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Summary
This master’s thesis deals with the theory of fractals and describes the difficulties of
the fractal definition. We suggest some methods used for estimating fractal dimensions
of various sets displayed in the finite-resolution computer output devices. Then, we test
these methods on sets with known dimensions and discuss the results.

Abstrakt
Tato diplomová práce se zabývá teorií fraktálů a popisuje patričné potíže při zavedení
pojmu fraktál. Dále se v práci navrhuje několik metod, které se použijí na aproximaci
fraktálních dimenzí různých množin zobrazených na zařízeních s konečným rozlišením.
Tyto metody se otestují na takových množinách, jejichž dimenze známe, a na závěr se
výsledky porovnávají.
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1 Introduction
At the turn of the 20th century, various structures, later on called fractals, began to

appear on the stage of mathematics. These structures preserved their original pattern
after zooming and did not fit in the Euclidean geometry, which was routine at that time.
However, the number of these structures was insignificant and mathematicians thought
that the structures are not usable at all, thus, they did not care about them.

Today we know that fractals are to be found almost everywhere. Their occurrence
is even more common than classical objects like squares or discs. No need to search for
them carefully, the reader might just look out of the window at a random tree. Fractals
are useful in the technical field as well and fairly more effective than one could imagine
at the first glance. Therefore, it is desired to study fractals. Nevertheless, the field of
studying fractals is relatively young, so much remains to be explored.

This thesis works with the term fractal dimension which characterizes fractals with
respect to their roughness. The goal of this thesis is to suggest some numerical methods
which could measure the fractal dimension of sets in the images of finite resolution,
regarding computers, and then to test these methods on some sets with their fractal
dimension known. The results will be, then, compared and discussed.

Fractals have quite a lot to say about their background of theory. Thus, this thesis
shows fractals from two points of view, it presents a little from the non-mathematical
point of view as well as it shows all the complex mathematical theory needed.
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2 Fractals: lay perspective
2.1 Properties
The reader might heard of a fractal as a never ending pattern that repeats itself at
different scales. Or that fractals are somehow connected with the roughness. We could
define a fractal as a fragmented geometric shape that can be subdivided in parts, each of
which is (at least approximately) a reduced-size copy of the whole.

Figure 2.1: Weierstrass function
Source: Wikipedia

Well, a very similar definition is in [1] - a fractal is defined as a geometric figure or a natural
object which combines the following characteristics:

1. Its parts have the same form, or structure as the whole, except for that they are at
a different scale and may be slightly deformed.

2. Its form is extremely irregular, or extremely interrupted, or fragmented and remains
so, whatever the scale of examination is.

3. It contains “distinct elements” whose scales are very varied and cover a large range.

It is also important to mention the following interesting properties fractals have:

1. They have a perimeter of infinite length but an area limited. Or an infinite surface
but limited volume.

2. We can say that fractals are self-similar and independent of scale. We, somehow,
mentioned that before.

3. They are also very easy to make. It is enough to take a simple process and repeat
it forever.

13



2.1. PROPERTIES

Self-similarity property is quite unique because not everything is self-similar. Consider,
for example, a smooth curve. It does not have the property of being self-similar. If we pick
a point on the curve and magnify around it, then the curve will eventually look like a line.
It does not matter how complicated the curve is, it loses all of its detail as it is magnified.
This never happens for a fractal. There is always more detail as we magnify it. The same
applies for a sphere. A sphere is not self-similar. At significantly large magnification, it
stops looking like a sphere and starts looking like a flat plane. For example, consider
the earth. We know that it is almost a sphere, but if you look through a window, you will
see no indication of this.
Indeed, fractals are very easy to make. For instance, take Mandelbrot set (figure 2.2).
This set is made just by iterating the formula

znew = z2old + c,

where, at the beginning, z = 0, and c is a constant. Mandelbrot set shows us which
numbers after squaring tend to go to infinity, and which numbers stay finite. Inner and
outer region, respectively, are showing that. Though, the boundary is the interesting part,
because, that is the fractal.

Figure 2.2: Mandelbrot set
Source: Wikipedia

Other examples of simple constructions of fractals, namely the Sierpiński triangle and
the Koch curve, are shown later in the thesis.
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2.2. HISTORY

2.2 History
The word “fractal” was invented by Benoit B. Mandelbrot and is related to the latin
verb frangere, which means “to break”. In the Roman mind, “frangere” may have evoked
the action of breaking a stone, since the adjective derived from it combines the two
most obvious properties of broken stones, irregularity and fragmentation. The adjective
grasping these two properties is fractus, which led to “fractal”. The etymological kinship
with “fraction” is also significant if one interprets fraction as a number that lies between
integers. Indeed, a fractal can be considered as lying between the shapes of Euclid.

The fractal, fractal dimension and many other components of the fractal geometry
had been known since 1875 but were considered to be special cases and, thus, not
important. Nobody studied them in details, and there was no need to even denote them,
[2]. Later on, mathematicians discovered that for describing the behavior of nature
fractals are actually more suitable than traditional “ideal” geometric figures.
The start of fractals separated the classical mathematics and the modern mathematics.
Classical mathematics was based on the regular geometric Euclid structures. On
the other hand, modern mathematics had its roots in the Cantor’s set theory and
Peano’s space-filling curve.
This mathematical revolution began when new mathematical structures that did not fit
the patterns of Euclid and Newton were discovered. These new structures were
considered by some mathematicians as “pathological” and were called mathematical
monsters, [3]. For example, in 1872 Karl Weierstrass constructed a continuous function
which does not have a derivation anywhere (figure 2.1). As other examples we mention
Georg Cantor with his discontinuum (1884, figure 2.3), Guiseppe Peano with a curve
which continuously maps a line segment on a square (1890) and Helge van Koch with his
infinitely long curve which bounds a finite area (1904).

Figure 2.3: Cantor set
Source: Wikipedia

2.3 Fractals in real life
The reader might think that fractals, as we presented them so far, are just some structures
artificially made. Well, that is just a tiny part of the whole. Fractals can be found of course
in mathematics, for instance in geometry, or algebra. But, we can find fractals also in real
life, actually they appear more often in real life, especially in nature. Take a random tree.
Imagine it without any leaves or needles, just the trunk and the branches. It is a fractal.
The same applies for roots of trees, their bark, then river networks, coasts, lightning bolts,
clouds, snowflakes, hurricanes, mountains, etc. But we could go even further, for example,
galaxies are also fractals, or closer, look at the surface of any cauliflower. Fractals could
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2.3. FRACTALS IN REAL LIFE

be found also inside of our human bodies, for instance, our lungs, brains, neuron network,
vascular system, etc., all of them are fractals. In this manner, we could continue with lots
of examples.

There are also many ways of using fractals in practice. One of them is
the application in the field of education. They are able to make abstract math easily
visual. And in physics, fractal theory is used, for example, in fractal electrodynamics or
fractal antennas.
Speaking of antennas, Nathan Cohen experimented with antennas using Koch curves
and Sierpiński triangles, [4]. In 1988, he built first usable fractal antenna in his
apartment. One of the properties of any fractal antenna is that it keeps physical
properties the same if all dimensions and the wavelength are scaled by the same factor.
This gives us a very wide interval of frequencies possibly used. Also, fractal antennas are
quite small compared to classical antennas. Hence, of course, fractal antennas are better
than classical antennas, but they are also much more expensive. Therefore, the best
practice is to use hybrid antennas which consists of both fractal and classical antennas’
features.
Another example of application of fractals is the fractal image compression. The idea is
that instead of storing the whole picture, it suffices to store the formula of the specified
fractal. Then, we can generate the picture through an iteration of the formula.
The achieved compression is of the order of 99.98%. Also very complex pictures could be
generated not by only one formula but by many formulas. Still, the compression is large
enough.
As other application we mention simulation of landscape, or the infinite fractal zooming
- its effect is very soothing for a human brain, so it is used in medical fields.
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3 Motivation
In this chapter, we will motivate and show the reader what a fractal is, what the reason

behind studying fractals is and why they are so interesting to mathematicians. Most of
the ideas and examples in this chapter are taken from [5], [6] and [7].

First, let us give an intuitive definition of a measure and a dimension. For a general
bounded object, such as a wire, a carpet or a bottle of water, we are used to the fact that it
is possible to determine its finite size, i.e. its measure, by measuring the object. In the case
of a wire, after we measure it, in some way, we obtain its length. Regarding the carpet, we
obtain its area. And for the measure of a bottle, we use the term volume. Then, we say
that an object with its length equal to a positive finite number is of dimension one. For
an object with its area equal to a positive finite number, we say it is of dimension two,
and to have a positive finite volume, it means the object is of dimension three. We know,
from our experience, that the attempts to determine the length of a two-dimensional or
a three-dimensional object lead us to infinity. We also know that the area and the volume
of a one-dimensional object are equal to zero and the volume of a two-dimensional object
is equal to zero as well. Therefore, the dimension of a bounded object is given by its length,
area and volume, and at the moment we are aware of three values of the dimension - one,
two and three. We note that this dimension is called the topological dimension in the field
of mathematics. As we will see, there are some problems following this intuitive definition
of a dimension. In the next part, we will show an example of measuring a simple curve.
Example 3.1. We determine the approximate length of a simple curve by constructing
a sequence of points P0, P1, ..., Pp, Pp+1 on the curve so that the point P0 is positioned at
one end of the curve, and the point Pp+1 is at the second end of the curve (figure 3.1).
In the case of a closed curve, the points P0, Pp+1 form one point, and this point shall be
an arbitrary point on the curve.

Figure 3.1: Measuring a simple curve

The distance between two neighboring points is equal to
|Pk−1Pk| = v, k = 1, 2, ..., p,

and
|PpPp+1| < v.

