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INTRODUCTION
Due to the fact that all naturally occurring signals are analogue, these signals need to be frequently processed
before their digitalization. Analogue signal processing means most importantly amplification of the signal by
suitable amplifiers and filtering of unwanted parts of the frequency spectrum by frequency filters. Although
digital systems are nowadays a vital part of signal processing, these systems cannot omit the analogue signal
processing part, represented at least by input and output analogue circuits.

The analogue circuits can be divided according to the type of the processed signal into circuits operating
in voltage mode (the processed variable is voltage), in current mode (the processed variable is current), or
mixed mode where the processed variable is voltage or current. Of course, voltage and current cannot be
separated. Due to the decreasing of designed circuits dimensions and power supply, processing signals with
lower amplitude levels is necessary. This can lead to problems such as: lower signal–to–noise ratio, reduced
frequency bandwidth, or dynamic range. In case of analogue circuits operating in the current mode, an increase
of the signal–to–noise ratio, greater dynamic range, better linearity, or greater frequency bandwidth can be
achieved under certain circumstances.

The foundations of fractional-order calculus were laid three hundred years ago by mathematicians L’Hopital
and Leibniz. However, this topic is currently an area of interest of many scientific groups around the world. In
many cases, an the effort to mimic the properties of natural materials or systems is increasing. These natural
systems require a description with the help of fractional-order calculus. Compared to the integer-order systems,
fractional-order systems can benefit from many scientific areas. Thus, fractional-order systems find use in
electrical engineering, robotics, medicine, biology, biochemistry, cryptography and as well as agriculture. In the
case of electrical engineering, the design of the fractional-order filtering structures, precise PID (Proportional-
Integral-Derivative) controllers, measuring systems or oscillators are the best examples. In case of biology
or biochemistry, it is most often used for modelling of biological phenomena. Fractional-order systems can
also be used in case of measurement and analysis of biological signals such as ECG (Electro Cardio Gram),
neurological signals and other. The fractional-order calculus can be used for generating random numbers
that can find use in cryptography. And also finally in agriculture for the analysis of fruit, vegetable, or wine
properties. From the above knowledge it can be seen that this research area is very interesting from many
points of view.
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1 THESIS GOALS
The doctoral thesis deals with the synthesis and analysis of novel fractional-order analogue circuits, mainly
frequency filters, operating in the current or mixed mode. Thesis goals can be divided into three main parts.

The first goal of the thesis is to design of a fractional-order elements by a suitable RC passive structures and
approximations. The parameters of the proposed structure and values of the passive parts will be computed
and analysed in MATLAB with a suitable algorithm that will be created or an already available algorithm
will be modified. To obtain sufficiently precise and versatile circuits with a fractal character, which can then
be used in some of the proposed filter or oscillator structures, fractional-order impedance emulators will be
proposed and analysed.

The next goal of the thesis is to design new current-mode fractional-order frequency filters with fractional
order in the ranging from one to two with beneficial features. The fractional-order filters will be proposed
using active elements such as operational transconductance amplifiers, current conveyors, adjustable current
amplifiers, current followers or their combinations. For the design of these filtering structures, two methods
will be used. The first method is based on an approximation of the fractional-order Laplace operator s𝛼 in a
transfer function by a particular higher integer-order transfer function. Next, a method of the fractional-order
filter design based on the use of the fractional-order passive element in the filtering structure will be used. The
emphasis will be laid on a proposal of multifunctional fractional-order filtering structures with electronically
adjustable parameters and switchable types of filtering functions. Structures with tunable pole frequency,
quality factor, and value of order will be designed. Active elements with electronically adjustable parameters,
such as ACA (DACA) with adjustable current gain, or OTA with adjustable transconductance, will preferably
be used in the design of these filtering structures because the tunability of some of the parameters of the
proposed filter circuits is nowadays very desirable in terms of multiple use of these circuits.

The last goal is the proposal of fractional-order oscillators and their analysis. The fractional-order oscillators
will be designed by the fractional-order capacitor used in the some simple circuit structure. For the oscillators
design, active elements with electronically adjustable parameters will be preferably used in order to obtain
the circuits with electronic controllability of some of their parameters. Emphasis will be put on the design of
multiphase fractional-order oscillators with tunable parameters.

The features of the proposed circuits are going to be verified by calculations and simulations in the OrCAD
PSpice simulation software with third-level or transistor-level simulation models representing expected features
of used active elements. The selected circuits will be implemented in PCB (Printed Circuit Board) form
and their features will be verified experimentally. There are several active devices which were developed at
department of telecommunications and some of them will be used for this experimental verification. The
results obtained by measurement will be compared with results from simulations and subsequently evaluated.
Sensitivity evaluation, stability or parasitic analysis of the selected circuits are omitted in short version of
thesis because of limited space.

2 STATE OF THE ART

2.1 Integer-Order Filtering Structures
The design of the integer-order filtering structures is still a current topic for many scientific groups. Emphasis is
placed on the development of universal and controllable filtering structures or those with specific features such
as high DC accuracy, etc. Based on the used components, these frequency filters are divided into active and
passive ones. The passive frequency filters are designed as circuits with capacitors, resistors, and inductors. The
input signal of such a filter cannot be amplified by the filter, but it is possible to adjust other filter parameters
by changing the values of passive components. The active frequency filters consist of active elements sometimes
with adjustable parameters that allow the electronic control of the filter parameters. These filters could be
divided in several ways. One of them is by the used type of the topology in dependence on the number of input
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or output terminals. The topology types are the following: Single Input Multiple Output (SIMO) [9], Multiple
Input Single Output (MISO) [20], Single Input Single Output (SISO) [44], and Multiple Input Multiple Output
(MIMO) [24]. The SISO type of the filter structures with an electronically controllable type of the transfer
function is very interesting. Due to the suitably selected types of active elements with electronically adjustable
parameters, the filter structure with only one input and output can provide more than one type of filtering
function. The other types of filtering functions of the filter are obtained by changing some parameters of the
filter without manual reconnection. These filters are sometimes referred to as reconnectionless filters [44].

Frequency filters are also characterized by their integer-order 𝑛 = 1, 2, . . . The order of the filter defines the
slope of the attenuation from the pass–band to the stop–band region. The slope of the attenuation is given
by 20𝑛 dB/decade, for low-pass or high-pass filters. The filters of the 1st and 2nd-order are used most often
[44, 24]. These filters are suitable for the design of higher-order filters which can be proposed for example
by a cascade connection of two 2nd-order filter structures. An approximation of the filter transfer function
is the next important parameter used for the design of the filter. It is used for influencing the shape of the
module and phase characteristics based on the selected type of approximation. The most often used types of
approximations of the transfer function are: Butterworth, Chebyshev and Bessel approximations [19].

2.2 Fractional-Order Filtering Structures
Analogue fractional-order frequency filters expand the possibilities of integer-order filtering structures. The
main difference from integer-order filters is the possibility to design a filter with an arbitrary value of the order
[49]. It is based on a suitable approximation of the fractional-order Laplace operator 𝑠𝛼, where 𝛼 is a real
number in the range 0 < 𝛼 < 1 [14]. The variable s𝛼 can be approximated by several suitable approximation
methods such as Continued Fraction Expansion (CFE) [31], Oustaloup’s [38], Matsuda’s [36] or Carlson’s [8]
methods for example. Based on this theory, fractional-order filters with an arbitrary slope of attenuation from
pass-band to stop-band region depending on the value of 𝛼 are obtained. The order of these filters is given
by 𝑛 + 𝛼, where 𝑛 is a non-zero positive integer number [49]. In the point of view of magnitude and phase
responses, fractional-order filters provide the magnitude slope of attenuation from pass-band to stop-band
region equal to 20(𝑛+𝛼) dB/decade in case of Fractional-Order Low-Pass Filter (FLPF) and Fractional-Order
High-Pass Filter (FHPF). The phase shift of these filters is defined as 90(𝑛 + 𝛼) degrees. The design of
fractional-order filters is more complicated than the design of conventional integer-order filters.

From the point of view of the filtering function type of the fractional-order filter, FLPF is most often
designed [65, 61, 62]. The next most commonly proposed is FHPF [64, 62]. Across the publications, it is also
possible to find the design of the Fractional-Order Band-Pass Filter (FBPF) [53], Stop-Band Filter (FSBF)
[51, 53], or Fractional-Order All-Pass Filter (FAPF) [26].

