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1 INTRODUCTION
Nowadays, continuing miniaturization of modern electronic devices leads to more
complex circuits and systems. The application specific integrated circuits (ASIC)
customized for a particular task or the System on Chip (SoC) integrated all compo-
nents into one chip are usually based on analog, digital and mixed-signal parts. The
testing process has become more difficult and the cost of testing is still increasing.
In order to reduce costs, the testing process must be streamlined. A development of
new robust methods for automatic test plan generation (ATPG) is one of the main
objectives in this area [1].

The goal of fault diagnosis is to automatically detect all faults in the circuit under
test (CUT) based on the measurements of circuit characteristics. In accordance
with fault location, all fault diagnosis methods can be generally classified into two
basic classes. The Simulation Before Test techniques (SBT) are predominantly
performed before the measurement of circuit characteristics, while Simulation After
Test techniques (SAT) are mainly performed after the test [2].

Fig. 1.1: Classification of fault diagnosis techniques (based on [3]).

In accordance with collected statistics, most parts of an electronic device are
digital (80 %), but about 80 % of faults occur in the analog parts [4]. Unfortunately,
testing analog circuits represents a much more complex problem in comparison with
digital ones. The information of an analog signal is carried in the precise amplitude
and phase of voltages and currents at continuous time. A very small disturbance
of the signal may significantly reduce the signal quality. Moreover, all real circuit
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components are always nonlinear in a wide range of operation conditions. A fault
in the circuit can change the operation point and the linearization of nonlinear com-
ponents may not be valid. All these obstacles demand high requirements on test
strategies. In the past, the methods for testing digital circuits has been successfully
developed, but testing analog circuits still represents an open problem, which is
extensively being solved worldwide at present [1].

In the frequency domain, fault diagnosis methods are usually based on phasor
calculus and symbolic techniques. For this reason, the methods are applicable only
for linear (linearized) circuits. The complexity of a symbolic formula grows ex-
ponentially with the circuit size and for this reason full symbolic analysis can be
applicable only for small-size circuits [5].

The real fault diagnosis must also take into account these additional problems.
Not all required test points can be accessible or it can be very expensive to include
them into the measurements [6]. For this reason, the actual values of only some
circuit components can be estimated independently. Then, the manufacturing toler-
ances of untested circuit components may significantly reduce the accuracy of fault
diagnosis. Also, each measurement is always affected by measurement errors (un-
certainty). The measurement of weak signals as well as the measurement at high
frequencies are usually more problematic [7]. For this reason the measuring process
should be considered as an inherent part of fault methodology.

Commonly, in accordance with the magnitude of parameter deviation from its
nominal value, all faults can be classified into four classes shown in Fig. 1.2 [8].

• Manufacturing tolerances - a slight variation of network parameters caused
by fabrication should have no effect on the circuit performance. Because the
circuit works correctly, it can not be considered as a fault.

• Soft faults - the deviation of parameters is higher in comparison with manu-
facturing tolerances. The circuit is still functioning, but some of its character-
istic properties lie outside their allowed intervals.

• Hard faults - the deviation of parameters is extremely significant and the
circuit is not functioning at all. The faults are usually caused by component
ageing, long-term overloading or poor design of the circuit.

• Fatal faults - a fatal (catastrophic) fault is usually accompanied by the de-
struction of a circuit component and can be modelled using a short or open
circuit.

The goal of the thesis is to develop new efficient methods for automatic test
plan generation with a minimum number of measurements and less computational
demands. However, the methods should guarantee success to detect a maximum
number of faults. The thesis is organized as follows. Chapter 2 introduces the
multi-frequency parametric fault diagnosis. Chapter 3 presents the aims of disser-
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Fig. 1.2: Fault classification (based on [8]).

tation. Chapter 4 is focused on a development of new efficient methods for test
frequency selection. Chapter 5 deals with the statistical modelling of fault diag-
nosis and its implementation in the Matlab program. Chapter 6 describes special
methods for solving fault equations which can improve the accuracy of results or
reduce computational demands of fault diagnosis.

2 STATE OF THE ART
2.1 ANALYSIS OF LINEAR CIRCUITS

The symbolic analysis of analog circuits produces qualitative results in the form of
closed-form symbolic formulas. With only minor exceptions, all symbolic circuit
simulators are usually based on modified nodal analysis (MNA) [9]. An arbitrary
network function of a lumped linear time-invariant circuit can be written in the
symbolic form as

H(s,p) =
N(s,p)
D(s,p)

=
an(p)sn + · · ·+a0(p)
bm(p)sm + · · ·+b0(p)

(2.1)

where s is the complex frequency and the polynomial coefficients ai, bi are sum of
products (SOP) of network parameters p = [p1, . . . , pR]

T.

