while the corresponding relations for the region II remain unchanged. The eigenvalue problem
is introduced by the boundary conditions (5.17) and ([5.18). The system of eight homogeneous
algebraic equations has the form (5.19). The identity of (5.20)) is valid also for the isotropic

material, i.e.

Z =1, 7" =1L (5.152)

The eigenvalue problem modifications ([5.21])— @ can be then employed. All the other proce-
dures remain identical, i.e. normalization (5.41a)) or (5.41b]), shape function introduction
and the U-integral — (the relations — expanded for the piezoelectric
problem). The finite element model has the same properties and geometry, except for the ma-
terial model of the material 1.

Definitions for the asymptotic stresses and electric displacements of the isotropic non-
piezoelectric material have the form

o*! :leélilj"l(,xz (6) + H2r62715‘,2(,12 (6) + H3r63715‘;,12 (©),

5 5 5 5.153
o2 =Hr" TN, (0) + Har®7'XS , (0) + Hyr®™ 1A, (6), ( )
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material constants epoxy polymer Al;O3 SiC
CcE %1010 [Pa] 0.80 0.386 47.0804 49.9391
CcE %1010 [Pa] 0.44 0.257 14.4626 11.9433
CcE %1010 [Pa] 0.44 0.257 14.4626 11.9433
CcL %1010 [Pa] 0.80 0.386 47.0804 49.9391
CE %1010 [Pa] 0.18 0.0645 16.3089 18.9979
€11 [Cm*2] 0 0 0 0
e12 [Cm~2] 0 0 0 0
€26 [Cm_Q] 0 0 0 0
wiy x10710 [C(Vm) 1] 0.372 0.797 0.885 0.885
W5o x10710 [C(Vm)~Y] 0.372 0.797 0.885 0.885

Tab. 5.15: Material properties of typical insulators [99].

where the derivatives of the shape functions are given by

~ % * *527 =k 7*51._1 .
N, (0) = B*G,Z* 1 (0)vi + B'6,Z°" " (O)w;, i=12,3, (5.154a)
5‘:@1- (9) = L*&'Z*&—l(e)vi + E*(siz*&*l(e)wi’ 7 = 1’2’37 (5154b)
where
(3 -1 0
B* = 3 i —i 0 (5.155)
0 0 2
and
§ et(6—=1)0 0 0
297 =0z (0) = 071 | —2i5(5 — 1) !0 D0sing  §el0-10 o |,
0 0 §et0=10
5 il 0 0 (5.156)
707 = 7'6*176_1(9) =071 12i6(6 —1) e 02D0ging §e 1010 0
0 0 §ei6-1)0

Subscripts ,, and ,, denote differentiation with respect to x1, z2 introduced in (5.78).

Example 13: Singularity exponents and electro-elastic field reconstruction of a non-
piezoelectric/piezoelectric bi-material notch Within the following studies, settings of all
numerical procedures remain unchanged. For the sake of brevity, the W-integral path indepen-
dence and mesh density studies are not performed. A bi-material notch with the local geometry
illustrated in Fig. is considered. The material 1 is non-piezoelectric and material 2 has
piezoelectric properties stated in Tab.

Firstly, an insulator/piezoelectric bi-material notch is studied. Material parameters of four
typical insulators are listed in Tab. Dielectric constants of Al;O3 and SiC were not
known, therefore they were set ten times higher than the vacuum permittivity. Consider two
bi-material combinations — epoxy/PZT-4 and AlsO3/PZT-4. The first case is characterized by
smaller elastic properties than the piezoelectric part, while the insulator in the latter case has
higher elastic properties. Let the angle wy = —180° be fixed. The dependence of the exponents
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Fig. 5.44: The exponent §; dependence on the notch angle wy of the insulator/piezoelectric bi-material
notch. The poling direction of the material 2 is ag = 90°.

d; on the notch angle w; for the bi-material combinations are shown in Figs. [5.44(a)|and [5.44(b)|
The graphs have the typical character of the type A piezoelectric bi-materials described in Fig.
nevertheless there are some dissimilarities. Firstly, the roots d; and dy for epoxy/PZT-4
bi-material approach the limit value 1.0 asymptotically, just as 3 — 2.0. But, in the case of the
Al,03/PZT-4 bi-material, only d2 shows approximative behaviour. The close proximity to the
pole in the 1.0 brings about numerical troubles in the root finding algorithm findroot, which
has to be set properly. Additionally, in the latter bi-material combination there is a region
between 60° and 70°, where roots d2 and d3 are complex conjugate. Finally, the regions where
01 and &2 are complex conjugate, are wider and the imaginary parts of the roots do not reach
their maximal value for wy = —180°, as was typical for pure piezoelectric bi-materials.