There are generally three possible methods to propose fractional-order filters. The first way to propose a
fractional-order filter is using the Fractional-Order Capacitor (FOC) that is approximated by a suitable passive
or active RC structure [47]. This method is based on an approximation of the s𝛼 in the equation of the FOC
impedance by a suitable approximation method. There are several types of RC structures that are suitable
for the approximation of the FOC. The RC ladder structure approximating an FOC is the most often used
[17]. The advantage of this method is that the proposed RC structure is simple and it is easily available for
modelling and measurement. As in the case of a fabricated FOC, RC structures can be easily used in various
types of circuits [45]. However, the RC structure can only approximates an FOC in a limited frequency range
based on the number of RC structure sections and used approximation method of the s𝛼 [27]. Note that the
Fractional-Order Inductor (FOI) can be emulated by a Generalized Impedance Converter (GIC) with FOC
included in its structure [48, 67]. The disadvantage of the approximation of the FOC by a passive RC topology
is the fixed value of the order. It means that the values of an RC structure have to be recalculated to obtain
the FOC emulator with another order. The problem of the fixed order can be solved by using an electronically
adjustable emulator of the FOC where the passive parts in the RC topology are replaced by electronically
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adjustable components as is presented in my paper [59]. The order of the filter is most often changed by
switching between several fractional-order capacitors with various values of the order.

The second possible way is to use a fabricated passive element with fractional-order character referred to as
Fractional-Order Element (FOE), FOC in most cases, used in a conventional filter or another circuit structure
a replacement for classic capacitors. Several papers deal with the proposal of FOC prototypes [3, 2]. These
FOEs can be designed based on the above mentioned RC networks, where resistors and capacitors are in FOEs
replaced by structures containing special resistive and capacitive materials. Then these FOC emulators can be
easily used in various circuit structures: filters [7, 6], oscillators [42, 1], or PID controllers [12, 41], for example.
The filter parameters, such as pole frequency, quality factor or type of filtering function, can be electronically
tuned according to the parameters of used active elements. However, this solution can be disadvantageous due
to the fact that only FOC prototypes exist and are not commercially available yet and changing of the FOC
order is complicated.

The last possible way to propose a fractional-order filtering structure is based on an approximation of the
fractional-order transfer function by a higher integer-order transfer function. The fractional-order transfer
function is obtained by replacing the integer-order Laplacian operators s in the basic integer-order function
by the fractional-order Laplacian operators s𝛼, where s𝛼 is approximated by a suitable method [49, 37]. The
2nd-order approximation by the CFE method is most commonly used [32, 50]. This second-order function
providing sufficient magnitude and phase accuracy in the limited frequency range is the most commonly used
[32]. In case of the need to extend the frequency band of the approximation validity with minimum phase error,
the higher-order approximation of s𝛼 can be used [37]. It means high complexity of the proposed transfer
function and the whole circuit. The main advantage of this method is the possibility to use commercially
available active elements with adjustable parameters. The fractional-order filters containing active elements
with adjustable parameters are capable of electronic control of the pole frequency, quality factor, type of the
filter function, as well as the order of the filter [66]. The higher integer-order filters (third-order for example)
approximating the (1 + 𝛼) filtering structure are usually more complex and contain more active elements in
comparison with the first or second design methods.

2.3 Fractional-Order Oscillators
Fractional-order oscillators are other circuits from a wide family of fractional-order circuits that are going to
be discussed in more detail. Fractional-order oscillators are characterized by an arbitrary phase shift of the
output signals [?]. The phase shift between two outputs is defined by multiples of 𝛼𝜋/2. There is one possible
way to propose a fractional-order oscillator. The method is very similar to the design of the fractional-order
filters with FOEs used in the circuit structure instead of standard capacitors.

Fractional-order oscillators based on second-order transfer function, where both of the capacitors are re-
placed by FOC emulators, are designed most often [34, 60]. For oscillator design, the fabricated prototype of
the FOC was used in several cases [15, 1]. More often, we encounter the use of FOC emulated by a suitable RC
network [34, 60]. From the point of view of the operating mode, most authors focus on the design of oscillators
operating in voltage mode [34, 60]. However, a fractional-order oscillator operating only in current mode can
also be designed [52]. Fractional-order oscillators with adjustable FO (Frequency of Oscillation), and also
controllable CO (Condition of Oscillation), are presented in [30]. Fractional-order oscillators based on classical
oscillator structures such as the Hartley oscillator [1], Colpits oscillator [29], and Wien-bridge oscillator [43]
can also be found.

3 PROPERTIES OF THE SELECTED ACTIVE ELEMENTS
This chapter introduces a basic description and models of the active elements that are used in the proposals
of the circuits presented later in this work. The circuits presented in this thesis were simulated by behavioural
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or CMOS models of the used active elements in the OrCAD PSpice software. For the measurement of the
circuits presented in this thesis UCC-N1B_0520 [54], DACA [10], and EL2082 [13] chips were mainly used
because the circuits designed in the work contain such active elements that are not commercially available and
in the case of practical measurements, these elements have to be implemented in some way.

3.1 Current Conveyors
The first presented active element is the UCC (Universal Current Conveyor) [54]. With this conveyor not only
all known types of current conveyors can be implemented, but also elements such as MOTA (Multiple Output
Transconductance Amplifier), MO-CF (Multiple Output Current Follower). The UCC is an eight–port active
element [46] with one low-impedance current input X, three high-impedance voltage inputs: Y1+, Y2−, Y3+

and four high–impedance current output terminals with positive or negative polarity of the current transferred
from terminal X: Z1+, Z1−, Z2+, Z2−. The schematic symbol of the UCC is shown in Figure 3.1 (a).

Y1+

Y2− 

Y3+

X

Z1+

Z1−

Z2+

Z2−

iY1+

vY2−

vY1+
iZ1−

vZ1−

vZ1+

UCC

iZ2+

iZ2− vZ2+

vZ2−

vY3+

vX

iZ1+

iY2−

iY3+

iX

(a)

YS

XS

ZS+

ZS−

iYS

vYS vZS+

CCII+/−

iZS−

vZS−vXS

iZS+

iXS

(b)

Fig. 3.1: Current conveyoers: (a) schematic symbol of the UCC (Universal Current Conveyor) [25],
(b) schematic symbol of the CCII+/– (Second Generation of the Current Conveyor with Dual Outputs)
[25].

In case of an experimental measurement, a chip with designation UCC–N1B_0520 was developed by Brno
University of Technology in cooperation with ON Semiconductor design centre [54]. The UCC–N1B_0520
chip was designed in 0.35 𝜇m CMOS technology and contains one UCC and CCII+/– (Second Generation
of the Current Conveyor with Dual Outputs) element. The schematic symbol of the CCII+/– is depicted in
Figure 3.1 (b).

The function of the UCC is described by the following hybrid matrix:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑖Y1+

𝑖Y2−

𝑖Y3+

𝑣X

𝑖Z1+

𝑖Z1−

𝑖Z2+

𝑖Z2−

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 −1 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 −1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣Y1+

𝑣Y2−

𝑣Y3+

𝑖X

𝑣Z1+

𝑣Z1−

𝑣Z2+

𝑣Z2−

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.1)

The relations between inputs and outputs of the CCII+/– can be described by the following hybrid matrix:⎡⎢⎢⎢⎣
𝑖YS

𝑣XS

𝑖ZS+

𝑖ZS−

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
0 0 0 0
1 0 0 0
0 1 0 0
1 −1 0 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

𝑣YS

𝑖XS

𝑣ZS+

𝑣ZS−

⎤⎥⎥⎥⎦ (3.2)
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For PSpice simulations, the simulation models that describe as much as possible real behaviour of the UCC
and CCII+/- were used. These models were designed on the basis of thorough measurement of the features of
several samples of chips and include mathematical functions that describe frequency dependent characteristics
of each part of the models [46]. This statement also applies to other models of active elements presented in
this thesis.

3.2 Operational Transconductance Amplifiers
The OTA (Operational Transconductance Amplifier) represents a current source controlled by input voltage
or difference of voltages [5] with controllable transconductance 𝑔m. The traditional OTA contains a differential
voltage input terminal and one current output terminal. The schematic symbol is shown in Figure 3.2 (a).

The relationship between output and input terminals is described by [11]:

𝑖OUT = 𝑔m(𝑣IN+ − 𝑣IN−). (3.3)

OTA

+

−

gm

vIN+

vIN−

iOUT

vOUT

(a)

MOTA

−

+

gm

iOUT1+

iOUT1−

iOUT2+

iOUT2−

vIN+

vIN−

vOUT1+

vOUT1−

vOUT2+

vOUT2−

(b)

Fig. 3.2: Operational Transconductance Amplifier: (a) schematic symbol of OTA (Operational Transconduc-
tance Amplifier), (b) schematic symbol of MOTA (Multiple Output OTA).