2.2 MULTI-FREQUENCY PARAMETRIC FAULT DIAGNOSIS

The multi-frequency parametric fault diagnosis can estimate the actual values of
tested network parameters based on the measurements of some network functions
of the circuit in the frequency domain [10]. A component, whose parameters are
outside the allowed tolerance intervals, is classified as faulty.

The whole process of the parametric fault diagnosis can be divided into two in-
dependent phases [1]. The first one, called testability analysis, consists in selecting
the optimal set of test points with respect to the tested network parameters. The
second phase is focused on the estimation of the actual values of all tested network
parameters. The influences of numerical errors, errors caused by the uncertainties
of fixed network parameters and measurement errors can be reduced by an appro-
priate selection of test frequencies. The whole procedure of the multi-frequency
parametric fault diagnosis is shown in Fig. 2.1
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Fig. 2.1: Procedure of multi-frequency parametric fault diagnosis.

Mathematically, the parameter estimation process represents a solution of the
system of nonlinear fault equations

Hk( jωk,i,p)−Mk,i = 0 (2.2)

where p̃ represents a subset of tested parameters from all network parameters p̃ ∈ p
chosen a priori, Hk is the k-th network function with respect to the k-th test point
and Mk,i are the measurements of the k-th network function at the i-th test frequency.
The principle of construction of (2.2) is shown in Fig. 2.2.

The system (2.2) can be solved using the Newton-Raphson iteration method
[11]. For the sake of simplicity, let us assume only one network function. Then, at
every iteration step the following equation is solved

p̃n+1 = p̃n−αnJ( jω i, p̃n)
−1 (H( jω i, p̃n)−M( jω i)) (2.3)

where p̃ is a chosen subset of network parameters to be estimated, H is the column
vector of the network function evaluated at the test frequencies with respect to the
estimated parameters so far, M is the column vector of the measurements, J is the
Jacobian (sensitivity) matrix and αn is an adaptively chosen damping parameter to
increase the stability of the algorithm.
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Fig. 2.2: Constitution of system of fault equations.

2.2.1 Testability Analysis
The goal of testability analysis is to determine the optimal set of test point(s) with
respect to the unknown network parameters to be estimated. The testability analysis
is performed in order to determine the solvability degree (testability degree) of the
system of fault equations (2.2) [12]. For the sake of simplicity, when only one
network function is considered, the testability degree of the circuit is given by the
rank of the Jacobian matrix J associated with the system of equations (2.2)

T = rank(J) = rank
[

∂H( jω i)

∂ p̃ j

]
(2.4)

where H is a chosen network function, and the rows and columns correspond to the
individual test frequencies ω i and the tested network parameters p̃ j, respectively.

The authors in [14] demonstrate that the testability degree of the circuit T can
also be obtained directly as the rank of the matrix B

T = rank(B) = rank



∂a0
∂ p̃1

∂a0
∂ p̃2

· · · ∂a0
∂ p̃R... ... . . . ...

∂an
∂ p̃1

∂an
∂ p̃2

· · · ∂an
∂ p̃R

∂b0
∂ p̃1

∂b0
∂ p̃2

· · · ∂b0
∂ p̃R... ... . . . ...

∂bm
∂ p̃1

∂bm
∂ p̃2

· · · ∂bm
∂ p̃R


(2.5)

constituted by the derivatives of the polynomial coefficients ai, bi of the fault equa-
tion (2.1) with respect to the tested network parameters.

When the testability is lower than the total number of unknown parameters, the
system (2.2) does not have a unique solution and the unknown network parameters

7



can not be estimated independently. Moreover, the linearly dependent columns of
the Jacobian matrix determine ambiguity groups [13]. Inside those groups the ef-
fects of individual network parameters on the network functions are indistinguish-
able from one another, e.g. two resistors in series. Then, another test point must
be chosen or a reduction in the number of unknown network parameters must be
accepted.

2.2.2 Test Frequency Selection
The total error of the parameter estimation process is given by numerical errors,
errors caused by the uncertainties of fixed network parameters and measurement
error. All these perturbations can be significantly reduced by a suitable choice of test
frequencies. However, an optimal method for test frequency selection has not been
fully developed yet and still represents an open problem being solved worldwide.

