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Under the new Hoélder conditions, we consider the convergence analysis of the inverse-free Jarratt method in Banach space which
is used to solve the nonlinear operator equation. We establish a new semilocal convergence theorem for the inverse-free Jarratt
method and present an error estimate. Finally, three examples are provided to show the application of the theorem.

1. Introduction

We consider the following boundary value problem:

X =-AG(x),
x (b) = x,.

1
x (a) = x,, M
Those are equivalent to the following nonlinear integral equa-
tion (see [1, 2]):
b
x(s) =a(s) + /\J k(s,t) G (x (1)) dt, (2)
where a(s) = (1/(b —a))(x,(b—s) + x,(s—a)) and G : Q C
Cla,b] — Cla,b] is a twice Fréchet-differentiable operator.
Cla, b] is the set of all continuous functions in [a, b]; k(s, t) is
the Green function:

b-9t-a) , _
kKsh=16-%6-1 _ (3)
b-a ~ 0

Instead of (2), we can try to solve a nonlinear operator
equation F(s) = 0, where

F:QcC]la,b] — Cla,b],

b
F(x)(s) :x(s)—oc(s)—)tj k(s,t) G (x(t))dt.

Solving the nonlinear operator equation is an important issue
in the engineering and technology field as these kinds of
problems appear in many real-world applications. Economics
[3], chemistry [4], and physics [5-8] are some of the examples
of the scientific and engineering technology areas applied to
solve these type of equations. In this study, we consider to
establish a new semilocal convergence theorem of the Jarratt
method in Banach space which is used to solve the nonlinear
operator equation

F(X) =0, (5)

where F is defined on an open convex Q) of a Banach space X
with values in a Banach space Y.

There are a lot of methods of finding a solution of
equation F(x) = 0. Particularly iterative methods are often
used to solve this problem (see [1, 2, 9, 10]). If we use the
famous Newton method, we can proceed as

Xy =%, —F (x,) " F(x,), (n20)(x,€Q). (6)
Under a reasonable hypothesis, Newton’s method is the
second-order convergence.

To improve the convergence order, many modified meth-
ods have been presented. The famous Halley’s method and
the supper-Halley method are the third-order convergence.



References [11-22] give the convergence analysis for these
methods. Now, we consider the following Jarratt method (see
[23-25]):

FI (xn)_l F (xﬂ) >

H (3 3,) = §F' ()™ [F (502 0= 3) -

(xn’ yn) [I - H(xn’ yn)] (yn - xn) .

Yn = X —
F (%),

Xn+1 = yn
(7)

In this paper, we discuss the convergence of (7) for solving
nonlinear operator equations in Banach spaces and establish
a new semilocal convergence theorem under the following
condition (see [20, 21]):

||F"’ (x)-E" (y)" <w(|lx-y]), (8)

where w : [0,+00) — R is a nondecreasing continuous
function. Finally, the corresponding error estimate is also
given.

2. Main Results

In the section, we establish a new semilocal convergence
theorem and present the error estimate. Denote B(x,r) =
{yeX|lly-xl<rland B(x,r) ={y € X | |ly — x| < r}.
Suppose that X and Y are the Banach spaces, () is an open
convex of the Banach space X, and F : Q ¢ X — Y
has continuous Fréchet derivative of the third-order. F '(xo)f1
exists, for some x,, € (), and F satisfies

A0 o=l = [F () (5] < 7
A |F (x)  F" )| <M, xeQ M>0;
xeQ, N>0; 9)

(A3)|[F' (x) " F" (0| < N,

AD[F (o) [F" ) = F" ()] < @ (x - ).
x,y € Q.