Then, the approximate length of a curve we define as

l ≈
(
p+

1

2

)
· v ± v

2
.
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From the figure 3.1 it is clear that the smaller v is (the bigger p is), the more accurate
the length approximation l will be. Apparently, the length of our curve is equal to the limit

l = lim
p→∞

p · v

if this limit exists. The length of a curve introduced in such a way corresponds to
the common idea of measuring by the use of the length units.

Let us now give an example of a curve, where the way of determining its length as
described in the example 3.1 will not provide us any useful information.

Example 3.2. Consider a line segment. We divide it into thirds, above the middle third we
construct an equilateral triangle and remove the middle third of the original line segment.
We have obtained four smaller line segments. For each of these smaller line segments,
we apply the same construction step (figure 3.2) and we repeat it infinitely many times.
The curve we obtain is called a Koch curve.

Figure 3.2: First four steps of constructing a Koch curve

It is clear that the line segments being created in each step can be used as our measuring
line segments. The length of a line segment created in the n-th step we denote by vn, and
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the total number of these line segments we denote by pn. Then, the approximate length
of the curve in the n-th step is given by

ln ≈
(
pn +

1

2

)
· vn ±

vn
2
.

For this curve we have Pp = Pp+1 in every step, so we do not have to consider the tolerance
and we can write

ln = pn · vn.

For n > 1 we get
vn =

1

3
· vn−1 =

1

32
· vn−2 = · · · = 1

3(n−1)
· v1

and
pn = 4 · pn−1 = 42 · pn−2 = · · · = 4(n−1) · p1.

Thus, the length of a Koch curve is equal to

l = lim
n→∞

pn · vn = lim
n→∞

4(n−1) · p1 ·
1

3(n−1)
· v1 = lim

n→∞
p1v1

(
4

3

)(n−1)

= ∞.

Figure 3.3: A Sierpiński arrowhead curve identical in limit to a Sierpiński triangle
Source: Wikipedia

We can see that a Koch curve, which is a simple and bounded curve, i.e. it is of
dimension one, has infinite length. In other words, the terms “measure” and “dimension”
we defined at the beginning of this chapter are not good enough for this case. There are
even more examples of curves where we would get into trouble if we start measuring them
in our way. For instance, take the Sierpiński arrowhead curve (figure 3.3) or the Dragon
curve (figure 3.4).

19



Figure 3.4: A Dragon curve
Source: bentrubewriter.com

But not only with geometric constructions made artificially we have such problems.
Example 3.3. Let us consider Great Britain, an island in the North Atlantic Ocean off
the northwest coast of continental Europe. We will try to measure its coastline (figure
3.5) in the same way as in the example 3.2.
Let us start with the length of the initial line segment equal to 300 km, i.e. v1 = 300, then
the amount of these line segments is equal to p1 = 9, and the total length is l1 = 2700
(table 3.1). If we continue with v2 = 150, we will get p2 = 21 and l2 = 3150. For v3 = 75
we have p3 = 52 and l3 = 3900, etc. We continue in the same way infinitely many times
(even to the atomic size).

n vn [km] pn ln [km]
1 300 9 2700
2 150 21 3150
3 75 52 3900

Table 3.1: Values obtained from the measuring of Great Britain

It is clear that with v getting smaller in each step the obtained length of the coastline
ln = pn · vn is becoming significantly large, and the limit

l = lim
n→∞

pn · vn

is going to be at infinity. In the ’50s, after real measurements, Lewis Fry Richardson
actually came to a conclusion that all the coastlines are of the same length - infinitely
long.

Now we know that there exist some objects which cannot be measured in a common
way. We cannot say which one of these objects is bigger or smaller. To resolve this problem,
let us introduce the terms fractal dimension and fractal measure.
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Figure 3.5: Measuring the coastline of Great Britain
Source: [6]

There are two objects in the figure 3.6, on the left there is a curve of the topological
dimension one, and on the right there is an area of the topological dimension two. Step
by step we try to cover our objects with the least number of two-dimensional spheres of
the same size. We start with two spheres, and in each step we reduce the diameter of
the spheres to 50% of its original size. We would like to know the number of the spheres
used in each step and somehow find out the correlation between the number of spheres
and their size.

Figure 3.6: The first step of covering a curve and an area
Source: [5]

In the case of our curve, as we said, in the first step we have just two spheres. For the curve
to be covered in the second step, we need four spheres. In the third step we require eight
spheres, etc. Regarding our area, we also start with two spheres. In the second step we
need eight spheres to completely cover the area, and in the third step we need 32 spheres
(figure 3.7). If we take a three-dimensional object and three-dimensional spheres to cover
the object and start with two spheres again, in the second step we will obtain 16 spheres
and in the next step 128 spheres.
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Figure 3.7: The second and the third step of covering a curve and an area
Source: [5]

n vn pn (curve) pn (area)
1 1 2 2
2 1

2
4 8

3 1
4

8 32

Table 3.2: The data from the first three steps of covering a curve and an area

Let us denote the decreasing sequence of diameters of our spheres by {vn}, where n is
the n-th step, and the sequence of least numbers of spheres with the diameter vn needed
to cover the object we denote by {pn}. Then for a D-dimensional bounded object

pn · vDn = c, (3.1)

where n ∈ N, and c, in general, is a constant number, in this case c = 2.
Truly, by mathematical induction,

p1 · vD1 = 2 · 1D = 2,

and by assuming pn · vDn = 2 we get

pn+1 · vDn+1 = 2D · pn ·
(
1

2
· vn
)D

=
2D

2D
· pn · vDn = 2.

If we apply the limit with n → ∞ to (3.1), we get

0 ≤ lim
n→∞

pn · vDn < ∞,
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where D = 1, 2, 3.
In the matter of a one-dimensional object, to make the number of spheres the least,
the spheres have to be positioned in such a way that if, for each sphere, we took all
intersections of the object and the boundary of the sphere and connect them, we would get
the diameter of the sphere. Then, the number of spheres times their diameter approximates
the length of the curve, i.e.

l ≈ pn · v1n,
and in the limit it is equal to the length

l = lim
n→∞

pn · v1n.

In the case of a one-dimensional object, from the table 3.2 we have

pn = 2n, vn =
1

2n−1
.

Hence,

lim
n→∞

pn · v2n = lim
n→∞

2n
(

1

2n−1

)2

= lim
n→∞

2n

22n−2
= lim

n→∞

2n

22n

22

= lim
n→∞

2n+2

22n
= 0,

and similarly
lim
n→∞

pn · v3n = · · · = lim
n→∞

2n+3

23n
= 0.

Regarding a two-dimensional object, the term pn · v2n is apparently equal to the sum of
the areas of squares circumscribed to every covering sphere. Because the squares are
overlapping with each other, even at the limit the term is not equal to the area of
the object. But, still, the limit

lim
n→∞

pn · v2n
is a good indicator of determining an object to be two-dimensional because

lim
n→∞

pn · v1n = lim
n→∞

22n−1 · 1

2n−1
= lim

n→∞

22n

2
2n

2

= lim
n→∞

(2n)2

2n
= lim

n→∞
2n = ∞,

0 < S < lim
n→∞

pn · v2n = lim
n→∞

22n−1

22n−2
= lim

n→∞

22n

2
22n

22

= 2 < ∞,

lim
n→∞

pn · v3n = lim
n→∞

22n−1

23n−3
= lim

n→∞

22n

2
23n

23

= lim
n→∞

22n · 23

2 · 23n
=

22

2n
= 0,

where S is the area of the object, and

pn = 22n−1, vn =
1

2n−1

we get from the table 3.2. This reasoning leads us to the following hypothesis.
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Hypothesis 3.4. For every object either

lim
n→∞

pn · vsn = 0 ∀s > 0

or there exists a number D > 0 such that

0 < lim
n→∞

pn · vDn < ∞,

lim
n→∞

pn · vsn = ∞ ∀s < D,

lim
n→∞

pn · vsn = 0 ∀s > D.

If this hypothesis is correct, then the number D is the fractal dimension of an object and
the number

M = lim
n→∞

pn · vDn

is its fractal measure, which allows us to compare the object with other objects with
respect to their size. The length, the area and the volume of an object are, then, its
fractal measure in the fractal dimension one, two and three, respectively.
The reader might think that there is no difference between the topological dimension and
the fractal dimension. Let us explain the difference between these terms on the following
two examples.

Example 3.5. In this example we calculate the fractal dimension of a Sierpiński triangle.
The triangle is of the topological dimension one because it is constructed by a curve (figure
3.3). For calculating its fractal dimension, let us proceed in the same way as during
the covering of the curve in the figure 3.6.

Figure 3.8: The first step in covering the Sierpiński triangle
Source: [7]

Let us begin with three spheres covering the triangle (figure 3.8), i.e. p1 = 3. Without any
loss of generality, we can put the diameter of the spheres to one half, i.e. v1 = 1

2
.

In the second step, after dividing the diameter by two, we need nine spheres for covering
the triangle (figure 3.9).
In the third step, we need 27 spheres for covering the triangle (figure 3.10).
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Figure 3.9: The second step in covering the Sierpiński triangle
Source: [7]

Figure 3.10: The third step in covering the Sierpiński triangle
Source: [7]

If we observe the values carefully, we will see that every time we divide the diameter by
two, we need three times as many spheres to cover the triangle. Hence, in general, we can
write

vn =
1

2n
, pn = 3n.

If we try to compute the length, we get

lim
n→∞

pn · v1n = lim
n→∞

3n · 1

2n
= ∞,

lim
n→∞

pn · v2n = lim
n→∞

3n · 1

22n
= 0.

Therefore, the length of the triangle is infinite and its area is equal to zero. We assume
that there exists a dimension 1 < D < 2 such that the limit for this dimension is both
nonzero and finite, that is

0 < lim
n→∞

pn · vDn = lim
n→∞

3n · 1

2D·n < ∞.
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We try to find this dimension. Let us denote an approximate value of the dimension and
the measure in the n-th step by Dn and Mn, respectively, i.e.