Mathematically, the Test Index measure introduced in [15] seems to be well-
defined. The minimization of the condition number of the Jacobian matrix C(J)
minimizes the worst-case error of the parameter estimation process, while the min-
imization of the norm of inverse of the Jacobian matrix ‖J−1‖ improves the conver-
gence rate of the Newton-Raphson iteration algorithm.

E2 = ln
(
(C(J)−1)‖J−1‖2

)
= ln

(
σmax−σmin

σ2
min

)
(2.6)

the symbols σmin and σmax represent the minimum and maximum singular values of
the Jacobian matrix, respectively. Due to a large range of E2 values, the measure is
usually represented in the logarithm scale. A system of fault equations (2.2) with a
small E2 is well-conditioned and better leads to fault location, while a system with
a large E2 is ill-conditioned. The value of E2 can be minimized by choosing an
appropriate set of test frequencies.

Unfortunately, the measure is based only on the nominal values of network pa-
rameters and do not take into account the statistical distributions of their variations
caused by manufacturing tolerances or faults in the circuit. Also, the measure can
select test frequencies located in the stop band, which is not optimal in terms of
measurement errors. In the case of an overdetermined system of fault equations,
the measure yields test frequencies that are very close to each other. These close
frequencies are not distributed over the whole frequency interval, can be irrelevant
in terms of least-square error minimization and only extended testing time. The
minimization of (2.6) can be very computationally expensive [15]. The selection of
n test frequencies represents an n-dimensional global optimization.

3 AIMS OF DISSERTATION
The main objective of the thesis is to develop efficient methods for automatic test
plan generation for fault diagnosis of analog circuits in the frequency domain. To
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reduce test cots, a minimum number of measurements should be taken into account,
but the ability to detect all faults in the circuit should not be reduced. The thesis
core consist of these three major parts

Methods for Test Frequency Selection - The selection of test frequencies can be
very computationally complex involving global stochastic optimizations. The
goal is to develop new efficient methods which ensure less computational de-
mands and produce more accurate results of fault diagnosis. Also, efficient
procedures for symbolical and numerical determinations of the Jacobian ma-
trix corresponding to magnitude-phase measurements should be derived.

Statistical Modelling of Fault Diagnosis Process - The multi-frequency paramet-
ric fault diagnosis can be fully implemented in the Matlab program. The ran-
dom process of circuit component fabrication, measurement errors and com-
ponent faults are simulated using the Monte Carlo method. A fault model
for generation of network parameters with respect to given probability den-
sity functions and a model of measurement errors should be included. Also,
a procedure for frequency set optimality evaluation with respect to a variation
of network parameters should be developed.

Special Methods for Solving Fault Equations - In consideration of the perturbed
system of fault equations, the theoretical least possible number of measure-
ments can be insufficient for some circuits and the fault diagnosis may return
inaccurate results. However, by taking a small number of additional measure-
ments, the accuracy of results can be significantly improved.

4 METHODS FOR TEST FREQUENCY SELECTION
4.1 NETWORK PARAMETER NORMALIZATION

The network parameters may have different physical units and their nominal values
are spread over a wide range of magnitudes, e.g. resistors (10 Ω−10 MΩ), induc-
tors (100 nH− 1 mH) and capacitors (100 pF− 10 µF). For these un-normalized
parameters, the elements of the Jacobian matrix associated with the system of fault
equations (2.3) are mutually incomparable. The mutually incomparable elements
cause that the Jacobian matrix is ill-conditioned and the fault diagnosis returns non-
relevant results.

The problem of different physical units in the Jacobian matrix is associated with
the problem of diagonal scaling of matrices [16]. Mathematically, the optimal nor-
malization of the Jacobian matrix J consists in finding a diagonal scaling matrix D
that minimizes the condition number C(JD). However, the accurate solution rep-
resents a difficult numerical problem which has not been solved yet. In accordance
with [16], a nearly optimal scaling of the Jacobian matrix with dimension n x n can

9



be achieved using

DJTJD = I (4.1)

where I is the unitary matrix with dimension n x n.
The problem of different physical units can be simply overcome by normaliza-

tion of all network parameters which ensures that the sensitivities are computed
correctly, the Jacobian matrix is well-conditioned and the parametric fault diag-
nosis returns relevant results [17]. However this simple method may not be fully
optimized with respect to definition (4.1).

Then, the normalized parameter p̃ is given

p̃ =
p

pnom
(4.2)

where p is the actual value and pnom is the nominal value of a network parameter.
A simple example of sensitivities corresponding to un-normalized and normal-

ized network parameters is shown in Fig. 4.1.

