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Abstract

This thesis deals with the simulations of nonholonomic mechanisms, specifically robotic
snakes. Basic results and notions from the field of geometric control theory are recalled
and applied to derive the control models of the robotic systems. The results are simulated
in the software V-REP.

Abstrakt

Tato práce se zabývá simulacemi neholonomńıch mechanismů, konkrétně robotických
had̊u. V práci jsou uvedeny základńı poznatky geometrické teorie ř́ızeńı. Tyto poz-
natky jsou využity k odvozeńı ř́ıd́ıćıch model̊u robotických systémů a následně jsou tyto
modely simulovány v prostřed́ı V-REP.
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algebra, V-REP, ROBOTIS

BYRTUS, Roman. Simulation of nonholonomic mechanisms’ motion. Brno, 2019. Mas-
ter’s Thesis. Brno University of Technology, Faculty of Mechanical Engineering, Institute
of Mathematics, 2019. 53 s. Supervisor Doc. Mgr. Petr Vaš́ık, Ph.D.
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Introduction

Nowadays, the area of robotics is developing faster than ever. The demand for robotic
systems is rapidly increasing, motivated by the current trend of automation both in the
public and private domains. A new type of robots whose movement is based on the loco-
motion of animals are appearing, mimicking their living counterparts. One of such kinds
of robots are the snake-like robots. Their locomotion is inspired by the empirically stud-
ied motion of real snakes. The advantage of such robots is that they are very versatile;
they can handle movement in confined spaces, or areas where motion can be restricted by
the environment. Some of the proposed applications include search operations through
debris after and earthquake, or maintenance work in confined spaces such as pipes in a
factory. The earliest work available on the snake-like robots has been written by pro-
fessor Shigeo Hirose from the Tokyo Institute of Technology in the 1970s, however, the
first empirical study of the snake motion comes from 1946, developed by J. Gray at the
University of Cambridge. Many approaches to realization of these robots are currently
being studied. One such approach utilizes the geometrical control theory, which applies
tools from differential geometry, to derive an applicable control model. This thesis in-
troduces the theoretical apparatus needed to derive the control model for two selected
snake-like models, the trident snake robot and the 3-link snake robot. Finally, the models
are verified in the robotic software V-REP.

In Chapter 1, we introduce the notion of nonholonomic control systems along with a
basic introduction to the geometric control theory and some needed parts from differential
geometry. A simple model is included, on which the theory is demonstrated.

In Chapter 2, the snake-like robots are introduced, in particular the trident robotic
snake and the 3-link snake robot. Kinematic equations are derived for each of them based
on the non-slip assumption on the wheels.

In Chapter 3, we discuss the details of motion planning for our obtained models.
In Chapter 4 the robotic simulation program V-REP is introduced. We describe the

basic entities in the program and the available simulation options. Finally, the derived
models from Chapter 2 are simulated.

Chapter 5 deals with the real-world implementation of a 3-link snake robot. We
describe the method by which we program the robot and its construction.
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1 Control theory

1.1 Motivation

This section utilizes mostly the theory found in [1], [2].

Let us introduce some basic ideas from the field of control theory. Consider a nonlinear
control system in Rn in the form

ẋ = f(x, u), (1)

where x(t) ∈ Rn is the state and u ∈ Rm is the control. Assuming u(t) as a linear vector
control function, we can also rewrite (1) using a matrix of vector functions X as

ẋ = Xu. (2)

Given a control law u(t), a trajectory associated with u(·) is defined as a solution of the
nonautonomous ordinary differential equation ẋ = f(x, u(t)). Let us now discuss the
controllability and stability of the system (1). First, for any pair of points (a, b), does
there exist a control law u(t), t ∈ [0, T ] which converts the point a into the point b (i.e.
u(0) = a, u(T ) = b)? If we find that the system (1) is indeed controllable, the next issue
is the motion planning (i. e. finding a solution u(·) to the following problem). Generally,
we should also consider stability of the system - we have to design the control function as
a function u(t) = k(x(t)) of the state in such a way that the resulting differential equation
ẋ = f(x, k(x)) is stable. However, the stability of the derived systems will not be studied
in this thesis.

Usually, we deal with these problems locally by using a first-order approximation of
the system. The idea is following: we consider a pair (x̄, ū) ∈ Rm+n such that f(x̄, ū) = 0.
The linearised system around this equilibrium pair is defined to be the linear control
system

˙δx =
∂f

∂x
(x̄, ū)δx+

∂f

∂u
(x̄, ū)δu,

where δx ∈ Rn is the state and δu ∈ Rm is the control. If we find that the linearised system
is controllable in a neighbourhood of x̄, then so is the nonlinear one in a neighbourhood
of x̄. Thus, locally, we can study the behaviour of the linearised system to determine the
behaviour of the nonlinear system. Assume now that the control system depends linearly
on u (but a priori not on (x, u)), that is

ẋ =
m∑
i=1

uiX i(x). (3)

Can we apply the above strategy? For every x̄ ∈ Rn, the pair (x̄, 0) is an equilibrium pair
and the corresponding linearised system is

˙δx =
m∑
i=1

δuiX i(x̄), δx ∈ Rn, δu ∈ Rm.

Let us introduce the notion of a distribution.

Definition 1. A distribution is a smooth mapping assigning a subspace of the tangent
space to each point in Rn. A special case is a distribution generated by a set of smooth
vector fields X1, · · · ,Xm. In this case we define the distribution as

∆ = span{X1, · · · ,Xm}

13



Evaluated at any point q ∈ Rn, the distribution defines a linear subspace of the tangent
space

∆q = span{X1(q), . . . , Xm(q)} ⊂ TqR.

Let us denote the distribution in a point x̄ as ∆(x̄). Depending on the dimension of
the distribution, we distinguish two cases:

• if dim∆(x̄) = n, then the linearised system is controllable and the strategy by
linearisation may be usefully applied. Note that in this case the original system (3)
is also locally controllable.
• if dim∆(x̄) < n, then the linearised system is not controllable. However, the system

(3) may be controllable (and generally, it is). Hence the strategy by linearisation
does not apply - the linearised system does not reflect the local behaviour of the
non-linear system.

Nonholonomic systems are systems of the form (3) which belong to the second category
dim ∆(x̄) < n. The explanation of the behaviour of the linearised system may be found
in [1]. Very briefly, the reason is that linearisation is a first-order approximation with
respect to a Euclidean (Riemannian) distance. However, for the nonholonomic systems,
the Euclidean distance is not applicable and we need to consider a distance with different
properties.

In the following chapter we give a formal definition of a nonholonomic system (on a
manifold) and illustrate the basics of the theory on an example.

1.2 Nonholonomic systems

Definition 2. A nonholonomic system defined on the manifoldM is a control system of
the form

q̇ = u1X1(q) + · · ·+ umXm(q), q ∈M, u = (u1, . . . , um) ∈ Rm, (4)

where m > 1 is an integer and X1, . . . ,Xm are C∞ vector fields on M.

The system (4) defines a family of vector spaces:

∆(q) = span{X1(q), . . . ,Xm(q)} ⊂ TqM, q ∈M.

Generally, the dimension of ∆(q) is a function of q, and thus defines a distribution on
M, that means a subbundle of TqM. In the case when the dimension of ∆(q) equals the
dimension of M for all q ∈M, we call the distribution holonomic.

Nonholonomic systems arise from the so-called nonholonomic constraints. In short,
nonholonomic constraints are constraints on the tangent space TqM, i. e. they restrict
the allowed velocities, but not the actual attainable configurations in the state spaceM.
Let us continue with a simple geometric control model applied to an ordinary car moving
on a planar surface to demonstrate how nonholonomic constraints and systems look in
practice.

14
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Figure 1: A model of a car. Acquired from [3].

In Figure 1 we see our model with an attached coordinate system. We restrict the
motion of our car to a plane. The car is allowed to turn the front wheels, accelerate and
decelerate. We track the middle point of the back wheels’ axis, describing it by the point
(x, y). We also track θ, describing the orientation of the car and Φ, describing the front
wheels’ orientation. Thus, we consider our configuration space to be the manifold M,
which is isomorphic to the space R2 × (S1)2. We denote q ∈ M = (x, y, θ,Φ) to be a
point in the configuration space.

A common case in which the nonholonomic constraint arises is under the non-slip
assumption, which means that we assume the rear wheels of the car not to slip to the
side. Let us express this condition mathematically. Denote v = (ẋ, ẏ) as the velocity
vector of the car. Denote n = (− sin θ, cos θ) as the vector normal to the trajectory of
the rear axle midpoint (x, y). Thus, we write the condition as

v · n = 0.

In the coordinate form, we get

−ẋ sin θ + ẏ cos θ = 0.

This equation is satisfied when ẋ = s sin θ and ẏ = s cos θ, s ∈ R+; we take s as the speed
of the car, i. e. s = ||v||. To describe the motion of the car, we would also like to know
θ̇. First, we observe that ρ = L

tan Φ
. Denote d as the distance travelled by the car, then

w = 2πρ
2π
θ = ρθ for a fixed steering angle Φ and thus dw = ρdθ. Then

dθ =
tan Φ

L
dw.

15



Using the fact that ẇ = s this yields

θ̇ =
s

L
tan Φ.