Following the results in Ou and Wu [25] for a piezoelectric bi-material (Tabs. and
5.9), Ou and Chen [99] investigated an insulator/piezoelectric interface crack in terms of the
Hilbert problem. Since the studied non-piezoelectric materials had isotropic properties, they
avoided the degenerate matrices by considering the isotropic material as a transversally isotropic
piezoelectric material by assuming very small piezoelectric coefficients e11, ejo and egg. They
found out that, similarly to the pure piezoelectric problem, the bi-material combinations can
show either e- or k-class singularity. However, all investigated material combinations possessed
only e-type singularity, see Eq. Tab. summarizes the singular exponents §; obtained
by the presented redefined eigenvalue problem for non-piezoelectric/piezoelectric interface crack
of and their comparison with results reported by Ou and Chen [99]. The remaining exponent
was always d3 = 0.5. One can see that both approaches provide coincident eigenvalues. The
introduction of a small perturbation in piezoelectric coefficients to avoid degeneracy was also
reported in |20].

Let us consider a conductor/piezoelectric bi-material notch. Material properties of four
typical conductors are summarized in Tab. The dielectric constants are functions of
the parameter p, which will be later determined according to the assumption of the infinite
permittivity. The structure of the expanded LES formalism provides an elegant way to fulfil the
infinite permittivity requirement. The only component in the material matrices A* and L* (see
(5.147)) which depends on the dielectric coefficients, is the third diagonal element a44. For the
isotropic conductor properties, ay4 is reduced to (see )

ass = B3/ pa- (5.157)

Since the non-permittivity ,5’5“2 is the inverse of w5,, it implies that a4y — 0 for w5, — oo.
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bi-materials o1 O oscillatory index € ~ comparison with

Ou and Chen [99]
epoxy/PZT-4f 0.5 + 0.06260¢ 0.5 — 0.06260¢ 0.06260 0.0626
epoxy/BaTiO3 0.5+ 0.06501% 0.5 —0.06501% 0.06501 0.0650
polymer/PZT-5H 0.5 4 0.05021% 0.5 — 0.05021% 0.05021 0.0502
Al,O3/PZT-4 0.5+ 0.08639¢ 0.5 — 0.08639:¢ 0.08639 0.0864
Al,O3/PZT-6B 0.5+ 0.04978¢ 0.5 — 0.04978i 0.04978 0.0498
SiC/PZT-7A 0.5+ 0.05652¢ 0.5 — 0.05652i 0.05652 0.0565

T 612 = 0.5+ 0.06258; computed by Hwu and Kuo [21] by using the expanded Stroh formalism

Tab. 5.16: Oscillatory indices of insulator/piezoelectric interface cracks and their comparison with results

in [99).
material constants copper silver lead aluminium

CcE %1010 [Pa] 22.2852 14.0399 4.2992 9.19
CcE %10 [Pa] 13.0882 8.6051 3.2433 4.53
CcE %1010 [Pa) 13.0882 8.6051 3.2433 4.53
ck %1010 [Pa] 22.2852 14.0399 4.2992 9.19
CcE %1010 [Pa] 4.5985 2.7174 0.5280 2.33
€11 [Cm_z] 0 0 0 0
€12 [Cm*Q] 0 0 0 0
€26 [Cm~?] 0 0 0 0
wiy x10712 [C(Vm) 1] 8.854p 8.854p 8.854p 8.854p
W5o x10712 [C(Vm) 1] 8.854p 8.854p 8.854p 8.854p

Tab. 5.17: Material properties of typical conductors [26).