102 103 104 105 106 107 108
−50

0

50

100

150

200

Frequency [Hz]

S
ϕ p
j
[−

]

R
L
C

102 103 104 105 106 107 108
−0.5

0

0.5

Frequency [Hz]

S
ϕ p
j
[-
]

R
L
C

Fig. 4.1: Sensitivities of un-normalized and normalized network parameters.

4.2 EFFECTIVE TESTABILITY DETERMINATION
It was found that the testability of a circuit can be dependent on many aspects. The
nominal values of components, the process of network parameter normalization, the
difference between the actual and nominal values of a parameter, the total number
of tested network network parameters and the set of test frequencies may have a
significant influence on the testability degree [18]. The method using the Jacobian
matrix J (2.4) provides more accurate results in comparison with the method (2.5)
and for this reason it is more suitable for real test point selection. However, the
Jacobian matrix is frequency dependent and requires a set of test frequencies which
is not usually available in the phase of testability analysis. The problem can be
partially overcome using a greater number of test frequencies distributed regularly
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over a wide frequency interval to ensure less frequency dependence of the rank of
the Jacobian matrix. On the other hand, the method using the testability matrix B
(2.5) gives only the upper theoretical bound of the network solvability with respect
to a selected set of test point(s), but the method do not require a frequency set.

4.2.1 Magnitude-phase Sensitivities
In the case of complex measurements, i.e. magnitude response measured in decibels
and phase response measured in radians, the entries of the Jacobian matrix as well as
equations (2.2) and (2.3) are complex. The equations can be divided into the real and
imaginary parts. Mathematically, both parts can constitute two independent fault
equations at one test frequency. Then, the magnitude-phase sensitivities (entries of
the Jacobian matrix) can be derived as [17]

S|H|p̃ j
= 20log(e)ℜ

{
∂H
∂ p̃ j

1
H

}
Sϕ

p̃ j
= ℑ

{
∂H
∂ p̃ j

1
H

}
(4.3)

where e is the Euler number, and ℜ{} and ℑ{} are the real and imaginary parts of
an argument, respectively. To reduce numerical errors, the sensitivities can be com-
puted symbolically, but for large-size circuits they should be evaluated numerically.

A network function H can be expressed for any unique network parameter p̃ j in
the bilinear form [9]

H =
ap̃ j +b
cp̃ j +d

(4.4)

where a, b, c and d are complex numbers nonlinearly dependent on the network
parameters evaluated for a fixed frequency s. These complex numbers can be simply
determined from a matrix of algebraic cofactors [17]. Then, the sensitivities are
given

∂H
∂ p̃ j

1
H

=
a

ap̃ j +b
− c

cp̃ j +d
(4.5)

where the real and imaginary parts of the equation correspond to the magnitude and
phase sensitivities, respectively. The method is very efficient because the sensitiv-
ities can be calculated with the computational demands corresponding to the cost
of computing the network function itself at selected test frequencies. The evalu-
ation of network functions and sensitivities can be done simultaneously, then the
sensitivities are calculated without any additional computational cost.

4.3 SIMPLIFIED TEST FREQUENCY SELECTION FOR BAND-PASS
FILTERS

The test frequency selection based on minimizing the E2 measure using a global
stochastic optimization method can be very computationally expensive. However,
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for band-pass filters a simple heuristic method based on centering of test frequencies
can be used [19]. In the case of only one unknown network parameter, it is necessary
to determine only one test frequency at which the sensitivity of the network function
to the parameter is maximal. As can be seen in Fig. 4.2, the center frequency of
the band-pass filter seems to be approximately an optimal choice for all network
parameters.
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Fig. 4.2: Sensitivities of network parameters (Q = 10).

When two unknown network parameters and only magnitude or phase measure-
ments are considered, two different test frequencies must be chosen. It has been
found that all test frequencies should be distributed symmetrically (with respect to
a logarithmic frequency axis) around the center frequency for symmetrical band-
pass filters. Then, the relationship between the individual test frequencies f 1 and
f 2 is given

f 1 =
f c

k
f 2 = k f c (4.6)

where k is the spreading coefficient which determines the spacing between the test
frequencies and the center frequency of the filter f c. The spreading coefficient k
depends on the quality factor of the filter Q. The optimal test frequencies approxi-
mately correspond to the lower and upper 3 dB cut-off frequencies.