In fact the three equations for ẋ, ẏ and θ̇ define a dynamical system. To achieve control
of the car, we must specify what our control variables are. For our car, as we said, we
can control the speed of the car by accelerating and decelerating, and change the front
wheels’ orientation by using the steering wheel. Let us denote the control variables for
speed and steering degree by (us, uΦ). We can then write our equations in the form of a
nonholonomic (control) system:

ẋ = us cos θ,

ẏ = us sin θ,

θ̇ =
us
L

tanuΦ.

(5)

Further, we should add some limitations on the steering angle and speed for the model
to match reality better. The exact solution of this system depends on the actual state of
the input functions.

Now, there are some ways to expand this simple model. In this thesis, we will focus on
using the geometric approach to control theory. We introduced a nonholonomic system
defined on a manifold specifically for this reason. It is convenient to think of the motion
of the car as the evolution of a curve on the configuration spaceM, which is a manifold.
We can add one more equation to the system (5), describing the change of the steering
angle Φ:

ẋ = us cos θ,

ẏ = us sin θ,

θ̇ =
us
L

tan Φ,

Φ̇ = uΦ.

(6)

We get the system (6) which is again a dynamical system, yet now in Pfaffian form which
defines the coordinates of the controlling vector fields explicitly as the input function
coefficients, i. e.

steering: S =
∂

∂Φ
,

drive: D = cos θ
∂

∂x
+ sin θ

∂

∂y
+

tan Φ

L

∂

∂θ
.

We can now realise the motion along the integral curves of these vector fields, which
are easily found for a fixed initial point. An example of a very simple motion planning
algorithm would be to evaluate the vector fields S and D at an initial point x0, move in
the constant direction of any linear combination of the two fields to the point x1, then
recalculate the vector fields again at x1; or we could determine the integral curve of a
particular linear combination of S and D at x0, move along the integral curve to point
x1, recalculate the integral curve at x1 and proceed by iteration.

Using such an algorithm, theoretically we are able to move between any two points in
the configuration space. However, because of the local character of the algorithm, such

16



an approach doesn’t actually allow us to control the motion globally without a significant
error in accuracy due to the changes in the vector fields as we move or, if we want to keep
the error to a minimum, the required computations as we have to keep the step size to a
very small length.

1.3 The Lie bracket operator

We have devised a simple motion planning algorithm using linear combinations of the
controlling vector fields. However, there exists a more interesting way to combine flow
along two vector fields utilising the Lie bracket operator.

Definition 3. Let X,Y be smooth vector fields defined on a manifold M. We de-
fine the binary differential operator denoted by [X,Y ] the Lie bracket of fields X =
(X1, . . . ,Xn),Y = (Y 1, . . . ,Y n) in point q ∈M in the following way:

[X,Y ](q) =
∂Y

∂q
X(q)− ∂X

∂q
Y (q),

where ∂X
∂q

and ∂Y
∂q

are the Jacobi matrices, given by, for example for the field X, as

∂X

∂q
=

 ∂X1

∂x1
. . . ∂X1

∂xn
...

. . .
∂Xn

∂x1
. . . ∂Xn

∂xn

 .

The Lie bracket operator in fact uniquely defines a new vector field, representing the
flow along a square of the two vector fields.

X

Y

Figure 2: The Lie bracket motion of vector fields X,Y in ε-long time segments.

Remark 1. Properties of Lie brackets
Let X, Y, Z be vector fields on Rn and α, β : Rn → R be smooth functions. Then the
Lie bracket satisfies the following properties:

1. Skew-symmetry:
[X,Y] = −[Y,X]

17



2. Jacobi identity:
[X[Y,Z]] + [Z, [X,Y]] + [Y, [Z,X]] = 0

Let us now demonstrate the application of the Lie bracket on our car model. By taking
the Lie brackets of fields S,D, we obtain two new movements:

rotation: R = [S,D] =
1

L cos2 Φ

∂

∂θ
,

translation: T = [R,D] = − sin θ

L cos2 Φ

∂

∂x
+

cos θ

L cos2 Φ

∂

∂y
.

We can see that R corresponds to pure rotation of the car, i. e. only a change of
its direction without moving in space, while T represents a pure translation in the x, y
coordinates without changing the car’s orientation.

Let us now further develop our theoretical apparatus, in order to confirm our intuition
that the point to which we arrived in the model’s development, we have indeed derived
an applicable, locally controllable system.

1.4 Classification of nonholonomic distributions

Definition 4. Let ∆ = span{g1, . . . , gm} be our initial distribution. We define ∆1 = ∆
and

∆i = ∆i−1 + [∆1,∆i−1],

where
[∆1,∆i−1] = span{[g,h] : g ∈ ∆1,h ∈ ∆i−1}.

We define the chain of distributions ∆i as the filtration associated with the distribution
∆ = ∆1.

It is clear that ∆i ⊂ ∆i−1. A filtration is said to be regular in a neighbourhood U of
q0 if

dim ∆i(q) = dim ∆i(q0) ∀q ∈ U.

We say that the control system (4) is regular if the corresponding filtration is regular.
If a filtration is regular, then at every step of its construction, ∆i either gains dimension or
∆i+1 = ∆i, so that the construction terminates. If rank ∆i+1 = ∆i, then ∆i is involutive
(meaning that ∀ f,g ∈ ∆i, [f,g] ∈ ∆i) and hence ∆i+j = ∆i for all j ≥ 0. Clearly,
rank ∆i ≤ n, and hence if a filtration is regular, there exists an integer k ≤ n such that
∆i = ∆k for all i ≥ k.

Definition 5. Consider a regular filtration {∆i} associated with the distribution ∆. The
smallest integer k such that the rank of ∆k is equal to that of ∆k+1 is called the degree
of nonholonomy of the distribution.

In the car example, our initial distribution is ∆ = ∆1 = span{S,D}. By taking the
first Lie bracket [S,D] = R and adding it to our distribution, we get a new distribution
∆2 = ∆1 + [∆1,∆1] = span{S,D} + span{[S,D]}. By iterating one step further, we get
the final distribution ∆3 = ∆2 + [∆1,∆2]; after this step, the further Lie brackets do not
generate any new fields - the degree of nonholonomy of distribution ∆ is thus equal to 3.

18



Utilising this distribution, we see that the dimension of ∆3(q) is equal to the dimension
of the tangent space TqM, meaning that the car can indeed move in any direction on the
configuration space. We can steer in the direction of the original controlling fields S,D
directly, however, we can not directly steer the motion of the system in the direction of
the Lie bracket generated fields. But we see that we can move in the direction of the Lie
bracket fields using a combination of the original vector fields - this leads to the use of
the so-called periodic input.

1.5 Controllability

In this section, we will discuss when generally the system

q̇ = g1(q)u1 + · · ·+ gm(q)um, q ∈ Rn, u ∈ U ⊂ Rm (7)

is locally controllable and formulate the motion planning problem. We assume that our
system (7) is drift-free, meaning that when we set the control u to be equal to zero, the
state of the system doesn’t change. Further we assume that gi are smooth and linearly
independent vector fields on Rn. We are interested under which conditions can we steer
from q0 ∈ Rn to an arbitrary qf ∈ Rn by an appropriate choice of u(·). We say that the
system (7) is controllable if for any q0, qf there exists a T > 0 and u : [0, T ]→ U such that
(7) satisfies q(0) = q0 and q(T ) = qf . A system is said to be small-time locally controllable
at q0 if we can reach nearby points in arbitrarily small amounts of time and stay near to
q0 at all times. Let V ⊆ Rn be an open set; we define RV (q0, T ) to be the set of states q
such that there exists a control u that steers (7) from q0 to qf and satisfies q(t) ∈ V for
0 ≤ t ≤ T . We also define

RV (q0,≤ T ) =
⋃

0<t≤T

RV (q0, t)

to be the set of states reachable up to time T .
We will now introduce the concepts of an involutive closure of a distribution and of

the Lie algebra:

Definition 6. We denote the involutive closure of a distribution ∆ as the closure of ∆
under bracketing; that is, ∆ is the smallest distribution containing ∆ such that if f, g ∈ ∆
then [f , g] ∈ ∆.

Definition 7. A vector space V (over R) is a Lie algebra if there exists a bilinear operation
V × V → V , denoted [ , ], satisfying skew-symmetry and the Jacobi identity.

Definition 8. Consider a regular filtration associated with a given distribution ∆ and
having degree of nonholonomy k. For such a system, we define the growth vector r ∈ Zk
as

ri = dim∆i.

The growth vector gives us a convenient notation to express how complex a given Lie
algebra is.

Let g1, . . . , gm be a set of vector fields as introduced above, ∆ the distribution defined
by g1, . . . , gm and ∆ the involutive closure of ∆. Then, ∆ is a Lie algebra (in fact, the
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smallest Lie algebra generated by (g1, . . . , gm)). We denote it as ∆ = L(g1, . . . , gm) and
call it the controllability Lie algebra.

Let us now introduce an important theorem that ensures local controllability of a
general control system (4).

Theorem 1 (Chow). The control system (4) is locally controllable at q ∈ Rn if ∆q =
TqRn.