3n · 1

2Dn·n
= Mn.

By applying the natural logarithm to both sides of the equality and after some operations,
we obtain

ln
(
3n · 1

2Dn·n

)
= lnMn,

ln 3n + ln 2−Dn·n = lnMn,

n · ln 3−Dn · n · ln 2 = lnMn,

ln 3−Dn · ln 2 =
lnMn

n
,

Dn · ln 2 = ln 3− lnMn

n
,

Dn =
ln 3

ln 2
− lnMn

n · ln 2
.

And after sending n to infinity, we get

D = lim
n→∞

ln 3

ln 2
− lnMn

n · ln 2
=

ln 3

ln 2
,

where
lim
n→∞

lnMn

n · ln 2
= 0

because Mn is a positive constant. Hence, the fractal dimension of the Sierpiński triangle
is noninteger, even irrational, and equal to

D =
ln 3

ln 2
≈ 1.584962.

Example 3.6. For covering a Koch curve, in each step, we divide the diameter of spheres
by three, and the amount of spheres is, then, raised by four times. Therefore, with the same
procedure as in the example 3.5, we get

D =
ln 4

ln 3
≈ 1.261859.

These and many more results led to the term “fractal”. A fractal is an object with its
fractal dimension being greater than its topological dimension.
As examples we can mention a Koch curve or a Sierpiński triangle. They are both of
topological dimension one, but their fractal dimension is greater than one.
Fractal dimension is a tool for describing roughness. For instance, the Koch curve is
actually rough (D ≈ 1.26), but the Sierpiński triangle is even rougher (D ≈ 1.58).
The coastline of Great Britain is quite rough (D ≈ 1.25), on the contrary the coastline
of South Africa is almost smooth (D ≈ 1.05, [8]). As examples of very rough surfaces
there are the surfaces of human brains (D ≈ 2.79) and lungs (D ≈ 2.97).

This theory would bring us many interesting results, but, in the way it was introduced,
it is incorrect. Let us show what we mean by that in the following example.
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Example 3.7. Let R = ⟨0, 1⟩, Q = ⟨0, 1⟩∩Q, I = ⟨0, 1⟩\Q. Therefore, R is an interval of
real numbers from 0 to 1, Q is a set of rational numbers in R, and I is a set of irrational
numbers in R. Let us determine the fractal dimension of each of these sets.
Let vn = 1

n
. Then pn = n for each of the sets R,Q, I. Also

lim
n→∞

pn · v1n = 1

for R,Q, I. Thus, the fractal dimension of all three sets is D = 1. The fractal measure of
these sets is equal to one as well.
But there is a problem. We know that the length, the area and the volume have a basic
property called additivity. Additivity tells us that if two sets A1, A2 are disjunctive, then
the length, the area and the volume of the union of these sets are equal to the sum of
the length, the area and the volume, respectively, of A1, A2, that is

A1 ∩ A2 = ∅ ⇒ µ∗ (A1 ∪ A2) = µ∗(A1) + µ∗(A2),

where µ∗ represents the measure of a set, which we call the length, the area or the volume
depending on the topological dimension of the object.
In our example, we have Q ∩ I = ∅, whilst

µ∗(Q ∪ I) = µ∗(R) = 1

but
µ∗(Q) + µ∗(I) = 2.

We should make the theory more precise, and we will do so in the following chapters.
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4 Preliminaries
In this chapter, we introduce some preliminary definitions which will be used later

in the thesis. These definitions are essential for the definition of a fractal and a fractal
dimension. All the definitions stated in this chapter are taken from [5], [9], [10], [11], [12],
[13], [14], [15] and [16].

4.1 Metric spaces and topology - basic concepts
In this section, we introduce to the reader the topological dimension, which we will use
later to compare it with the fractal dimension, and some definitions from metric spaces.

Definition 4.1. Let X ̸= ∅ be an arbitrary set, and let d : X×X → ⟨0,∞) be a mapping
such that for all x, y, z ∈ X we have:

1. d(x, y) = 0 if and only if x = y,

2. d(x, y) = d(y, x),

3. d(x, y) ≤ d(x, z) + d(z, y).

Then, we will call the pair (X, d) a metric space and d a metric on X. Elements of
the metric space (X, d) are called points, and X is called the underlying set of (X, d).

Definition 4.2. The diameter δ(A) of a nonempty set A in a metric space (X, d) is defined
by

δ(A) = sup
x,y∈A

d(x, y).

Definition 4.3. Given a point x0 ∈ X and a real number r > 0, let us define two types
of sets. An open ball is defined by

B(x0, r) = {x ∈ X : d(x, x0) < r},

and a closed ball is defined by

B̄(x0, r) = {x ∈ X : d(x, x0) ≤ r}.

In both cases, x0 is called the center, and r is called the radius. An open ball B(x0, ε) of
a radius ε > 0 is often called the ε-neighborhood of x0.

Definition 4.4. By a neighborhood of x0 we mean any subset of X which contains
an ε-neighborhood of x0.

Definition 4.5. A subset A ⊆ X is said to be open if it contains an open ball around
each of its points.

Definition 4.6. A subset A ⊆ X is said to be closed if its complement Ac = X \ A
is open.
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4.1. METRIC SPACES AND TOPOLOGY - BASIC CONCEPTS

Figure 4.1: Definition of the topological dimension
Source: [7]

It is clear from the definitions that an open ball is an open set, and a closed ball is a closed
set.

Definition 4.7. The intersection of all the closed sets containing a set A is called
the closure of A and is denoted by Ā. It is the smallest closed set containing A (in
the sense of inclusion).

Definition 4.8. A set A is said to be countable if it is finite (has finitely many elements)
or if there exists a bijection between A and N. Otherwise A is said to be uncountable.

Definition 4.9. Let (X, d) be a metric space. Then the subset A ⊆ X is said to be dense
in X if Ā = X.

Definition 4.10. The metric space (X, d) is said to be separable if it has a countable
subset which is dense in X.

Definition 4.11. A set A is said to be connected if there do not exist any open sets S and
T such that S ∪ T contains A with A ∩ S and A ∩ T disjoint and non-empty. Otherwise
we call A disconnected.

Definition 4.12. An open cover of a set A is any collection {Sα}α∈I of open sets such
that

A ⊆
∪
α

Sα.

Definition 4.13. A refinement is a second open cover such that every set of the second
open cover is a subset of some set in the first open cover.

Definition 4.14. The topological dimension of a set A is defined to be the minimum
value of n such that any open cover has a refinement in which no point is included in
more than n+ 1 elements (figure 4.1).
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4.2. MEASURE THEORY

We point out that mainly the diameter, the separable metric space and the topological
dimension will play some role in the chapter 5.

4.2 Measure theory
Definition 4.15. Consider a set A. We will say that a non-empty collection of sets
S = {Si}i∈I , where Si ∈ A, ∀i ∈ I, is a σ-algebra on the set A if and only if it satisfies
the properties (4.1), (4.2) and (4.3).

∅, A ∈ S (4.1)

Si ∈ S ⇒ A \ Si ∈ S ∀i ∈ I (4.2)

{Si}∞i=1 ⊆ S ⇒
∞∪
i=1

Si ∈ S and
∞∩
i=1

Si ∈ S (4.3)

Figure 4.2: Different outer measures
Source: [17]

Definition 4.16. Let S be a σ-algebra. Then we will say that the mapping µ∗ : S → [0,∞]
is called the outer measure if

(i) µ∗(∅) = 0,

(ii) if S1 ⊂ S2 ⊂ S, then µ∗(S1) ≤ µ∗(S2),

(iii) if every two different subsets Si ∈ S are disjoint, then

µ∗

(
∞∪
i=1

Si

)
≤

∞∑
i=1

µ∗(Si). (4.4)
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4.3. ORDINARY LEAST SQUARES METHOD

Some examples of outer measures are shown in the figure 4.2.

Definition 4.17. µ∗ is said to be the measure and is denoted by µ, if in the property
(4.4) there is an equality instead of the inequality.

Definition 4.18. Let µ∗ be an outer measure. Then a set A ∈ S is called µ∗-measurable
if and only if the property (4.5) is satisfied.

µ∗(T ) = µ∗(T ∩ A) + µ∗(T \ A) ∀T ∈ S (4.5)

4.3 Ordinary least squares method
The general least squares method is a numerical method used for approximating
the solution of an overdetermined system of equations based on the minimization of
their squared residues (figure 4.3). This method solves curve fitting problems.

Figure 4.3: The least squares method principle
Source: [18]

In [18], the general least squares method is described as follows. Let t be
an independent variable, e.g. time, and let y(t) be an unknown function of t which we
would like to approximate. Assume we have m observations, i.e. values yi were measured
for some values ti, i.e.

y = y(ti), i = 1, 2, . . . ,m.

Our goal is to model y(t) using the linear combination of n base functions for some n ≤ m,
that is

y(t) ≈ x1φ1(t) + x2φ2(t) + · · ·+ xnφn(t) := Rn(t),
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4.3. ORDINARY LEAST SQUARES METHOD

where x1, x2, . . . , xn are parameters which we determine with respect to the expected
behavior of the unknown function y(t).

y ≈ Ax,

where

A =


φ1(t1) φ2(t1) . . . φn(t1)
φ1(t2) φ2(t2) . . . φn(t2)

... ... ...
φ1(tm) φ2(tm) . . . φn(tm)

 ≡ (φ1,φ2, . . . ,φn) ,

is the matrix form of the model.
The residues are the differences between the observations and the model, i.e.

ri = yi −Rn(ti) = yi −
n∑

j=1

φj(ti)xj ≡ yi −
n∑

j=1

aijxj, i = 1, 2, . . . ,m,

where aij = φj(ti). In the matrix form,

r = y − Ax.