When a greater number of test frequencies is chosen, all of them should be
distributed symmetrically around the center frequency. This assumption can sig-
nificantly reduce the computational complexity of optimization. For example, the
original 3-dimensional optimization problem corresponding to selecting three test
frequencies is reduced to the 1-dimensional optimization of only one parameter k
which can be simply stepped.
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4.4 TEST FREQUENCY SELECTION USING PARTICLE SWARM
OPTIMIZATION

An appropriate set of test frequencies minimizing the E2 measure using a global
stochastic optimization can improve the conditionality of the system of fault equa-
tions to reduce errors of the solution. As can be seen in Fig. 4.4, the shape of the
fitness function can be sharp with several local minimums, discontinuities and sin-
gularities. Therefore, the optimization can be very computationally expensive. For
example, a method presented in [15] involves thousands of iteration steps to find the
optimum. Our method is based on the Particle Swarm Optimization (PSO) and takes
into account some modifications to ensure less computational complexity [20].
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Fig. 4.4: Testable group (R2, gm), magnitude-phase response, (Q = 10).

The particle swarm consists of individual agents which move randomly in u-
dimensional space. The position of each agent corresponds to one set of test fre-
quencies. The optimality of each frequency set is evaluated in each iteration step
using the fitness function E2. During optimization all agents are moving towards
the global minimum which determines the optimum set of test frequencies.
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The intelligence of each agent is given as

vn+1 = wnvn + c1r1
(
xpers−xn

)
+ c2r2

(
xglob−xn

)
(4.7)

where vn and vn+1 are the vectors of the agent actual speed and the speed in the
next iteration step, respectively, wn is the inertia weight which is adaptively changed
in each iteration step n, c1 and c2 are the learning coefficients of the optimization
algorithm, xn is the vector of the agent actual position, xpers and xglob are the vectors
of the personal and global optimum coordinates found so far, and r1 and r2 are the
random numbers generated in each iteration step from the interval with the uniform
distribution of probability {r1,r2 | 0≤ r ≤ 1}. The dimensions of all vectors are Ru

where u represents the number of searched test frequencies.
The new position of each agent xn+1 in the next iteration step is given

xn+1 = xn +∆t ·vn+1 (4.8)

where ∆t is the constant time step. Choosing ∆t < 1 reduces the total speed of each
agent and can help to damp the oscillations of agents around the global and personal
optimums.

Some areas of the searched space of agent coordinates may represent an unfea-
sible solution, e.g. test frequencies in the stop-band at which the circuit responses
may be almost undetectable or high test frequencies at which the mathematical
model of the circuit is not valid due to parasitic parameters of real circuit com-
ponents. Some optimization constraints should be used to keep the particle swarm
in the feasible area.

Practically, frequency responses of analog filters are better represented in the
logarithmic frequency scale, but the PSO works well with a linear scale system of
coordinates. To ensure the same resolution of linear space coordinates in the whole
logarithmic frequency interval the following transformation can be used [21]

f i = f L10xi log( fH/ fL) (4.9)

where {xi | 0≤ xi ≤ 1} represents the element of the agent position vector x in the
normalized space of optimization coordinates, f i corresponds to the actual test fre-
quency and fL and fH define the optimization constraints.

The optimality of selected test frequencies do not depend on their particular
ordering. Therefore, the shape of the fitness function is always symmetrical with
respect to the diagonal axis of symmetry. The principle of test frequency set mir-
roring is demonstrated on a 2-dimensional space of agent coordinates R2 shown
in Fig. 4.5. The red points, which are distributed symmetrically around the axis,
correspond to the same set of test frequencies and it is not necessary to search all
areas of the space, but an optimal solution of the optimization can be considered
only in the green shaded area. Mathematically, the condition can be formulated in
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the form { f1 > f2 > f3 . . . > fu}. In general, the constraints fL and fH in (4.9) can
be different for each test frequency as shown in Fig. 4.5. In this scenario, the overall
size of the searched space is a quarter in comparison with the common constraints.
All these restrictions of the searched space improve the convergence rate and leads
to a smaller required number of agents, i.e. smaller computational complexity of
optimization.
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Fig. 4.5: Principle of test frequency set mirroring and constrains segmentation.

At the beginning of optimization a large number of agents is necessary to pre-
serve the robustness of the optimization process. However, during optimization, the
agents move closer to the global optimum and it is not necessary to evaluate the
fitness function for all agents. Therefore, the agents corresponding to non-optimal
sets of frequencies, can be removed from the optimization process without affect-
ing the result accuracy. This approach can dramatically speed-up the final phase of
optimization.