The OTA containing two current outputs with opposite polarities is called BOTA (Ballanced Output
Transconductance Amplifier). The OTA with more than two current outputs is called MOTA (Multiple
Output Transconductance Amplifier). The schematic symbol of the MOTA is depicted in Figure 3.2 (b) [23].

The OTA elements commonly available in the market have only one current output and limited options of
the transconductance control. Therefore, for the verification of properties of the filtering structures containing
MOTA amplifiers in laboratory experiments, the UCC element is frequently used [23]. The external resistor
connected to the X terminal represents the value of the transconductance equal to 𝑔m = 1/𝑅.

3.3 Adjustable Current Amplifiers
Another active element used in the designed circuits is ACA (Adjustable Current Amplifier) [21, 65]. The
schematic symbol of the ACA in the variant with one current input and output is depicted in Fig. 3.3 (a).
In Fig. 3.3 (b), the schematic symbol of the Dual-Output ACA (DO-ACA) element is shown. The schematic
symbol of the Differential ACA (D–ACA) is depicted in Fig. 3.3 (c).
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(c)

Fig. 3.3: Adjustable Current Amplifier: (a) schematic symbol of the ACA (Adjustable Current Amplifier),
(b) schematic symbol of the DO-ACA (Dual–Output ACA), (c) schematic symbol of the D–ACA (Differential
ACA) [22].

The ACA can be theoretically viewed as a pure current-mode active element with adjustable current gain
𝐵 [21]. The function of the DO-ACA is described by the following relations:

𝑖OUT+ = 𝐵𝑖IN, 𝑖OUT− = −𝐵𝑖IN. (3.4)

The function of the D–ACA is described as follows:

𝑖OUTdif = 𝑖OUT+ − 𝑖OUT−, (3.5)
𝑖INdif = 𝑖IN+ − 𝑖IN−, (3.6)

𝑖OUTdif = 2𝐵(𝑖IN+ − 𝑖IN−), (3.7)
𝑖OUT+ = 𝐵(𝑖IN+ − 𝑖IN−), (3.8)
𝑖OUT− = −𝐵(𝑖IN+ − 𝑖IN−). (3.9)

3.4 Digitally Adjustable Current Amplifier
DACA (Digitally Adjustable Current Amplifier) represents another implementation of a current-mode fully-
differential active element with digitally adjustable current gain 𝐵 [39]. The current gain is controlled via
a 3-bit word in the range from 1 to 8 with step 1 in case of non-differential usage of the DACA. In case of
differential usage of the DACA, the value of the current gain is double. The DACA was implemented on a
chip and developed by Brno University of Technology in cooperation with ON Semiconductor design centre in
Brno. The chip is designed in CMOS 0.35 𝜇m technology. The schematic symbol of the DACA is shown in
Fig. 3.4.

The behaviour of the DACA can be also described by the following equations:

𝑖OUTdif = 𝑖OUT+ − 𝑖OUT−, (3.10)
𝑖INdif = 𝑖IN+ − 𝑖IN−, (3.11)

𝑖OUTdif = 2𝐵(𝑖IN+ − 𝑖IN−), (3.12)
𝑖OUT+ = 𝐵(𝑖IN+ − 𝑖IN−), (3.13)
𝑖OUT− = −𝐵(𝑖IN+ − 𝑖IN−). (3.14)

+

− 

B

iIN+

iIN− 

iOUT+

iOUT− 

CTR

DACA

Fig. 3.4: Schematic symbol of the DACA (Digitally Adjustable Current Amplifier) element [69].
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3.5 Current Followers
The CF (Current Follower) represents theoretically a pure current–mode active element. It is a basic block of
many circuits and complex active elements. This active element copies the input current to all its outputs with
unit gain and the original or inverted phase. In this thesis, the Dual-Output CF (DO-CF) and Multi-Output
CF (MO-CF) [21, 68] are used for design of the circuits presented later.

Relations between input and output terminals of the DO-CF can be described by the following equations:

𝑖OUT+ = 𝑖IN, 𝑖OUT− = −𝑖IN. (3.15)

The schematic symbols of the DO-CF and MO-CF are depicted in Figure 3.5 (a), (b). The MO-CF can
be implemented in practice by suitably connected UCC element where the X terminal is used as current input
and inputs Y1, Y2, Y3 are grounded. DO-CF can be implemented by CCII+/– where the XS terminal is
used as input and the YS terminal is grounded. For an experimental measurement, the implementation of the
MO-CF and DO-CF using UCC-N1B_0520 chip was used [54].

 

DO-CF

iIN
iOUT1− 

iOUT1+

(a)

iIN

MO-CF

iOUT2+

iOUT2− 

iOUT1+

iOUT1− 

(b)

Fig. 3.5: Current Follower: (a) schematic symbol of DO-CF (Dual-Output Current Follower) [23], (b) schematic
symbol of MO-CF (Multi-Output Current Follower) [21].

3.6 Current Conveyor Transconductance Amplifier
The CCTA (Current Conveyor Transconductance Amplifier) is an active element which can be used in circuits
working in both the current and mixed mode [40]. This active element provides electronic controllability of
its transconductance 𝑔m. The schematic symbol and internal block concept are shown in Figure 3.6 (a), (b).
It can be seen that CCTA consists of two building blocks: one CCII+/– and one BOTA.

The function of the CCTA is described by the following equations [40]:

𝑖OUT+ = −𝑖OUT− = 𝑔m𝑣Z+, 𝑖Y = 0, 𝑣X = 𝑣Y, 𝑖Z+ = −𝑖Z− = 𝑖X. (3.16)

CCTA

iX

iY

iZ− 

iOUT+

Y

X Z− 

gm

OUT+

OUT− 

iOUT− 

Z+ 

iZ+

(a)

BOTA

+

_
gm

iOUT+ 
YS

XS

ZS+

ZS− 

CCII+/− 

CCTA
iZ+

iX

iY

iZ− 

iOUT− 

(b)

iOUT+ 

CCTA

iX

iY

iZ− iZ+ 

Y1

Y2

Y3

X

Z1+

Z1−

Z2+

Z2−

UCC

R=1/gm

YS

XS

ZS+

ZS− 

CCII+/− iOUT− 

(c)

Fig. 3.6: CCTA (Current Conveyor Transconductance Amplifier) element: (a) schematic symbol, (b) internal
block conception, (c) possible implementation by CCII+/- and UCC active elements.
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In case of simulations, the behavioural models of the UCC and CCII+/– elements, which were presented
before, are used. For practical implementation of the CCTA, the UCC-N1B_0520 chip can be used as can be
seen from internal conception of this element in Figure 3.6 (c).

3.7 Voltage Differencing Current Conveyor
Next type of the active element that should be introduced for the purpose this thesis is VDCC (Voltage
Differencing Current Conveyor). The schematic symbol and the internal block conception are depicted in
Figure 3.7. It can be seen that VDCC consists of one OTA and one CCII+/-.

The relations between VDCC terminals are as follows [5, 28]:

𝑖Z = 𝑔m(𝑣P − 𝑣N), 𝑖P = 𝑖N = 0, 𝑣X = 𝑣Z, 𝑖WP = −𝑖WN = −𝑖X. (3.17)

From the equation (3.17) it is obvious that the VDCC provides electronic control of 𝑔m.

(a) (b)

Fig. 3.7: VDCC (Voltage Differencing Current Conveyor) element: (a) schematic symbol, (b) internal block
conception.

3.8 Operational Transresistance Amplifier
Last presented active element is OTRA (Operational Transresistance Amplifier), which is used in this thesis
in case of the oscillator design [35]. The schematic symbol of the OTRA is shown in Fig. 3.8 (a). In case of
simulations, the OTRA has been implemented by CCII+/-, UCC conveyors and resistance 𝑅m. The possible
real implementation of the OTRA is demonstrated in Fig. 3.8 (b).

(a)

if

Rm iZ+

iZ− 

vf

vZ− 

vZ+

(b)

Fig. 3.8: OTRA (Operational Transresistance Amplifier) element: (a) schematic symbol, (b) internal block
conception.
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The function of the OTRA can be described by [35]:

𝑣W+ = −𝑣W+ = 𝑅m𝑖f , (3.18)

where 𝑅m is used to adjust the transresistance of the OTRA element.