(A5) w(z) is a nondecreasing continuous real function for
z > 0 such that w(0) > 0, and there exists a positive

real number p € (0, 1] such that w(tz) < tPw(z) for
t € [0,1] and z € [0, +00).
(A6) Denote A = [ [ t(1 - t)(st) dsdt = (1/(p +

D(p+2)(p+3),B = (1/3) ] IOI(2st/3)ptdsdt =
QP3P (p + 1)(p + 2)). Let ay = Mn, by = N,
CO = ’12“’(’7)> an+1 = anfz(an)g(an’ G ) n+l
bnfs(an) gz(an’ bn’ Cn)’ Cn+1 = f3+p(an)g2+P(an’ n’ Cn)’
where
2
R

(10)

5x% +2x% + x°

+ A+B
8 t tArBz

9(x.y,2) =

First, we get some lemmas.
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Lemmal. Supposethat f(x), g(x, y,z) are given by (10). Then
Vx € (0,1/2), f(x) is increasing and f(x) > 1;
Vx € (0,1/2), y > 0, g(x, y, z) is increasing;
Vy € (0,1), x € (0,1/2), p > 0, f(yx) < f(x) and
9% y.y"P2) < P g(x, 3, 2).

Lemma 2. Suppose that f(x), g(x, y, z) are given by (10). If
1
0: =)
€ ( 2)

(i) the sequences {a,}, {b,}, {c,} are nonnegative and
decreasing;

(ii)) 1+ (a,/2)(1 +a,))a, < 1,¥Yn = 0.

f2 (ao) g (“o»bo’co) <L (11)

then

Proof. (i) Whenn = 1,

= aof* (a9) 9 (a9, by, &) < ag,

0<b, =bf (a) g (ap by ) < by (12)
<a =6 f " (a) g"" (a by ) < 6.

Suppose a; < a;_ l,b] < b

fandg are increasing; then
a1 = 4,1 (a,) 9 (4 b,,6,) < a,f (a0) g (a0, by ) <
bust = b (a,) 8° (4, B 6,) < b, f (a9) ° (a0, B> &) < by
G1 =67 (a,) g7 (a,b,06,)

<6, [ () 9 (abrnc)] " <,

0<a

Lforj=1,2,...,n By Lemmal,

(13)

(ii) By (i), {a,} is decreasing and a, € (0, 1/2). So, for all
n>0,

<1+%(1+an))ans

This completes the proof of Lemma 2. O

(1+%(1+ao))aO <1. (14

Lemma 3. Suppose that the conditions of Lemma 2 hold.

Denotey = a,/ay = f*(ag)g(aq, by, ¢) < 1. Then

y(((3+p)"—

(((G+p)"-1)/(2+p)) )? by ¢
n

n-1
(1) an < Y(3+P) an—l < 1)/(2+P)) bn

G e, <
(y(3+P)nil)2+an—1 < y(3+p) —lco Vi 1;

(ii) f(a, )g(an, ) < (3+p) -1
P fla)), Yn = 1

Proof. First, by induction, we prove that (i) holds. Because
a, = yay and f(a,) > 1, we have

by = by f (a9) g° (a9, by> ) < V'l

o =6 f " (a) g”* (a5, by ) < ¥

IN A

fag)g(ay, by, )

(15)
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Suppose that (i) holds for n > 1. Then we get

Ap1 = aan (an) g (an’ bn’cn)

G+p)*! 2 ((3+p)!
SY b anflf (Y b anfl)
Gipy! G2 G PP
Xg()/ P an—b(y P )bn—l’()’ r ) Cn-1
G+p)" 2 G+p) 2P
< Y P an—lf (an—l)(y P ) g9 (an—l’bn—l’cn—l)

= Y(3+P) anflfz (anfl) g9 (anfl’ bnfl’ Cnfl) = y(3+P) >

n n n-1
3+p) (3+p) )/(3+P) a

an+1Sy anSy

G+p)" (3+p)"" 3+p)°
"SY PY P Sy pao

IN

_ G+ =1/ 2+p))
= p(Grr Mg,

2
b = 0.8 (@) 6" @bc) < b, (222 < (),

a
Gp"\2 [ Gp) ™) G+p)\?
<2 (%) (Y p ) (y p ) b
(G+p)™ -1)/+p)) |
= (Y P P ) by,

Cny1 = f3+p ( n) g2+P (an’ bn’ Cn)

<6, [ (@) g (@) =

< (y(3+P)n)2+p ntl_

G << yPtP

(16)
and from (ii) we get

f(a,)g(a,b,c,)

< f(p@r e, )
3+p)"-1)/(2 34+p)"-1)/(2 2 311

% g(y((( DI (G Co)

G £ () y?
4 “f(a) g(apby) = > n=L

f(a)