We would like to determine the parameters xi in such a way that the residues are the least.
The least squares method minimizes the sum of squared residues, i.e.

||r||2 :=
m∑
i=1

r2i → min. (4.6)

The minimization problem (4.6) must meet the necessary extreme condition

∂||r||2
∂xk

=
∂

∂xk

m∑
i=1

(
yi −

n∑
j=1

aijxj

)2

= 0, k = 1, 2, . . . , n, (4.7)

which we can compute the parameters x from.

Example 4.19. Consider the data prescribed in the table 4.1.

ti 0 0.5 1 1.5 2 2.5 3
yi 3.57 2.99 2.62 2.33 2.22 2.10 2.05

Table 4.1: Data for the example 4.19

We will calculate the approximation R2(t) = x1 + x2e
−t with the least squares method.

From the extreme condition (4.7) we get

−2
m∑
i=1

(
yi −

n∑
j=1

aijxj

)
aik = 0, k = 1, 2, . . . , n,

and then
n∑

j=1

(
m∑
i=1

aikaij

)
xj =

m∑
i=1

aikyi, k = 1, 2, . . . , n.
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4.3. ORDINARY LEAST SQUARES METHOD

By substituting back to φi we get

m∑
i=1

φ1(ti)φ1(ti)
m∑
i=1

φ1(ti)φ2(ti) . . .
m∑
i=1

φ1(ti)φn(ti)

m∑
i=1

φ2(ti)φ1(ti)
m∑
i=1

φ2(ti)φ2(ti) . . .
m∑
i=1

φ2(ti)φn(ti)

... ... ...
m∑
i=1

φn(ti)φ1(ti)
m∑
i=1

φn(ti)φ2(ti) . . .
m∑
i=1

φn(ti)φn(ti)




x1

x2
...
xn

 =



m∑
i=1

φ1(ti)yi
m∑
i=1

φ2(ti)yi

...
m∑
i=1

φn(ti)yi


.

In our case, φ1(t) = 1, φ2(t) = e−t and m = 7, i.e.
7∑

i=1

1 · 1
7∑

i=1

1 · e−ti

7∑
i=1

e−ti · 1
7∑

i=1

e−ti · e−ti

(x1

x2

)
=


7∑

i=1

1 · yi
7∑

i=1

e−ti · yi

 .

After calculating the sums, we will get the system(
7 2.4647

2.4647 1.5805

)(
x1

x2

)
=

(
17.88
7.4422

)
,

whose solution is x1
.
= 1.9879 and x2

.
= 1.6087. Hence, the approximation is R2(T )

.
=

1.9879 + 1.6087e−t.

The ordinary least squares method, also called the linear least squares method, is
a special case of the general least squares method. In this case, y(t) is modeled, not using
any arbitrary linear combination, but as

y ≈ x1 + x2t := R2(t),

where φ1(t) = 1 and φ2(t) = t. Therefore, the minimization problem becomes
m∑
i=1

(yi − x1 − x2ti)
2 → min,

where yi − x1 − x2ti are the residues, and the necessary extreme condition turns into
the system of equations

∂

∂x1

m∑
i=1

(yi − x1 − x2ti)
2 = 0,

∂

∂x2

m∑
i=1

(yi − x1 − x2ti)
2 = 0,

where we will obtain our solution x1 and x2 from.
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4.4. BISECTION METHOD

4.4 Bisection method
Consider a nonlinear equation in the general form

f(x) = 0. (4.8)

Generally, we are not able to explicitly express roots of the equation. Therefore, we use
iterative methods. We generate a sequence of roots x0, x1, x2, . . . which converges to
the root x∗ of the equation. For some methods it is enough to provide an interval
containing the root. Other methods require the initial approximation to be quite
accurate, in return, these methods converge very fast.
To make it simpler, we are looking for a real root of multiplicity one of the equation
(4.8), i.e. we assume that

f ′(x∗) ̸= 0.

We also assume that f(x) is continuous, and all the derivations needed exist and are
continuous.

The bisection method is one of the methods described above. At the beginning,
the method needs to know just the interval containing the root. In [18] the method is
described as follows.
We assume that the function f(x) is positive at one of the end points of an interval
(a0, b0) and negative at the second end point, i.e.

f(a0)f(b0) < 0.

We construct a sequence of intervals

(a1, b1) ⊃ (a2, b2) ⊃ (a3, b3) ⊃ . . .

containing the root. The intervals (ak+1, bk+1), k = 0, 1, . . . , are determined recursively in
the following way. The center of the interval (ak, bk) is the point

xk+1 =
1

2
(ak + bk).

If f(xk+1 = 0, then xk+1 = x∗ is the root of the equation and the method stops. If
f(xk+1) ̸= 0, then

(ak+1, bk+1) =

{
(ak, xk+1), when f(ak)f(xk+1) < 0,

(xk+1, bk), when f(ak)f(xk+1) > 0.

From the construction of (ak+1, bk+1) it is clear that

f(ak+1)f(bk+1) < 0,

so every interval (ak, bk) contains the root. After k steps, the root lies in the interval
Ik := (ak, bk) of length

|Ik| = bk − ak = 2−1(bk−1 − ak−1) = · · · = 2−k(b0 − a0).

The center xk+1 of the interval (ak, bk) approximates the root x∗ with the error equal to

|xk+1 − x∗| ≤ 1

2
(bk − ak) = 2−k−1(b0 − a0).
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4.4. BISECTION METHOD

Example 4.20. Apply the bisection method on the equation

4 · sin(x)− x3 − 1 = 0,

and compute its root in the interval (1, 2) with the error e < 2−6.
Clearly (a0, b0) = (1, 2) and k = 0, 1, 2, 3, 4, 5. From the figure 4.4, apparently f(1) > 0
and f(2) < 0. Thus, f(ak) ≥ 0 and f(bk) ≤ 0 for every k. We write down the sequence of
intervals into the table 4.2. After 5 steps the interval (a5, b5) is of length 2−5 = 0.03125
and the approximation of the root is x6 = 1.421875.

Figure 4.4: The graph of the function 4 · sin(x)− x3 − 1 = 0

k ak bk xk+1 f(xk+1)
0 1 2 1.5 < 0
1 1 1.5 1.25 > 0
2 1.25 1.5 1.375 > 0
3 1.375 1.5 1.4375 < 0
4 1.375 1.4375 1.40625 > 0
5 1.40625 1.4375 1.421875

Table 4.2: The sequence of intervals (ak, bk)
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5 Fractal theory
In this chatper we will give the proper definitions of a fractal and a fractal dimension.

The theory mentioned in this chapter is taken from [5] and [9].

Definition 5.1. Let (X, d) be a separable metric space and A ⊆ X. We define a set
function

∗H(s)
n (A) = inf

A⊆
∪
k∈I

An,k

{∑
k∈I

(diamAn,k)
s : diamAn,k ≤

1

n
, n ∈ N

}
, (5.1)

where I is an at most countable index set. Then the set function

∗H(s)(A) = lim
n→∞

∗H(s)
n (A) (5.2)

is an outer measure on the set 2X of all subsets of the set X, and the restriction H(s)(A)
of the outer measure ∗H(s) just on the sets measurable by ∗H(s)(A) is a measure on 2X .
The outer measure ∗H(s) we will call the s-dimensional outer Hausdorff measure, and
the measure H(s) we will call the s-dimensional Hausdorff measure.

Definition 5.2. A set measurable by the measure H(s) we will call H-measurable.

Definition 5.3. If we take in (5.1) just the equality and in both (5.1) and (5.2) we write
G instead of H, i.e.

∗G(s)
n (A) = inf

A⊆
∪
k∈I

An,k

{∑
k∈I

(diamAn,k)
s : diamAn,k =

1

n
, n ∈ N

}

and
∗G(s)(A) = lim

n→∞
∗G(s)

n (A), (5.3)

respectively, we will get the s-dimensional outer grid measure ∗G(s) and the s-dimensional
grid measure G(s), respectively.

Definition 5.4. A set measurable by the measure G(s) we will call G-measurable.

It is clear that the grid measure is a special case of the Hausdorff measure. That means
that if a set is G-measurable, then it is also H measurable. However, the vice versa does
not hold. Let us show that on the example 5.5.

Example 5.5. Consider a set Q = ⟨0, 1⟩ ∩Q. This set is countable, thus, it is possible to
express it as a sequence Q = {qn}n∈N. Let

An,k =

⟨
qk −

1

2k·n
, qk +

1

2k·n

⟩
, k ∈ N.

Then,
Q =

∪
k∈N

{qk} ⊂
∪
k∈N

⟨
qk −

1

2k·n
, qk +

1

2k·n

⟩
=
∪
k∈N

An,k
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holds due to
{qk} ⊂ An,k ∀k ∈ N.

We also know that

diamAn,k = diam
⟨
qk −

1

2k·n
, qk +

1

2k·n

⟩
=

2

2k·n
= 21−k·n ≤ 1

n

because

21−k·n =
2

2k·n
≤ 1

n
,

1

2k·n
≤ 1

2n
,

2n ≤ 2k·n,

n ≤ 2k·n−1, (5.4)

which can be proven by the mathematical induction:
For n = 1 and the smallest k = 1

1 ≤ 20,

and by assuming (5.4) we get

n+ 1 ≤ 2n+1−1,

n+ 1 ≤ 2n−1+1 = 2n−1 · 2,
n+ 1

2
≤ 2n−1

which holds because
n+ 1

2
≤ n.

Thus, we have the one-dimensional Hausdorff measure equal to
∗H(1)(Q) = lim

n→∞
inf

Q⊆
∪

k∈N
An,k

∑
k∈N

diamAn,k = lim
n→∞

inf
Q⊆

∪
k∈N

An,k

∑
k∈N

21−k·n = 0.