The efficiency of the proposed method is demonstrated on a high-complexity
benchmark circuit. The comparison of test frequency selections corresponding to
PSO and GA optimization algorithms is shown in Fig. 4.6. The presented algorithm
converges approximately three times faster than conventional GA. The optimum is
found also with a minimum number of agents.
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5 STATISTICAL MODELLING OF FAULT
DIAGNOSIS PROCESS

5.1 MONTE-CARLO METHOD
The robustness of the whole process of the multi-frequency parametric fault di-
agnosis with respect to manufacturing tolerances, faults of circuit components and
measurement errors can be modelled using the Monte-Carlo method [22]. The mod-
elling procedure is shown in Fig. 5.1. From a mathematical point of view, the error
of solution depends approximately on 1/

√
n where n is the total number of runs.

For this reason, the method may be very computationally expensive.

assign set of test frequencies;
select test scenario;
for n=1:runs {

generate values of tested network parameters;
generate values of remaining network parameters;
generate measurement errors;
constitute system of fault equations;
solve system to obtain values of parameters;
remove non-converged solutions;
save results;

}
aggregate results and make statistical analysis;

Fig. 5.1: Procedure for frequency set optimality evaluation.

5.2 GENERATION OF NETWORK PARAMETERS
Due to manufacturing tolerances, component failures, temperature drifts and age-
ing, the actual values of network parameters can be different from the nominal ones.
The random values of a network parameter can be generated in accordance with
its cumulative distribution function F(p̃rnd) using the inverse transform sampling
theorem (Smirnov transform) shown in Fig. 5.2 [23]. Assume that r is a random
number with the uniform distribution of probability {r | 0≤ r ≤ 1} and F−1(r) is
the inverse of the function. Then, the number r defines the corresponding random
number p̃rnd generated in accordance with given distribution.

p̃rnd = F−1(r) (5.1)

The manufacturing process of resistors with tolerances up to 5 % can be mod-
elled using the uniform distribution [24]. However for modelling of faults, asym-
metrical deviations of parameters are more realistic, e.g. 1 kΩ resistor can vary in
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Fig. 5.2: Smirnov transform.

the interval 500 Ω to 2 kΩ. (−50 % +100 %). For this reason, an one-parameter
fault model was determined heuristically.

p̃rnd = (1+ τ̃)2r−1 = F−1(r) (5.2)

where τ̃ is the fault parameter determining the maximal deviation of the generated
network parameter. The random sets corresponding to the manufacturing tolerances
(τ̃ = 0.01) and the asymmetrical faults (τ̃ = 0.5) are shown in Fig. 5.3.
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Fig. 5.3: Randomly generated sets.

In the case of integrated circuits, the deviations of parameters are usually cor-
related due to the close location on the same die. A procedure for generating cor-
related random numbers was presented in [25]. Assume three uncorrelated random
number sets z0, z1, z2 with corresponding mean values µ0, µ1, µ2 and variances σ2

0 ,
σ2

1 , σ2
2 . Then, two correlated random number sets x and y can be generated as

x = (1−|λ1|)z1 +λ1z0

y = (1−|λ2|)z2 +λ2z0 (5.3)

17



where λ1 and λ2 are weight coefficients influencing the correlation coefficient given

ρxy =
λ1λ2(σ

2
0 −µ2

0 ){[
(1−|λ1|)2σ2

1 +λ 2
1 σ2

0
][
(1−|λ2|)2σ2

2 +λ 2
2 σ2

0
]}1/2 (5.4)

5.3 TOLERANCE-BASED FREQUENCY SET OPTIMALITY
EVALUATION

Standard methods for test frequency selection are usually based only on the nominal
values of network parameters. However, the variation of these parameters caused
by manufacturing tolerances or faults of circuit components can significantly reduce
the optimality of a frequency set. On the other hand, measurement errors do not
have any influence on the optimality of the frequency set. A procedure based on the
Monte-Carlo method shown in Fig. 5.4 can evaluate how significant this reduction
of optimality is.

assign set of test frequencies;
for n=1:runs {

generate values of all network parameters;
compute value of E2 measure;
save results;

}
aggregate results and make statistical analysis;
determine value of E95%;

Fig. 5.4: Procedure for frequency set optimality evaluation.

The optimality of a frequency set is fully characterized by the histogram of the
CDF function. An example corresponding to ill-conditioned and well-conditioned
frequency sets is shown in Fig. 5.5. When a set is well-conditioned, the actual
optimality is still very close to the minimum value of the E2 measure for most runs
of the Monte Carlo simulation. When a set is ill-conditioned, the optimality of the
set strongly depends on the actual values of network parameters.