17)

This completes the proof of Lemma 3. O

Lemma 4. Suppose that X and Y are Banach spaces, Q) is
an open convex of the Banach space X, F : Q ¢ X — Y
has continuous Fréchet derivative of the second-order, and the

sequences {x,}, 1y,} are generated by (7). Then, for all natural
numbers n > 0, the following formula holds:

F (xn+1)

1
= J F” ()/n +t (xn+1 - y,,)) (1- t) dt (xn+1 - yn)2

0

1
+“ F" (x, +t (y, - x,)) (1 - £) dt
0

1 (! 2
——J F"(x +=t(y,
2 Jo 3

NSRS

0

-x))de| (- )’

-F" (xn + %t (v, - xn))] dt
X (Y = %) H (X y) (7 = X,)
R

x (yn - xn)H(xn’yn)H(xn’yn) (yn - xn) .

+

N | =

Proof. Consider

F(y,)

zF(yn)_F(xn)_F

’ (xn) (yn - xn)

B JF (% + £ (3 = 2,)) (1= D)t (3, = x,)°,

0

F' (3,) (%1 = 7)
== [F 00 - F (o) H (1)
x (1= H (% 3)] O~ %)
— 2 F () H (33 [~ H (5 ,)] (0 )

1

1
=3 | Pt x
2 Jo

x (yn - xn)H(xn’ yn) (yn - xn)

1
w3 [ F e G- %)) d
0

x (yn - xn) H (xn’ yn) H (xn> yn) (yn - xn)
1

1
-5 J F” <xn + %t(yn - xn)>dt (yn - xn)z
0

2

1 (! 2
+EJ1) F” (xn+§t(yn—

xn)> dt

x (yn - xn)H(xn’ yn) (yn - xn) >



F(xn+1)
= F(-xn+1) - F(yn) _F’ (yn) (‘xn+1 _yn)

+ F(yn) + F’ (yn) (xn+1 - yn)

1
= J'O F’I (yn +t (xn+1 - y,,)) (1-1) dt (xn+1 _ yn)Z

le" (x, +t(y, —x,)) (1 D) dt
0

+

[ (e 2000 50) ] - )

N RIS

- F" <xn + %t(yn - x,))] dt
X (yn_xn)H(xn’yn) (yn_xn)
1 ! "
+-j F" (x, +(y, - x,)) dt
2 Jo

X (yn - xn) H (xn’ yn) H (xw yn) (yn - xn) .
(19)

This completes the proof of Lemma 4.
By (A1)-(A6), (10), and (11), if a, < 1/2, then

[H (x0, o)l < M ||lyo — %o,
=M ”F’ (xo) ' F (xo)” lyo = %o < a0,
1
1 = ol < 3 1H (2505 yo)| |1 = H (%05 ¥0)|| |70 = %o

<% (140 o -l
1 = xof| < 1 = woll + y0 = %ol

< [1 + % (1+ ao)] [0 = o]l < Re,
(20)

where R = [1+(ay/2)(1+ay)](1/(1- f(ay)g(ay, by, ¢))); hence,
X1, Yo € S(xg, Ryp). Consider

“F’ (Xo)i1 F'(x;) - I"
a (21)
<M |x; = x| < [l+?(l+ao)]ao <1

By Banach lemma, F '(xl)_1 exists, and

“F’ (x)  F (xo)” < f(ay) = f (ay) "Fl (xo)  F' (xo)"-
(22)

O
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By Lemma 4, we have

o

1
X L F" (xo +t (3 — %)) (1 = t) dt

F ) [ F oo 100 30)

—F" (xo)] (1 - t) dt

X Ll [F" (xo + %t (o — xo)) - F" (xo)] dt

= HFl (xo)_1 ”:F”I [ (%o + st (¥ = x0))
- " (xo)] ds
xt(1-1t)dt(yy - x;)

1 -1
- gF’ (%)

X ”; [F'” <x0 + gst (yo - xo))

~F"" (x,) ] dstdt (y, — x,)

< (A+B)w(n) (3 - %)

"F’ (’Co)i1 F(xl)"