3.9 Chapter summary
The active elements and their simulation models relevant for the purposes of this thesis have been introduced
in this chapter. The UCC and CCII+/– active elements are very useful and universal active elements which
represent the basic building blocks of various active elements used in this thesis. The advantage of the UCC
is its simplicity and possibility to implement active elements working in voltage, current, or mixed mode.
The simulation models of the active elements such as CF, OTA, CCTA, VDCC, and OTRA can be based
on simulation modes of UCC and CCII+/– active elements. In case of experimental measurements of the
designed fractional-order circuits in this thesis, all active element, except DACA, are implemented by one
or more UCC-N1B devices. The UCC device contains both UCC and CCII +/– in its fabricated on-chip
implementation, which leads to a reduction of the number of active elements in the realized circuits. For the
measurement of circuits containing DACA, the DACA integrated circuit can be used in certain cases.

4 NEWLY PROPOSED STRUCTURES BEHAVING
AS FRACTIONAL-ORDER ELEMENTS

The FOE represents the non–integer order passive element with the slope of attenuation of its impedance that
equals 20𝛼 dB/decade and with the phase shift that equals −90𝛼 degrees [55, 51]. The most often designed
FOE is FOC with the impedance given by [6, 51]:

ZC𝛼(s) = 1
s𝛼𝐶𝛼

= 1
(𝑗𝜔)𝛼

𝐶𝛼
, (4.1)

where the fractional-order capacitance 𝐶𝛼, also called as pseudo–capacitance, has its value given by 𝐶𝛼 =
𝐶eq𝜔1−𝛼 F/sec1−𝛼. 𝐶eq is the value of the standard capacitor.

FOC is not a commercially available element nowadays. However, FOC can be emulated by a suitable
RC ladder structure. The approximation of the FOC is dependent on the selected type of the RC structure,
number of the RC sections, type of approximation method, value of 𝛼, value of 𝐶eq, and frequency band of the
approximation validity. Foster I, Foster II, Cauer I, and Cauer II are basic types of RC structures most often
used for FOC emulation [47, 4]. Figure. 4.1 shows the Foster I type of RC structure used for approximation
of the FOC emulators, which are presented in this thesis.

C1 C2

R0

R1 R2

C3 C4 C5

R3 R4 R5

~

 
~

 

Cα

Fig. 4.1: The 5th-order of the Foster I structure approximating the FOC used in this thesis.

The impedance of the Foster I structure from Fig. 4.1 described by [47]:

Z(s) = 𝑅0 +
𝑛∑︁

𝑖=1

1
𝐶i

s + 1
𝐶i𝑅i

. (4.2)

For calculation of the values of the passive components of the RC structure, the general form of impedance
(admittance) of the structure must be used. This general equation of impedance (admittance) of the RC
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structure has been derived from (4.1) with s𝛼 substituted by the chosen approximation function. Oustaloup’s
approximation [38] has been used in this work.

The general form of impedance for the Foster I structure is the following [47]:

Z(s) =
(︃

𝑘 +
𝑛∑︁

𝑖=1

𝑟i

s − 𝑝i

)︃
Zabs, (4.3)

where 𝑖 = 1, . . . 𝑛, parameters 𝑘 and 𝑟i are constants of impedance, Zabs = 1/
√

𝜔b𝜔h𝐶eq is the value of
impedance of the equivalent capacitance in the geometric center of the frequency band of the approximation
validity and 𝑝i are poles of impedance. The angular frequencies 𝜔b and 𝜔h represent the border values of the
selected frequency band.

The values of the passive components of the Foster I structure can be calculated by the following expressions
which are obtained by comparing the particular parts of the above mentioned equations (4.2) and (4.3):

𝑅0 = 𝑘Zabs, 𝐶i = 1
𝑟iZabs

, 𝑅i = − 𝑟i

𝑝i
Zabs. (4.4)

This chapter presents new designs of the FOC emulators. In this thesis, the newly proposed FOC emulators
were used for the case of fractional-order filters and oscillators design described later. This chapter is divided
into two parts where the first section contains passive solutions of the FOC emulator. The second section
presents an electronically adjustable FOC emulator which is designed with help of electronically adjustable
active elements instead of passive parts in the basic RC structure. All of the circuits presented in this chapter
are emulated by 5th-order RC ladder structure called Foster I with Oustaloup’s approximation which is depicted
in Fig. 4.1. The values of the passive parts of all designed FOC emulators were calculated with the MATLAB
code.

4.1 Fractional-Order Capacitor Emulated By Passive RC Ladder
Structure

In this section, the proposal of the passive FOC emulator is described. The described FOC emulator has been
designed to be used in the specific circuit proposals (filters and oscillators) which are described in the following
chapters. This solution has been presented in my paper [57] which contains detailed desription of FOC design
and obtained results. The functionality of FOC emulator was verified by simulations and also by experimental
measurement for values of 𝛼 = 0.2, 0.3, 0.5, 0.7, and 0.8 where the central frequency was selected as 10 kHz
and approximation validity in two decades around central frequency. Figures 4.2 (a), (b) demonstrate the
module and phase responses obtained from laboratory measurement of the proposed FOC.
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Fig. 4.2: Measurement versus theoretical results of the first solution of the FOC emulator for five values of 𝛼

at central frequency 10 kHz: (a) module responses, (b) phase responses.
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From module responses, can be seen that the results are in good agreement with theory only in the frequency
band from 1 kHz to 100 kHz. The values of the phase shift for particular values of 𝛼, in frequency band from
1 kHz to 100 kHz, are: −18∘ ± 1∘, −27∘ ± 1∘, −45∘ ± 2∘, −63∘ ± 2∘, and −72∘ ± 2∘.

4.2 Electronically Adjustable Emulator of Fractional-Order Capac-
itor

In case of passive solution of the FOC emulator, when changing order, all passive components have take
replaced. It means that for each value of 𝛼, we need standalone passive emulator. In case of tunable FOC
emulator, we can use only one structure which provides electronic control of 𝛼 or other parameters of the
emulator. The electronically adjustable FOC is also based on 5th-order RC ladder as is shown in Fig. 4.3 (a).
The properties of the adjustable FOC emulator were verified by simulations for five selected values of the 𝛼

from 0.25 to 0.75 at central frequency 10 kHz.
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Fig. 4.3: The 5th-order structures approximating the FOC emulator: electronically adjustable topology with
six BOTA and five VDCC elements representing electronically controllable version of the FOC emulator.

In the passive RC structure from 4.1, the floating resistors were replaced by BOTA elements connected as
is shown in Fig. 4.3, where the new value of the resistor is described as: 𝑅NEW = 1/𝑔m_R, where new value
of the resistor is given by electronically controllable transconductance 𝑔m_R. The capacitors in the passive
RC structure from 4.1 were emulated by capacitance multipliers. This multipliers were designed by VDCC
elements. The value of the new capacitor is: 𝐶NEW = 𝐶𝑔m_C𝑅, where 𝐶 is the value of the original capacitor,
𝑅 is an auxiliary resistor and 𝑔m_C is electronically adjustable transconductance used for tuning the value of
synthetic capacitor.
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Fig. 4.4: The module responses of the proposed controllable FOC emulator: (a) control of 𝛼 at central frequency
10 kHz, (b) tuning of the frequency band of approximation validity.
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Figure 4.4 (a) shows the module responses of the adjustable FOC for five selected values of 𝛼. The
module responses of the shifting of frequency band of the approximation validity of FOC emulator is depicted
in Fig. 4.4 (b). In the graphs are compared the non-ideal simulation results (solid lines) with ideal results
(dashed lines). Detailed description of the design and obtained results of the tunable FOC emulator are
described in [59].

4.3 Chapter Summary
The passive and one electronically controllable FOC emulator has been introduced in this chapter. The
difference between presented solutions is that passive FOC emulator has fixed value of parameter 𝛼 in fixed
frequency band of approximation validity. The controllable FOC emulator provides the electronic control of
the order and also frequency band of the approximation validity. However, the high complexity of the circuit
can be disadvantageous. The features of the all designed FOC emulators were verified by simulations and also,
in one case, by measurement. The obtained results show workability of the designed FOC emulators providing
high accuracy in a defined frequency band of the approximation validity. Based on these results, it is obvious
that the designed FOC emulators are suitable for the design of the fractional-order filtering structures or
oscillators listed later in this thesis.

5 NEWLY PROPOSED FRACTIONAL-ORDER CURRENT-MODE
FILTERING STRUCTURES

This chapter introduces fractional-order filtering structures working in the current mode which were already
published in my papers [57], [59], [63], and [62]. The functionality of the all designed circuits will be verified
by PSpice simulations with proper models of used active elements described already in chapter 3. Features
of selected filters were also measured experimentally and obtained results are compared with simulations and
theory.