The proof of this theorem can be found for example in [2].
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2 Snake-like robots

2.1 Trident snake

The trident robotic snake is a kind of a snake locomotion based robot, whose construction
consists of a triangle base with arms connected by actuated joints (e.g. servomotors)
placed at each of the corners of the triangle. Generally, each arm can be further linked
to other arms again by an actuated joint; in our model, we consider only one initial arm
extending from the base. At the end of the final arm are placed passive (i. e. unpowered)
wheels. The wheels are subject to the non-slip assumption, meaning that we assume the
friction in the direction normal to the wheels to be very large, so we consider that the
wheels can only go forward and backward, without slipping.

x

Figure 3: A trident snake robot model.
The construction of the trident snake robot is depicted in Figure 3. We limit our

model to the planar case only. In our model, we assume the base to be an equilateral
triangle, i. e. the angles αi of the central triangle are taken as α2 = 2π

3
, α3 = −2π

3
, but

we will derive the equations for a general αi. For the purpose of better readability in the
following calculations, we set α1 = 0. We take the length of all three arms as l and the
distance from the centre of the base to a corner as r.

The configuration space of our system is a 6-dimensional manifoldM⊂ R2×(S1)4 (M
cannot be the whole Cartesian product, as it is subject to real-world limitations on the
attainable configurations), i. e. M∼= R6 locally. We denote a point in the configuration
space as q = (x, y, θ, φ1, φ2, φ3), where (x, y) represent the centre of the base in the global
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coordinate system x, y; θ represents the rotation of the robot with respect to the global
coordinate system and φ1, φ2, φ3 are the angular positions of the actuated joints. We
assume all state variables x, y, θ, φ1, φ2, φ3 to be functions of time, as we are studying the
motion of our system.

2.1.1 Derivation of the control system

Let us now derive the kinematic equations of our model. Denote (xi, yi), i = 1, 2, 3 as the
position of the middle of the wheels at the end of each respective leg, (x, y) as the centre
of the base S. Then we can express the wheels’ positions as

xi = x+ r cos(θ + αi) + l cos(θ + αi + φi),

yi = y + r sin(θ + αi) + l sin(θ + αi + φi).

To determine the normal vector, we take the direction vector for each wheel Si and
then find the normal vector ni as follows:

si = (cos(θ + αi + φi), sin(θ + αi + φi)),

ni = (− sin(θ + αi + φi), cos(θ + αi + φi)).

We derive vi = (ẋi, ẏi) (the velocity vector of each wheel) by differentiating the wheel’s
position with respect to time:

ẋi = ẋ− rθ̇ sin(θ + αi)− l(θ̇ + φ̇i) sin(θ + αi + φi),

ẏi = ẏ + rθ̇ cos(θ + αi) + l(θ̇ + φ̇i) cos(θ + αi + φi).

Now we can exploit the nonholonomic constraint of the non-slip assumption, which
can be expressed as:

ni · vi = 0, i = 1, 2, 3.

Thus, we get a system of 3 differential equations of 6 unknowns, i = 1, 2, 3:

− (ẋ− rθ̇ sin(θ + αi)− l(θ̇ + φ̇i) sin(θ + αi + φi)) sin(θ + αi + φi)+

+ (ẏ + rθ̇ cos(θ + αi) + l(θ̇ + φ̇i) cos(θ + αi + φi)) cos(θ + αi + φi) = 0.
(8)

Let us now rewrite this system in the matrix form. First, let us denote

µi = θ + αi,

νi = θ + αi + φi.

We write the matrix A of the system as

A =

− sin ν1 cos ν1 β1 γ1 0 0
− sin ν2 cos ν2 β2 0 γ2 0
− sin ν3 cos ν3 β3 0 0 γ3

 ,

where

βi = (−r sinµi − l sin νi) sin νi + (r cosµi + l cos νi) cos νi,

γi = l(cos νi)
2 − l(sin νi)2.

22



Rewriting (8) in the matrix form we have

Aq̇ =

− sin ν1 cos ν1 β1 γ1 0 0
− sin ν2 cos ν2 β2 0 γ2 0
− sin ν3 cos ν3 β3 0 0 γ3




ẋ
ẏ

θ̇

φ̇1

φ̇2

φ̇3

 =

0
0
0

 . (9)

Let us denote ẋ = u1, ẏ = u2, θ̇ = u3. Let us move u1, u2, u3 to the right hand side of the
equation (9):γ1 0 0

0 γ2 0
0 0 γ3

φ̇1

φ̇2

φ̇3

 = −

− sin ν1 cos ν1 β1

− sin ν2 cos ν2 β2

− sin ν3 cos ν3 β3

u1

u2

u3

 .

Denote the matrix on the left hand side as B. By multiplying by the inverse matrix B−1

from the left, we getφ̇1

φ̇2

φ̇3

 =

γ1 0 0
0 γ2 0
0 0 γ3

−1sin ν1 − cos ν1 −β1

sin ν2 − cos ν2 −β2

sin ν3 − cos ν3 −β3

u1

u2

u3

 .

Denoting G = B−1

sin ν1 − cos ν1 −β1

sin ν2 − cos ν2 −β2

sin ν3 − cos ν3 −β3

, we can write our control system (9) as

φ̇1

φ̇2

φ̇3

 = G

u1

u2

u3

 . (10)

We add the following 3 equations to our system (10):

ẋ = u1,

ẏ = u2,

θ̇ = u3.

Now, we can write the final control system in the vector form:

q̇ = g1u1 + g2u2 + g3u3, (11)

where gi is the column of the extended matrix G∗ =


1 0 0
0 1 0
0 0 1
g11 g12 g13

g21 g22 g23

g31 g32 g33

.

We have found the 3 controlling vector fields g1, g2, g3. For them to be properly defined,
we need that det(B−1) 6= 0, i. e. that the matrix B is regular. In the case that in some
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point q of the configuration space the condition does not hold, we cannot control our
robot in this point - such a position is called singular.

We denote ∆1 = span{g1, g2, g3} to be our initial distribution. We proceed by calcu-
lating the filtration ∆i as defined earlier. After one step of bracketing, we arrive to the
filtration ∆2. We denote h1 = [g1,g2],h2 = [g1,g3],h3 = [g2,g3]. We see that by taking
further Lie brackets of our fields, no new nontrivial fields are generated. Thus, the growth
vector of the filtration is (3, 6). We arrive at the conclusion that our controllability Lie
algebra is L(g1,g2,g3). Denote by G∗ the matrix G∗ with the vector fields h1,h2,h3

added as columns. Then G∗ spans the full tangent space as long as det(G∗(q0)) 6= 0 and
the system is locally controllable at q0. Thus by the Chow theorem, we have that the
system (11) is controllable at all points q satisfying the same conditions as q0.

2.2 3-link snake robot

x

Figure 4: A 3-link snake robot model.

Another kind of a snake motion based robot is the robotic snake, depicted in Figure 4.
Generally, it consists of any number of links connected together again by actuated joints.
In our case, we will assume our snake has the length of 3, i. e. 3 connected links. All
the links are of equal length, denoted as 2l. Passive wheels are mounted in the middle of
every segment.

We track the movement of the robot in its head point (x, y), along with the position of
the midpoint of each link (xi, yi), the orientation θ (with respect to the global coordinate
system x, y) and the angular position of each link φ1, φ2. Thus, our configuration space is
the manifold M⊂ R2 × (S1)3 of dimension 5. Again, we denote a point on the manifold
M as q = (x, y, θ, φ1, φ2) and the point in the tangent space TqM as q̇ = (ẋ, ẏ, θ̇, φ̇1, φ̇2).
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2.2.1 Derivation of the control system

Let us now proceed by deriving the kinematic equations of the 3-link snake. We confine
the robot’s movement to the planar case and assume x, y, θ, φ1 and φ2 to be functions of
time and we we assume the non-slip condition holds. The process is similar to the trident
case. First, we express the (xi, yi), position of the middle of the wheels’:

x1 = x+ l cos θ,

x2 = x+ l cos(θ + φ1) + 2l cos θ,

x3 = x+ l cos(θ + φ1 + φ2) + 2l cos(θ + φ1) + 2l cos θ,

y1 = x+ l sin θ,

y2 = x+ l sin(θ + φ1) + 2l sin θ,

y3 = x+ l sin(θ + φ1 + φ2) + 2l sin(θ + φ1) + 2l sin θ.

We derive the velocity vector vi = (ẋi, ẏi):

ẋ1 = ẋ− lθ̇ sin θ,

ẋ2 = ẋ− l(θ̇ + φ̇1) sin(θ + φ1)− 2lθ̇ sin θ,

ẋ3 = ẋ− l(θ̇ + φ̇1 + φ̇2) sin(θ + φ1 + φ2)− 2l(θ̇ + φ̇1) sin(θ + φ1)− 2lθ̇ sin θ,

ẏ1 = ẏ + lθ̇ cos θ,

ẏ2 = ẏ + l(θ̇ + φ̇1) cos(θ + φ1) + 2lθ̇ cos θ,

ẏ3 = ẏ + l(θ̇ + φ̇1 + φ̇2) cos(θ + φ1 + φ2) + 2l(θ̇ + φ̇1) cos(θ + φ1) + 2lθ̇ cos θ.

To exploit the nonholonomic condition ni · vi = 0, we derive the normal vector to each
link from the direction vectors:

s1 = (cos θ, sin θ),

s2 = (cos(θ + φ1), sin(θ + φ1)),

s3 = (cos(θ + φ1 + φ2), sin(θ + φ1 + φ2)),

n1 = (− sin θ, cos θ),

n2 = (− sin(θ + φ1), cos(θ + φ1)),

n3 = (− sin(θ + φ1 + φ2), cos(θ + φ1 + φ2)).