The expanded LES formalism for modelling a conductor can be thereafter modified implicitly
by setting a4q4 = 0. The knowledge of the dielectric constants is then not required. However,
this cannot be applied to the finite element computations, because some commercial programs
require the input in the form of permittivities w5, or wg,. For that purpose, a convergence study
of the exponents §; on the multiplication parameter p was carried out. The results for three
representative bi-materials are illustrated in Fig. It can be seen that by increasing the
parameter p, and so the permittivity of the material, the singularity exponents d; or oscillatory
and non-oscillatory indices € and k converge to their limit values 6{°, €>° or kK determined by
setting aqq = 0, which represents the infinite permittivity. On the secondary axis the absolute
error is shown. For the subsequent comparative studies, p = 10® was chosen. The absolute error
of the singularity exponents does not then exceed 2 x 1076.

A dependence of the exponents §; on the notch angle wy, while wo = —180° is fixed, are shown
in Figs. |5.46(a)land [5.46(b). The first graph has the character similar to the type B piezoelectric
bi-material, which was typical for the most material combinations except for lead /PZT-6B bi-
material combination, which shows the type A behaviour. Decreasing w; causes that &1, 0
and 03 approaches 0.5, 1.0 and 1.5, respectively. Contrary to the previous examples, in the
case of the lead/PZT-6B bi-material notch, the complex conjugate exponents are do and d3 for
175° < wy < 180°, see Fig.

Similarly to the study of the insulator/piezoelectric interface cracks in [99], Ou and Chen
[26] investigated a conductor/piezoelectric interface crack in the terms of the Hilbert problem.
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Fig. 5.45: Convergence study of the singularity exponents §; on the multiplicative parameter p introduced
in TabJ5.17l (a) aluminium/PZT-4 bi-material notch, w; = 120°, wy = —180°, (b) interface
cracks of copper/BaTiO3 and lead/PZT-6H bi-materials.
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Fig. 5.46: The exponent ¢; dependence on the notch angle w; of the conductor/piezoelectric bi-material
notch. Poling direction of the material 2 is ag = 90°.

They avoided degenerate matrices due to the isotropic properties of the conductor by employing
the same procedure, i.e. prescribing very small piezoelectric coefficients ej1, e12 and egg. Tab.
.18 summarizes singular exponents d; obtained by the redefined eigenvalue problem for the non-
piezoelectric/piezoelectric interface crack. One can see that only lead/PZT-6B interface crack
possess the e-type singularity, all other bi-materials show k-class singular exponents, which are
evaluated Eq. . The resulting values and exponents reported in Ou and Chen [26] show
a very good agreement.

The effects of the poling direction ag for an epoxy/PZT-4 and aluminium/PZT-4 interface
crack are shown in Fig. [5.47] When considering a piezoelectric material coupled with an insulator
or a conductor possessing isotropic material properties, the order of singularity does not depend
on the fibre orientation of the material 2, which was also observed by pure isotropic/transversally
isotropic material in Fig. Let us consider an epoxy/PZT-4 interface crack with poling di-
rection ag = 90° of the material 2. The boundary conditions illustrated in Fig. [5.32] remain

identical, i.c. the upper side is loaded with applied stress o5”" = 10kPa and electric displace-
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bi-materials 01 03 non-oscillatory comparison with
index Ou and Chen [26]
copper/PZT-4 0.39017 0.60983 0.10983 0.1098
silver/BaTiOs 0.45764 0.542336 0.04236 0.0424
lead /PZT-5H 0.47193 0.52807 0.02807 0.0281
aluminium/PZT-4 0.41274 0.58726 0.08726 0.0873
copper/PZT-TA 0.43450 0.56550 0.06550 0.0655
O 03 oscillatory index &
lead/PZT-6B 0.5+ 0.01105¢ 0.5 —0.01105¢ 0.01105 0.0110

Tab. 5.18: Non-oscillatory and oscillatory indices of conductor/piezoelectric interface cracks and their
comparison with results in [26].
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Fig. 5.47: The dependence of the interface crack exponents §; on the poling direction as.

ment DiPP' = 0.01 Cm~2. The asymptotic stresses, electric displacements, displacements and
electric potentials calculated along the circular path with radius » = 0.001 mm encircling the
notch tip together with results obtained by FEM are shown in Fig. The superscripts H;,
1 = 1,2,3 of plotted quantities listed in the legend indicate particular asymptotic terms in Egs.
(5.109a) and (5.153). The plots show a very good agreement of the asymptotic solution with
the full-field FEM solution. The results computed along the circular path with radius r = 2mm
are shown in Fig. [5.49] We can see that the correspondence is still very good. It can be also
observed that the electric potential in the insulator is higher than in the piezoelectric part.

