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A B S T R A C T

In this paper, the droplet size distributions of high-velocity airblast atomization were analyzed. The spray
measurement was performed by a Phase-Doppler anemometer at several points and different diameters across
the spray for diesel oil, light heating oil, crude rapeseed oil, and water. The atomizing gauge pressure and the
liquid preheating temperature varied from 0.3 to 2.4 bar and 25 to 100 °C, respectively. Approximately
400 million individual droplets were recorded; therefore, a big data evaluation technique was applied. 18 of the
most commonly used probability density functions (PDF) were fitted to the histogram of each measuring point
and evaluated by their relative log-likelihood. Among the three-parameter PDFs, Generalized Extreme Value and
Burr PDFs provided the most desirable result to describe a complete drop size distribution. With restriction to
two-parameter PDFs, the Nakagami PDF unexpectedly outperformed all the others, including Weibull (Rosin-
Rammler) PDF, which is commonly used in atomization. However, if the spray is characterized by a single value,
such as the Sauter Mean Diameter, i.e. an expected value-like parameter is of primary importance over the
distribution, Gamma PDF is the best option, used in several papers of the atomization literature.

1. Introduction

The general behavior of a spray is well estimated by the average
droplet size [1]; nevertheless, the size distribution is increasingly im-
portant in practical applications. The present study was motivated by
liquid fuel combustion, where spray evaporation affects pollutant
emissions [2]. Besides the analysis of the effect of atomizing air pres-
sure on the spray, liquid preheating was also investigated in greater
detail since highly viscous fuels, such as straight vegetable oils, ap-
proach the viscosity of conventional fossil fuels at around 100 °C [3].
The effect of liquid preheating on the Sauter mean diameter (SMD) was
discussed in a previous paper [4]; currently, its impact on the droplet
size distribution is evaluated. Beyond general-purpose painting [5],
thin-films in e.g., fuel cell [6] and semiconductor technologies [7] are
quite sensitive to the size distribution of a spray. The particle size in
powder metallurgy is crucial since it affects the mechanical properties
of the product [8] and the quality of surface treatment [9]. Besides the
technical applications, the particle size determines the deposition
characteristics of harmful materials [10] and inhalable drugs [11]. A
uniform drop size distribution is of high importance for CO2 capture
efficiency in spray towers [12].

Several methods are available for spray droplet sizing [13]. In

metallurgy, an electron microscope analysis is usually performed to
study the size and shape of the resulting metal structure [14]. However,
if the spray structure and its development are of primary importance,
non-invasive imaging and light scattering techniques dominate [15].
The Phase Doppler technique is favorable for drop size spectra mea-
surement as it offers a wide size dynamic range from microns to mil-
limeters, high data rate, superior spatial resolution, and simultaneous
droplet velocity data. Interferometric laser imaging for droplet sizing
(ILIDS) can provide an instantaneous spatial distribution of droplet size
[16]. However, the out-of-focus ILIDS technique does not allow dense
spray measurement, which requires an additional in-focus imaging
technique to resolve the droplet velocity, such as particle image velo-
cimetry [17]. The laser diffraction-based method is widely used for
rapid particle sizing since it is a robust technique to provide spray
droplet size distributions in real-time but without velocity data. Since,
in the present paper, a droplet size distribution analysis is performed for
a wide range of conditions, the Phase Doppler technique was selected
for the measurements.

A comprehensive study on water atomization was conducted by Xia
et al. [18] in the low-velocity atomization region, which covers a dif-
ferent parameter range than that evaluated in the present paper.
Kourmatzis et al. [19] investigated the effervescent atomization of
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water with a particular emphasis on the methodology and data eva-
luation. Beyond research purposes, the established framework of ref.
[19] can also be successfully used for the optimization of industrial
atomizers [20]. Axial velocities and typical droplet sizes were in-
vestigated in the case of different air mixing ratio with the help of Phase
Doppler Anemometry (PDA) by Chong and Hochgreb [21].

The governing physical laws of atomization were deeply in-
vestigated around the millennium. Lasheras et al. investigated the
principles of air-assist atomization [22]. A successor work by Lasheras
and Hopfinger [23] focused on liquid jet instability, and Varga et al.
[24] proposed a formula to estimate the mean droplet diameter based
on the ongoing physical processes. The ultimate goal was the prediction
of the spray size distribution [25]. Liu et al. [26] used a stochastic
model for predicting the size distribution of the spray by a prefilming
airblast atomizer. Tharakan et al. [27] reviewed the available methods
for spray modeling and concluded that the maximum entropy for-
mulation is a promising approach. However, further research and va-
lidation are required before implementation to numerical codes. It was
pointed out by Sovani et al. [28] that the spray formation is affected by
multiple effects, considering only the relative velocity between the gas
and liquid phases leads to false results. Gorokhovski and Saveliev [29]
evaluated the airblast atomization and emphasized the log-normal
droplet size distribution which was proposed by Kolmogorov. Several
methods were tested for the estimation of SMD by the present authors
[4] with a conclusion that the most general estimation technique for
airblast atomization is based on a semi-empirical approach [30]. The
superiority of empirical models over theoretical predictions probably
stems from the highly non-equilibrium fluid dynamical and thermo-
dynamical conditions involved in atomization.