In the example 3.7 we found out that
∗G(1)(R) =∗ G(1)⟨0, 1⟩ = 1

and similarly
∗G(1)(I) = 1.

We also know that
∗G(1)(R) =∗ H(1)(R),
∗G(1)(I) =∗ H(1)(I).

Thus, we have
∗H(1)(R) = 1,∗H(1)(I) = 1,∗H(1)(Q) = 0,

and
∗H(1)(R) =∗ H(1)(Q) +∗ H(1)(I).

Therefore, the sets Q, I,R satisfy the condition (4.5), which can be verified in general,
i.e. for each of the sets Q, I,R we can use an arbitrary set T ∈ R. Hence, Q, I,R are
H-measurable, but only the set R⟨0, 1⟩ is G-measurable.
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Now, we can state a theorem for H-measurable and G-measurable sets which is actually
our hypothesis 3.4.

Theorem 5.6. For every H-measurable and G-measurable set A, either (i) or (ii) holds:

(i) for every s > 0 is Hs(A) = 0 and Gs(A) = 0, respectively,

(ii) there is a D > 0 such that

• 0 < HD(A) < ∞ and 0 < GD(A) < ∞, respectively,
• for each s < D is Hs(A) = ∞ and Gs(A) = ∞, respectively,
• for each s > D is Hs(A) = 0 and Gs(A) = 0, respectively.

Definition 5.7. The number D from the theorem 5.6 is called the Hausdorff dimension or
the grid dimension, respectively, of A (shortly H-dimension or G-dimension, respectively).
In the case of (i) we say that D = 0.
An equivalent definition of the H-dimension DH and the G-dimension DG could be

DH = inf{s ∈ R+
0 ∪ {∞} : Hs(A) = 0} = sup{s ∈ R+

0 ∪ {∞} : Hs(A) = ∞}

and

DG = inf{s ∈ R+
0 ∪ {∞} : Gs(A) = 0} = sup{s ∈ R+

0 ∪ {∞} : Gs(A) = ∞},

respectively.

The Hausdorff dimension is the first dimension ever that allowed non-integer values.
So far, nobody even thought about that. Since then, more dimensions with non-integer
values were defined. Generally, such a dimension is called the fractal dimension.

Finally, we define the fractal.

Definition 5.8. A set with its Hausdorff dimension strictly greater than its topological
dimension is called the fractal.

Let us now give a remark about the s-dimensional Hausdorff measure defined in
the definition 5.1. The value of the measure is sufficient for computing the Hausdorff
dimension of a set. Nevertheless, it is not equal to the area or the volume of the set. To
make it equal, we have to modify (5.1).
For a one-dimensional object, i.e. s = 1, the Hausdorff measure of the object is equal to
its length, but for a two-dimensional and a three dimensional object, its Hausdorff
measure is not equal to its area and volume, respectively. The term

(diamAn,k)
2

is not equal to the area of a circle but to its circumscribed square. Also,

(diamAn,k)
3

is not equal to the volume of a sphere but to its circumscribed cube. So, if a set A is
a circle, to make its Hausdorff measure

H(2)(A) = (2r)2 = 4r2
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equal to its area
S = πr2,

we have to multiply H(2)(A) by π
4
. If A is a sphere, then

H(3)(A) = (2r)3 = 8r3,

and its volume is
V =

4

3
πr3.

Apparently, V is by π
6

times smaller than H(3)(A). Hence, we have to multiply (5.1) by
a function α(s), where

α(1) = 1,

α(2) =
π

4
,

α(3) =
π

6
.

Such a function looks like
α(s) =

πs/2

2s · Γ
(s
2
+ 1
) , (5.5)

where
Γ(r) =

∫ ∞

0

xr−1 · e−xdx (5.6)

is called the gamma function. It is a higher transcendental function, i.e. it cannot be
expressed in a finite form by elementary functions. For our three dimensions,

s = 1 : Γ

(
3

2

)
=

√
π

2
,

s = 2 : Γ

(
4

2

)
= 1,

s = 3 : Γ

(
5

2

)
=

3

4

√
π.

Now the redefined Hausdorff measure

H(s)(A) = α(s) · lim
n→∞

inf
A⊆

∪
k∈I

An,k

{∑
k∈I

(diamAn,k)
s : diamAn,k ≤

1

n
, n ∈ N

}
(5.7)

of a set A, where α(s) is defined by (5.5) and (5.6), is equal to the set’s length, area and
volume for s = 1, 2, 3, respectively. It also tells us the measure of objects of non-integer
dimensions.

Example 5.9. In this example we compute the Hausdorff measure of a circle C and
a sphere S. The infimal cover of the circle and the sphere, both of the radius r, is a single
circle, and a single sphere, respectively, of the radius r. The dimension of the circle is
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D = 2 and of the sphere D = 3. Hence, from (5.5), (5.6) and (5.7), the Hausdorff measure
of the circle C is equal to

H(2)(C) = α(2) · lim
n→∞

inf
C⊆

∪
k∈I

Cn,k

{∑
k∈I

(diamCn,k)
2 : diamCn,k ≤

1

n
, n ∈ N

}

=
π2/2

22 · Γ
(
2

2
+ 1

) · (2r)2 = π

4 · 1
· 4r2 = πr2,

and the Hausdorff measure of the sphere S is equal to

H(3)(S) = α(3) · lim
n→∞

inf
S⊆

∪
k∈I

Sn,k

{∑
k∈I

(diamSn,k)
3 : diamSn,k ≤

1

n
, n ∈ N

}

=
π3/2

23 · Γ
(
3

2
+ 1

) · (2r)3 = π3/2

8 · 3
4
π1/2

· 8r3 = 4

3
πr3.

Example 5.10. Let us compute the Hausdorff measure of the Koch curve K having
the distance between its edge points equal to one. We cover the Koch curve in such
a way that in the first iteration of the Koch curve we have three circles circumscribed to
the equilateral triangles with their side length equal to 1

3
(figure 5.1). Then, the diameter

of such circles is equal to

4

3
·

√(
1

3

)2

−
(
1

6

)2

=
4

3
·

√(
3

36

)
=

4

3
·
√
3

6
=

2
√
3

9
.

Also, the circles do not overlap each other, and the cover, we made, is infimal.

Figure 5.1: About the cover
Source: [5]

We know that the fractal dimension of a Koch curve is

D =
ln 4

ln 3
≈ 1.261859.
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So, using these information and (5.7), we get

H(D)(K) = α(D) · lim
n→∞

inf
K⊆

∪
k∈I

Kn,k

{∑
k∈I

(diamKn,k)
D : diamKn,k ≤

1

n
, n ∈ N

}

= α(D) · lim
n→∞

4n · 3 ·

(
2
√
3

9
· 1

3n

)D

,

where the terms 4n and 3n inside the limit comes from the construction of the Koch
curve, i.e. in every subsequent iteration, the diameter of circles is reduced to one third of
the original size, and the number of circles increases by four times.
After some operations,

H(D)(K) = α(D) · 3 ·

(
2
√
3

9

)D

· lim
n→∞

4n

3D·n

=
πD/2

2D · Γ
(
D

2
+ 1

) · 3 ·

(
2
√
3

9

)D

· lim
n→∞

4n

3D·n

=
πD/2 · 3 · 2D ·

√
3D

2D · Γ
(
D

2
+ 1

)
· 9D

· lim
n→∞

4n

3n·ln 4/ ln 3

=
πD/2 · 3D/2+1

Γ

(
D

2
+ 1

)
· 9D

· lim
n→∞

exp (n · ln 4)

exp
(
n · ln 4

ln 3
· ln 3

)
≈ π0.630929 · 31.630929

0.897370 · 91.261859

≈ 0.860450,

we obtain the approximate Hausdorff measure of the Koch curve.

From the example 5.10 it is clear that the computation of the Hausdorff measure is
quite difficult, even by taking very simple objects like a Koch curve. However, considering
objects with their Hausdorff dimension being integer, i.e. 1, 2, 3, the Hausdorff measure is
equal to their length, area and volume, respectively. The computation of the Hausdorff
measure is, thus, difficult only for the fractals. But to compare two fractals, it is enough
to know their fractal dimensions. Therefore, practically, the Hausdorff measure is not very
useful for us.

In the next chapter we will introduce some methods for the purpose of computing
the Hausdorff dimension on a computer.
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6 Methods for estimating fractal
dimension

The advantage of the Hausdorff dimension is the fact that it is very general, i.e.
usable on a wide range of sets. The disadvantage is that the computation is very difficult.
Fortunately, computer screens are of a finite resolution, so, to compute the Hausdorff
dimension, we can use the fact that if the measured set is bounded, its grid dimension
equals to its Hausdorff dimension.

In this chapter, we will describe two feasible methods for approximating the grid
dimension - the basic box-counting method and the power-function method. Also, we will
mention some other methods for approximating a general fractal dimension.

6.1 Basic box-counting method
The principle of the basic box-counting method is to take a few evenly spaced grids, each
consisting of boxes (squares) of side 1

n
, where n ∈ N is different for each grid. Then, we

take our set and insert it in every grid we have. For each of these cases, we calculate
the number of boxes required to cover the set. The grid dimension is calculated by seeing
how this number changes as we make the grid finer by applying the algorithm.

