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Abstract 

The paper is devoted to investigations on the crack deflection angle under mixed-mode loading conditions. Several semi-circular 
disc configurations with an inclined crack under three-point bending are suggested and its fracture behavior is analyzed 
experimentally as well numerically. Various mixed-mode levels are obtained via varying basic parameters, such as crack length 
and/or crack inclination angle. Williams power expansion is applied for approximation of the crack-tip stress field to generalize 
the common strain energy density criterion. This procedure of estimation of the crack deflection angle is tested because it can bring 
more accurate results when materials with specific fracture response is used. Experimental and numerical results are compared and 
discussed to formulate recommendations on using classical or generalized fracture criterion. 
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1. Introduction 

Concrete represents a material with a specific fracture response that is often called as quasi-brittle. In comparison 
to brittle materials, fracture processes in concrete occur in a more distant surrounding around the crack tip. Therefore, 
common procedures derived for assessment of fracture behavior of a crack cannot be applied. Several recent works 
show that the singular term of the crack-tip stress field approximation is generally not dominant and shall be 
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supplemented by a few more terms when stress/displacement field farther from the crack tip is of interest. For instance, 
Aliha et al. (2009), Ayatollahi and Zakeri (2007), Chen (2000) or Cristopher et al. (2007) recommend involving the 
second (non-singular) term of the Williams expansion, see Williams (1957), into fracture assessment. Ramesh et al. 
(2005) consider even more terms of the series. Further scientific works dealing with influence of the higher-order 
terms of the Williams expansion on various fracture mechanics issues (fracture criteria for assessment of crack 
propagation direction, size effect, constraint effect etc.) are published by Berto and Lazzarin (2010), Karihaloo et al. 
(2003), Malikova (2015), Smith et al. (2001) and Vesely and Frantik (2010). 

Because of the reasons mentioned above, the multi-parameter approach is applied when fracture behaviour of a 
novel quasi-brittle composite material is investigated. This material has been suggested as an alternative to the common 
concrete and it is to emphasize that it is environment-friendly (Chen et al. (2010). It can be denoted as alkali-activated 
concrete (AAC) because geopolymers resulting from alkali-activated waste building materials are used as the filling 
instead of the traditional Portland cement. Crack propagation is observed in a semi-circular disc under three-point 
bending (SCB). Because the crack is inclined, various mixed-mode levels can be investigated. Experimental as well 
as numerical results are presented. 

 
Nomenclature 

a crack length 
An, Bm coefficients of the terms of the Williams expansion  
fij, gij stress functions of the Williams expansion  
n, m indexes of the Williams expansion 
r,  polar coordinates of the system with its origin at the crack tip  
R specimen radius 
rc critical distance for application of fracture criteria 
S half-span between the support during the 3PB test 
 crack inclination angle 
 crack deflection angle 
 Kolosov’s constant 
 shear modulus of elasticity 
ij stress tensor components; i, j ϵ {x, y} 
rr radial stress 
 tangential stress 
r shear stress 
 strain energy density factor 

2. Basic terms and methodology 

In the following text, the basic terms and methodology of the principles used within this work are explained to 
ensure comprehensibility of the paper. 

2.1. Williams power expansion 

The multi-parameter linear elastic fracture mechanics concept introduced in this work is based on the Williams 
power expansion (WE), see Williams (1957). The expansion assumes the stress/displacement crack-tip field 
description via an endless series. Note that it was originally derived for a homogeneous elastic isotropic cracked body 
subjected to an arbitrary remote loading: 
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In the relation, the symbols used have got the following meaning:  
 i, j  … indexes corresponding to the individual stress tensor components; i, j∈{x, y}, 
 r,   … polar coordinates considering the origin of the system at the crack tip, 
 fij, gij   … known stress functions related to loading mode I and II, respectively, 
 An, Bm  …  unknown coefficients of the mode I and II higher-order terms of the WE, respectively. 

Because the minimum strain energy density criterion is applied in this paper, formulas for corresponding stresses 
need to be used to utilize the multi-parameter fracture mechanics concept, see next sections. 

2.2. Over-deterministic method 

Over-deterministic method (ODM), see Ayatollahi and Nejati (2011), serves as a tool for estimation of the 
coefficients of the higher-order terms of the WE. So far, it has been derived several methods, such as boundary 
collocations method, see e.g. Xiao et al. (2004), fractal finite element method, see e.g. Su and Fok (2007), hybrid 
crack element method, see e.g. Tong et al. (1973) etc. Nevertheless, all of them require implementation of special 
crack elements into a numerical software and/or complicated finite element formulations. 