By writing out the nonholonomic condition, we get a system of three equations:

lθ̇ + ẏ cos θ − ẋ sin θ = 0,

(2lθ̇ cos θ + ẏ) cos(θ + φ1) + (2lθ̇ sin θ − ẋ) sin(θ + φ1) + l(θ̇ + θ̇1) = 0,

(2l(θ̇ + θ̇1) cos(θ + φ1) + 2lθ̇ cos θ + ẏ) cos(θ + φ1 + φ2)+

(2l(θ̇ + θ̇1) sin(θ + φ1) + 2lθ̇ sin θ − ẋ0) sin(θ + φ1 + φ2) + l(θ̇ + θ̇1 + θ̇2) = 0.
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We rewrite the system in the matrix form:

Aq̇ =

 − sin θ cos θ l 0 0
− sin (θ + φ1) cos(θ + φ1) c1 l 0

− sin (θ + φ1 + φ2) cos (θ + φ1 + φ2) c2 c3 l



ẋ
ẏ

θ̇

φ̇1

φ̇2

 =

0
0
0

 , (12)

where A is the matrix of the system and

c1 = 2 l cos(θ) cos(θ + φ1) + 2 l sin(θ) sin(θ + φ1) + l,

c2 = (2 l cos(θ + φ1) + 2 l cos(θ)) cos(θ + φ1 + φ2) + (2 l sin(θ + φ1) +

2 l sin(θ)) sin(θ + φ1 + φ2) + l,

c3 = 2 l cos(θ + φ1) cos(θ + φ1 + φ2) + 2 l sin(θ + φ1) sin(θ + φ1 + φ2) + l.

The system (12) is a system of 3 homogeneous linear differential equations of 1st order
with non-constant coefficients. We denote:

φ̇1 = u1,

φ̇2 = u2.

We move u1, u2 of (12) to the right hand side: − sin θ cos θ l
− sin (θ + φ1) cos(θ + φ1) c1

− sin (θ + φ1 + φ2) cos (θ + φ1 + φ2) c2

ẋẏ
θ̇

 = −

 0 0
l 0
c3 l

(u1

u2

)
.

Denote the matrix on the left hand site as B. Multiplying by the inverse matrix B−1 we
get: ẋẏ

θ̇

 =

 − sin θ cos θ l
− sin (θ + φ1) cos(θ + φ1) c1

− sin (θ + φ1 + φ2) cos (θ + φ1 + φ2) c2

−1 0 0
−l 0
−c3 −l

(u1

u2

)
.

We denote G = B−1

 0 0
−l 0
−c3 −l

 =

g11 g21

g21 g22

g31 g32

 . Then we can write the system in the

form ẋẏ
θ̇

 = G

(
u1

u2

)
. (13)

We add two more equations to the system (13):

φ̇1 = u1,

φ̇2 = u2.

Finally, we can write the control system in the vector form:

q̇ = g1u1 + g2u2, (14)
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where g1, g2 are columns of the extended matrix G∗ =


g11 g21

g21 g22

g31 g32

1 0
0 1

;

g1, g2 are again the controlling vector fields. We again used the inverse matrix B−1.
Thus, we check when the matrix B is regular. Let us discuss the case when

det(B−1) = −1

d
6= 0,

where

d = 2 l((− cos(θ) cos(θ + φ1) sin(θ + φ1) + (cos(θ + φ1))2 sin(θ)− 1/2 sin(θ)−
1/2 sin(θ + φ1)) cos(θ + φ1 + φ2) + 1/2 sin(θ) cos(θ + φ1)) +

((cos(θ + φ1))2 cos(θ) + cos(θ + φ1) sin(θ + φ1) sin(θ)−
1/2 cos(θ) + 1/2 cos(θ + φ1)) sin(θ + φ1 + φ2)− 1/2 cos(θ) sin(θ + φ1).

The inequality holds whenever the determinant is defined, i. e. d 6= 0. For example,
the determinant is not defined in the singular position of the snake being on a line, as
φ1 = φ2 = 0, or when the centres of all the links lie on one circle.

We denote ∆1 = span{g1, g2} to be our initial distribution. We proceed by calculating
the filtration ∆i as defined earlier. After two steps, we would arrive at ∆3, after which
further bracketing between the vector fields would not generate any new ones. We denote
h1 = [g1,g2],h2 = [g1[g1,g2]],h3 = [g2, [g1,g2]]. We set our controllability Lie algebra
as L = span{g1,g2}. Thus, the growth vector of our Lie algebra is (2, 3, 5). We again
omit the Lie bracket calculations as they would be quite long. We denote by G∗ as the
matrix G∗ with columns representing h1,h2,h3 added to it. Then G∗ spans the full
tangent space R6 as long as the condition det(G∗(q)) 6= 0 holds and the system is locally
controllable at q. Then by the Chow theorem, the system (14) is controllable at every
point q.
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3 Motion planning

We have derived the control models of three different robots. Let us denote the dimension
of our configuration space as n and the number of constraints as k. Then we havem = n−k
control functions uj(t). If we want to theoretically express the change in a state variable
in a time interval (0, T ), then it would be equivalent to the integral of the individual
equations of our control systems:

∆qi =

∫ T

0

m∑
j=1

G∗ijujdt. (15)

However, we cannot use this approach, as we cannot generally solve (15), because we do
not know the form of the control functions uj; they can be in fact non-linear. The general
procedure consists of finding the controlling vector fields gi and the Lie bracket generated
fields hi and then evaluating them at some point q0. Then, we can steer the system in
the directions of a linear combination of gi(q0) and hi(q0). Let us write this procedure as
a simple control scheme:

1. Find the controllability Lie algebra L.
2. Evaluate the vector fields and their brackets in a point q0.
3. Steer the system in the direction of a linear combination of the fields to a new point
qf .

4. Set q0 = qf . We can now proceed by returning to step 2 and continuing in this
algorithm until we reach our desired configuration.

3.1 Control of the 3-link snake

We start with the 3-link snake robot model, defined by the control system (14). Let us re-
call that a point in the configuration space for this system is of the form q = (x, y, θ, φ1, φ2)
and that a point in the tangent space is of the form q̇ = (ẋ, ẏ, θ̇, φ̇1, φ̇2). We choose our
configuration to be q0 = (0, 0, 0, π

3
,−π

3
) and set the length of each link as l = 1. Evaluating

the vector fields g1, g2,h1,h2,h3 at the point q0, we get:

g1(q0) = (0,
2

3
,−2

3
, 1, 0),

g2(q0) = (−
√

3

3
,
1

3
,−1

3
, 0, 1),

h1(q0) = (
2

3
,
2
√

(3)

9
, 0, 0, 0),

h2(q0) = (−2
√

3

27
,−2

3
,
2

9
, 0, 0),

h3(q0) = (
8
√

3

27
,−4

9
,
2

9
, 0, 0).

(16)

Utilizing these evaluations, we can control our system in a close neighbourhood of the
point q0. In practice this means that we have to discretise the motion planning task from
the time interval (0, T ) to k − 1 smaller time intervals (ti, ti+1) where t0 = 0, tk = T and
ti < ti+1.
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Let us now discuss the meaning of (16). We see for example that the field g1(q0)
results in movement only in the y axis, while the robot changes its orientation and rotates
in the first joint. The second field g2(q0) steers the system in negative direction of the x
axis and in the positive direction of the y axis, while changing the orientation and rotating
in the second joint. We see that by taking the linear combination g1(q0) − 2g2(q0), the
resulting movement will be in the x axis only while rotating in the links and preserving
the orientation.

By looking at the Lie bracket generated fields, we see that steering the system in the
direction of h1(q0) results in movement in the x and y axes, while the orientation and
the angular positions of the joints remain unchanged. The fields h2(q0) and h3(q0) result
in movement in both axes while changing the orientation, but preserving the angular
position in the joints φ1, φ2.

3.1.1 Serpenoid curve

One of the important results of empirical studies of biological snakes was presented by
Hirose in 1993. Let us introduce these results as described in [7]. Hirose described a close
approximation to the shape of a snake during lateral undulation by a planar curve whose
curvature varies sinusoidally. This curve was named the serpenoid curve and is described
by

x(s) =

∫ s

0

cos(a cos(bσ) + cσ)dσ,

y(s) =

∫ s

0

sin(a cos(bσ) + cσ)dσ,

where (x(s), y(s)) are the coordinates of the point along the curve at arc length s from
the origin and a, b, c are positive scalars.

For a snake robot with N ≥ 4 identical links, there exists a discrete approximation
to the serpenoid curve by moving its link angles sinusoidally with a constant phase shift
between the links. This results in the expression of the joints’ angular positions in the
form

φi = A sin(ωt+ (i− 1)δ) + φ0 (17)

In the case of our 3-link snake robot described by (14), for i = 1, 2, the offset φ0 = 0 and
only the amplitude A and frequency ω remain, see [5].