Figure 6.1: Grid covering
Source: [7]

In [19], the basic box-counting method is described as follows. In (5.3) we omit the limit
because it cannot be realized on the data from computer screens and replace it with
the approximation

G(s)(A) ≈ inf
A⊆

∪
k∈I

An,k

{∑
k∈I

(diamAn,k)
s : diamAn,k =

1

n
, n ∈ N

}
. (6.1)
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6.1. BASIC BOX-COUNTING METHOD

In the infimum in (6.1) we take only those sets An,k which contain at least one point of
the set A (figure 6.1). We know that computers can operate only within finite resolution
which means that the collection of sets {An,k} has to be finite as well. We denote
the number of elements in this collection by pn. All of the measured approximations
An,k are G-measurable.
In finite-resolution computer output devices, there are pixels, which are the smallest
controllable elements of a picture represented on the screen. Thus, we will use
the square metric, where the diameter of a square is equal to its side.
Therefore, from (6.1) we obtain

G(D)(A) ≈
pn∑
k=1

(diamAn,k)
D =

pn∑
k=1

1

nD
= pnn

−D

and
pn ≈ nD ·G(D)(A). (6.2)

Now, on both sides we apply the logarithm and obtain

ln pn ≈ lnnD ·G
ln pn ≈ lnnD + lnG

ln pn ≈ D lnn+ lnG, (6.3)

where G = G(D)(A). The values of n and pn we obtain from m grid coverings of
the investigated set, and for the sake of clarity, the summation over m values of n or pn

we will write as
∑
n

n or
∑
n

pn, respectively, instead of
m∑
l=1

nl or
m∑
l=1

pnl
, respectively.

Hence, in (6.3) D and G are the only unknowns. To compute the dimension D, we apply
the ordinary least squares method on (6.3), which gives us two equations

∂

∂D

∑
n

(ln pn −D lnn− lnG)2 = 0, (6.4)

∂

∂ lnG

∑
n

(ln pn −D lnn− lnG)2 = 0. (6.5)

From the equation (6.4) we express lnG, i.e.

−2 lnn
∑
n

(ln pn −D lnn− lnG) = 0,∑
n

(
ln pn lnn−D(lnn)2 − lnG lnn

)
= 0,∑

n

(ln pn lnn)−D
∑
n

(lnn)2 − lnG
∑
n

lnn = 0,∑
n

(ln pn lnn)−D
∑
n

(lnn)2∑
n

lnn
= lnG. (6.6)
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Then, after some operations on the equation (6.5)

−2
∑
n

(ln pn −D lnn− lnG) = 0,∑
n

(ln pn −D lnn− lnG) = 0,∑
n

ln pn −D
∑
n

(lnn)−m · lnG = 0,

we insert there (6.6) and express D,

∑
n

ln pn −D
∑
n

lnn−m ·

∑
n

(ln pn lnn)−D
∑
n

(lnn)2∑
n

lnn
= 0,

∑
n

ln pn
∑
n

lnn−D

(∑
n

lnn

)2

−m
∑
n

(ln pn lnn) +mD
∑
n

(lnn)2 = 0,

∑
n

ln pn
∑
n

lnn−m
∑
n

(ln pn lnn) = D
∑
n

(lnn)2 −mD

(∑
n

lnn

)2

,

D =

∑
n

ln pn
∑
n

lnn−m
∑
n

(ln pn lnn)(∑
n

lnn

)2

−m
∑
n

(lnn)2
. (6.7)

We obtained our result of the basic box-counting method.
As a note, we mention that from (6.3) we have

D ≈ ln pn
lnn

− lnG(D)(A)

lnn

and by sending n to infinity we can define the dimension as the limit

D = lim
n→∞

ln pn
lnn

.

The dimension D defined in such a way is called the box-counting dimension.

6.2 Power function method
The power function method starts as the basic box-counting method. It goes through all
the steps until it reaches the power function (6.2). Then, the logarithm is not applied.
Instead, as [7] describes, the least squares method is applied immediately, i.e. we minimize
the function

f(G,D) =
∑
n

(pn −GnD)2,
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6.2. POWER FUNCTION METHOD

where G = G(D)(A) and the sum is taken over all values of n we have. To minimize
the function we must solve the system of nonlinear equations

∂f(G,D)

∂G
= −

∑
n

[2(pn −GnD)nD] = 0, (6.8)

∂f(G,D)

∂D
= −

∑
n

[2(pn −GnD)GnD lnn] = 0, (6.9)

where G and D are unknown. We adjust the equation (6.8) a bit so that we can express
G.

0 = −
∑
n

[2(pn −GnD)nD]

0 =
∑
n

(
pnn

D −Gn2D
)

0 = p1 −G+ p22
D −G22D + p33

D −G33D + · · ·
0 = p1 + p22

D + p33
D + · · · −G−G22D −G33D − · · ·

0 =
∑
n

(
pnn

D
)
−G

∑
n

n2D

G =

∑
n

(
pnn

D
)

∑
n

n2D
(6.10)

We also adjust the equation (6.9), and substitute G with (6.10).

0 = −
∑
n

[2(pn −GnD)GnD lnn]

0 =
∑
n

(
pnGnD lnn−G2n2D lnn

)
0 =

∑
n

(
pnn

D lnn−Gn2D lnn
)

0 = p22
D ln 2−G22D ln 2 + p33

D ln 3−G32D ln 3 + p44
D ln 4−G42D ln 4 + · · ·

0 = p22
D ln 2 + p33

D ln 3 + p44
D ln 4 + · · · −G22D ln 2−G32D ln 3−G42D ln 4− · · ·

0 =
∑
n

(
pnn

D lnn
)
−G

∑
n

(
n2D lnn

)
0 =

∑
n

(
pnn

D lnn
)
−

∑
n

(
pnn

D
)

∑
n

n2D

∑
n

(
n2D lnn

)
0 =

∑
n

(
pnn

D lnn
)∑

n

n2D −
∑
n

(
pnn

D
)∑

n

(
n2D lnn

)
(6.11)

The nonlinear equation (6.11) with the unknown D is solved numerically.
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6.3. OTHER METHODS

6.3 Other methods
One of the other methods is the method of self-similarity. This method is applicable on
a smaller range of sets because it assumes the measured object to be self-similar.
The method uses the following power law

pn =
1

rD
,

where pn is the number of pieces, r is the reduction factor, and D is the fractal dimension.
After some operations, we will get

D =

ln 1

pn
ln r

.

For instance, consider a line. If it is broken into three equal pieces, each of the pieces is
going to be by three times smaller in length. I.e. pn = 3, r = 1

3
, and therefore D = 1.

If we take a square and break it into four equal pieces, each side of the newly created
squares is going to be by two times smaller. I.e. pn = 4, r = 1

2
, and hence D = 2. At last,

for the Sierpiński triangle, if we cut the original side into two halves, we will obtain three
pieces. I.e. pn = 3, r = 2, and thus D

.
= 1.585.

The method of self-similarity is easy to use and very accurate. But, most real-life objects
are not self-similar, thus, the number of sets the method could be used on is not very
large.

There are more methods for computing fractal dimensions, e.g. the Yardstick
method, Variation method, Structure function method, Root mean square method, R/S
analysis method, or Higuchi method, and some of them are set-specific like the method
of self-similarity. However, we will focus on the basic box counting method and
the power function method.
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7 Measurements
Let us now proceed to the practical part of the thesis. First, we describe the input

images used for this part, then we apply the basic box-counting method and the power
function method on some of the input images. In the next step, we suggest some
modifications and introduce a program, made by the author, which can measure
the fractal dimension using the modified methods. At last, we use the program on our
input images and obtain results.

7.1 Input images
The input images used for the measuring part were created by doc. PaedDr. Dalibor
Martišek, Ph.D., the supervisor of this thesis. They can be found among the appendices.
Let us give a brief description of the images. The list of images consists of:

1. 01_line_segment.bmp - a line segment,
2. 01_line_segment_shift.bmp - the same line segment but shifted by few pixels,
3. 02_circumference.bmp - a circumference of a square,
4. 02_circumference_shift.bmp - the same circumference but shifted by few pixels,
5. 03_square.bmp - a square which does not occupy the whole image,
6. 03_square_shift.bmp - the same square but shifted by few pixels,
7. 04_circle.bmp - a circle,
8. 04_circle_shift.bmp - the same circle shifted by few pixels,
9. 05_disc.bmp - a disc,

10. 07_Koch_snowflake.bmp - a Koch snowflake,
11. 08_Sierpinski_triangle.bmp - a Sierpiński triangle, and
12. 09_Sierpinski_square.bmp - a Sierpiński square,

where every image is of the size 4096x4096 pixels and is of just black and white colors.

7.2 Applying basic box-counting method and power
function method

Let us start by applying the basic box-counting method and the power function method,
for example, on the images 04_circle.bmp and 08_Sierpinski_triangle.bmp. To use
the methods we need to know from which set we will pick the values of n’s. Let us try to
use two different sets:

N1 = [4, 8, 16, 32],

N2 = [16, 32, 64, 128, 256, 512].

Apparently, the sets are different both in size and most of the values.
Speaking of the image 04_circle.bmp, after applying the coverings on the image, for

the set N1, we obtain a set PN1 of appropriate values of pn’s:

PN1 = [12, 28, 60, 124],
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and for the set N2, we get

PN2 = [60, 124, 242, 476, 944, 1865].

Then, in both cases, by inserting the values into (6.3) and (6.11) and by applying
the ordinary least squares method and the bisection method, respectively, we get
resulting dimensions presented in the table 7.1.

N1 N2
Theoretical
dimension

basic box-counting method 1.1207 0.9872 1.0000
power function method 1.0738 0.9831 1.0000

Table 7.1: The results for the image 04_circle.bmp

As we can see, for N1 the power function is more accurate, on the other hand, for N2

the basic box-counting dimension is more precise.
Speaking of the second image 08_Sierpinski_triangle.bmp, we have

PN1 = [13, 40, 121, 364]

and
PN2 = [121, 364, 1093, 3280, 9841, 29524].