The ODM procedure consists in direct application of the equation derived for displacement vector components. 
This equation looks like Eq. 1, supplemented by several material constants (elastic modulus E and Poisson’s ratio ). 
Such an equation requires only knowledge of the displacement field in a set of nodes around the crack tip (very often 
a ring of nodes is selected) and their coordinates in the defined polar coordinate system. Thus, a system of equations 
can be collected. The condition of the over-determined system of equation is met when twice the number of nodes is 
greater than sum of mode I and mode II WE terms increased of two. More details on utilization of the ODM can be 
found for instance in Šestáková (2013). 

2.3. Generalized strain energy density criterion 

When the crack deflection angle shall be found, several fracture criteria can be applied. One of them consist in the 
idea that the crack propagates in the direction where the strain energy density (SED) factor reaches its minimum, see 
e.g. Sih (1973) and Sih (1974).  This condition can be written by means of the derivatives:  
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The utilization of the multi-parameter fracture mechanics approach lies in approximation of the stress tensor 
components by means of the WE considering various numbers of the initial terms. Then, a procedure for finding the 
minimum of the strain energy density factor  needs to be programmed. It should be also noted that a length parameter 
develops in the condition above when the strain energy density factor is calculated from the stress components 
expressed by means of the WE. It is often called as a critical distance and needs to be estimated reasonably according 
to various approaches, see e.g. Seweryn and Lukaszewicz (2002), Sih and Ho (1991) or Susmel and Taylor (2008). 

3. Parameters of the analysis 

The investigations on the crack deflection angle presented in this paper were performed on a mixed-mode geometry, 
particularly on a semi-circular disc under three-point bending (3PB), see Fig. 1. The specimen was made of an AAC 
which is an environment-friendly concrete instead of the common concrete with Portland cement. The crack behaviour 
was investigated via the SED criterion described above. 
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Fig. 1. Schema of the semi-circular disc with an angled crack loaded in three-point bending. 

3.1. Material properties  

Before the numerical analysis could be performed, experimental measurements on basic fracture mechanical 
properties had been carried out. The material was manufactured by mixing the ground granulated blast furnace slag 
from Czech production (Kotouč Štramberk, spol. s.r.o) with Blaine fineness of 400 m2/kg and Standard sand with a 
maximum grain size of 2 mm. The ratios between aggregate and slag was (a/s) was 3:1, between water and slag (w/s) 
was 0.45. The of sodium hydroxide activator was 6% of Na2O. To maintain the appropriate workability of mortar, the 
lignosulfonate-based plasticiser was dosed in the amount of 1% by mass of slag. 

3.2. Specimen geometry 

Specimen geometry can be seen in Fig. 1 and the dimensions investigated within the numerical parametric study 
are as follows:  
 R = 50 mm    … specimen radius, 
 S = 40 mm    … half-span between the supports, 
  = 10, 20, 30, 40 and 50°  … angle of the inclined crack, 
 a = 10, 15, 20, 25, 30 and 35 mm … crack length. 

3.3. Experimental set-up 

During the experimental campaign, 6 various geometrical configurations of the SCB specimen were tested. All of 
them had got the thickness of 20 mm. Particularly, specimens with an inclined crack with  = 30, 40 and 50° and 
a = 10 and 25 mm were investigated. Note, that 3 specimens of each configuration were tested. 

The SCB specimens were cast in special silicone moulds with a wooden frame and then stored in the moulds 
covered with a PE foil for 24 hours. After demoulding, they were stored in the closed chamber with RH > 95% until 
fracture tests were performed, i.e. until the age of 161 days. Meanwhile, the initial notches were cut by a water jet. 

Throughout the 3PB test, the specimens were subjected to quasi-static loading with a governed increment of 
displacement, which was 0.02 mm/min during the whole testing. The dependence between the loading force and the 
crack mouth opening displacement was recorded with a frequency of 5 Hz. 

3.4. Numerical modelling 

A numerical model in a commercial finite-element software ANSYS was created based on the real specimen 
geometry and material properties. The model was simplified and a two-dimensional mesh of the cracked specimen 
was created considering plane stress conditions in order to investigate the crack behavior on the surface of the 
specimen (for better comparison to experimental data obtained optically from the specimen surface). The supports 
were modelled via zero displacements in the corresponding directions and the compressive loading force (P = 1 kN) 
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was applied into the central upper node, see the schema in Fig. 2. Mesh refinement can be also seen near the crack tip 
to simulate the crack tip singularity better. The specimen was modelled by means of quadrilateral 8-node elements 
PLANE183. Material properties were set as follows: Young’s modulus of 35 GPa and Poisson’s ratio of 0.23 (linear 
elastic material model). 

 

Fig. 2. Schema of the numerical model. 