The optimality of a frequency set can also be well characterized by the quantile
E95%, which gives information that the actual value of optimality is not greater than
the value of E95% in 95 % of cases. The quantile for any other coincidence interval
can be easily determined directly from CDF. Using the quantiles, the individual set
of frequencies can be easily comparable in accordance with only one number.

The Monte-Carlo method can accurately simulate the whole process of the multi-
frequency parametric fault diagnosis. The individual error contributions, which de-
grade the robustness of the fault diagnosis, are shown in Fig. 5.6. Note that, they
are not drawn in scale to maintain clarity. The dashed blue curves show the nominal
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frequency response of the filter. The solid blue curves correspond to the frequency
response of the filter whose network parameters do not correspond to the nominal
ones due to manufacturing tolerances or component faults. The solid red curves
represent the solution of the parameter estimation process. The marks ⊥ indicate
measurement errors.
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Fig. 5.6: Error contributions of multifrequency parametric fault diagnosis.
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6 SPECIAL METHODS FOR SOLVING FAULT EQUATIONS
6.1 FAULT DIAGNOSIS USING OVERDETERMINED SYSTEM OF

FAULT EQUATIONS
To accelerate fault diagnosis a low number of measurements is preferred. When
the system of fault equations is not perturbed by measurement errors and errors
caused by uncertainty of fixed network parameters, the fault diagnosis returns ac-
curate results. However, from a practical point of view, the system of equations is
always perturbed by errors, the theoretical least possible number of measurements
can be insufficient and the fault diagnosis may return inaccurate results. However,
by taking a small number of additional measurements, the accuracy of results can
be significantly improved. The system of fault equations can be enhanced by new
equations based on adding network functions (test points), an addition set of test
frequencies or several repeated measurements of chosen network functions at each
test frequency.

The error criterion function SLSQ in terms of least sum of squares usually pro-
vides the best solution [26]. For the sake of simplicity, let us assume only magnitude
measurements of one network function at several test frequencies.

SLSQ =
m

∑
i=1

wiε i
2 =

m

∑
i=1

wi (|H( jω i, p̃)|− |M( jω i)|)2 (6.1)

where index i distinguishes between individual fault equations, m is the total num-
ber of test frequencies, ε represents the residuum of the fault equation and w is a
weight coefficient. When the system of equations is perturbed by errors, the cri-
terion function is never equal to zero. The optimal solution with respect to the
least-square error minimization corresponds to the minimum of the function SLSQ.

In the case of an overdetermined system of fault equations, the total number of
rows of the Jacobian matrix m is greater than the total number of columns n. Then,
the ordinary matrix inversion is not applicable, but the generalized Moore-Penrose
pseudoinverse matrix can be used [27].

J+ =
(
JT J
)−1 JT (6.2)

When an additional set of test frequencies is used, a simple global optimization
of the E2 measure usually yields test frequencies that are very close to each other.
In the empty frequency bands, where the test frequencies are not located, the error
of the solution is not evaluated and can reach a large value. Our solution of the
problem is based on a new control mechanism which is added into the original E2
measure to force more regular distribution of test frequencies. Assume a new fitness
function E3 in the form [21]

E3 = E2 (1+wR) (6.3)
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where E2 is the original Test Index measure, R represents a penalty function of
regularity with a weight coefficient w.

R =
1
N

[
log
(

fH

fL

)]q N

∑
i=1

(∣∣∣xref
i − xi

∣∣∣)q
(6.4)

where N represents the total number of test frequencies, the exponent q determines
the sharpness of the penalty function, xi and xref

i are the coordinates of individual test
frequencies and the related regularly distributed reference frequencies in the linear
optimization space and fL and fH determine the considered frequency interval with
respect to the transformation (4.9).

The penalty function R evaluates the variation of individual test frequencies xi
with respect to related regularly distributed reference frequencies xref

i . The individ-
ual frequencies in a frequency set is sorted in each iteration step of the frequency
set optimization to correctly assign frequencies to the reference ones. The reference
frequencies are constant during optimization and the total number of them is equal
to the number of test frequencies.

The results of the frequency set optimization for different weights w are shown
in Fig. 6.1 and Tab. 6.1. The red points correspond to the found test frequencies, the
solid blue curve is the magnitude measurement of the filter frequency response and
the dashed blue curves represent the individual penalty functions.
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Fig. 6.1: Test frequency selection minimizing E3 measure.