There are various atomizer designs available for different purposes
[1]. To better understand the atomization phenomena, the twin-fluid
atomization [31] is a suitable method since the dependence of the spray
is less affected by the actual atomizer geometry. In addition, the spray
features a unimodal size distribution [23]. Due to its theoretical and
practical relevance, an airblast atomizer was selected for the present
analysis. It was developed in the ‘60 s [32] to provide a flexible solution
for aviation to replace the pressure-swirl atomizers. This concept is still
in use in modern aircraft burners [33]. Detailed mapping of a pintle
injector was performed by Chen et al. [34]; it showed the complexity of
the generated spray from the nozzle tip to the fully developed spray. If
the evaluation is performed on large data sets, fundamental char-
acteristics are difficult to derive. The size distribution of a developed
spray is the sum of the results from various breakup mechanisms. These
elementary processes were analyzed by Ghaemi et al. [35] for cold
sprays, using an effervescent atomizer. The initial breakup of liquid jets
was also evaluated by Lowe et al. [36] for both hot and cold conditions,
focusing on the presence of droplets and ligaments in a wide range of
conditions. The below discussed methodology can also be used for
evaluating the primary breakup zone, which is a possible future di-
rection of this research thread.

The scope of this paper is to determine the most suitable probability
density functions (PDF) for high-velocity airblast atomization of dif-
ferent liquids in an extensive pressure and temperature range. The
practical relevance of PDFs is that only a few parameters are required to
describe the size distribution of a spray in a small volume. This is an
advancement to SMD calculation since the spread of the droplet size is
also available in addition to the mean value. Hence, with the key
parameters available, a spray can be reconstructed and used for design
and model development purposes. It was proven earlier by the authors
[37] that few PDF types provide a good fit. Nevertheless, an exhaustive
study on this topic is missing in the literature that characterizes a whole
spray. This procedure offers a model to estimate the spatial character-
istics and droplet size distribution of a spray. The proposed PDFs are the
following. Generalized Extreme Value (GEV) is often used for the
treatment of tail risks, e.g., in insurance [38] and finance [39]. In hy-
drology, the GEV distribution is applied to describe the annual

maximum one-day rainfalls and river discharges [40]. This PDF can also
be used in analyzing and predicting the weather in the future [41], the
global temperature change [42], and atmospheric pollution analyses
[43]. The Burr distribution can be used for analyzing human lifetime
data [44]. The logistic distribution, in addition to sprays [45], is also
used in politics [46], ocean biology [47], and in the evaluation of the
mechanical properties of concrete [48]. The log-normal PDF is in use in
scientometrics [49] and describing natural phenomena, such as the
blood pressure of adults [50]. This PDF was also used by Lee and No
[51] for droplet size prediction in a venture scrubber, by Li et al. [52] to
characterize the secondary droplets formed during the impact of a
droplet into a liquid film, by Lacour et al. [53] to evaluate the modes of
a hollow-cone spray in crossflow, and by Feng et al. [54] in the droplet
size distribution analysis of a high-pressure diesel oil spray. The Na-
kagami PDF is based on the log-normal PDF and was motivated by the
measurement of high-frequency radio waves [55]. Recently, it has been
used for studying the impact of fading channels on wireless commu-
nications [56]. The Rician PDF is used as the Euclidean norm of a bi-
variate normally distributed random vector. Its practical use can be
found in wireless transmission modeling [57] and antenna design [58].
The Weibull PDF is the most common one in the atomization literature
from among the proposed ones, which is the generalization of the
Rosin-Rammler PDF. Applications involve, e.g., hydrology [59], wind
speed distributions [60], particles generated by milling and crushing
[61], and high-pressure water jet cleaning [62]. It is the most popular
PDF in unimodal spray characterization, also used by Shafaee and
Mahmoudzadeh [63] for airblast atomization.

Big data is most often characterized by volume, variety, velocity
[64], and veracity [65], which refers to quantity, type, and nature of
data, speed of data generation, and variety in data quality. With proper
evaluation, they carry the possibility of deepening the global under-
standing of a system. Hence, this technique is used in several fields of
engineering and is the engine of the fourth industrial revolution
through the Industrial Internet of Things [66]. It helps in enhancing the
manufacturing performance [67], scaling up to the whole production
line [68], increasing transportation safety and sustainability [69]. In
the energy industry, it has a leading role to optimize the solar power
generation [70] and microgrid use [71] to promote efficient energy use
[72].