From the numerical analysis, displacements and polar coordinates of a selected set of nodes around the crack tip 
are used as inputs for the ODM procedure. When the coefficients of the higher-order terms of the Williams expansion 
are determined, an arbitrary stress tensor component can be approximated and then, an arbitrary fracture criterion for 
estimation of the crack deflection angle can be applied. Nevertheless, when a multi-parameter/generalized fracture 
criterion is used, a new length parameter arises in the formula. This distance is called as a critical distance and should 
be properly suggested regarding the material structure and/or material fracture mechanical properties (fracture 
toughness and tensile strength in the case of this paper). An equation derived by Irwin was utilized, see for instance 
Anderson (2017): 

𝑟𝑟� � �
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Thus, the values of the crack deflection angle were obtained from the experimental measurements at the distance 
of 3.3 mm from the crack tip, see an example of the ongoing experiment in Fig. 3. When the fracture criterion was 
used for estimation of the crack deflection angle, various critical distances rc were considered (0.1, 0.5, 1.0 and 
1.5 mm) to get larger set of results for their discussion. 

 

 

Fig. 3. Crack propagation in a selected SCB specimen during the three-point bending test. 
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4. Results of the analysis 

Comparison of the experimentally and numerically obtained crack deflection angles can be found in Fig. 4 and 5 
for the relative crack length 0.2 and 0.5, respectively. The dashed line of the experimental data is compared to the 
numerical ones that were obtained by means of the multi-parameter SED criterion considering various numbers of the 
initial terms of the Williams expansion. Also the effect of the choice of the critical distance value is investigated. 

 

a) rc = 0.1 mm b) rc = 0.5 mm 

c) rc = 1.0 mm d) rc = 1.5 mm 

Fig. 4. Dependence of the crack deflection angle  on the crack inclination angle  for the crack length of 10 mm: experimental results (dashed 
line) and numerical results (multi-parameter SED criterion with various numbers of the initial terms of the WE) considering the critical 

distance rc a) 0.1 mm, b) 0.5 mm, c) 1.0 mm and d) 1.5 mm. 

The results presented in Fig. 4 and 5 show that in nearly all cases the real crack deflects from its original direction 
more than the (generalized) SED fracture criterion predicts. Nevertheless, when the generalized SED criterion 
considering more higher-order terms is applied, more accurate results can be obtained. Also the larger critical distance 
brings better agreement of the both kind of data. Experimental observations show that shorter cracks behave more 
steadily – it can be the reason, why the numerical results correspond better to the experimental ones. It can be also 
concluded that when loading mode I is dominant (KI/KII is about 3 for crack inclination angles  = 30°), using the 
multi-parameter form of the fracture criterion has lower effect than in the case of higher level of mixed-mode. 
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a) rc = 0.1 mm b) rc = 0.5 mm 

c) rc = 1.0 mm d) rc = 1.5 mm 

Fig. 5. Dependence of the crack deflection angle  on the crack inclination angle  for the crack length of 25 mm: experimental results (dashed 
line) and numerical results (multi-parameter SED criterion with various numbers of the initial terms of the WE) considering the critical 

distance rc a) 0.1 mm, b) 0.5 mm, c) 1.0 mm and d) 1.5 mm. 

5. Conclusions 

Fracture behaviour of a crack in a semi-circular disc made of a novel environment-friendly AAC material has been 
investigated. Mixed-mode loading conditions were applied via crack inclination during three-point bending test. Crack 
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4. Results of the analysis 

Comparison of the experimentally and numerically obtained crack deflection angles can be found in Fig. 4 and 5 
for the relative crack length 0.2 and 0.5, respectively. The dashed line of the experimental data is compared to the 
numerical ones that were obtained by means of the multi-parameter SED criterion considering various numbers of the 
initial terms of the Williams expansion. Also the effect of the choice of the critical distance value is investigated. 

 

a) rc = 0.1 mm b) rc = 0.5 mm 

c) rc = 1.0 mm d) rc = 1.5 mm 

Fig. 4. Dependence of the crack deflection angle  on the crack inclination angle  for the crack length of 10 mm: experimental results (dashed 
line) and numerical results (multi-parameter SED criterion with various numbers of the initial terms of the WE) considering the critical 

distance rc a) 0.1 mm, b) 0.5 mm, c) 1.0 mm and d) 1.5 mm. 

The results presented in Fig. 4 and 5 show that in nearly all cases the real crack deflects from its original direction 
more than the (generalized) SED fracture criterion predicts. Nevertheless, when the generalized SED criterion 
considering more higher-order terms is applied, more accurate results can be obtained. Also the larger critical distance 
brings better agreement of the both kind of data. Experimental observations show that shorter cracks behave more 
steadily – it can be the reason, why the numerical results correspond better to the experimental ones. It can be also 
concluded that when loading mode I is dominant (KI/KII is about 3 for crack inclination angles  = 30°), using the 
multi-parameter form of the fracture criterion has lower effect than in the case of higher level of mixed-mode. 
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