Furthermore, the results are shown in the table 7.2

N1 N2
Theoretical
dimension

basic box-counting method 1.6019 1.5860 1.5850
power function method 1.5911 1.5850 1.5850

Table 7.2: The results for the image 08_Sierpinski_triangle.bmp

Here we have the power function method being closer to the theoretical dimension than
the box-counting method in both cases.

In summary, from these two small measurements we get different results for different
sets of n’s, in one case the basic box-counting method is better, however mostly the power
function method is the superior choice. The fact remains that for various sets of n’s we
obtain different results and errors, so, generally, we cannot really say which method is
better in these terms.

7.3 Modifications
In this section we suggest two modifications for both the box-counting method and
the power function method. The modifications might be the answers to our problem of
various results yielding from distinct sets of n’s.
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7.3. MODIFICATIONS

7.3.1 Mean of many various sets of n’s
At first, we try to apply one of the methods (the basic box-counting method or the power
function method) on many sets of n’s, and then we take the mean value of all the obtained
results and declare that as our main final result.
As the sets of n’s, we suggest to take the sets created by all the combinations of k values,
where k = 6, 7, 8, from the following set

N1 = [4, 8, 16, 32, 64, 128, 256, 512].

We could also expand or reduce the combinations’ size and the set N1. In that case, we
would have to keep the number k big enough and we should not expand N1 by too large
values unless we have very detailed sample images. The program has built-in the expanded
sets

N2 = [4, 8, 16, 32, 64, 128, 256, 512, 1024]

and
N3 = [4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048]

as well, as we will see later.

7.3.2 Mean of many shifted grids
The results can also differ when slightly shifting the grids in any direction. Truly, assume
a square and a grid in the figure 7.1. Clearly, n = 5 and pn = 9.

Figure 7.1: Original grid position

If we shift the grid by n
2

to the right and down we will obtain figure 7.2. In this case,
n = 5 and pn = 16. Apparently, by applying the methods with the grids shifted, the result
would be different.
Thus, we suggest to apply one of the methods (the box-counting method or the power
function method) on the set of n’s

N = [64, 128, 256, 512, 1024, 2048]

not only by placing the grids on the images but also by placing the grids and shifting
them by n

2
in all the cardinal and intercardinal directions, i.e. to the north, south, west,

east, northeast, southeast, northwest and southwest. Then, as in the previous case, we
take the mean value from all of the obtained results.
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Figure 7.2: Shifted grid position

7.4 Program
The program is written in Python programming language. Python was chosen because
its syntax is simple and, thus, easy to understand even by people not knowing Python
directly. The program can be found among the appendices.

7.4.1 Imported libraries
By programming in Python, we meet libraries and functions on our daily basis. Functions
could be understood intuitively from mathematics - they require an input (parameters)
and throw out an output (plaint text, message, action, etc.). Libraries are a collection of
functions that allow us to perform many actions without even using our own code. They
make our lives a lot easier.

In Python, if somebody would like to use any of the open-source libraries, it is necessary
to import them in the beginning of the code. Our program uses the following libraries.

import threading
import tkinter as tk
from tkinter import filedialog
import os
import sys
import numpy as np
import cv2
import statistics
from itertools import combinations

threading is used for creating a separate thread for the computational part, i.e.
the graphical user interface does not freeze during the computation. By freezing we
mean that there is the text “(Not working)” next to the name of the window. tkinter
is a library which allows us to create the graphical user interface. Thanks to
filedialog we can select a picture from our device. os tells us the file path of a file.
sys is used for canceling a thread. numpy let us use various mathematical functions, for
instance, the logarithm, and create multidimensional zero matrices. We use cv2 for
manipulating images, and statistics allows us to easily compute the mean of a set of
data. With combinations one can work with combinations and variation comfortably.
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7.4.2 Minor functions
First, we describe minor functions used in the program. These functions are utilized mainly
in the major functions, by which we mean functions applying the methods in different
variations mentioned before.

The function Resize(img) takes an image as the input, and if the image is smaller
than 4096x4096, then it will be resized to the size 4096x4096 by adding white space to
the original image.

Shift(img, shift, sqside, where) has four inputs - an image, the number of
pixels shift, the current size of a box and a string (character variable). The string has to
be one of the following words - right, down, left, up, rightdown, leftdown, rightup, leftup.
This function shifts the current grid by shift pixels in the appropriate direction.

Count_boxes(image) resizes the image using the function Resize(img) and then
counts the boxes for the set of n’s

N = [4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048],

i.e. it creates a set of pn’s, P_N, where each of the values corresponds to a value in N (they
are on the same position in the sets).

The function Count_shift(image) resizes the image using the function
Resize(img) and then counts the boxes for the set of n’s

N = [64, 128, 256, 512, 1024, 2048]

regularly and also after shifting the grid in every cardinal and intercardinal direction.
Hence, it creates not only the set P_N but also the set P_N_shifted of p_n_shifted’s.

Least_squares_linear(X, Y) applies the linear least squares method on the data
sets X and Y.

f(D, N, P_N) takes a number D and two data sets N and P_N, and computes
the right-hand side of (6.11). The sums are calculated by summing gradually
the individual values of the data sets. This function is used in the following function.

The function Bisection_method(N, P_N, a0, b0, eps) applies the bisection
method on the equation (6.11). Particularly in this program, as the initial interval we
take

(a0, b0) = (−0.5, 2.2)

because we know that the grid dimension of our input images will be inside of this interval.
eps is referring to our desired precision. In our case, we take

eps = 10−10.

7.4.3 Major functions
There are four major functions in this program, namely:

1. Box_count_dimension1(image),
2. Box_count_dimension2(image),
3. Power_function_dimension1(image) and
4. Power_function_dimension2(image).
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All of them take an image as an input and return a calculated grid dimension.
The difference between these functions is the way of counting the boxes and the method
for estimating fractal dimension used.

Box_count_dimension1 and Power_function_dimension1 use the function
Count_boxes() to count the boxes. So we obtain P_N, and also, in the case of
Box_count_dimension1, we get new arrays: X, an array of logarithms of every element
in N, and Y, an array of logarithms of every element in P_N.
Box_count_dimension1 then applies Least_squares_linear() for all
the combinations mentioned in the section 7.3.1 on all three sets of X and Y obtained
from the three sets N from the section 7.3.1 and appropriate sets P_N. Finally,
the function takes the mean of obtained values from Least_squares_linear().
Similarly, Power_function_dimension1 applies Bisection_method() for all
the mentioned combinations but on all three sets N and P_N directly. Again,
this function takes the mean value of obtained numbers as well.

Box_count_dimension2 and Power_function_dimension2 differs from
the previous two functions just in the way of counting the boxes. Here the modification
7.3.2 is applied, that is Count_shift() is used, i.e. for every shift made, the boxes are
also counted. Furthermore, in the case of Box_count_dimension2, the logarithm
arrays X (from N), Y (from P_N) and Y_shifted (from logarithmized shifted P_N) are
created. Then, the functions Least_squares_linear and Bisection_method,
respectively, are applied on X, Y, Y_shifted and N, P_N, shifted P_N, respectively. At
last, the mean of all the values obtained from the previous step is calculated, and that is
our final grid dimension.

7.4.4 Restrictions
Without any direct changes within the code, the program is restricted in the following
ways:

• It works only with images in black and white - the input images can be colorful but
will be made black and white anyway.

• The input images can be of the maximum size 4096x4096 pixels. If they are larger,
then the user will be warned and will not be able to go to the next part of
the measuring.

• The methods Box_count_dimension1 (Box-count sets in GUI) and
Power_function_dimension1 (Power function sets in GUI) are not
customizable - the user cannot pick neither his own sets of n’s nor the number of
sets of n’s used.

• The methods Box_count_dimension2 (Box-count shifts in GUI) and
Power_function_dimension2 (Power function shifts in GUI) are not
customizable - the user cannot pick neither his own directions of shifts nor
the number of pixels by which the grids should be shifted.

• To launch the program (by double clicking on fractal-dimension.py) the user has to
have Python installed on his device. Python 3.7 is used in this program, nevertheless,
The program may work with other versions as well. For more information go to
https://www.python.org/.
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7.4. PROGRAM

7.4.5 Graphical user interface
When launching the program, a console and the main window appears (figure 7.3).
The console shows us some notes during the computation of the grid dimension, for
example the size of the current box, or the number of the boxes. At the end, it shows
also all three dimensions computed. The main window consists of a few buttons, where
every button is associated with an action consisting of one or more functions, common
labels and a white label which will show us just the first dimension computed. So for
more detailed results the reader might consider to look at the console.

The buttons Select a picture and Cancel computation are self-explanatory. For
us, the four most important buttons are the buttons in the middle of the window.
The Box-count sets button triggers the Box_count_dimension1 function,
the Box-count shifts triggers the Box_count_dimension2 function, the Power
function sets triggers the Power_function_dimension1 function, and the Power
function shifts triggers the Power_function_dimension2 function.

Figure 7.3: Main window
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8 Results
We will now present the obtained results in many tables. Under each table the reader

can find some notes about the respective table. The final values are rounded to four
decimal places, so in some cases there are two same values and different errors which are
shown in percentage.