£ M "xl - )’0”2 + ﬂao “}’o - x0||3
2 12

M
+ 7‘13 o - x0||2 +(A+B)w(n) |y - x0||3 >

Iys =
< "Fl (961)_1 F (xo)" "F, (xo)_1 F (xl)"

< f(ay) g (a9, by ) ")’o - x0|| .
(23)

Hence,

IH (1, 31)]| < M ”FI (x,) " F' (xo)" Iy1 =%

< Mf2 (a9) g (a9, by, ) [|y0 = %o = ars
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N "F’ (xl)_l F (xo)“ “)’1 - x1||2
< Nf* (o) g (a9, by &) o - x0||2 =b,
"F, (xl)_l F (xo)“ @y =21 [) |31 - x1||2

< 7 (ag) g7 (a9, by ) @ (17) lyo - x0||2 =q. o0
24

Hence,
2= il < S (v a) [ -5,
Ja =51l < o = 3l + I =
< (1 + %al (1 +a1)> [ = x>
2 = 5ol < e, =l + oy =

<

1+ 2 (1 a0) | [f (@) 9 (@) + 1]

X ||y0 - x0|| < Ry
(25)

By

“F’ (xl)_l F'(x,) - I" <M "FI ('xl)_l F (xo)" s = x4

<a [1+%(1+a1)] <1,
(26)

hence F'(xz)_lF'(xO) exists, and IIF'(xz)_lF'(xO)II <

f (a)IF (x;) 7 F (x)l. By induction, we can prove that the
following Lemma 5 holds.

Lemma 5. Under the hypotheses of Lemma 2, the following
items are true for alln > 1:

() F'(x,)"F'(x,) exists and |F'(x,)""F'(x,)| <
Fan DIF (x,) " F (x) s
D Iy, = x,ll < f(a,- )9 @, 16,15 G- DYy = Xa
(1) H(x,, y,) < MIF'(x,) " F'(xp)llly, - x,ll < a,
(IV) NIF'(x,)""F' (xp)lllly, = x,I* < b
(V) IF" (x,) " F' (xo)lleolly, = 2, D1y, = %017 < 5
(VD) %41 = yull < (a,/2)(1 + @)y, — x,;
(VID) x4 = 2,0l < [1 + (a,/2)(A + a)]lly, — x,;
(VIID) [Ix,.1 —xoll < Ry, where R = [1+(ay/2)(1+a,)] (1/(1-
f(a9)g(ay, b, )))-

Theorem 6. Let X and Y be two Banach spaces and F : Q) C
X — Y has continuous Fréchet derivative of the third-order on
a nonempty open convex Q. One supposes that Ty = F'(x,) " €
L(Y, X) exists for some x, € Q and conditions (Al)-(A6) and

(11) hold. If S(xy, Ry) C Q, then the sequence {x,} generated

by (7) is well defined and converges to a unique solution x™ of
(2) in S(xy, (2/ M) — Ry) N Q. Furthermore, the following error
estimate is obtained:

" =
(@G+pr-D/C+p)) .
<|1+ % (14 CP DI, )
y 1 (G+p)"=1)/(@+p)) A
1— A T

(27)

where y = f*(ay)g(ay, by ;) = a,/ay and A = 1/f(a,), R =
(1+ (a9/2)(1 + a,)) (1/(1 = yA)).

Proof. Firstly, we prove that the sequence {x,} is a Cauchy
one. From (II) and by Lemma 3, we have

“yn - xnn < f (an—l) g (an—l’ bn—l’ Cn—l) "yn—l - xn—ln

<-e < (ﬁf (ai)g(ai’bi’ci)>77

(28)

n-1 )
< < y(3+P) A> n= y(((3+P) _1)/(2+P))A"r].

i=0
Forn>0,m > 1,
% =
< [im = Srmer |+ [%rm1 = X2
e [ = x|

s[1+%(1+an)]

X (“yn+m—1 - xn+m—1|| L ||yn+1 - xn“)
< [1+%(1+an)] (29)

n+m—1
% (y(((3+p) —1)/(2+p))An+m—1

+...+y ;7

(G+p)"-D)/@2+p) A”)
a n_
- [1 + 2 (1 +an)] PGP =D/ pm,

n m—1
% (Y((3+P) (G+p)™ =1/@ep) Am=1 1)'

By the Bernoulli inequality (1 + x)*=1>kx,s0(3+ p)k -1>
k(2 + p). Hence, we have
"xn+m - xn"
e
2 W1 yGraY T
(30)



Hence, {x,} is a Cauchy sequence and x* = lim,_, x,,.
Obviously, x,, € B(xy, Ry), forallm > 1, asif n = 0 in (30);
we obtain

a,
=50l < (14 2 (1+.a))

= Ry.
I_YAW " 31

Following a similar procedure, we have y, € B(x,, Ry), for all
n=>0.