Spray measurement does not bear all the characteristics of big data
as it is performed only under pre-defined and well-controlled condi-
tions. However, the evaluation techniques for small data cannot be used
efficiently for millions of data points [73]. Consequently, big data vi-
sualization tools were used in the evaluation of PDA measurements to
facilitate the recognition of patterns, trends, and correlations.

An in-depth investigation was performed by the authors earlier to
find the most suitable estimation method for the SMD of the spray in a
wide parameter range [4]. This paper is a follow-up, focusing on the
PDF of the droplet sizes, measured at several points across the spray by
using a PDA. The investigated conditions include several atomizing
pressures, liquid preheating temperatures, and liquid types. Since the
size distribution is approximated by several PDF types, even for airblast
atomizers only, the goal of the present study is to perform an exhaustive
analysis on PDF fitting. Besides the highly regular core, the distorted
peripheral regions of the spray are also evaluated.

2. Experimental setup

The droplet size data sets were acquired by optical probing of spray
produced by an airblast atomizer in the Spray laboratory at the Brno
University of Technology. The following paragraphs describe the es-
sential experimental equipment used, including the atomizer under test,
the cold-spray test bench with the fluid supply system, and PDA.

The cross-section of the used plain-jet air blast atomizer is shown in
Fig. 1. The inner diameter of the liquid pipe is 0.4 mm, where the low-
velocity liquid flows through, and the high-velocity atomizing air
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passes around the liquid channel concentrically. The atomizing medium
and the liquid interact at the nozzle tip, leading to spray formation. Due
to its simple design, this particular atomizer was extensively in-
vestigated in a pressurized environment [74], and in a micro gas tur-
bine to evaluate liquid fuel combustion [75] and the effect of straight
vegetable utilization on the combustion chamber [76]. This atomizer
also provides a proper spray quality for atmospheric crude rapeseed oil
combustion [77] with low pollutant emission.

The atomized liquids were standard diesel oil (D, EN 590), light
heating oil (LHO), crude rapeseed oil (RO), and distilled water (W) at
constant 0.35 g/s mass flow rate. Different liquids represent a wide
viscosity range which facilitates the examination of various droplet size
ranges. Typical droplet sizes were in the range of 5–30 µm, depending
on the operation and material properties. The measured material
properties of the investigated liquids were discussed in a previous work
along with their uncertainties [4]. From a statistical point of view, this
is of paramount importance for finding the most suitable PDF of the
high-velocity airblast atomization.

The optical setup of the Fiber-based PDA (Dantec Dynamics A/S,
Skovlunde, DK) is shown in Fig. 2 with an axial view to the spray,
featuring measurement points along the X and Y directions. The two
colors allowed for the simultaneous measurement of two velocity
components. In the present case, the optical system was fixed, while a
computer-controlled 3D traverse system positioned the atomizer.

A Spectra-Physics (CA, USA) Stabilite 2017 argon-ion laser pro-
duced a multi-line laser beam which was separated by a 60 × 41
transmitter into green and blue colors with wavelengths of 514.5 and
488 mm, respectively. The frequency shift of 40 MHz was performed by
a Brag cell. A 57X50 fiber PDA receiver optics was used with a 112 mm
diameter lens for spray detection. The focal length was 310 and
500 mm for the transmitting and receiving optics, respectively. The
dimensions of the measurement volume were lx = 0.60 mm,
ly = 0.072 mm, lz = 0.073 mm in the coordinate system of Fig. 2.

The measured signals were processed by the BSA P80 flow and
particle processor and visualized by BSA Flow Software v5.2. The
maximum droplet size to measure was set to 64.1 μm with a size

resolution of± 0.05 μm. The PDA system was programmed to detect
40,000 individual droplets or record the data for 15 s, where the latter
condition was necessary for the peripheral spray positions. According to
a preliminary analysis of the velocity and SMD profiles, the results
showed< 5% variation, and hence the spray is considered as axisym-
metric [78]. The presented results are respective to a single ray (+X
direction); however, the overall results of PDF fitting were closely
identical for the other rays as well. The data points are referred to as r,
which is the radius measured from the spray centerline. The deviation is
attributed to the manufacturing defects, i.e., welding the ~200 mm
long 0.8 mm diameter liquid pipe resulted in a small eccentricity. All
the measurements were performed under atmospheric conditions.

The experimental test rig is shown in Fig. 3. The atomizing air was
taken from the central compressed air system of the laboratory through
a pressure regulator followed by a mass flow meter towards the ato-
mizer. The following atomizing gauge pressures, pg, were investigated:
0.3, 0.6, 0.9, 1.2, 1.8, and 2.4 bar. The lowest value was selected based
on the criteria of stable combustion in the hot test cases –made without
spray measurement – [77]. A pressurized tank was used to feed the
liquids into the atomizer free of pressure fluctuations. A control valve
and a Coriolis mass flow meter (Mass 2100 Di3 fitted with a Mass 6000
transmitter, Siemens AG, GE) were applied to set a constant 0.35 g/s
liquid mass flow rate with an accuracy of± 0.1% of the actual flow
rate. A rotameter was also installed into the feed pipe for visual
checking. Both liquid and atomizing air pipes were equipped with
piezo-resistive pressure transducers DMP 331i (BD SENSORS s.r.o., CZ)
and B class Pt100 resistance thermometers. Their uncertainties were
2 kPa and 0.3 °C, respectively. The range of the resulting air-to-liquid
mass flow rate, ALR, was 0.78–2.07.