The fractional-order filtering structures presented in this chapter were designed by two different design
methods. The first design method is based on direct approximation of the term s𝛼 in the general fractional-
order transfer function, where a higher integer-order transfer function is created for the approximation of a
fractional-order circuit. Note that this method is especially suitable for the filter design. The second way to
design the fractional-order circuit is based on direct use of FOC in the circuit structure instead of a standard
capacitor. This method is suitable for the design of fractional-order filters, oscillators, PID controllers, etc.
In case of design of the filtering structures which are mainly presented in this thesis, both of design methods
are dependent on the use of general fractional-order transfer functions. The following general FLPF transfer
functions are the most commonly used [66, 18, 33]:

𝑇𝐹 A
1+𝛼(s) = 1

s1+𝛼𝑘A1 + s𝛼𝑘A2 + 𝑘A3
, (5.1)

𝑇𝐹 B
1+𝛼(s) = 1

s1+𝛼𝑘B1 + s𝑘B2 + 𝑘B3
, (5.2)

where coefficients 𝑘Ax and 𝑘Bx (𝑥 = 1, 2, 3) are used to influence the shape of the transfer characteristic based
on the selected approximation of the filter (Butterworth, Chebyshev for example). The values of the coefficients
𝑘𝑥 were described in [33, 16]

The fractional-order Laplace operator in the above mentioned functions can be approximated by FOC used
in the circuit structure or by an integer-order function of s𝛼 that is obtained by the CFE method described
in [17]. The following second-order function of the s𝛼 provides the trade-off between circuit complexity and
magnitude and phase accuracy. Therefore this function is most often used to design fractional-order filters
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[17]:

s𝛼 ∼=
s2𝑎0 + s𝑎1 + 𝑎2

s2𝑎2 + s𝑎1 + 𝑎0
, (5.3)

where the coefficients 𝑎0, 𝑎1, and 𝑎2 were found by the CFE approximation. The following terms of the
coefficients are the most often used[17]:

𝑎0 = 𝛼2 + 3𝛼 + 2, 𝑎1 = 8 − 2𝛼2, 𝑎2 = 𝛼2 − 3𝛼 + 2 (5.4)

By substituting the approximation of s𝛼 into (5.1), the general 3rd-order transfer function is created:

𝑇𝐹1+𝛼(s) =

s3𝑏3

𝑘3
f

+ s2𝑏2

𝑘2
f

+ s𝑏1

𝑘f
+ 𝑏0

s3𝑐3

𝑘3
f

+ s2𝑐2

𝑘2
f

+ s𝑐1

𝑘f
+ 1

, (5.5)

where the parameter 𝑘f = 2𝜋𝑓0 is used to frequency shift to the required value of the pole frequency 𝑓0. Note
that in case of this function without the parameter 𝑘f the pole frequency of the filter is equal to 1 rad/sec.
Therefore, each coefficient of the transfer function is divided by the parameter 𝑘f raised to the respective power
of s [66].

In case of FLPF configuration, the particular coefficients of the numerator from (5.5) are given by:

𝑏0 = 1
𝑘B3

, 𝑏1 = 𝑎1

𝑘B3𝑎0
, 𝑏2 = 𝑎2

𝑘B3𝑎0
, 𝑏3 = 0, (5.6)

the coefficients of the denominator are as follows:

𝑐1 = 𝑘B1𝑎2 + 𝑘B2𝑎2 + 𝑘B3𝑎1

𝑘B3𝑎0
, 𝑐2 = (𝑘B1 + 𝑘B2)𝑎1 + 𝑘B3𝑎2

𝑘B3𝑎0
, 𝑐3 = 𝑘B1𝑎0 + 𝑘B2𝑎2

𝑘B3𝑎0
. (5.7)

The FHPF can be easily designed using transformation of term s → 1/s in the transfer function of FLPF (5.5)
[56]. The general transfer function approximating the FHPF is then given by the equation:

𝑇𝐹1+𝛼(s) =

s3𝑏0

𝑘3
f

+ s2𝑏1

𝑘2
f

+ s𝑏2

𝑘f
+ 𝑏3

s3

𝑘3
f

+ s2𝑐1

𝑘2
f

+ s𝑐2

𝑘f
+ 𝑐3

, (5.8)

where coefficients 𝑏𝑖 (𝑖 = 0 . . . 3) and 𝑐𝑗 (𝑗 = 1, 2, 3) are the same as in case of FLPF.

5.1 Filters Designs Based on Fractional-Order Capacitors
In this section, two different fractional-order frequency filters designed using the FOC emulators in the integer-
order structure instead of standard capacitors are presented. The designed filtering structures are working
in the current mode and the theoretical presumptions are verified by PSpice simulations. One particular
solution was selected for experimental measurement. For the filtering structures design, the FOC emulators
from chapter 4 has been used.

5.1.1 Reconfigurable Fractional-Order Filter with Two OTAs and Four ACAs

The presented fractional-order multifunctional filter was designed by two OTAs and four ACAs as active
elements (described in chapter 3). This fractional-order filter was published in my paper in [57]. The features
of this filter were verified by PSpice simulations and also by experimental measurement. As i shown in Fig 5.1
(a), the fractional-order filter is proposed with one FOC emulator and one standard capacitor. For filter design,
the FOC emulator, which was described in section 4.1, has been used.
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Fig. 5.1: (a) The designed fractional-order multifunctional filtering structure with two BOTAs, three ACAs,
one DO-ACA with one pseudocapacitor. (b) Measurement results vs. non-ideal simulations of proposed FLPF
for five selected values of 𝑓0 when the order is 1.5 and quality factor was 0.7: magnitude responses.

The transfer function of the proposed multifunction fractional-order filter is:

TF1+𝛼(s) =
s1+𝛼𝐵2 + s𝛼𝐵3

𝐵Q𝑔m2

𝐶2
+ 𝐵1

𝑔m1𝑔m2

𝐶𝛼𝐶2

s1+𝛼 + s𝛼
𝐵Q𝑔m2

𝐶2
+ 𝐵1

𝑔m1𝑔m2

𝐶𝛼𝐶2

, (5.9)

where 𝛼 is the order of the FOC, 𝑔m1, 𝑔m2, 𝑔m3, 𝐵1, 𝐵2, 𝐵3 and 𝐵Q are internal transconductances or current
gains of active elements as is clear from Fig. 5.1 (a). The fractional-order filter can provide FLPF, FHPF,
FBPF, and FSBF responses from one output by switching the current gains 𝐵1, 𝐵2 and 𝐵3 of the ACA
elements. The responses of all filtering functions of the circuit of order 1.5 are shown in Fig. 5.1 (b). The non-
ideal simulations are supported by measured results. The proposed filter also provides the electronic control
of the values of the pole frequency and quality factor without disturbing each other. The equation describing
the pole frequency can be derived as:

𝑓0 = 1
2𝜋

(︂
𝑔m1𝑔m2

𝐶𝛼𝐶2𝑘3

)︂ 1
1+𝛼

. (5.10)

It is obvious that the pole frequency of the filter can be tuned by changing the values of the transconductances.
Based on the use of Butterworth approximation with arbitrary quality factor presented in [33], the value of
quality factor can be controlled by changing of the value of the current gain 𝐵Q of DO-ACA.

Detailed measured results together with non-ideal analysis of the filter in case of changing of the FLPF
order, tuning the pole frequency and changing the value of quality factor of the FBPF can be found in my
paper [57].

5.1.2 Fractional-Order Filter with DO-CF and CCTA

The fractional-order frequency filter presented in this section consists of one DO-CF and CCTA forming active
part of this filter described in chapter 3. The electronically adjustable FOC emulator which was introduced in
section 4.2 has been used to approximate the pseudocapacitor 𝐶𝛼 in this structure. The presented filter offers
electronic control of its order and pole frequency without affecting each other. However, only the electronic
control of the order is presented in this thesis. Figure 5.2 (a) shows the scheme of the filter topology. The
example of the FHPF simulation results for three values of the order is shown in Fig. 5.2 (b).

The transfer functions of the fractional-order filter is as follows:

TFFHPF
1+𝛼 (s) = s1+𝛼

s1+𝛼 + s𝛼
1

𝐶𝛼𝑅X
+ 𝑔m

𝐶𝛼𝐶2𝑅X

. (5.11)
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Fig. 5.2: (a) Topology of the designed fractional-order filter containing one CCTA, DO-CF and electronically
controllable FOC. (b) Non-ideal vs. ideal simulation results of proposed FHPF for three selected values of
order when 𝑓0 was 10 kHz: magnitude responses.