The stresses, electric displacements, displacements and electric potentials along the contours
with radii 7 = 0.001 mm and r = 2 mm encircling the interface crack tip of the aluminium/PZT-4
bi-material notch are shown in Fig. [5.50and [5.51] respectively. One can observe that the electric
potential in the conductor is constant and very close to zero. The correspondence between the
asymptotic and the FEM solution is very good for both radii.




5.2.9 PROBLEM REDEFINITION FOR MODELLING A NON-PIEZOELECTRIC/PIEZOELECTRIC ... 129
..... uth it o LT Pt
R ulH2 e —x UFEM o U2H2 o o uEEM

uy [mm]

011 [MPa]

_04 1 1 1 1 1 _10 1 1 1 1 1 1
-3 -2 -1 0 1 2 -3 -2 -1 0 1 2
0 [rad] 0 [rad]
‘‘‘‘‘ P . o ohitRrR . gk ohhthrR
S ot e o ofEM S ot e o ofEM Lol e o ofM
Hs Hs Hs
—=-- 011 —=-= 013 —-=-= O
x 102 %102 %102
4 T T T T T T 25 T T T T T T 4 T T T T T T
20 - H 3L 4
’
2 4

12 [MPa]

J22 [MPa]

2t , — A
3L ! ! ! ! ! —15L ! ! ! ! | 3L ! ! ! ! - !
-3 -2 -1 0 1 2 -3 -2 -1 0 1 2 -3 -2 -1 0 1 2
0 [rad] 0 [rad] 0 [rad]
Di‘"] D{'ﬁ+H2+H3 _____ D;Il D§11+H2+H3 ¢H1 ¢H1+H2+H3
DH: DFEM .. D - DFfM ot HFEM
of» || D P
1 -1 1 4
06 T T T T T T 1 >|< 0 T T T T T 30 >|< 0 T T T T T
0.4 . 254 .
0.2 g 20k h
i 00r i 15
5 02| 1 & =
- - S 10fF e
Q 04} 1 4
06k | 0.5 E
—-0.8 | . 0.0
—10L i i i i i —05L i i i i i
-3 -2 -1 0 1 2 -3 -2 -1 0 1 2
0 [rad] 0 [rad] 0 [rad]
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of an epoxy/PZT-4 bi-material notch on the circular path » = 0.001 mm, w; = 140°, wy =
—180°, the singularity exponents are §; = 0.5557, do = 0.6422, d3 = 0.7624.
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Fig. 5.49: The displacements, stress components, electric displacement components and electric potential
of an epoxy/PZT-4 bi-material notch on the circular path » = 2mm, w; = 140°, wy = —180°,
the singularity exponents are §; = 0.5557, § = 0.6422, 63 = 0.7624.
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Fig. 5.50: The displacements, stress components, electric displacement components and electric potential
of an aluminium/PZT-4 interface crack on the circular path » = 0.001 mm, w; = 180°, we =
—180°, the singularity exponents are §; = 0.4127, 5 = 0.5, 3 = 0.5873.
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Fig. 5.51: The displacements, stress components, electric displacement components and electric potential
of an aluminium/PZT-4 interface crack on the circular path r = 2mm, w; = 180°, ws = —180°,
the singularity exponents are §; = 0.4127, §; = 0.5, 3 = 0.5873.
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6 Conclusion

The determination of the singular stress behaviour is one of the necessary steps for life evaluation
of constructions containing compound materials. The expansion of the Lekhnitskii-Eshelby-
Stroh formalism to piezoelectric materials firstly requires a deep investigation of pure anisotropic
bi-material notches. The effect of the material and geometry and primarily the properties of
the numerical procedures have to be studied. Many similarities between singular parameters of
pure anisotropic and piezoelectric bi-material notches have been observed. However, mainly the
numerical algorithms for finding roots of the characteristic and subsequent eigenvector extraction
had to be enhanced. It was proved that the default settings of the advanced numerical procedures
in numpy and scipy are inappropriate and have to be modified.