3.2 Control of the trident snake

Let us now discuss the problem of motion planning for the trident snake, described by
the system (11). Let us again remind that a point q in the configuration space is of
the form q = (x, y, θ, φ1, φ2, φ3) and a point in the tangent space is of the form q̇ =
(ẋ, ẏ, θ̇, φ̇1, φ̇2, φ̇3). As we described in [8], we arrive to the system in the form

ẋ
ẏ

θ̇

φ̇1

φ̇2

φ̇3

 =


cos θ − sin θ 0
sin θ cos θ 0

0 0 1
sin(α1 + φ1) − cos(α1 + φ1) −1− cos(φ1)
sin(α2 + φ2) − cos(α2 + φ2) −1− cos(φ2)
sin(α3 + φ3) − cos(α3 + φ3) −1− cos(φ3)


u1

u2

u3

 . (18)
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We now introduce the Lie brackets for the control fields of the system (18) as computed
in [8], with the notation h1 = [g1, g2],h2 = g1, g3,h3 = g2, g3:

h1 =


0
0
0
1
1
1

 , h2 =


sin θ
cos θ

0
1
2
− cos(φ1 − 2

3
π)

−1− cos(φ2)
1
2
− cos(φ3 + 2

3
π)

 , h3 =



cos θ
sin θ

0

−
√

3
2

+ sin(φ1 − 2
3
π)

sin(φ2)√
3

2
+ sin(φ3 + 2

3
π)

 .

Writing the matrix G∗ as the matrix of the control fields and their Lie brackets as
introduced above, we evaluate G∗(q0), where q0 = (0, 0, 0, 0, 0, 0):

1 0 0 0 0 1
0 1 0 0 1 0
0 0 1 0 0 0

−
√

3
2

1
2
−2 1 1 −

√
3

0 −1 −2 1 −2 0√
3

2
1
2
−2 1 1

√
3


Let us now describe the resulting motions of the evaluated vector fields.

For the field g1(q0), we see that the resulting motion is a movement in the x axis and

symmetrical rotation of 2 legs by the angle proportional to
√

3
2

in opposite directions. We
see that the field h3(q0) copies the same motion, but with the angle of rotation being

proportional to
√

3. It is clear that by taking the linear combination 2g1(q0)− h3(q0)
2

, the
resulting motion is that of movement in the x axis only. A similar situation arises in the
case of the fields g2(q0) and h2(q0). By taking the combination g2(q0)− h2(q0)

2
, the robot

moves in the direction of the y axis.
The field g3(q0) results in change of the orientation of the robot and equivalent rotation

of all the three legs. We see that h1(q0) corresponds to the change of angular positions of
the arms only. It is easy to see that by taking the combination g3(q0) + 2h1(q0), we can
change the orientation of the robot while all the relative angles φi remain unchanged.

Finally, let us discuss the case when we are interested in changing the angular positions
of the actuators. As we explained, h1(q0) moves all the arms at once equivalently. The
combination g1(q0)−h3(q0) results in the change of φ1 and φ3 without any movement in
the plane. Let us denote this movement as p13(q0). By taking a linear combination of
p13(q0) and h1(q0), we can change φ1 and φ2 or φ2 and φ3 at the same time.
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4 Simulations in V-REP

4.1 Introduction to V-REP

To simulate our robotic models, we use the educational license of the software V-REP
(Virtual Robot Experimentation Platform) developed by Coppelia Robotics. V-REP is a
multiplatform robotic simulation program with an integrated development environment.
Let us introduce the basic concepts of V-REP, as explained in [4].

In V-REP, the basic building blocks are called scenes. A scene in fact represents one
specific simulation, containing various objects such as shapes, sensors, cameras and more.
All of those objects are arranged in a tree hierarchy.

Figure 5: A scene in V-REP.

Let us now describe some of the types of objects that are present in V-REP, their
properties and their usage:

• Joints: There are four kinds of joints available in V-REP. Joints have two modes
of operation - passive and active (motors). We will introduce just two of the types,
as they are commonly used. The first kind of joints is the prismatic joint, which
has 1 degree of freedom (DoF), describing translational movements between objects.
Their configuration is defined by one value that represents translation along their
first reference’s frame z-axis. The second kind is the revolute joint, which describes
rotational movements between objects (with 1 DoF). The configuration is defined by
one value that represents the amount of rotation about their first reference frame’s
z-axis.
• Cameras: Cameras allow us to define various views in the scene, which we can

display in different windows at the same time. They can be set to follow a certain
motion or object.
• Shapes: Shapes are rigid mesh objects that are composed of triangular faces. They

can be imported, exported and edited. There are different sub-types of shapes,
which influence the calculations involved in the simulation. For our simulations
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we use mostly pure simple shapes, representing primitive shapes such as cuboids,
cylinders or spheres, and simple convex shapes, representing a convex mesh with
one colour and one set of visual attributes. The reason why we use mostly the pure
simple shapes and simple convex shapes is that they are optimized for dynamics
collision response calculations.
• Sensors: There are a few kinds of sensors available. One of them is the force sensor,

which acts as a rigid link between two shapes that are able to measure transmitted
forces and torques. The second kind is the vision sensor, which work similarly to
cameras, but unlike cameras, they provide us with visual data that we can directly
utilize. There are also proximity sensors, which can detect entities specially marked
as detectable.
• Dummies: Dummy objects, as their name suggests, aren’t very useful on their

own; they represent a point in the space with an orientation which is intended to
be used for sensing purposes, motion planning or as script holders, for example.
• Graphs: Graphs allow us to read various data from the scene. This data can be

either defined in a script and then fed to the graph, or it can be read directly from
an object’s properties.
• Lights: Lights are objects which illuminate the scene. Without any light in the

scene, objects appear in unshaded colours.

Some of the above objects can have special properties that allow other objects or
calculation modules to interact with them. Objects can be:

• Collidable: Collidable objects can be tested for collision against other collidable
objects.
• Measurable: Measurable objects can have their minimum distance between them

and some other measurable object calculable.
• Detectable: Objects marked as detectable can be detected by certain sensors.
• Renderable: Renderable objects can be seen or detected by vision sensors.
• Viewable: This property is only for cameras and vision sensors, it means that the

objects can be looked through, looked at or display some image content.

Each object has a position and orientation within the simulation scene (we will call this
the configuration of an object). In fact, every object has an absolute configuration, rel-
ative to the world’s reference frame, and a local configuration, relative to the parent
object’s reference frame. Objects can be attached to another object (or built on top of
each other). By default, every new object is included as a child of the scene. By making
an object the child of another object, we link their motion together (i. e. if the parent
object moves, so does the child one, in the same manner).

4.1.1 Scripting

In V-REP, there are six different approaches to programming our simulation, all with
their advantages and disadvantages. For our purposes, we chose the embedded script
approach. This method consists of writing scripts in the Lua language directly in the V-
REP environment (through the provided regular API). Such an approach is the simplest
possible and guarantees compatibility with all default V-REP installations. This method
allows customizing a particular simulation, a simulation scene, and to a certain extent
the simulator itself. Another interesting way to program in V-REP is using a remote API
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client, which an external application (for example Matlab) to connect to V-REP using
remote API commands. The V-REP API inside child scripts is called by using the sim
prefix.

There are three methods by which we can attach program additional functionality:
• Embedded scripts: An embedded script is a script that is embedded in a scene

(or model), i.e. a script that is part of the scene and that will be saved and loaded
together with the rest of the scene (or model). There are different types of embedded
scripts that are supported. They split into two categories: associated scripts and
simulation scripts (see Figure 6). Each type has specific features and application
areas. Simulation scripts are executed only during the simulation. There are 2
kinds of simulation scripts: the main simulation loop is handled via the main script,
and models/robots are controlled via child scripts. Child scripts are in part both
associated scripts and simulation scripts. The second kind are the customization
scripts, which can also be executed while the simulation is not running; their purpose
is to customize a scene or the simulator itself (for example, we can write a tool that
will help us configure the scenes in a specific way).
• Plugins: A plugin is a shared library that is automatically loaded by V-REP’s main

client application at program start-up, or dynamically loaded/unloaded. They allow
V-REP’s functionality to be extended by user-written functions in any language.
• Add-ons: Add-ons are similar to plugins; they are automatically loaded at start-

up and allow us to extend V-REP’s functionality with custom written additional
features or functions.

Figure 6: Types of embedded scripts. Acquired from [4].

Scripts generally consist of four parts, denoted by a specification of their parameter
simm call type. Each part is executed at a different time in the simulation. The init
section is executed at the start of every simulation. The actuation part is executed every
simulation step. There last two parts are the sensing part and cleanup part, which we
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won’t be using in our simulations. Nevertheless it is good to know about the cleanup part,
as sometimes V-REP makes a mistake in resetting certain settings or properties (such as
positions) to the same state as when they began the simulation.

4.1.2 Dynamics

The V-REP’s dynamics module allows simulating interactions between objects in our
scene. It supports four different physics engines: the Bullet physics library, the Open
Dynamics Engine, the Vortex Dynamics engine and the Newton Dynamics engine. We
can freely switch between the used physics engine in a scene at any time before running
the simulation. For the purpose of our simulations, we will be mostly using the Vortex
Dynamics engine, as it provides us with high fidelity physics simulations. We are able to
fine-tune the physics engines by changing their available properties as shown on Figure 7.

Figure 7: The physics engines properties window.