The liquid preheater was controlled by a PID unit, made by HAGA
Kft., using a Pt100 for control. In addition, a toroidal transformer was
used to set the heating power of the PID control to provide a smoother
operation. The following preheating temperatures, tp, were investigated
for D, LHO, and RO: 25, 40, 55, 70, and 100 °C. W was an exception
with a maximum temperature of 90 °C instead of 100 °C to avoid
boiling.

The PDA measurements were carried out at three axial distances
downstream of the nozzle, z = 20, 40, and 60 mm, with fifteen equally
spaced radial points along X and Y axes at z = 60 mm, thirteen at
z = 40 mm and seventeen at z = 20 mm. At z = 20 mm, the step was
1 mm between the points and 2 mm at z = 40 and 60 mm. Based on the
analysis of the previous measurement results, the z < 20 mm region
was later rejected [78] as droplet velocities in the vicinity of the nozzle
tip exceeded ~300 m/s which is a limitation of the used PDA system.

All the conditions in terms of dimensionless numbers are discussed
in Table 1. Since these numbers proved to be adequate for SMD esti-
mation [4], no further temperature-related dimensionless number was
added. Nevertheless, all of these numbers already contain material
properties which are temperature-dependent.

ALR is the air-to-liquid mass flow ratio, = w d νRe · /r 0 is the Reynolds
number, = w d ρ σWe · · /R

2
0 is the Weber number, =Oh We /ReL L is the

Ohnesorge number, Ma = w/a is the Mach number,
=MFR ρ w ρ w· / ·A A L L

2 2 is the mass flux ratio while =EFR ρ w ρ w· / ·A A L L
3 3 is

the energy flux ratio. Subscripts A and L refer to air and liquid, re-
spectively, which also refer to the used material properties in the di-
mensionless numbers. wR is the relative velocity between the two jets,
d0 is the liquid jet diameter which is 0.4 mm, ν is the kinematic visc-
osity, ρ is the density, σ is the surface tension, and a is the local speed of
sound. Since ReL exceeded 106 in all the cases, the current conditions lie
in the ‘atomization’ breakup regime, outside of the classical Oh-ReL
diagram, introduced by Ohnesorge [1]. According to Faeth et al. [79],
the liquid jet breakup mode is the shear breakup due to the Oh<0.5
and WeA>200 range. The atomizing air has expanded at the nozzle
and the discharge was adiabatic [78], and hence all of the air properties
were calculated from adiabatic expansion of the pressurized, room-
temperature atomizing air. The calculated discharge velocities varied

Fig. 1. Cross-section of the examined plain-jet airblast atomizer.

Fig. 2. Setup of the PDA system.
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between wA = 208–420 m/s, according to pg = 0.3–2.4 bar.

3. Methods

The raw measurement data samples were filtered, which is ex-
plained first. Secondly, the histogram creation is discussed which is
essential for a significant reduction in the base data followed by the
presentation of the investigated PDFs. Lastly, PDF mapping is detailed
for big data visualization.

3.1. Data filtering

Over 400 million individual droplet data were generated during the

measurement, which required quality control prior to the analysis.
Firstly, the data outside of the physically rational measurement range
was eliminated since the wavelength of the green laser beam can be
considered as a lower boundary of sensing [80]. In the present case,
nearly one percent of the droplet diameter data was below the 0.532 μm
threshold value. In the next step, box plots were created for the re-
maining data, and the interquartile range (IQR; data range between
75th and 25th percentiles) was calculated. IQR was multiplied by 1.5;
then above and below the resulting thresholds, the outlier data were
permanently removed, which meant ~5% further data loss. This data
filtering method is useful when the data is not normally distributed
[81].

3.2. Visualization of the droplet size distribution

A convenient way of visualizing large datasets, where its size makes
the interpretation difficult in a tabular form, and the individual points
originated from the same process, is to create a histogram. Its abscissa
contains the class intervals, or bins, frequently specified as consecutive,
equally sized, non-overlapping ranges of a variable, while the ordinate
contains the probability (frequency) of the data occurring in the da-
taset.