Firstly, a character of the singularity exponents as a function of the notch face angle wq
and fibre orientation a; was determined. Considering an in-plane problem and pure anisotropic
material, there are two singularity exponents, which are both either real or complex-valued.
The case of an interface crack is characterised by the oscillatory index. A HSV method was
developed in order to easily identify roots of the eigenvalue problem. Then, an initial guess for
the root finding algorithm can be estimated more precisely.

To achieve the most precise solution, the data extracted from the finite element analysis
with a very fine mesh were interpolated, so that the adaptive Romberg’s integration method can
be implemented. After that, the path independence of the W-integral was proved. A precision
of all computed parameters was illustrated on the good coincidence of the asymptotic and FEM
solutions on two representative circular paths enclosing the notch tip. The modification of the
LES formalism in terms of the Muskhelishvili complex potentials enables a modelling of isotropic
materials.

In the second step, the expanded Lekhnitskii-Eshelby-Stroh formalism for piezoelectric ma-
terials was applied to bi-material notches and interface crack problems. Although these two
kinds of the stress concentrators are usually studied separately, especially in the case of the
piezoelectric materials, the presented results showed that the used form of the expanded LES
formalism and the eigenvalue problem captures acceptably both particular problems of the frac-
ture mechanics. It was shown that the eigenvalue problem can be simply expanded, but the
attention has to be paid to the eigenvector extraction due to the ill-conditioned matrices in the
piezoelectric constitutive laws. The singularities of very closed bi-material notches, characterised
by the complex valued exponents, were part of the discussion. Also arbitrary poling orientation
of the piezoelectric materials in the x1x9 plane was included into the considerations.

The generalization of the so-called € and « classification of the piezoelectric bi-materials was
suggested. It was ascertained that the exponents of the singularity of the stresses, mechanical and
electric displacements and electric potential are independent of the parallel poling orientation of
the bi-material. Although in the case of the interface crack, the used eigenvalue procedure is not
able to distinguish between the real and complex exponent form as does the Hilbert problem
formulation presented in Ou and Wu [25]. It was shown that both methods give equivalent
results. After that, the U-integral path-independence was proved. Nevertheless, precision of the
W-integral evaluation method has to be significantly increased. The high accuracy of the GSIFs
calculations was demonstrated by comparing the asymptotic solution with the full-field FEM
solution obtained using a very fine mesh.

An insulator /piezoelectric and conductor/piezoelectric bi-material notches were modelled by
implementing the Muskhelishvili complex potentials similarly to the pure anisotropic bi-material
notches. As the piezoelectric coefficients were omitted, the elastic and electric fields are decou-
pled and the linear electrostriction is not considered. The effect of the quadratic electrostriction,
which could be manifested under electrical loading, is not included in the constitutive law. It was
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shown that the singularity exponents for the interface cracks agree with the ¢ and & classification
reported in Ou and Chen [99] and Ou and Chen [26].

The effect of the boundary conditions of a piezoelectric bi-material notch was also stud-
ied. It was observed that when one face was clamped, the characteristic equation has six roots.
The relations for electro-elastic fields description were extended for all singular terms. A fu-
ture research will focus on proposal of fracture criteria based on extending the Finite Fracture
Mechanics concept [121] to piezoelectric bi-material notches.
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Nomenclature

C’ij,CA’ij Elastic stiffness, reduced elastic stiffness

C’g Elastic stiffness at constant electric field

CA',g Reduced elastic stiffness at constant electric field for generalized plane strain
and short circuit

D; Electric displacement

D?ppl Applied electric displacement

E; Electric intensity

H; Generalized stress intensity factors

K Transformation matrix 6x6 describing in-plane rotation

K1, K, Ky Stress intensity factors

Sij,gij Elastic compliance, reduced elastic compliance
Sil]? Elastic compliance at constant electric displacement
Sb Reduced elastic compliance at constant electric displacement for generalized

plane strain and short circuit

T Stress functions
YA Complex potentials
a,b FEM model dimensions

eij,dij,hij.9;;  Piezoelectric coefficients

e% Reduced piezoelectric coefficients

f(z) Complex function vector

ggj Reduced piezoelectric coefficients

) Imaginary unit

14 Length parameter

n Normal vector

q Electric charge

r,0 Polar coordinates

Te Radius of the integration contour

T Tractions

tFEM Vector of tractions computed by FEM
A LB Material matrices

u Displacements

ul'EM Vector of displacements computed by FEM
Vi, W; FEigenvectors

T; Cartesian coordinates

z Complex variable

Q Transformation matrix 3x3 describing in-plane rotation
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NOMENCLATURE