4.2 Simulations

4.2.1 Periodic input

Earlier we have mentioned that we are not able to steer our system in the direction of the
Lie bracket generated vector fields directly. This leads to the use of the so-called periodic
input which has been shown to approximate the flow along the Lie bracket generated
fields, see [9]. For the trident snake robot (11), as introduced in [9], the periodic input is
of the form

u(t) = (u1, u2, u3) = (−Aω sin(ωt), Aω cos(ωt), 0) for g12,

u(t) = (u1, u2, u3) = (−Aω sin(ωt), 0, Aω cos(ωt)) for g13,

u(t) = (u1, u2, u3) = (0,−Aω sin(ωt), Aω cos(ωt)) for g23,

where A is the amplitude and ω is the frequency. Similarly, periodic input for the 3-link
snake robot is of the form

u(t) = (u1, u2) = (−Aω sin(ωt), Aω cos(ωt)).
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4.3 Simulation of the trident snake

We can now proceed with the main part of this thesis, that is the simulations of our
derived models in V-REP. All of the models were assembled from parts created and
exported to V-REP from Autodesk Inventor. Let us now explain how our simulation
works by describing the non-threaded child script attached to the base of the model. It is
enough to demonstrate this on the trident snake model, as the 3-link snake scene works
in a similar way.

if (sim_call_type == sim.syscb_init) then

print("INIT\n");

--getting V-REP handles to specific simulation objects

base = sim.getObjectHandle("Base");

cJoint_A = sim.getObjectHandle("RV_Arm1");

cJoint_B = sim.getObjectHandle("RV_Arm2");

cJoint_C = sim.getObjectHandle("RV_Arm3");

--parameters of the construction of the robot

alpha1 = -2/3 * math.pi;

alpha2 = 0;

alpha3 = 2/3 * math.pi;

--select the controlling field to simulate

motion = "g2";

print("Simulating the motion of the vector field:");

print(motion);

Listing 1: Beginning of the init part of the script.

In Listing 1, we have the beginning of the init part of the model base’s child script. V-REP
uses integers to identify objects in the scene. If we want to programmatically interact
with the object, we have to retrieve their ID by calling the sim.getObjectHandle function.
The movement which will be executed is programmed to depend on a string parameter
called motion, telling the name of the vector field which will be used. We declare some
parameters and print a message to the console.

--configuration of the simulation for the specific field -related

motions

T = 0;

if (motion == "g1") then

T = 1;

--configuring PID regulation of the joints

sim.setObjectFloatParameter(cJoint_A , sim.jointfloatparam_pid_p , 0

.150);

sim.setObjectFloatParameter(cJoint_A , sim.jointfloatparam_pid_d , 0

.200);

elseif (motion == "g2") then

T = 1;

sim.setObjectFloatParameter(cJoint_A , sim.jointfloatparam_pid_p , 0

.100);
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sim.setObjectFloatParameter(cJoint_B , sim.jointfloatparam_pid_p , 0

.100);

sim.setObjectFloatParameter(cJoint_C , sim.jointfloatparam_pid_p , 0

.100);

elseif (motion == "g3") then

sim.setObjectFloatParameter(cJoint_A , sim.jointfloatparam_pid_p , 0

.150);

sim.setObjectFloatParameter(cJoint_B , sim.jointfloatparam_pid_p , 0

.150);

sim.setObjectFloatParameter(cJoint_C , sim.jointfloatparam_pid_p , 0

.150);

T = 1;

elseif (motion == "g12") then

A = 0.3; --amplitude

w = 3; --angular frequency

sim.setObjectFloatParameter(cJoint_A , sim.jointfloatparam_pid_p , 0

.550);

elseif (motion == "g13") then

A = 0.2;

w = 3;

elseif (motion == "g23") then

A = 0.25;

w = 2;

end

if (T == 0) then

T = 2.5*math.pi/w; --time of motion for periodic input

end

movementState = true; --variable determining movement in

process

print("Movement starting");

end

Listing 2: Further configuration.

In Listing 2, we continue with the declaration of some important variables. Note that
in this phase we have decided to set the amplitude and frequency of the periodic input
to certain values; this was chosen experimentally, see [8]. We represent the length of
our simulation cycle (for the convenience in analysis of the results) as T . To increase
the accuracy of our simulations, we also have to consider the PID control scheme of the
actuators. In V-REP, by default, every motor and control loop enabled joint is controlled
via a PID controller in the following way, as explained in [4]:

Velocity =
Kpei +Ki

∑
ei∆t+Kd(ei − ei−1)/∆t

∆t
Force is constant.

(19)

if (sim_call_type == sim.syscb_actuation) then

t = sim.getSimulationTime ();

th = sim.getObjectOrientation(base , -1)[3];
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step = sim.getSimulationTimeStep ();

if (t < 2*T) then

--get the orientations of the arms

phi1 = sim.getJointPosition(cJoint_A);

phi2 = sim.getJointPosition(cJoint_B);

phi3 = sim.getJointPosition(cJoint_C);

Listing 3: Beginning of the actuation part.

What follows is the beginning of the actuation part of the script, as we can see in Listing 3.
The time during which control is executed in simulation is limited by an if condition to
the length of 2 cycles (2 ∗ T ). As our model is parametrised by ẋ, ẏ, θ̇ but controlled by
the actuators described by φ1, φ2, φ3, we have to calculate φ̇1, φ̇2, φ̇3 to move them. We
retrieve the object’s orientation angle θ as th, and similarly we read the current angular
position of the revolute joints.

--calculate inputs for specific motions

if (motion == "g1") then

u1 = 1;

u2 = 0;

u3 = 0;

elseif (motion == "g2") then

u1 = 0;

u2 = 1;

u3 = 0;

elseif (motion == "g3") then

u1 = 0;

u2 = 0;

u3 = 1;

elseif (motion == "g12") then

u1 = -A*w*math.sin(w*t);

u2 = A*w*math.cos(w*t);

u3 = 0;

elseif (motion == "g13") then

u1 = -A*w*math.sin(w*t);

u2 = 0

u3 = A*w*math.cos(w*t);

elseif (motion == "g23") then

u1 = 0;

u2 = -A*w*math.sin(w*t);

u3 = A*w*math.cos(w*t);

end

Listing 4: Determining the inputs for every motion.

In Listing 4, we declare the shape of the inputs for every motion we simulate.

--calculating the change of the angles

dphi1 = math.sin(th+phi1+alpha1)*u1-math.cos(th+phi1+alpha1)*u2 -(1+

math.cos(phi1))*u3;

dphi2 = math.sin(th+phi2+alpha2)*u1-math.cos(th+phi2+alpha2)*u2 -(1+

math.cos(phi2))*u3;
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dphi3 = math.sin(th+phi3+alpha3)*u1-math.cos(th+phi3+alpha3)*u2 -(1+

math.cos(phi3))*u3;

--calculating the final angle of the joint , Euler method

PHI_1 = step*dphi1 + phi1;

PHI_2 = step*dphi2 + phi2;

PHI_3 = step*dphi3 + phi3;

--turn the servomotors

sim.setJointTargetPosition(cJoint_A , PHI_1);

sim.setJointTargetPosition(cJoint_B , PHI_2);

sim.setJointTargetPosition(cJoint_C , PHI_3);

end

if (t > 2*T and movementState) then

print("Movement finished.");

sim.pauseSimulation ();

end

end

Listing 5: Calculating the target positions of joints.

The last step is shown in Listing 5. The joints in V-REP are controlled by setting their
target positions, which they will move to with a certain velocity. It is important to realise
that the simulation is done in discrete time steps, opposite of the continuous models
we have derived. Thus, we discretise the problem by calculating the target position of
each joint using the Euler scheme. Then we call the V-REP API to change the target
position of every joint. The joints then move to this new position with a certain velocity,
as determined by the simulation. Finally, at the end we have a condition to make the
simulation pause after two time periods of length T have passed, as we have defined
earlier.

4.3.1 Results

Before proceeding to the results of our simulations, it is important to discuss their validity
and interpretation.

For the purpose of the simulations, our motion planning task consists of finding the
controllability matrix G∗ (representing the controlling vector fields and the nontrivial Lie
bracket generated fields) and evaluating it at a point q0. Then we steer the system in
the motion of these fields using appropriate input functions ui. We have to be careful
with the interpretation of an evaluated vector field g(q0): the information it gives us is
in fact the direction in which the state variables change, and the proportions in changes
between the variables; however, it doesn’t give us any information about the behaviour
after moving from the point q0 (the vector fields should be recalculated again after a
short time period of movement). Thus, this approach leads to a very local description of
the system’s movements. This problem raises an important question: how long should
be the time period during which we steer the system in the direction of the evaluated
vector fields? We will thus describe both the evolution of the simulated motions during
the whole simulation period as well as their behaviour in a smaller time interval, when it
leads to a more useful interpretation (which is in the case of the periodic input).

Further, we should give a discussion on the difference between the derived, mathe-
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matically precise control model and the environment in which the simulation runs. It is
important to remember we have made some assumptions in the derivation of our model:
we have assumed that the system is drift-free; however, this is not the case in the sim-
ulation environment, as it also takes inertia into account. The most vital condition for
our models is the nonholonomic constraint in the form of the non-slip condition. The
condition holds as long as there is a sufficiently large friction force preventing the wheel
from slipping to the sides, which is not always the case in the real world, and thus also in
the simulation. This is related to the problem of choosing a proper friction model to use
in the simulation (in V-REP, the friction model used depends on the chosen physics en-
gine in the scene). It will sometimes occur that the non-slip condition simply degenerates
during the simulation due to the forces applied on the wheels.

Another difference between the model and the simulation is in the control of the joints:
in the mathematical model, we can describe the change of φi as a continuous function. In
the simulation, everything has to be calculated numerically, thus leading to a discretiza-
tion error; furthermore, we cannot directly control the servomotors in the simulation -
they are controlled according to the PID scheme (19).