The tuning of the pole frequency of the filter can be performed by changing the values of the 𝑅X and transcon-
ductance 𝑔m as can be seen from the following equation:

𝑓0 = 1
2𝜋

(︂
𝑘1𝑔m

𝐶𝛼𝐶2𝑘3𝑅X

)︂ 1
1+𝛼

. (5.12)

Paper [59] contains the detailed description of the non-ideal simulations of FLPF and FHPF for three selected
values of the order. The pole frequency control and analysis focused on sensitivity of the circuit parameters
can be also found in [59].

5.2 Designs of Filters Based on Approximation of Fractional-Order
Transfer Function

This section introduces the design of the fractional-order frequency filters with the use of approximation of the
fractional-order transfer function by higher integer-order transfer function as was described in introduction of
this chapter 5. It means that no FOC emulator is required for the design of these filtering structures. The
2nd-order CFE approximation has been used as an approximation method which provides a minimum module
and phase error ranging from one to two decades around the central frequency. It must also be mentioned
that the frequency band of the used approximation varies with the value of 𝛼 parameter [51].

5.2.1 General Conception of Fractional-Order Filter with OTAs and ACAs

The general conception of the fractional-order filter discussed in this section is depicted in Fig. 5.3. The filter
is designed based on 3rd-order FLF topology and consists of three OTAs, four ACAs, auxiliary DO-CF and
three grounded standard capacitors. From this general circuit structure, the FLPF and FHPF can be obtained
by the selection of the polynomials in numerator of the transfer function. The Butterworth-like approximation
[33] is used for design of all filtering structures in this section.

The general transfer function of the filtering structure is given by:

𝑇𝐹 (s) =
s3𝐵1 + s2 𝑔m1𝐵2

𝐶1
+ s 𝑔m1𝑔m2𝐵3

𝐶1𝐶2
+ 𝑔m1𝑔m2𝑔m3𝐵4

𝐶1𝐶2𝐶3

s3 + s2 𝑔m1

𝐶1
+ s 𝑔m1𝑔m2

𝐶1𝐶2
+ 𝑔m1𝑔m2𝑔m3

𝐶1𝐶2𝐶3

, (5.13)

where parameters 𝐵x are electronically controllable current gains and 𝑔mx are electronically controllable
transconductances. Thanks to these tunable parameters used, it is possible to electronically control the filter
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Fig. 5.3: Proposed 3rd-order general conception of the filtering structure approximating the fractional-order
filter based on the FLF topology.

order, pole frequency or value of the quality factor for a specific solution. The type of filtering function can
be changed by current gains 𝐵1 and 𝐵4 of ACA1 and ACA4 in the filter. If 𝐵1 = 0, the FLPF is obtained. In
case of FHPF, the parameter 𝐵4 = 0.

5.2.2 Electronically Controllable FLPF with Three OTAs and ACAs

In this section, the design of the FLPF with Butterworth-like approximation is introduced. The filter is based
on topology from Fig 5.3, where current gain 𝐵1 = 0. The proposed FLPF provides the electronic control of its
order, pole frequency and also value of quality factor without disturbing each other. Note that only electronic
control of the order is presented in this thesis. The other simulation results are detailed described in my paper
[63]. The 3rd-order filtering structure approximating FLPF can be seen in Fig. 5.4 (a). As an example, the
electronic control of the order of FLPF when 𝑓0 = 100 kHz and 𝑄 = 0.7 is demonstrated in Fig. 5.4 (b).
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Fig. 5.4: (a) Proposed 3rd-order filtering structure approximating the FLPF based on FLF topology. (b)
Non-ideal (solid lines) versus ideal (dashed lines) simulation results of the FLPF for three values of the order
when 𝑓0 = 100 kHz and 𝑄 = 0.7: magnitude responses.

The transfer function of the 3rd-order filtering structure is as follows:

TF3rd(s) =
s2 𝑔m1𝐵1

𝐶1
+ s 𝑔m1𝑔m2𝐵2

𝐶1𝐶2
+ 𝑔m1𝑔m2𝑔m3𝐵3

𝐶1𝐶2𝐶3

s3 + s2 𝑔m1

𝐶1
+ s 𝑔m1𝑔m2

𝐶1𝐶2
+ 𝑔m1𝑔m2𝑔m3

𝐶1𝐶2𝐶3

. (5.14)

5.2.3 Designed FHPF with Three OTAs, Two ACAs and One DO-CF

The 3rd-order structure approximating the FHPF, that is presented in this section, is also based on general
filter from Section 5.2.1. The FHPF function has been designed based on procedure presented in Section 5.
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It consists of three OTAs, two ACAs, one auxiliary DO-CF and three standard capacitors. To obtain the
FHPF transfer function, the ACA4 current gain equals to 0. The ACA1 is replaced by direct connection of the
DO-CF output to output of the filter because this connection has, in this case, unit transition and does not
require any additional gain for correct function of the filter. The filter possesses ability to electronically control
of the pole frequency and its order. In Fig 5.5 (a), the designed filtering structure is shown. The electronic
control of the order is depicted in Fig. 5.5 (b). Detailed description of the circuit design and simulation results
of the FHPF order control and tuning of the pole frequency can be found in full version of my doctoral thesis.
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Fig. 5.5: (a) Proposed 3rd-order filtering structure approximating the FHPF based on general 3rd order FLF
topology from Fig. 5.3. (b) Simulation results of proposed FHPF for five selected values of order when 𝑓0 =
100 kHz: magnitude responses.

The transfer function of the proposed 3rd-order structure used for approximate the fractional-order high-
pass filter is following:

TF3rd(s) =
s3 + s2 𝑔m1𝐵1

𝐶1
+ s 𝑔m1𝑔m2𝐵2

𝐶1𝐶2

s3 + s2 𝑔m1

𝐶1
+ s 𝑔m1𝑔m2

𝐶1𝐶2
+ 𝑔m1𝑔m2𝑔m3

𝐶1𝐶2𝐶3

. (5.15)

5.2.4 General Concept of Fractional-Order Filter with CFs and ACAs

In this subsection, the basic concept of the fractional order frequency filter is described. The filter is based on
3rd-order FLF topology where the CFs and ACAs are used as active elements. The proposed filtering structure
is shown in Fig. 5.6. This concept differs from the above mentioned solution (5.2.1) in the number of the active
elements used and in the types of the adjustable parameters, where in this solution, the current amplifiers were
used to set the required values of the transmission of individual paths. However, in the previous concept from
section 5.2.1, in addition to current gains, the tunable transconductances of the OTA elements were also used.
The presented general conception can be used to design of the FLPF and FHPF with electronically adjustable
parameters.

The transfer function of the 3rd-order filtering structure designed by CFs and ACAs is following:

TF(s) =
s3𝑛01 + s2 𝑛13

𝐶1𝑅1
+ s 𝑛11𝑛23

𝐶1𝐶2𝑅1𝑅2
+ 𝑛11𝑛21𝑛32

𝐶1𝐶2𝐶3𝑅1𝑅2𝑅3

s3 + s2 𝑛12

𝐶1𝑅1
+ s 𝑛11𝑛22

𝐶1𝐶2𝑅1𝑅2
+ 𝑛11𝑛21𝑛31

𝐶1𝐶2𝐶3𝑅1𝑅2𝑅3

. (5.16)

where the parameters 𝑛xx represent the current gains of the particular branches and loops of the filter. From
the transfer function of the filter (5.16), it is obvious that eight current gains are necessary to be used. In order
to decreasing the number of the ACAs, some parameters 𝑛xx were combined with same value. If the parameter
𝑛01 = 0, the FLPF can be obtained. The FHPF can be easily designed when the current gain 𝑛32 = 0.
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Fig. 5.6: Designed 3rd-order general conception of the FLF topology approximating the fractional-order filter.

5.2.5 Electronically Adjustable FLPF with Three CFs and Five ACAs

Proposal of the low-pass filter of (1+𝛼)-order with Butterworth-like approximation is presented in this subsec-
tion. The circuit has been designed based on general structure from Fig. 5.6, where the current gain 𝑛01 = 0.
The FLPF provides the possibility to control its order and pole frequency by change of the current gains 𝑛xx

of the ACAs. Three different values of the order and pole frequency of the proposed low-pass filter were tested.
The scheme of the proposed filter is shown in Fig. 5.7 (a). The FLPF presented in this subsection has already
been published in my paper [62].
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Fig. 5.7: (a) Scheme of the 3rd-order circuit structure approximating the (1 + 𝛼)-order low-pass filter designed
using the general conception from Fig. 5.6. (b) Measurement vs simulation results of the electronic control of
the pole frequency of the FLPF when the order was 1.5: magnitude responses.