W-integral
Fibre orientations or poling directions

Dielectric non-permittivity at constant stress

Reduced dielectric non-permittivity at constant stress for generalized plane
strain and short circuit

Singularity exponent

Oscillatory index

Strain tensor

Shape function vector for displacements
Lekhnitskii’s stress functions
Non-oscillatory index

Lamé constants

Shape function vector for stresses
Material eigenvalues

Poisson’s ratio

Poisson’s ratio in the principal material directions L,T,T"
Notch face angles

Dielectric permittivity at constant strain

Reduced dielectric permittivity at constant strain for generalized plane strain
and short circuit

Electric potential

Stress tensor

Applied stress

Finite element method

Generalized stress intensity factor
Generalized stress singular concentrator
Lekhnitskii-Eshelby-Stroh formalism

Strain energy density factor
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A HSYV algorithm for visualizing a complex function

One of the crucial tasks in problems of bi-material notches is finding of the roots §; of the
transcendental function . When the roots are real numbers, a root finding algorithm can
be constructed easily, e.g. by using the Newton’s method [114]. But there are special cases,
such as orthotropic interface cracks [110] or isotropic interface corners studied in [143], which
have complex-valued roots. In such cases, it is suitable to depict the transcendental function in
order to quantify the roots visually. Additionally, the initial guess for the Python global search
algorithm findroot can be set more precisely.

The problem of depicting a complex function lies in its definition. Several methods were
introduced in [144} 145|146} |147] and their subsequent research work, such as analytic landscape
depicting.

The complex function is described by its modulus |f(z)| and argument arg f(z) (in the lit-
erature also known as a phase). The modulus |f(z)| and the argument arg f(z) can be described
by one-colour surface and certain colour space, respectively. The way, how both descriptions can
be displayed in one 2D graph, explains the following appendix via the so-called HSV algorithm.

A.1 Domain colouring

For purposes of the present study, the HSV method for depicting a complex function was de-
veloped [148|, which is based on recomputing a complex number to hue (H), saturation (S) and
value (V). A complex function f(z) : C — C lives in four real dimensions, which brings about
difficulties in depicting such a structure, because a human imagination is used to perceive only
in a 3D space.

It is suitable to express a complex number z in the eulerian form, i.e.

2=z +ivg = 2|, (A.1)

where x1, 9 are Cartesian coordinates, |z| is called the module and ¢ the phase. They can be
encoded to a HSV colour space.

A HSV colour model is a cylindrical-coordinate representation of a standard RGB colour
model. In the literature, there are many relations how to recalculate a module and a phase to
hue, saturation and value, such as |149} 150] by using logarithmic or goniometric functions.

A complex number in the eulerian form is recalculated to hue H, saturation S and value
V by the following prescription:

¥
H=—+1 1 A2
(27T + ) mod 1, (A.2a)
S = const (A.2b)
1
=1-—- A2
VeI (A.Zc)

Then, hue represents a colour and value a brightness (opacity of the black colour). Saturation
defines a colour intensity with respect to an individual character of the studied function. It holds
for hue and value that H € (0,27) and V € (0,1). The function[A.2¢|represents a morphism (or a
mapping function) that transforms the absolute value of z to the interval (0,1). Its development
is depicted in Fig. Data for the phase plot are obtained by transforming the HSV colour
model to the RGB colour model by using the Python library hsv_to_rgb.
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Fig. A.1: Cut-away 3D model of the HSV colour space. On the right there is a circumferential cut by
S =1 and below the unit circle.

A.2 Phase portrait

Many common functions can be depicted by using the above described procedure. However,
fracture mechanics of singular stress concentrators, especially piezoelectric bi-material notches,
deals with numbers of various orders, which brings about difficulties with the value V. For
example, the elements of the compliance matrix (see Eq. ) are in the order of 10~ MPa.
In the denominator of there is a summation of 1 and a lower order number |z|, which causes
problem for the floating point arithmetic. Substitution of sufficiently small |z| into leads
to 1. The contribution of the small number is lost and value V' equals to 0. The phase plot is
then destroyed by black colour (V' = 0, as can be seen in Fig. [A.3).