Now, let n — oo in (28). It follows that ||F'(xn)_1
F(x,)ll — 0.Besides ||[F(x,)| — 0,since ||F(x,)|l < IIF'(xn)II
IIF'(xn)_lF(xn) [and {||F'(x,,)||} is abounded sequence, there-
fore F(x™) = 0 by the continuity of F in S(x,, R#).

By lettingm — oo in (30), we obtain error estimate (28).

To show uniqueness, let us assume that there exists a
second solution y* of (2) in S(x, (2/M) — Ry) N Q. Then

[1F G [P Gt =) - ' ()]

1
< MJ " 41 (" = x") = x| dt
’ (32)

1
<M [ [0-0] = sl ey - ) d

M 2
2 (Ry+ = —ry)=1.
<2(’7+M ”)

By Banach lemma, we can obtain that the inverse of the linear
1
operator .[0 F'(x* +t(y* — x*))dt exists and

[Pt =Ny -2 =P () -F ) =0
(33)

We get that x* = y*.
This completes the proof of Theorem 6. O
3. Application

In this section, we apply the convergence theorem and show
three numerical examples.

Example 1. Consider the root of the equation F(x) = x'** +

x?-x-1=0onxe (0, +00). Then, we easily get that

F"(x) = @xl/3 + Exl/2 (34)
27 8

does not satisfy (K, p) Holder condition
|F" ) - F" (y)| < K |x - »|” (35)

because, for all p € (0,1],

1/3 1/2

(280/27) |x — y|'” + (105/8) |x - y|
|x - y|?

x,y€(0,+00)
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Let

280 105
RV _Z1/2’

— z > 0; 37
27 8 (37)

w(z) =

1/3

then w(tz) <t "w(z) fort € [0,1] and z € [0, +00);

”F”' (x)-F" (y)” <w|x-y|. (38)

Let us consider a particular case of (2) from the operator
given by the following nonlinear integral equation of mixed
Hammerstein type (see [26]):

m b
x(s) = as) - jk<s,t><pi<x<t>>dt, (39)

i=1 74

where —co < a < b < +oo, u, ¢;, fori = 1,2,...,m, are
known functions and x is a solution to be determined. If ¢’

is (L;, p;) Holder continuous in Q, for i = 1,2,...,m, the
corresponding operator F : Q € Cla,b] — Cla,b],
m b
FEI© =2+ ) | ks x®)dr-a(), o
=174 40

s € [a,b],

does not satisfy (K, p) Holder condition; for instance, the
max-norm is considered. In this case,

[F" )= F" ()] < YLi == 5™,
i=1 (41)
L;>0, p;e(0,1], x,yeQ.

To solve this type of equations, we can consider
"F”' (x) - F" (y)" <o(x-y), xyeQ 42

where w(z) = Z L;zP satisfy w(tz) < t1w(z), where g =
min{p;, Py« +> P}

Remark 7. Observe that if F"" is Lipschitz continuous in Q,
we can choose w(z) = Kz, K > 0, so that Jarratt’s method is of
R-order, at least four order. If F'"' is (L, p) Holder continuous

in Q, then we can choose w(z) = Lz, L < 0, p € (0,1], and
Jarratt’s method is of R-order, at least 3 + p.