Image Theoretical
dimension N1 N2 N3 N1 error [%] N3 error [%]

01_line_segment 1 1.0000 1.0000 1.0000 0.0000 0.0000
01_line_segment_shift 1 0.9274 0.9390 0.9481 7.2555 5.1867
02_circumference 1 0.9950 0.9959 0.9965 0.5036 0.3459
02_circumference_shift 1 0.9956 0.9965 0.9972 0.4293 0.2849
03_square 2 1.8880 1.9061 1.9204 5.6017 3.9823
03_square_shift 2 1.8892 1.9073 1.9215 5.5396 3.9242
04_circle 1 1.0270 1.0162 1.0031 2.6963 0.3140
04_circle_shift 1 1.0308 1.0193 1.0057 3.0761 0.5670
05_disc 2 1.9264 1.9372 1.9460 3.6805 2.6993
07_Koch_snowflake 1.2619 1.2363 1.2396 1.2365 2.0243 2.0103
08_Sierpinski_triangle 1.5850 1.5908 1.5897 1.5889 0.3671 0.2490
09_Sierpinski_square 1.8928 1.7970 1.8065 1.8071 5.0606 4.5294

Table 8.1: The results of Box_count_dimension1

Let us point out some information from the table 8.1:

• For eight images it is true that for N1, N2 and N3 the error is greater than 1%.
• Just for one image the error is less than 0.1%.
• For every image, going from N1 to N3 (that is we are considering greater and greater

details, see 7.3.1) the accuracy of the Box_count_dimension1 is staying the same
or getting higher.

Image Theoretical
dimension N1 N2 N3 N1 error [%] N3 error [%]

01_line_segment 1 1.0000 1.0000 1.0000 0.0000 0.0000
01_line_segment_shift 1 0.9849 0.9911 0.9948 1.5098 0.5186
02_circumference 1 0.9998 1.0002 1.0002 0.0169 0.0172
02_circumference_shift 1 0.9997 0.9999 1.0000 0.0301 0.0007
03_square 2 1.9878 1.9936 1.9962 0.6075 0.1888
03_square_shift 2 1.9849 1.9925 1.9958 0.7548 0.2122
04_circle 1 0.9842 0.9695 0.9352 1.5772 6.4801
04_circle_shift 1 0.9784 0.9674 0.9345 2.1606 6.5469
05_disc 2 1.9878 1.9931 1.9959 0.6087 0.2052
07_Koch_snowflake 1.2619 1.2582 1.2560 1.2126 0.2936 3.9009
08_Sierpinski_triangle 1.5850 1.5851 1.5850 1.5850 0.0095 0.0021
09_Sierpinski_square 1.8928 1.8694 1.8409 1.7845 1.2363 5.7228

Table 8.2: The results of Power_function_dimension1
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The table 8.2 tells us that

• just for four images the error either of N1 or N3 is greater than 1%,
• for up to four other images the error is less than 0.1%, and
• in five cases looking from N1 results to N3 results the accuracy of

Power_function_dimension1 gets worse (in four out of five cases it gets even
significantly worse) and for the rest it gets considerably higher.

Box-counting method Power function method
Image N1 error [%] N3 error [%] N1 error [%] N3 error [%]

01_line_segment 0.0000 0.0000 0.0000 0.0000
01_line_segment_shift 7.2555 5.1867 1.5098 0.5186
02_circumference 0.5036 0.3459 0.0169 0.0172
02_circumference_shift 0.4293 0.2849 0.0301 0.0007
03_square 5.6017 3.9823 0.6075 0.1888
03_square_shift 5.5396 3.9242 0.7548 0.2122
04_circle 2.6963 0.3140 1.5772 6.4801
04_circle_shift 3.0761 0.5670 2.1606 6.5469
05_disc 3.6805 2.6993 0.6087 0.2052
07_Koch_snowflake 2.0243 2.0103 0.2936 3.9009
08_Sierpinski_triangle 0.3671 0.2490 0.0095 0.0021
09_Sierpinski_square 5.0606 4.5294 1.2363 5.7228

Table 8.3: The errors of Box_count_dimension1 and Power_function_dimension1

Image Theoretical
dimension

Box-
counting error [%] Power

function error [%]

01_line_segment 1 0.9947 0.5318 0.9982 0.1821
01_line_segment_shift 1 0.9919 0.8111 0.9967 0.3268
02_circumference 1 1.0003 0.0275 1.0000 0.0025
02_circumference_shift 1 0.9990 0.0961 1.0000 0.0029
03_square 2 1.9896 0.5176 1.9978 0.1116
03_square_shift 2 1.9872 0.6377 1.9978 0.1114
04_circle 1 0.9609 3.9087 0.9161 8.3891
04_circle_shift 1 0.9577 4.2331 0.9156 8.4355
05_disc 2 1.9891 0.5470 1.9978 0.1085
07_Koch_snowflake 1.2619 1.2366 2.0021 1.1920 5.5392
08_Sierpinski_triangle 1.5850 1.5847 0.0151 1.5849 0.0013
09_Sierpinski_square 1.8928 1.8321 3.2089 1.7463 7.7377

Table 8.4: The results of Box_count_dimension2 and Power_function_dimension2

From the table 8.3 one can see that if we look just at the errors of N1, then the power
function method provides better results for every image. Also for the images where
the power function method gets more accurate from N1 to N3 the power function
method is remarkably more precise than the box-counting method. On the other hand,
for the images where the power function method gets significantly less accurate from N1
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8.1. DISCUSSION

to N3 the power function method for N3 is even worse than the box-counting method
N1.

From the last table 8.4 one can extract that in most cases the power function
method is the better choice, and regarding exactly the four same images as before, i.e.
04_circle, 04_circle_shift, 07_Koch_snowflake and 09_Sierpinski_square, the power
function method is much worse than the box-counting method.

8.1 Discussion
We would expect that the power function method would be more precise for every
object and image due to the following fact. In the box-counting method, we apply
the ordinary least squares method on (6.3), not (6.2), i.e. we minimize the squared
residues of the logarithmized version of the approximation (6.2) (figure 8.1). And that is
not the same as minimizing directly the squared residues of (6.2) as we do in the power
function method (figure 8.2).

Figure 8.1: Minimizing the residues of a straight line

Hence, we could say that, to estimate a fractal dimension of an object, the box-counting
method is essentially incorrect, and, choosing between these two methods, we should
always choose the power function method. However, our measurements tell us that
the results of the box-counting method are in some cases still more relevant than
the results of the power function method.

Let us now discuss our obtained results. We could say that based on our measuring
the power function method is more precise in most of the cases because
the box-counting method has eight errors greater than 1% and one lesser than 0.1%
whereas the power function method has four and four, respectively, such errors. Also by
comparing all the variations of the methods used, the power function method wins. But
it is worth mentioning that among our input images we have just three fractals, and

56



8.1. DISCUSSION

the rest is a group of classical objects from Euclidean geometry, and for two fractals
the power function method of N3 is worse than the box-counting method.

Figure 8.2: Minimizing the residues of a nonlinear function

As we saw, moving from N1 to N3, the box-counting method gets more accurate in
every input image. So perhaps by adding more large values of n to the set of n’s we
could obtain a more precise version of the box-counting method, which could surpass
our current power function method. Or one could take sets of purely large number so
that we would get grids consisting of boxes of the sizes, for instance, 5, 10, 15, 20 or 25.
In Box_count_dimension2 and Power_function_dimension2, the shifted-grids
variations, one might increase the accuracy by computing and measuring the grids
shifted by not only n

2
but also 1, 2, . . . , n

2
− 1 pixels, because in that case we would get

more values to work with but at the same time the measuring part would take much
more time.
We conclude that the precision of all the methods used strongly depends on the sets of
n’s chosen which can be seen, in our case, on N1 where the power function is more
accurate for every image but for N3 this does not hold. Thus, both the box-counting
method and the power function method are feasible to use for measuring the fractal
dimension.
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9 Conclusion
In the thesis the definition of the term fractal was introduced, and the difficulties

connected with the term were described. As a way of measuring fractals, some fractal
dimensions were defined, and some methods estimating these dimensions were proposed
and tested, afterwards.

In the first two chapters the fractals and their properties were intuitively introduced
and defined, some interesting information about their existence and importance in
the past was given, and also the today usefulness of fractals was mentioned. In the third
chapter, the motivation behind studying fractals and the complexity of the way leading
to the definition of a fractal were given.

The fourth chapter dealt with some preliminary parts of the theory needed, namely
the topology, the metric spaces and the measure theory. Necessary definitions were
presented to the reader from these fields. Also, two numerical methods used later are
described - the ordinary least squares method and the bisection method, and some
examples using these methods were given.

The fifth chapter introduced some important definitions and a theorem from fractal
theory. The most crucial definitions were the Hausdorff dimension, the grid dimension,
the Hausdorff measure and the fractal. Some examples featuring these terms were given
as well.

In the sixth chapter a few methods for estimating the fractal dimension were
described, namely the basic box-counting method, the power function method and some
other methods. The first two methods were described in details because they are used
later on during the measurements. The other methods were described not so thoroughly.

In the next chapter we started testing the basic box-counting method and the power
function method on some preselected images with their fractal dimension known. First,
the simple versions were tested, then some modifications were suggested and applied to
the methods (using various sets of n’s or shifted grids). Then also the modified methods
were tested. For the testing of the modified methods a program was created using
the Python language. The program is also described, mainly semantically, in this
chapter.

We came to a few conclusions in this thesis. The power function method is better in
both modified versions than the box-counting method in most of the cases.
The box-counting method is getting more accurate while using finer grids. The precision
of all the methods depends on how fine the grids are. Both versions of both methods are
usable for estimating the fractal dimension.

The thesis tested just two modifications of two methods on 12 images. In the future
work the list of input images could be broader and more diverse, or more variations could
be tested, e.g. a combination of them, or specifically the modified versions with shifted
grids could be possibly improved by adding more shifts of the grids by more values of
pixels.
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Appendices
Input images, the main program in Python and its source code:

• 01_line_segment.bmp
• 01_line_segment_shift.bmp
• 02_circumference.bmp
• 02_circumference_shift.bmp
• 03_square.bmp
• 03_square_shift.bmp
• 04_circle.bmp
• 04_circle_shift.bmp
• 05_disc.bmp
• 07_Koch_snowflake.bmp
• 08_Sierpinski_triangle.bmp
• 09_Sierpinski_square.bmp
• fractal-dimension.py
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