The proposed FLPF has the following transfer function:

TF3rd(s) =
s2 𝑛13

𝐶1𝑅1
+ s 𝑛11𝑛23

𝐶1𝐶2𝑅1𝑅2
+ 𝑛11𝑛21𝑛32

𝐶1𝐶2𝐶3𝑅1𝑅2𝑅3

s3 + s2 𝑛12

𝐶1𝑅1
+ s 𝑛11𝑛22

𝐶1𝐶2𝑅1𝑅2
+ 𝑛11𝑛21𝑛31

𝐶1𝐶2𝐶3𝑅1𝑅2𝑅3

, (5.17)

As an example, the Fig. 5.7 (b) shows measurement and simulation results in case of the pole frequency control
of the filter when the order was 1.5. The obtained results, in case of order and frequency control, and also the
results of the sensitivity analysis of the circuit parameters are detailed described in my paper [62].

5.2.6 Electronically Adjustable FHPF with Four CFs and Six ACAs

Based on procedure presented in Chapter 5 and with use the general structure from Fig. 5.6, the FHPF with
Butterworth-like approximation has been proposed. The circuit contains two MO–CFs, two DO–CFs and six
ACAs. The designed filter provides electronic control of its order, pole frequency and also quality factor by
changing the values of the current gains of the particular ACAs. The 3rd-order filtering topology is depicted
in Fig. 5.8 (a).
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Fig. 5.8: (a) The 3rd-order circuit structure approximating the (1 + 𝛼)-order high-pass filter. (b) The non-
ideal vs ideal simulation results of the designed FHPF in case of electronic control of value of the quality factor
of the FHPF when the order was 1.7 and 𝑓0 = 100 kHz: magnitude response

The transfer function of the FHPF presented in Fig. 5.8 is given by:

TF3rd(s) =
s3𝑛01 + s2 𝑛13

𝐶1𝑅1
+ s 𝑛11𝑛23

𝐶1𝐶2𝑅1𝑅2

s3 + s2 𝑛12

𝐶1𝑅1
+ s 𝑛11𝑛22

𝐶1𝐶2𝑅1𝑅2
+ 𝑛11𝑛21𝑛31

𝐶1𝐶2𝐶3𝑅1𝑅2𝑅3

. (5.18)

My full version of the thesis contains detailed description of all obtained results together with particular values
of the filter parameters. The full version of the thesis also includes the parasitic analysis of the proposed circuit.
In this thesis, the control of the value of quality factor when order of the filter was 1.7 and 𝑓0 = 100 kHz is
presented in Fig. 5.8 (b).

5.3 Chapter Conclusion
The features of the designed structures were supported by simulations and also, in several cases, by measure-
ments. These results confirm functionality of the designd filtering structures. If we compare the results of
the individual solutions from section 4 with filter from section 5.2, the filtering structures designed using
FOC provide fixed and wider frequency band of the approximation validity (four decades around pole/central
frequency) for different values of the filter order, more filtering functions obtained from one circuit and in
most cases more accurate results. The disadvantage of these structures is that the filter order is mostly fixed
based on the particular FOC emulator. The filtering structures designed by approximation of the fractional-
order transfer function provide only FLPF or FHPF with electronically adjustable parameters such as: pole
frequency, value of quality factor and fractional order. The scope of the approximation validity is from two
to four decades around the pole frequency and varies with the order value. In terms of implementation, the
filtering structures designed by FOC use fewer active elements than filtering structures designed using the
second method, which can be advantageous.

6 DESIGN OF FRACTIONAL-ORDER OSCILLATORS
This chapter contains two different designs of the fractional-order oscillators. For the design of fractional-order
oscillators, FOC emulators were used in order to approximate the pseudocapacitors. The impedance of the
FOC is given by equation (4.1), where

𝑗𝛼𝜔𝛼
0 = 𝜔𝛼

0 cos(𝛼𝜋

2 ) + j𝜔𝛼
0 sin(𝛼𝜋

2 ). (6.1)
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For the design of a fractional-order oscillator, the real and imaginary parts of the oscillator CE (Characteristic
Equation) are important. From the real and imaginary parts the equations for calculation of parameters of the
oscillator to oscillate at frequency 𝜔0 are obtained. For the oscillator design and parameters calculation, the
FOC with the value of impedance at specific frequency is used. Based on this statement, the CO (Condition
of Oscillation) is fulfilled [34]. As an example, here is a general design of an oscillator based on a second order
circuit. The basic 2nd-order characteristic equation is:

1
Z1Z2

− 1
Z1

+ 1 = 0. (6.2)

If the standard impedances are replaced by the fractional-order impedances, the CE changes to:

s𝛼+𝛽𝐶𝛼𝐶𝛽 − s𝛼𝐶𝛼 + 1 = 0, (6.3)

where the substitution of s = 𝑗𝜔0 changes the characteristic equation as follows:

𝑗𝛼+𝛽𝜔0
𝛼+𝛽𝐶𝛼𝐶𝛽 − 𝑗𝛼𝜔0

𝛼𝐶𝛼 + 1 = 0, (6.4)

where the 𝑗𝛼 and 𝑗𝛽 are substituted by equation (6.1). The characteristic equation of the oscillator is:

𝜔0
𝛼+𝛽𝐶𝛼𝐶𝛽

{︁
cos
[︁𝜋

2 (𝛼 + 𝛽)
]︁

− j sin
[︁𝜋

2 (𝛼 + 𝛽)
]︁}︁

− 𝜔0
𝛼𝐶𝛼

[︁
cos
(︁𝜋

2 𝛼
)︁

+ j sin
(︁𝜋

2 𝛼
)︁]︁

+ 1 = 0. (6.5)

From this equation, the real and imaginary parts are derived as follows:

ℜ : 𝜔0
𝛼+𝛽𝐶𝛼𝐶𝛽cos

[︁𝜋

2 (𝛼 + 𝛽)
]︁

− 𝜔0
𝛼C𝛼cos

(︁𝜋

2 𝛼
)︁

+ 1 = 0, (6.6)

ℑ : 𝜔0
𝛼+𝛽𝐶𝛼𝐶𝛽sin

[︁𝜋

2 (𝛼 + 𝛽)
]︁

− 𝜔0
𝛼C𝛼sin

(︁𝜋

2 𝛼
)︁

= 0. (6.7)

From (6.6) and (6.7), the equation of FO (Frequency of Oscillation) is derived:

𝑓0 = 1
2𝜋

⎡⎣ sin
(︁𝜋

2 𝛼
)︁

𝐶𝛽sin
[︁𝜋

2 (𝛼 + 𝛽)
]︁
⎤⎦1/𝛽

, 𝑓0 = 1
2𝜋

⎡⎣ sin
(︁𝜋

2 𝛼
)︁

𝐶𝛼𝐶𝛽sin
(︁𝜋

2 𝛽
)︁
⎤⎦1/(𝛼+𝛽)

. (6.8)

To satisfied the CO and control the FO of the designed circuit, the both relations in (6.8) must be equal to
value of frequency 𝑓0.

6.1 Fractional-Order Oscillator with One FOC, Two BOTAs and
ACAs

In this section, the design of a fractional-order multiphase oscillator with control of FO (Frequency of Oscil-
lation) by two independent parameters is presented. This solution was submitted to conference as [58]. The
circuit contains two BOTAs, ACAs, one FOC, one standard capacitor and auxiliary passive elements. The
oscillator provides two voltage outputs and their inverted variants for three values of 𝛼. The inverted voltage
signals are obtained from auxiliary outputs of OTA elements. For the oscillator design, the FOC emulator pre-
sented in section 4.1 has been used. The workability of the circuit was verified by non-ideal simulations. The
scheme of the oscillator is shown in Fig. 6.1 (a). The characteristic equation of the oscillator from Fig. 6.1 (a)
is:

𝑗𝛼+1𝜔0
𝛼+1𝐶𝛼𝐶2 − 𝑗𝛼𝜔0

𝛼𝐶𝛼𝑔m2𝐵2 + 𝑔m1𝑔m2𝐵1𝐵2 = 0. (6.9)

The relationship between the voltages 𝑣1 and 𝑣2 of the proposed circuit is described as:

𝑣1 = 𝑣2𝑔m2𝐵2

𝜔0𝛼𝐶𝛼
𝑒

−𝑗
𝜋

2 𝛼
, (6.10)
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Fig. 6.1: (a) Scheme of the proposed multiphase oscillator implemented with the BOTAs and DO–ACAs.
(b) Waveforms of the voltage outputs 𝑣1, 𝑣2 and their inverted variants (dashed lines) for three values of 𝛼

when the FO (Frequency of Oscilation) was 10 kHz and 𝛼 = 0.5

where the phase shift between 𝑣1 and 𝑣2 is −𝛼𝜋/2 degrees.
In Fig. 6.1 (b) are presented non-ideal results of the fractional-order oscillator when 𝛼 = 0.5 and FO was

10 kHz. The value of FO can be tuned by changing the values of the transconductances and also by changing
the values of the current gains. It can be advantage in order to extend the band of the FO tunability. In
full version of my thesis and partly in the paper [58], the stability analysis and FO tunability of the circuit is
described in depth.