Finally, let us introduce the results of the simulations. Let us begin with the motion
induced by the field g1(q0) = (1, 0, 0,−

√
3

2
, 0,

√
3

2
):

Figure 8: Realisation of g1(q0) motion.
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Figure 9: Results of the g1(q0) simulation.

In Figure 8, we see the realisation of g1(q0) in V-REP during the time interval (0, 2)
(in fact, all the basic motions are presented in this time interval). At the time t = 2,
the simulation stops, however, the data feed continues as it takes some time to end the
running simulation; during this time, control of the revolute joints ceases, but the system
drifts on. The evolution of the position of the base (x, y) and the variables θ, φ1, φ2, φ3 are
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depicted in Figure 9, in the order as listed, which we will keep when introducing further
results.

Let us now interpret the results. The robot moves in the direction of the x axis,
however, there is a significant drift in the y axis. The orientation of the robot is changed
slightly, as opposed to the expected result. The development of the angular positions of
φi differs greatly, however, by examining evolution of φi at time 0, we see that φ1 and
φ3 begin with similar slopes while φ2 keeps close to zero, but then the gap between the
values increases sharply.

Let us proceed with the realisation of another motion. We follow with the simulation
of g2(q0) = (0, 1, 0, 1

2
,−1, 1

2
). We omit the figure of its realisation in V-REP as the motion

is of similar nature to g1(q0).
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Figure 10: Results of the g2(q0) motion simulation.

As we see in Figure 10, the robot moves in the negative direction of the y axis (instead
of the positive direction), while the rotation is relatively small in the beginning of the
motion. The evolution of all the angular positions φi matches the expected results quite
well in the beginning, up to time t = 0.5s.

Figure 11: Realisation of g3(q0) motion.

The g3(q0) = (0, 0, 1,−2,−2,−2) motion results in a slight drift in the negative direc-
tion of the x and y axes, however, in the beginning of the motion, the drift is negligible.
The angle θ changes as expected; but on the other hand, the angular positions φi change
slower than given by g3(q0). In Figure 12, we list only φ1, as the φ2, φ3 trajectories coincide
with it.
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Figure 12: Results of the g3(q0) motion simulation.

Figure 13: Realisation of h1(q0) motion.

We proceed with the first of the Lie bracket motions h1(q0) = (0, 0, 0, 1, 1, 1), with the
periodic input of parameters A = 0.3, ω = 3. Note that the length of one simulation cycle
as we defined in Listing 2 is 2.5π

ω
for all three simulated Lie bracket motions.

At the beginning of the motion, we see that the angular positions diverge from each
other. However, periodically, the angles φi coincide. During the time periods where φi
coincide, the changes in θ, x and y are relatively small. The most notable point in time
at which this occurs is around t = 2.15s. Observe that for the approximation by periodic
input to be useful, we need to choose not only the correct amplitude and frequency, but
also the time period.
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Figure 14: Results of the h1(q0) motion simulation.

Figure 15: Realisation of h2(q0) motion.
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The general evolution of h2(q0) = (0, 1, 0, 1,−2, 1) with parameters A = 0.2, ω = 3
does not match the anticipated behaviour; However, there are time periods where the
result of the motion is similar to the given ratio: most notably, in close proximity to the
time t = 2.5s, the configuration of the robot matches the expected result closely: the
rotation θ is close to zero, the angular positions φi match the ratio of 1 : −2 : 1 and the
robot’s position is close to zero.
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Figure 16: Results of the h2(q0) motion simulation.

Figure 17: Realisation of h3(q0) motion.

The last of the Lie bracket motions is h3(q0) = (1, 0, 0,−
√

3, 0,
√

3) with parameters
of periodic input A = 0.25, ω = 2. The system drifts off in the negative direction of the x
axis. For this motion, the periodic input approximation with parameters as given above
does not lead to a good result, for this given simulation setup.
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Figure 18: Results of the h3(q0) motion simulation.

4.4 Simulation of the 3-link snake

We have demonstrated how simulations work when trying to steer the motion of the
system using linear combinations of the controlling vector fields gi(q0) and the Lie brackets
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Figure 19: The 3-link snake robot scene.

generated by them hi(q0) on the trident snake model. In Figure 19, we can see that the
prepared scene is quite alike to the trident scene.

On figure Figure 20 we can see the results of the serpenoid motion. This motion is
important, as it gives us an empirically studied motion that is to some degree optimal (as
it has undergone natural selection). We choose the serpenoid input (17) in the form

φ1 = cos(−2π2

3
t+ π2),

φ2 = cos(−2π2

3
t− 2π2).
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Figure 20: Results of the serpenoid input simulation.
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5 Hardware model

Figure 21: Constructed 5-link snake model.

Initially, a 3-link snake robot model had been constructed. It has been since modified to
the 5-link snake robot, as depicted in Figure 21. The robot was assembled using parts
from the company ROBOTIS. It consists of a few simple links of equal length (with
attached passive wheels in the centre) connected by the Dynamixel AX-12W or AX-12A
smart actuators with fully integrated DC motor, reduction gearhead, controller, driver
and network in one DC servo module. The controller used is the CM-530. The robot
can be powered by an attached battery or directly from a power socket. The actuators
are linked in a serial way to one bus in the controller. Let us describe the process of
programming this robot from the basics of the communication protocol up to the creation
of custom firmware.

5.1 Introduction to ROBOTIS

The first step is to configure our controller and Dynamixel actuators. We do this utilizing
the RoboPlus software provided by ROBOTIS. To control the Dynamixel actuators, we
have to communicate using a certain protocol as described in the manuals [6]. In the case
of our controller CM-530, we have to use the so-called Protocol 1.0, which we will briefly
describe.

The actuators communicate by transmitting binary data. The data is sent by packets
with a certain structure. There are two types of the packets: the first is the Instruction
Packet, which the controller sends to control the actuators, and Status Packet, which the
actuators use to respond to the main controller. Every actuator is assigned an integer
ID (which we do using the Dynamixel Wizard included in RoboPlus); every ID should be
unique.

The method of communication in this protocol is implemented as the asynchronous
serial communication, with 8 bits, 1 stop bit and none parity (meaning that there is a
first bit in the message sent which represents the start, followed by 8 bits of data and
then one last stop bit to mark the end). The form of communication is the half duplex
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serial communication protocol - the serially linked devices can all communicate with each
other, but only one device can be sending data at a given time.

Figure 22: Scheme of the half duplex communication. Acquired from [6].

When sending an instruction packet, there is a certain delay between the bytes included
in the packet; this is called the byte to byte time. If the delay time is over 100ms, then the
Dynamixel actuator recognizes a problem in the communication and waits for the next
header of a packet again.

Figure 23: Byte to byte time. Acquired from [6].

We will now describe the structure of the packets.

Header1 Header2 ID Length Instruction Param 1 ... Param N Checksum
0xFF 0xFF ID Length Instruction Param 1 ... Param N CKSUM

Table 1: Form of the Instruction packet.

Headers indicate start of the packet. The packet ID determines which device will
receive and process the packet. The ID can range from 0 to 253. When the ID 254 is
used, all the connected devices will execute the instruction packet. Length determines
the length of the packet, given by Length = number of parameters + 2.

The instruction is the crucial element of the packet. Depending on its value, the device
processing the packet will perform a certain operation. There are 9 instructions available.
Let us introduce three chosen instructions which we will use in our control scheme:

1. Read: Value 0x02. The instruction to read data from the device.
2. Write: Value 0x03. The instruction to write data on the device.
3. Sync Write: Value 0x83. For multiple devices, this instruction writes data on the

same address, with the same length, at once.

Parameters are used when additional data is required for an instruction. The checksum
is a number calculated by a particular formula and serves as a way to check if a packet is
somehow damaged (i. e. some data is changed) during communication.
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The status packet(return packet) is essentially the same as the instruction packet,
except that instead of an instruction, it contains an error field, which depending on the
bit value gives us some information about which error occurred during the operation of a
device.

Let us now show more in detail how we control the AX-12 actuators. These devices
have a data structure implemented in them, called the Control Table. Users can read and
modify specific data from this structure with the use of the read and write instruction
packets. The Control Table is divided into 2 areas, the RAM area, which resets data
stored inside to initial values when the power is reset, and the EEPROM area, which
maintains data even when the device is powered off.

Every data field has an address, a size, a name, an access modifier and an initial value.
The address is an integer ID defining access to the data. The size of data varies from 1 to
2 bytes, depending on their usage. The data fields can be marked either R as read-only
or RW, allowing both reading and writing of data. Let us introduce a few of the data
fields which we’ll be using, as explained in [6].

Address
Size

(Byte)
Data Name Description Access

Initial
Value

14 12 Max Torque Maximum torque RW 1023

Table 2: Chosen data fields from the EEPROM area.

Address
Size

(Byte)
Data Name Description Access

Initial
Value

24 1 Torque Enable Motor torque on/off RW 1023
30 2 Goal Position Target angular position RW -
32 2 Moving Speed rpm of the motor RW -
34 2 Torque Limit Torque limit(goal torque) RW ADD:14

Table 3: Chosen data fields from the RAM area.