For root identification purposes, we can forget about the modulus completely and depict
only the phase encoded to the hue. The lost information still makes possible to identify root of
the investigated functions. Let us illustrate it on an example adopted from . The phase
portrait of a complex function

oz—1
f(Z) - ZQ NEpYE 1
is depicted in Fig. |A.4 Hue remains defined by , saturation and value were set to S =1
and V = 1.

(A.3)

A.3 Zero and pole identification

Three exceptional points where all colours come together are highlighted in Fig. These
points are characterised as zeros, f(z) = 0, and poles, f(z) = oo. Zeros and poles can be
distinguished by ordering of colours in their neighbourhood. If we travel on a circle in the
vicinity of the point in the clockwise direction, then a zero has the same orientation (same
colour ordering) as on the unit circle (see Fig. , a pole has a reversed orientation. The
order of a zero or a pole can be determined as a number of isochromatic rays of one arbitrarily
chosen colour, which goes to that point. Then, the phase ¢ rotates with n-times at the point z
if the function f(z) has a power n as follows from the eulerian form (A.I)). With this knowledge
we can then say that the points 1 and 2 are poles of order one and the point 3 is a zero also of

order one [148].
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Fig. A.2: Mapping functionin the range |z| € (0,10%) (left) and zoomed in for |z| € (0,5) (right).
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Fig. A.3: Phase plot of the determinant ([5.22)) by using the mapping function The reduction
causes destruction of the whole domain by black colour.
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Fig. A.4: The HSV phase portrait of the complex function f(z) = (2 — 1)/(2? + 2z + 1) and the contour
plot for f(z) = 0. The intersection of the blue and red line identifies the zeros or poles.
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B Reduction of the linear equation system

The system ((5.22]) can be reduced to a system of two equations by using the following algebraic
operations. If the first row of (5.22)) is multiplied by inverse of XIl from the left, we get

1\ -1 _ _
(X)) XLV 4+ Tw! = YLV + T'w! = 0. (B.1a)
An analogous equation can be obtained from the second row of ([5.22)):
-1 _ _
(Xy)  xPLvT 4 DW= YILVT 4+ LW = 0. (B.1b)

The combination of the relations (B.1a) and (B.1b]) leads to the relations between eigenvectors
v and w, which
L'wl = ~YiLWV, (B.2a)

L'w! = —yILIy, (B.2b)

By substituting (B.2)) to the third row of (5.22), one gets:
BILV! + B{Y!LIV! — BILIVT — B YLy =
= (By+ BoY}) LV — (BY + B, Y ) L'V = 0. (B.3)
From the fourth row of (5.22)) we get:
Livl + L'w! — LUV Tl —
— LIVI . YllLIVI _ LHVH + YIZILHVH —
= (=Y LV - (1-Y¥) L'V =0, (B.4)

from which we express the following relation:
-1
L= (1-vY)  (1-vi) L. (B.5)
Substituting (B.5|) into (B.3)), the resulting reduced system of two equations is obtained:

B+ BovE - (B BoYE) (1-¥8) (1) v )
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C Additional results for a transversally isotropic bi-
material notch

C.1 Auxiliary shape functions

— R} - — S
— R{m} - - {3}
x10~11
T

S

-3 -2 -1 0 1 2
0 [rad]
(a)
R __ S R _ s
Ry - - sy R B!
25 T T T T T T 25 T T T T T T

Fig. C.1: Components of the auxiliary shape function vectors (a) f;, A, and (b) Ay, Ay for a bi-material
notch wy = 125°, wy = —180° (materials are defined in Tab. .
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Fig. C.2: Components of the auxiliary shape function vectors (a) 7);, 7, and (b) X1, Ao for
crack w; = 180°, we = —180° (materials are defined in Tab. .
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C.2 Displacement and stress development with imaginary parts
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Fig. C.3: Real and imaginary parts of displacement and stress components evaluated on the circular path

with radius » = 1 mm enclosing the interface crack tip.
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C.3 Displacement and stress development with non-coincident
fibre orientation

H, Hi+Ha Hy Hi+H>
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Fig. C.4: The displacement and stress components on the circular path » = 0.001 mm of an interface
crack wy = 180°, wy = —180° and material 1 fibre orientation a; = 50°. Materials are defined
in Tab. singularity exponents are §; = 0.5092 + 0.025127, §o = 0.5092 — 0.02512.
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a piezoelectric bi-material
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Fig. D.1: The exponent ¢; dependence on the PZT-7A/BaTiOs bi-material notch geometry w;. Poling
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Fig. D.2: The dependence of the interface crack exponents §; on the poling direction a;. The poling

direction ag = 0°.