The nature of the distribution depends on the size of the bins [82],
demonstrated by Szuwalski [83] through the analysis of crab molt sizes.
There are several analytical procedures available to calculate the
number of classes (k), based on the number of individual samples in the
data (n). Brkić [84] proposed a square root and a logarithmic re-
lationship. Since the number of measured data samples of a spray
analysis is usually high, Rice Rule (k = 2∙n1/3) is suggested and was
applied, which resulted in 1 μm bin size for all histograms of this study.
Raw data in Fig. 4 shows the drop size histogram of a D spray at two pg.
At the same time, the other conditions were similar to demonstrate the
characteristics of a regular histogram with four PDFs fitted, which is
discussed in the next subsection. The SMD is also included in all his-
tograms. The model fitting procedure was performed in Matlab using
the fitdist function [81].

Fig. 3. Liquid and atomizing air piping and their instrumentation.

Table 1
Intervals of the investigation range of the liquids [4].

D LHO RO W

pg [bar] Min. 0.3 0.3 0.3 0.3
Max. 2.4 2.4 2.4 2.4

ALR [–] Min. 0.78 0.78 0.78 0.78
Max. 2.07 2.07 2.07 2.07

ReA [–] Min. 8969 8974 8979 8994
Max. 30,037 30,047 30,058 30,075

ReL/106 [–] Min. 22.7 5.04 1.57 91.2
Max. 115.4 51.8 21.0 380

WeA [–] Min. 988.4 792.5 730.6 289.7
Max. 9549 4640 5014 1982

WeL/106 [–] Min. 0.655 0.550 0.531 0.228
Max. 4.64 2.35 2.63 1.16

Oh [–] Min. 0.019 0.029 0.077 0.0028
Max. 0.036 0.147 0.465 0.0052

Ma [–] Min. 0.62 0.62 0.62 0.62
Max. 1.45 1.45 1.45 1.45

MFR [–] Min. 5.68 5.91 6.13 6.83
Max. 31.7 33.23 34.8 37.7

EFR [–] Min. 342.2 370.9 398 494.7
Max. 4011 4401 4828 5667
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3.3. Droplet size distribution functions

The droplet size distribution of a spray can be predicted if the shape
of the PDF – fitted to the measured data – and its parameters are known.
Depending on the characteristics of the atomization and of the droplet
distribution, different types of models (fitted model provides the PDF)
can lead to a reasonable approximation. The histogram of the droplet
size distribution indicates that only positive, unimodal, and continuous
PDFs can lead to sensible predictions. Also, a previous study [37] has
shown that suitable PDFs require two or three parameters. Based on
these criteria, 18 PDFs were investigated. These are as follows: Ex-
ponential, Gamma, Birnbaum-Saunders, Burr, Extreme Value, Gen-
eralized Extreme Value, Generalized Pareto, Half-normal, Log-logistic,
Logistic, Log-normal, Nakagami, Normal, Rayleigh, Rician, Stable, t
Location-Scale, and Weibull. Seven PDFs were superior over the others
which are discussed further; they are the Burr (BU), the Generalized
Extreme Value (GEV), the Logistic (LO), the Log-normal (LN), the Na-
kagami (NA), the Rician (RI), and the Weibull (WE; which is the gen-
eralized variant of the Rosin-Rammler PDF) respectively. They are all
unimodal, two-parameter PDFs – GEV and BU have three-parameters –,
which contain an exponential term, defined by Eqs. (1)–(7). Their
parameters are noted with a, b, and c, while D refers to the droplet
diameter. All the subscripts refer to the corresponding PDF listed above.
Note that the below-presented performance maps for all the 18 PDFs
are available as supplementary material of this paper.

= +− +f D b c a D a D a( ) ( · / ·( / ) )/(1 ( / ) )BU BU BU BU
c

BU
c b1 1BU BU BU (1)

= −+f D b t D t D( ) 1/ · ( ) ·exp( ( ))GEV GEV
c 1GEV (2)

= ⎧
⎨⎩

+ − ≠
− − =

−
t D c D a b c

D a c c
( ) (1 ·(( )/ )) , if 0,

exp( ( )/ ), if 0
GEV GEV GEV

c
GEV

GEV GEV GEV

1/ GEV

= − − + − −f D D a b b D a b( ) exp( ( )/ )/[ ·(1 exp( ( )/ )) ]LO LO LO LO LO LO
2 (3)

= − −f D a π D b a( ) (1/(D· · 2· ))·exp( (ln ) /(2· ))LN LN LN LN
2 2 (4)

= −−f D a b a a D a D b( ) 2·( / ) ·[1/Γ( )]· ·exp( · / )NA NA NA NA NA
a

NA NA
(2· 1) 2NA (5)

= − +f D D a D b a I D b a( ) / ·exp( ( )/(2· ))· ( · / )RI RI RI RI RI RI
2 2 2 2

0
2 (6)

= − ≥−f D a b D b D b D( ) / ·( / ) ·exp( ( / ) ) for 0WE WE WE WE
a

WE
a1WE WE (7)

Many calculations work with mean or average diameters, such as
SMD, instead of the complete drop size distribution. If the goal is the
prediction of the mean diameter, Gamma PDF outperforms the rest of
the tested PDFs, as it was shown earlier [78]. However, it was out-
performed by several PDFs in modeling the distribution; therefore, it is
not discussed in the later parts of the paper. Also, previous experience
[37] showed that the Nukiyama-Tanasava PDF is mathematically in-
effective due to its non-predictable parameters; consequently, it was
omitted from the present study.