• Max Torque: The value of the maximum output ranging from 0 to 1023. The unit
is about 0.1%.
• Goal Position: The angular position of the actuator as given in Figure 24. The

unit is about 0.29◦. If the goal position is out of the actuator’s range, a status
packet with an error is returned and triggers a shutdown of the actuator.
• Moving Speed: The angular speed. Depending on the mode of the operation of

the actuator, there are 2 modes: The joint mode, where the range of values is 0 to
1023, the unit being about 0.111 rpm. If set to 0, the maximum rpm of the motor
is used. The second mode is the wheel mode, where the range is from 0 to 2047
and the unit is about 0.1%. At values of 0 and 1024, the motor is stopped. In the
range 1-1023, the motor rotates in the CCW direction. In the range 1024 - 2047,
the motor rotates in the CW direction.
• Torque Limit: The maximum value of torque. The range of values is from 0 to

1023 and the unit is about 0.1%.
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Figure 24: Front view of the Dynamixel actuator. Acquired from [6].

5.2 Implementation

For our implementation of this architecture, we chose the embedded C approach, as it
is compatible with our controller. ROBOTIS provides a source development kit (SDK)
specifically for the CM-530 controller, which we will use. Using this SDK, we can develop
our own firmware, which will be uploaded to the controller using the Boot Loader (the
Boot Loader is included in the controller; it is not erased when rewriting the firmware
with a custom one), which is accesible through the RoboPlus Terminal.

ROBOTIS provides a few useful examples of how to use the SDK to program all
devices using the above defined structures. Now we can proceed by programming a
simple control scheme for the snake robot, utilizing the write and syncwrite instructions.
We will introduce parts of code from the main.c (the main file of the C project) file and
explain what each part does, including some comments inside the code block. We begin
with some declarations in Listing 6.

/* We have to include references to our header files provided by

ROBOTIS , which contain declarations of functions needed for this

file. */

#include "stm32f10x_lib.h"

#include "dynamixel.h"

#include "dxl_hal.h"

/* We define some constants , such as:

Adresses of the data fields: */

#define P_GOAL_POSITION_L 30

#define P_GOAL_POSITION_H 31

#define P_GOAL_SPEED_L 32

#define P_GOAL_SPEED_H 33

#define P_MAX_TORGUE_L 34

#define P_MAX_TORGUE_H 35

// Various constants that we will use:

#define DEFAULT_BAUDNUM 1 // 1Mbps - determines serial communication

speed between a controller and Dynamixels */
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#define NUM_ACTUATOR 3 // Number of actuators

#define CONTROL_PERIOD (50) // msec (Large value is more slow)

#define MAX_POSITION 600 // Maximum angular position for the

actuators

#define MIN_POSITION 400 // Minimum angular position for the

actuators

#define INCREMENT 25 // Used in calculations

/*In the program we declare many more constants , variables and

functions , which are used in this file. Because of their amount ,

we ll include only a select few:*/

// Private variables:

word AmpPos = 512; // An initial position to reset to

word GoalPos = 500; // The starting goal position

int i; // Indexing integer

byte id[NUM_ACTUATOR] = {10, 11, 15, 16, 17}; // Array of IDs of the

actuators

byte CommStatus; // Return value for the result of communication}

Listing 6: Inclusions and declarations in the main.c file.

Let us now proceed to the main function of the main.c file:

int main(void)

{

// System Clocks Configuration

RCC_Configuration ();

// NVIC configuration

NVIC_Configuration ();

// GPIO configuration

GPIO_Configuration ();

SysTick_Configuration ();

Timer_Configuration ();

dxl_initialize( 0, 1 );

USART_Configuration(USART_PC , Baudrate_PC);

Listing 7: Beginning of the main function, configuration.

In Listing 7 we see the beginning of our main function. There are several configura-
tion functions, which are defined later in the file. If we want deeper insight into how
the function works, we could go through them. However, let us describe them briefly,
as it is useful to know the logic behind the system: RCC Configuration configures the
system clock. NVIC Configuration takes care of the Vector Table’s locations in RAM.
GPIO Configuration sets up the GPIO (General Purpose Input/Output) ports on the
controller. SysTick Configuration handles the declaration of the system ticks inside the
controller and Timer Configuration configures the inner timer. The dxl initialize func-
tion calculates the baud rate (which, as mentioned earlier, determines the communication
speed between devices and therefore also affects the margin of error in communication)
and initializes the communication devices. USART Configuration (remark: USART is
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a hardware part of the controller responsible for inside communication) implements the
communication protocol as defined by Protocol 1.0. After this set-up, we proceed by
configuring the goal speed, maximum torque and resetting the position of every actuator,
as depicted in Listing 8. Notice the use of BROADCAST ID, meaning the instruction is
sent to every actuator.

// Set goal speed

dxl_write_word(BROADCAST_ID , P_GOAL_SPEED_L , 200);

// Set max torque

dxl_write_word(BROADCAST_ID , P_MAX_TORGUE_L , 200);

// Reset position

dxl_write_word(BROADCAST_ID , P_GOAL_POSITION_L , AmpPos);

// Wait for one second

mDelay (1000);

Listing 8: Preparing the actuators.

What follows in Listing 9 is a while loop, which will continually run until we switch the
device off. In this while loop, we program the communication in packets between our
devices and calculate a simple periodic motion for the actuators.

// Sign used to reverse addition of angular position

int sign = 1;

while (1)

{

// Make syncwrite packet

dxl_set_txpacket_id(BROADCAST_ID);

dxl_set_txpacket_instruction(INST_SYNC_WRITE);

dxl_set_txpacket_parameter (0, P_GOAL_POSITION_L);

dxl_set_txpacket_parameter (1, 2);

dxl_set_txpacket_length ((2+1)*NUM_ACTUATOR +4);

// Array of integers containing the calculated goal positions for

actuators

int desiredPos[NUM_ACTUATOR ];

/* Calculate the actual goal positions. This construction of

conditions ensures that we cannot go over the maximal value and

under the minimal value. */

for(i=0; i < NUM_ACTUATOR; i++ )

{

desiredPos[i] = GoalPos + i * sign * INCREMENT;

if (( desiredPos[i] > MAX_POSITION) || (desiredPos[i] < MIN_POSITION))

{

desiredPos[i] = desiredPos[i - 1] - sign * INCREMENT;

if (( desiredPos[i] > MAX_POSITION) || (desiredPos[i] < MIN_POSITION))

{

desiredPos[i] = desiredPos[i - 1] + sign * INCREMENT;

}

}

Listing 9: Preparing the actuators.
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Note that the initial declaration of GoalPos in Listing 6 is the goal position of the first of
the actuators and the rest is calculated by adding the increment in a periodic way. Now
that the calculated goal positions are ready, we can add them to our syncwrite packet.
We continue and commence the communication in the controller and between the devices,
as we see in Listing 10. Note that since the goal position data field has a size of 2 bytes,
the value has to be split into two parts.

dxl_set_txpacket_parameter (2+3*i, id[i]);

dxl_set_txpacket_parameter (2+3*i+1, dxl_get_lowbyte(desiredPos[i]));

dxl_set_txpacket_parameter (2+3*i+2, dxl_get_highbyte(desiredPos[i]));

// These functions transmit single data through the USARTx peripheral

in the controller

TxDByte_PC( \r );

TxDByte_PC( \n );

TxDWord16(desiredPos[i]);

}

// Send the packet to the connected devices

dxl_txrx_packet ();

// Check if the operation succeeded

CommStatus = dxl_get_result ();

if( CommStatus == COMM_RXSUCCESS )

PrintErrorCode ();

else

PrintCommStatus(CommStatus);

Listing 10: Sending the packet.

Finally, we change the globally defined GoalPos in a way which results in a periodic
motion, see Listing 11.

GoalPos += sign*INCREMENT;

if( GoalPos > MAX_POSITION || GoalPos < MIN_POSITION )

{

sign = -sign;

GoalPos += 2*sign*INCREMENT;

}

// Wait for the duration of earlier defined control period and

commence another cycle in the loop

mDelay(CONTROL_PERIOD);

}

return 0;

}

Listing 11: Changing GoalPos, end of the main function.

We are done with our implementation of this simple control scheme. Now we can
compile our project and upload our firmware (the binary file output of our project, as
defined in the makefile) into the controller through the Boot Loader. Then, when we
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switch the controller on, the main method, as we have programmed it, will be executed.
We have shown that the embedded C SDK allows us to program the robot in a simple

but powerful way. Note that we are free to implement our own method of communication
in the controller, as long as we keep faithful to the designed hardware structure.
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6 Conclusion

The main result of the thesis are the simulations of two derived models and their further
discussion in terms of controllability. The robots modelled were the 3-link snake robot
and the trident snake robot. Focus was placed on the trident model. The motion planning
problem was discussed for both of the models. Attached are the two simulation files tri-
dent.ttt and senzoric snake.ttt. Also attached are the Maple files used during calculations,
in the folder Maple.

A thorough description of the V-REP robotic environment was given. Simulation
models of the trident snake robot and the 3-link snake robot were created in this software
and their results discussed. Periodic input was used to steer the system along the flow
of the Lie bracket generated vector fields; the validity and discussion of its applicability
was given in regards to the simulation environment. Serpenoid input was demonstrated
on the 3-link snake.

One of the further achievements is that using ROBOTIS components, a working robot
snake model was assembled. The procedure how to program firmware for the CM-530
controller is described in full detail. The custom firmware project developed in Eclipse is
attached as Firmware.7z.

This thesis provides a good base for the purpose of nonholonomic mechanism simula-
tions in V-REP. However, the included simulations (namely the trident snake simulation)
are fine-tuned enough to be adapted to more complex problems. Further, it can serve as
a guide in the use of ROBOTIS software and parts.
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