6.2 Fractional-Order Oscillator with Two FOC, One OTA, CCTA
and OTRA

The second proposed oscillator utilizes the following active elements: CCTA, OTA and auxiliary OTRA. The
proposed structure provides three voltage outputs and their inverted variants for three selected values of 𝛼

of FOC emulator. The FO is tuned by changing the values of the transconductances of the OTA and CCTA
without disturbing the CO. The features of the presented circuit were verified by the PSpice simulations with
behavioural models of the active elements. The circuit presented in this section have been already published
in my conference paper [60]. The scheme of the fractional-order oscillator is depicted in Fig. 6.2 (a). In this
solution, the both standard capacitors were replaced by FOC emulator because it brings interesting possibilities
to tune the phase shift between produced signals. The used FOC emulator was presented in subsection 4.1.

The characteristic equation of the proposed fractional-order oscillator is given by:

s𝛼+𝛽𝐶𝛼𝐶𝛽 − s𝛼𝐶𝛼𝑔m1 + 𝑔m2

𝑅G
= 0, (6.11)

The equations describing relationship between the voltages 𝑣1, 𝑣2, and 𝑣3 of the circuit from Fig. 6.2 are
the following:

𝑣1 = 𝑣2𝑔m2

𝜔0𝛼𝐶𝛼
𝑒

−𝑗
𝜋

2 𝛼
, 𝑣3 = 𝑣2𝑅m𝜔0

𝛽𝐶𝛽𝑒
𝑗
𝜋

2 𝛽
, (6.12)

where the phase shift between 𝑣1 and 𝑣2 is −𝛼𝜋/2, phase shift between 𝑣3 and 𝑣2 is 𝛽𝜋/2 and between 𝑣1 and
𝑣3 is (𝛼 + 𝛽)𝜋/2.

In this thesis, the example of the waveforms of the oscillator for 𝛼 = 𝛽 = 0.5 and FO was 10 kHz is shown
in Fig. 6.2 (b). The proposed oscillator was also analysed in terms of impact of parasitic properties of the used
active elements. However, these analysis together with simulation of the FO control are detailed described in
[60].
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Fig. 6.2: (a) Scheme of the proposed multiphase oscillator with six voltage outputs implemented with the
CCTA, OTA and OTRA active elements. (b) Waveforms of the voltage outputs 𝑣1, 𝑣2, 𝑣3 and their inverted
variants (dashed lines) for three values of 𝛼 = 𝛽 when the FO was 10 kHz: (a) 𝛼 = 𝛽 = 0.5.

6.3 Chapter Conclusion
In addition to the fractional-order filtering structures presented in the previous chapter, the fractional-order
oscillators have also been studied and added to this thesis because these special oscillators are capable of
providing fractional-order phase shift between output signals, in general. Next advantage of the presented
fractional-order oscillators is possibility to control the FO by an adjustable parameter of the used active
elements. As already mentioned, the circuits differ in the number of FOCs used in their structure. Thus, only
one FOC is sufficient to design a fractional-order oscillator, but at the expense of reducing the feasible phase
shift values between the individual output signals. However, a circuit containing two FOCs in its structure
can provide finer values of the phase shift between available signals based on an appropriate selection of 𝛼 and
𝛽, and thereby expand the use of this circuit, in various modulators for example.

7 CONCLUSION
Fractional-order calculus is a very old yet up-to-date research topic as is obvious from the numerous cited
references and this thesis. The goal of the work was to design and analyse novel fractional-order analogue
circuits. This thesis is divided into four main parts. It is the basic description of the active elements used,
the proposal of new structures behaving as the fractional-order passive element, design of the current-mode
fractional-order filtering structures and fractional-order oscillators. An overview of the basic properties of
the fractional-order filtering structures and oscillators was provided in Chapter 2. Chapter 3 contains basic
description of the active elements that was used for design of the circuit presented in following chapters.

A key component of fractional-order circuits is the Fractional-Order Capacitor (FOC). This element was
implemented by a 5th-order RC structure called Foster I with Oustaloup’s approximation as was described in
Chapter 4. This solution was selected because it provides minimal approximation error in both module and
phase in the limited frequency band and can be easily used in circuit structures.

In this thesis, the two design methods of the fractional-order circuits were used. Basic description of this
design method was provided in the introduction of Chapter 5. The first method uses an FOC emulator in
a second-order circuit structure. The examples of results of the designed fractional-order filtering structures
designed by this method were presented in Section 5.1. This method was also used to design of the fractional-
order oscillators presented in Chapter 6. The second method is based on an approximation of the term s𝛼 in
the general fractional-order transfer function (1+𝛼) by a special third-order transfer function. The examples of
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the solutions designed based on this method were presented in Section 5.2. The results of the simulations and
measurements of all fractional-order circuits confirm the correct design of the presented circuit solutions and
their real usability. Of course, there are also some differences from the theory. The parasitic properties very
often affect the operation of the circuit at low or high frequencies. It must be noted that detailed description
of the results and individual analysis, such as sensitivity, stability and parasitic analysis, cannot be included
to this short version of thesis because of its 30-page limit. For this reason, only the examples of the results of
individual solutions were presented.

The circuits designed and presented in this work represent basic research in the field of fractional-order
systems. From the perspective of future research, this knowledge will be used for the synthesis or design of
other fractional-order systems that has already found a particular numerous applications in signal process-
ing. Intensive research is currently underway in the design of fractional-order circuits, as evidenced by the
publications in the bibliography published in prestigious journals with impact factors.

Finally, I would like to note that I am currently involved in a project of GACR (Czech Science Foundation)
focusing on the synthesis of reliable electrical phantoms describing fractional impedance behaviour of real-
world systems. I also participate in the international project COST (European Cooperation in Science and
Technology) and the national-level project Inter-COST, which focuses on different aspects of fractional-order
systems. With the support of the COST project, I successfully completed the STSM (Short Term Scientific
Mission) at the University of Patras, Greece. During my internship, I started to cooperate with prof. Costas
Psychalinos and his research team, whose research is very intensively devoted to fractional-order systems.
Several research papers were prepared in cooperation with his research group.
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ABSTRACT
The doctoral thesis focuses on the synthesis and analysis of novel non-integer-order (fractional-order) circuit
structures with electronically adjustable parameters. The main goal of the thesis is the design of new solutions
of fractional-order current-mode filtering structures, fractional-order passive elements and also oscillators. The
thesis contains the designs of three emulators of fractional-order elements, three filtering structures and two
oscillators based on the usage of a fractional-order passive element in their circuit structure, and two general
conceptions of fractional-order filters based on an approximation of the fractional-order transfer function.
Based on general conceptions of the filtering structures, the fractional-order low-pass and high-pass filters are
designed. The adjustability of the order, the pole frequency and in several cases also the quality factor of the
proposed circuits is provided by used active elements with adjustable parameters. The features of the proposed
circuits are verified by simulations using behavioural simulation models of the active elements. Several of these
circuits were implemented on PCB and verified by laboratory measurement.

ABSTRAKT
Disertační práce se zabývá syntézou a analýzou nových obvodových struktur neceločíselného (fraktálního)
řádu s řiditelnými parametry. Hlavní cíl této práce je návrh nových řešení filtračních struktur fraktálního
řádu v proudovém módu, emulátorů prvků fraktálního řádu a také oscilátorů. Práce obsahuje návrh tří
emulátorů pasivního prvku fraktálního řádu, tři filtrační struktury a dva oscilátory navržené na základě využití
pasivního prvku fratálního řádu v jejich obvodové struktuře a dvě obecné koncepce filtrů fraktálního řádu
založené na využití aproximace přenosové funkce fraktálního řádu. Na základě obecných koncepcí jsou v
práci navrženy filtry fraktálního řádu typu dolní a horní propust. Díky aktivním prvkům s přeladitelnými
parametry, které jsou užity v obvodových strukturách je zajištěna řiditelnost řádu filtru, jeho pólového kmitočtu
a některých případech i činitele jakosti. Vlastnosti všech zapojení jsou ověřeny počítačovými simulacemi
za pomoci behavioralních simulačních modelů aktivních prvků. Některé z uvedených obvodů byly realizovány
na DPS a jejich vlastnosti ověřeny experimentálním měřením.
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