3.4. PDF mapping

Maximum likelihood estimation is a method for fitting the equations
to the data and comparing these equations to find the best one. The PDF
with the highest log-likelihood (or lowest negative log-likelihood)
predicts the probability of the droplet size most accurately, which was
also calculated and stored by Matlab when the fitdist function was
called. The best fit was calculated based on the maximum likelihood for
all PDFs, excluding LN, which was fitted by calculating the square root
of the unbiased estimate of the variance of the log of the data [81].

With different settings, overall 10,800 measurements were

Fig. 4. Drop size histogram of D at tp = 25 °C, r = 0 mm, z = 60 mm, and a)
pg = 0.3 bar, b) pg = 2.4 bar.

Fig. 5. Performance map of GEV for D. Results are ordered by a) tp b) pg.
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performed, and all 18 PDFs were fitted to each dataset and evaluated
based on the likelihood estimation. The negative log-likelihood results
were rescaled between 0 and 100, representing the performance of the
functions relative to the worst and best performances, respectively. To
evaluate the performance of the functions qualitatively, relative log-
likelihoods were summarized in a color scale table for every PDF se-
parately. The inclusion of all PDFs was necessary from the evaluation
point of view since all the seven highlighted PDFs performed well at
several points. Differentiating only between their performances would
lead to highlighting the best one, resulting in the loss of valuable in-
formation about the physical phenomena. Since the measurement data
always contain uncertainties, differentiating between excellently per-
forming PDFs has no physical meaning.

Fig. 5 shows the performance map of GEV for D. Pressure and
temperature conditions vary on the abscissa while axial and radial
distances are indicated on the ordinate. The content of Fig. 5a is
identical to 5b. In the former case, data is principally sorted by tp to
highlight the effect of pg at a given tp while Fig. 5b shows it in an in-
verted manner. At different radial distances, the performance map
provides information on how accurately a PDF can predict the droplet
size on the boundary, r= 8–14 mm, or in the core, r= 0–4 mm, while z
shows the effect of the spray development, using a relative scale. Note
that the relative log-likelihood is ranging from 90 to 100 for a better
visual representation to enhance the recognition of patterns, trends, and
correlations.

4. Results and discussion

This section is divided into two subsections where the local and
global evaluation are both presented, following Figs. 4 and 5 of Section
3. Hence, Section 4.1 presents a few characteristic droplet size histo-
grams and four selected PDFs fitted on them. It highlights the differ-
ences between D and RO atomization and the size distribution of the
central and peripheral regions. In addition, the SMD is always indicated
in the corresponding figures. Section 4.2 presents the overall evaluation
based on the relative log-likelihood of selected PDFs for all the in-
vestigated setups. Note that all the performance maps of the seven
highlighted PDFs are available as supplementary data of this paper.

4.1. Overview of histograms and probability density function fits

Fig. 6 compares a central and a peripheral histogram with four fitted
PDFs in the case of D. The first three PDFs are included due to their
excellent fit while WE was added as it is a widely used PDF in the
literature of atomization. It can be seen that the histogram in the
0–10 µm range follows a similar trend. However, the peripheral region
contains high number of larger droplets, exceeding 30 µm, see Fig. 6b,
which are responsible for the nearly doubled SMD value. The analysis of
their origin is not discussed here as it requires an in-depth analysis that
is a subject of later research. Fig. 6a is similarly modeled by both GEV,
BU, and LN, while the widely used WE notably falls behind them. The

Fig. 6. PDF fit in the case of D at pg = 0.3 bar, tp = 25 °C, z = 60 mm, and a)
r = 0 mm, b) r = 12 mm.

Fig. 7. Effect of viscosity in the case of a) D and b) RO at pg = 2.4 bar,
tp = 25 °C z = 60 mm, r = 0 mm.
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latter is an upper estimation in the 15–30 µm region, and it misses the
peak. As it was mentioned, the irregular shapes of the histograms in the
peripheral regions are expected to be the result of several droplet for-
mation processes. Therefore, the fitted PDFs provide a relatively worse
result than in the core. Nevertheless, the fit quality, evaluated in Sec-
tion 4.2, shows it only on a relative scale.