160 D ADDITIONAL RESULTS FOR A PIEZOELECTRIC BI-MATERIAL NOTCH

D.1 Auxiliary shape functions
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Fig. D.3: Components of the auxiliary shape function vectors (a) 7, 7y, 713 and (b) A1, Ag, Ag for a
PZT-5H/PZT-4 bi-material notch defined by wy = 120°.
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Fig. D.4: Components of the auxiliary shape function vectors (a) 7);, 715, 73 and (b) A1, Ao, A3 for an
interface crack of PZT-5H/BaTiO3 bi-material.



162 D ADDITIONAL RESULTS FOR A PIEZOELECTRIC BI-MATERIAL NOTCH

D.2 Mechanical and electrical fields of a bi-material with nonco-
incident poling orientation
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Fig. D.5: The displacements, stress components, electric displacement components and electric potential
of a PZT-5H/PZT-4 bi-material notch on the circular path » = 0.001 mm, w; = 155°, wy =
—180°. Poling directions are a; = 40° and ay = 90°, the singularity exponents are §; = 0.4647,
09 = 0.5271, §5 = 0.6174.
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Fig. D.6: The displacements, stress components, electric displacement components and electric potential
of a PZT-5H/PZT-4 bi-material notch on the circular path r = 2mm, w; = 155°, wy = —180°.
Poling directions are a; = 40° and as = 90°, the singularity exponents are 6; = 0.4647,
02 = 0.5271, §5 = 0.6174.
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E Attached scripts

The attached CD contains scripts for evaluating the fracture-mechanical parameters for determi-
nation of the stress intensity in the vicinity of an anisotropic and piezoelectric bi-material notch.
The first group are the APDL macros executable by ANSYS software (within the dissertation
ANSYS v18.1 was used). Input data are the material parameters, notch geometry and the line
division parameter A.. The output files contain nodal data of electro-elastic fields. Below, the
macros for evaluation of the displacement, electric potential, stress and electric displacement
finite element fields are listed.

Notch AA v3.mac Anisotropic bi-material notch with the free-free notch faces.
Notch_AI_v3.mac Isotropic/anisotropic bi-material notch with the free-free notch faces.
Notch_AA_v3_CF.mac Anisotropic bi-material notch with the free-clamped notch faces.
Notch_PP_v3.mac Piezoelectric bi-material notch with the free-free notch faces.
Notch_PI_v3.mac Isotropic/piezoelectric bi-material notch with the free-free notch faces.
Notch_PP_v3_CF.mac Piezoelectric bi-material notch with the free-clamped notch faces.
sqmesh.mac Macro controlling the mesh structure.

The second group is represented by Python scripts (Anaconda Python 2.7) for evaluating
the electro-elastic fields. The input parameters are the material data including the orientation
of the principal material directions (or poling), the notch geometry and the initial guess for the
mpmath.findroot algorithm. The result files from the FEM analysis described above are also
imported. Below, scripts for evaluation of the singularity exponents, generalized stress inten-
sity factors and displacements, electric potentials, stresses and electric displacements computed
along the circular paths around the notch tip are listed.

LES AA v3.mac Anisotropic bi-material notch with the free-free notch faces.
LES_AT_v3.mac Isotropic/anisotropic bi-material notch with the free-free notch faces.
LES_AA_v3_CF.mac Anisotropic bi-material notch with the free-clamped notch faces.
LES_PP_v3.mac Piezoelectric bi-material notch with the free-free notch faces.
LES_PI_v3.mac Isotropic/piezoelectric bi-material notch with the free-free notch faces.
LES_PA_v3.mac Anisotropic/piezoelectric bi-material notch with the free-free notch faces.

LES_PP_v3_CF.mac Piezoelectric bi-material notch with the free-clamped notch faces.
mod_HSV_v4.mac Module for depicting the phase portrait of the characteristic function.
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