Example 2. Consider the case as follows:

1
X(s) =14 = J k(s 1) x (1) dt
32 Jo

. (43)
1 10/3
— | k(s t t dt,
v 5 | kenxo
where the space is X = C[0, 1] with the norm
Il = max | (51,
(44)

t(1-s), t<s,

k(s = {s(l—t), s<t.
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This equation arises in the theory of the radiative transfer
and neutron transport and in the kinetic theory of gasses. Let
us define the operator F on X by

F(x)=x(s) - %J k(s,t) x ()" dt

(45)
1

10/3
~ 30 J k(s,t)x(t)"" dt —

The first, the second, and the third derivatives of F are defined
by

F (x)u(s)=u(s) - i Jl k(s,t) x ()" u(t)dt
1 1
- J k(s,t)x(®)Pu@)dt, ueX,
9 Jo

" 11 ! 6/5
F' (x) (uv) (s) = % J k(s,t) x (@) u(t)v(t)dt
0

7 (! g
~ 5 L k(s,t) x(t)3 u(t)v(t)dt,

ue X,

"n 66 ! 1/5
F" (x) (uvw) (s) = ~3%0 L k(s;t) x(@®) " u@)v(t)w(t)dt
8 (! 1/3
— J k(s,t) x(@) " u(t)v(t)w(t)dt,
0

81
(46)
and we have

|| [FIII (X) _ FIII (y)] MVlU||

66
—— max
250 s€[0,1]

x Jl k(s |(x®'" -y ) u@)ve)w (@) dt
0

+ — max
81 s¢[0,1]

x Jl k(s t)|(x " -y ) u@)v ) w )| dt
0

66 Ly s
< 350 X g ||x y|| luvw||

+ 2 k- y)
g1 gV

1/3
luvw]| .

(47)

To apply Theorem 6, we choose x, = x,(s) = 1 and we look
for a domain in the form

Q=B(1,2) cC([0,1]). (48)

In this case, we have

1
P (49)

|- F (x,)] < 3

and from the Banach lemma, we obtain

720
¥ o)l < 557

720X1<1 1) 93
701 8\32 30/ 17 11216’

M =0.148766-- -, N =0.0948511 - -,

”F, (x0) " F(xo)“ <

3B 7
10025 1622137

w(z) = p= é
(50)

Then a, = My = 0.00123353 < 1/2,b, = 6.52127 x 10, ¢, =
1.47132 x 107%, y = f*(ay)g(ay, by, ;) = 3.48167 x 1077 < 1,
A = 0.998766---,and R = 1.00062 - - -. This means that the
hypothesis of Theorem 6 is satisfied. Then, the error bound
becomes

" =l
((3:2"-1)/2.2)

Y )
T (

< |1+ (((3-2)”—1)/2.2)%)

1+y (51)

1 ((3:2)"-1)/22) A
XToyErsY A'n

Forn =1,2,3,4, we get

;- x*|| < 4.28944 x 107"°
|, - x*|| < 5.76451 x 107'°

(52)
x5 - x*|| < 6.63209 x 107

|, — x*|| < 2.86064 x 107>

Example 3. Let us consider the system of equations F(u, v) =
0, where

T
F(u,v) = (1,17/2 —uv =P L Ly - 1P - 1) .
(53)
Then, we have
7 10
2u5/2 y ?1/7/3 u
Fn=| 7 10 :
Py ——=vP 4y
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1
F (uv)! =
() (14/2) u7/2 + (20/3) v10/3
10 4 10 4
-—v3+u —v3+u
3 3
X bl
S5 5
——u2 —v —u2 -y,
2 2
35
Zu',’/z -1
70
" -1 3”4/3
F" (u,v) = 35 >
Zu:”/z 1
70
1 A
9

3
Frameo = S0 2 (%),
105 12 280 s JAE
8 27
(54)

Now, we choose x, = (uy,vy) = (1.5,1.5) and Q = {x |
lox — x,ll < 1.5}. We take the max-norm in R? and the norm
Al =max{|a,;|+lay, |, lay | +]ay,|} for A = (G 32 ). We define
the norm of a bilinear operator B on R* by

2 |2
|B|l = sup mjaxz Zbi]kuk , (55)
lul=1 " =1 [k=1
b' b’
T bZl b22
whereu = (uy,u,)" and B=| 7k
bj“ bj”

Then, we get the following results: # = ||F '(xo)_lF (x)ll =
0.09598 -+, M =9.20456---, N = 10.7635---,and p = 1/3.
We get that the hypotheses of Theorem 6 are satisfied.
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