Fig. 7 shows a comparison of RO and D under similar conditions in
order to highlight the effect of viscosity on the spray size distribution.
By comparing Figs. 6a and 7a, it can be seen that the peak slightly
increases as pg increases, which is a counterintuitive result. Never-
theless, the SMD is lower since the histograms of Fig. 6 contain a no-
table number of droplets above 20 µm while it is practically absent in
the latter case. These characteristics can be qualitatively found when
Fig. 7a and b are compared. Namely, the more viscous RO features a
smaller peak droplet size than D while the larger sizes are present to a
slightly greater extent. Therefore, the SMD of RO is higher than that of
D, but the difference is small. Again, WE falls behind GEV, BU, and LN
PDFs.

The lower tp causes a lower standard deviation of the RO droplets
around the mean, while the higher tp generates a broader range of
spread in the vicinity of the average, without changing the calculated
SMD significantly. The low standard deviation of Fig. 8a indicates that
the character of the drop size distribution of RO is more concentrated
around 5 μm than that of Fig. 8b. In order to evaluate the effect of
preheating, which was the highest for RO due to the significant drop in
its viscosity, Fig. 8a and 8b show the histograms and PDFs at tp = 25

and 100 °C. It is notable that the maximum probability since decreased
from 0.13 to 0.11 as tp was increased. Nevertheless, the maximum
droplet size, which can be found in the spray, is slightly increased with
the increasing temperature; meanwhile, the shape of the distributions is
not changed. Further details on the effect of preheating on the droplet
radial and axial velocity components and SMD are discussed previously
[4] under the same conditions.

At higher pressures, the probability further decreases, which is in-
troduced in Fig. 9a and b. Therefore, the preheating has a less sig-
nificant effect on the shape and the parameters of each PDFs. Under this
condition, the maximum droplet size does not change with tp while SMD
decreased. Meanwhile, this tendency was opposite at pg = 0.3 bar, as
shown in Fig. 8.

4.2. Evaluation of performance maps

Fig. 10 shows the results of the performance map of GEV, which
provided the best fit at the majority of the measurement points. Hence,
it scored the most 100 s in the relative log-likelihood scale. This PDF
characterizes well the D atomization, which is followed by LHO, then
RO that corresponds with their viscosity in ascending order. The fit
quality of W is similar to D at z = 20 mm and to LHO at z = 40 and
60 mm. The performance is principally getting better with increasing pg,
although elevated tp also has a beneficial effect in the case of all the
investigated liquids, as shown in Fig. 10b. Considering the performance

Fig. 8. Effect of preheating in the case of RO at pg = 0.3 bar, tp = a) 25 °C b)
100 °C z = 60 mm, r = 0 mm.

Fig. 9. Effect of preheating in the case of RO at pg = 2.4 bar, tp = a) 25 °C b)
100 °C z = 60 mm, r = 0 mm.
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as a function of r, it is getting worse towards the periphery region,
which is more prevalent at z = 40 and 60 mm. In these regions, other
PDFs provided notably better fits in the spray boundary. It can be ex-
plained by the mixed droplet sizes as the large droplets originate from
the vicinity of the nozzle while the finer droplets went through further
atomization.

Fig. 10a shows that the fit quality also increases with tp, similarly to
the effect of pg in Fig. 10b. In the present case, pg has a greater effect on
the spray; hence, the evaluation through this parameter provides a
better overview. At z = 20 mm, both D and W show regular droplet
distributions up to pg = 1.2 bar. As pg keeps increasing, the residence

time decreases as the convective effects increase with the increasing
discharge velocity, leading to less regular size distributions, as shown in
Fig. 10b. In these cases, liquid preheating may counteract this effect;
however, it does not work for D, which already has low viscosity at
room temperature. Apart from the peripheral regions and low pg, GEV
outperformed all the other PDFs for all liquids.

The BU PDF provided a better fit than GEV PDF at the peripheral
region of the spray at lower pg where the spray showed irregularity, see
Fig. 11. Nevertheless, its fit at the core was also relatively good while its
performance in the transitory regime, especially at low pg, was low.
Similar to the results of GEV, liquid preheating increases the fit quality.

Fig. 10. Performance map of GEV for all liquids. Results are ordered by: a) tp b) pg.
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This PDF model the droplet size distribution of D and W better than that
of LHO and RO. The relative fit quality decreases with the downstream
distance from the nozzle, especially at low pg. Increased tp also leads to
better fits; however, the effect of pg is more pronounced.

Neither GEV nor BU PDFs were suitable for modeling the spray size
distribution at pg = 0.3 and 0.6 bar and distant points from the core.
Under these conditions, the fit quality of LN surpassed all the others,
especially for W and LHO, as shown in Fig. 12. The fit quality generally
increased with z, and it provided a good fit for RO at pg ≥ 0.9 bar at
z = 60 mm. In addition, the fit quality showed a low sensitivity on tp.

Lastly, the WE PDF is presented in Fig. 13 due to its frequent use in
atomization literature. Overall, this PDF behaves very much like GEV;
nevertheless, the latter one is better in the majority of the cases. Hence,
apart from a few exceptions, it is advised to use GEV instead of WE (or
Rosin-Rammler) distribution for high-velocity airblast atomization.

To quantify the performance maps for the four investigated liquids,
the average relative log-likelihoods are shown in Table 2. Due to the
outstanding performance at the peripheral regions and good fits at the
core, BU outperformed all the other functions in both the average value
and the standard deviation of the relative log-likelihood analysis. The

Fig. 11. Performance map of Burr for all liquids, ordered by pg.

Fig 12. Performance map of Log-normal for all liquids. Results are ordered by pg.
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reason for this result is the poor performance of GEV at the spray
periphery, even though this PDF outperformed the other ones in the
spray core. The high standard deviation was also observed for the other
PDFs, except for BU, which was characterized by a magnitude lower
values. Apart from GEV and BU, which are the three-parameter PDFs,
the NA distribution turned to be the best option from the two-parameter
variants. Its performance is qualitatively similar to GEV and WE while
the relative log-likelihood values fall between them. Note that the NA
PDF is related to the Gamma distribution. Both RI and LO PDFs scored
100 in relative log-likelihood in only a few circumstances. Therefore,
these PDFs can be omitted when the droplet size distribution of high-
velocity airblast atomization is evaluated. As for the number of 100 s,
GEV scored the majority of them in all the cases. It is followed by LN,
NA, and only then by BU. Three other PDFs provided the best fit below
1% of the total number of cases.

5. Conclusions

The present paper discussed the global modeling of droplet size
distribution functions by probability density functions (PDF) in the case
of high-velocity airblast atomization, using big data evaluation

techniques. The atomizing pressure, pg, and the liquid preheating
temperature, tp, were varied, leading to a large parameter matrix. Four
liquids were examined: water (W), standard diesel oil (D), light heating
oil (LHO), and crude rapeseed oil (RO).

The key contribution of this work to the scientific literature is the
quantitative analysis of several PDFs and the conclusion specifying ones
that are the most suitable to model the droplet size distribution of
airblast atomization. The core concept can be used in similar research
works to reveal more details about spray characteristics. The results can
be directly used for the development of numerical models for spray
simulation. Based on the investigations, the following conclusions were
derived.

1. General spray modeling by a single PDF is not possible since various
regions feature various breakup modes. If outer regions of the spray
and pg ≤ 0.6 bar conditions are omitted, the Generalized Extreme
Value (GEV) PDF provided the best fit in terms of relative log-like-
lihood.

2. Burr PDF was the most suitable to model the spray characteristics
since it worked well at the peripheral regions while it also provided
a good estimation at the core. Hence, this PDF has the highest

Fig 13. Performance map of Weibull for all liquids. Results are ordered by pg.

Table 2
Performance map overall results. All the values are in percentages.

GEV Burr (BU) Logistic (LO) Log-normal (LN) Nakagami (NA) Rician (RI) Weibull (WE)

D Avg. 97.22 97.99 88.94 94.89 96.02 93.53 94.03
Std. dev. 14.16 1.41 15.29 15.07 15.09 14.72 14.70
100 s 80.97 4.03 0.28 8.47 3.47 0.28 0.28

LHO Avg. 93.73 96.89 84.19 91.66 93.06 90.63 91.66
Std. dev. 21.58 3.96 21.16 21.88 21.77 21.31 21.38
100 s 64.58 7.08 0.00 17.22 8.06 0.00 0.56

RO Avg. 93.21 96.16 83.13 91.03 92.97 90.34 91.89
Std. dev. 22.78 4.26 21.67 22.57 22.58 22.14 22.25
100 s 58.75 6.81 0.00 18.19 13.75 0.00 0.56

W Avg. 95.36 97.68 86.31 93.57 94.38 91.84 92.69
Std. dev. 18.87 2.07 19.03 19.09 19.00 18.49 18.60
100 s 68.47 5.14 0.00 16.81 5.14 0.00 0.14
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average relative log-likelihood, considering all parameters.
3. Considering the two-parameter PDFs only, Nakagami (NA) is the

best option among the five highlighted PDFs (note that both GEV
and Burr PDFs have three parameters). NA and Weibull PDFs (the
generalized form of Rosin-Rammler PDF) closely follow the quali-
tative results of GEV, while Weibull PDF is outperformed by NA
under almost all conditions.

4. Lastly, the Log-normal PDF needs to be mentioned as it provided a
good fit quality in the intermediate spray regions, at pg ≤ 0.6 bar,
where the other superior PDFs have failed to perform well.

5. The remaining two PDFs, Rician and Logistic, performed well below
the above mentioned five PDFs. Consequently, they are not sug-
gested for characterizing the droplet size distribution of high-velo-
city airblast atomization. Even though the Weibull PDF is commonly
used in the atomization literature, it is advised to prefer one of the
three highlighted PDFs (GEV, Burr, and NA) over Weibull.
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