When the weight coefficient w of the penalty function R is low, the contribu-
tion of the E2 measure in (6.3) prevails and the individual test frequencies can be
distributed close to each other. When the weight coefficient is high, the penalty
function of regularity dominates, the test frequencies are distributed more regularly
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Tab. 6.1: Test frequency selection minimizing E3 measure.

w 0 1 10 100 1000
E3 0.5438 0.8039 1.1311 1.7084 4.2932
E2 0.5438 0.7699 1.0494 1.2542 1.6732
R 0.6150 0.0441 0.0078 0.0036 0.0016

over the whole frequency band but the conditionality of the Jacobian matrix is not
minimal.

6.2 APPROXIMATE PARAMETRIC FAULT DIAGNOSIS

The multi-frequency parametric fault diagnosis advantageously uses symbolic tech-
niques over generated symbolic network functions. However, the complexity of
symbolic formulas grows exponentially with the size of the circuit [5]. For large-
size circuits or circuits with considered parasitic parameters of real circuit compo-
nents, the generated symbolic formula is extremely complex causing high compu-
tational demands and slows the whole process of fault diagnosis.

Assume the definition of complexity of a generated symbolic formula reported
in [5]. The complexity of a rational network function H(s,p) is equal to the sum
of the complexities of all coefficients of the canonical Sum of Products (SOP) rep-
resentation of H(s,p). It is easy to compute the complexity of a symbolic function
which is given in SOP representation, but it is advantageous to estimate the total
complexity before the symbolic function generation. The theoretical lower and up-
per limits can be estimated directly from the incidence matrices corresponding to
the circuit matrix.

det
(
AIAT

V
)
≤ C̃(H(s,p))≤min

(
det
(
AVAT

V
)
,det

(
AIAT

I
))

(6.5)

where AI and AV are the matrices of current and voltage topology graphs. The
equation gives information whether the symbolic generation of the network function
is possible at all or not.

To simplify and accelerate fault diagnosis, the original large system of fault
equations (2.2) can be divided into several frequency-limited subsystems of lower
dimension by classic approximate symbolic analysis techniques. The solvability of
low-order systems of equations is usually better, the solution is found faster and the
results should be less affected by numerical errors [28].

First of all, all network parameters to be tested are divided into individual fre-
quency intervals in accordance with their magnitude-phase frequency sensitivities.
Then, the sets of test frequencies for each frequency interval are determined in ac-
cordance with the minimization of the E2 measure. The found sets of frequencies
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can be used as the reference frequencies in control procedures for symbolic approx-
imation algorithms. Then, the original system of fault equations is divided into the
frequency-limited subsystems. The total solution consists of the partial solutions of
frequency-limited subsystems which are solved separately [29].

The method is demonstrated of a simple example. The original symbolic for-
mula is the fourth-order polynomial with the total complexity of the denominator
equal to twenty-five. The original system of equations is divided into two sub-
systems of the second-order with the complexities equal to seven and hour. The
comparisons between the measurements and the results of parameter estimation cor-
responding to the lower and upper frequency intervals are shown in Fig. 6.2 while
Fig. 6.3 shows the results for the full mathematical model. The inaccuracy of the
model is about 0.5 dB and the additive error caused by the formula approximation
reaches 1 dB.
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Fig. 6.2: Estimated results for lower and upper frequency intervals.
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Fig. 6.3: Comparison of results for full model of EMI filter.
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6.2.1 Approximation Algorithms

From a practical point of view, the frequency interval of interest and the nominal
values of network parameters are usually limited as well. For this reason, the major-
ity of symbolic terms can be removed from the generated symbolic formula without
any significant numerical error of solution. According to the stage of analysis at
which the simplification is performed, all symbolic approximation algorithms can
be divided into three classes - Simplification Before Generation (SBG), Simplifica-
tion During Generation (SDG) and Simplification After Generation (SAG) [30].

The SBG methods directly simplify the circuit equations or graphs before the
generation of the symbolic formula. A network parameter can be neglected in ac-
cordance with computation of the large-change sensitivity of the network function
evaluated numerically from the bilinear form (4.4) [9]

H0 = lim
p̃→0

H =
b
d

H∞ = lim
p̃→∞

H =
a
c

(6.6)

In the case of a two-pole element, the equations represent its replacing by an open or
short circuit. In the case of a controlled source, H∞ corresponds to its replacing by
the ideal operational amplifier. The measure (6.7), giving information about which
network parameters in the circuit are significant, was presented in [17].

M j = 20min
(

max
i

∣∣∣∣log
∣∣∣∣H0( jω i)

H( jω i)

∣∣∣∣∣∣∣∣ ,max
i

∣∣∣∣log
∣∣∣∣H∞( jω i)

H( jω i)

∣∣∣∣∣∣∣∣) (6.7)

where the element H is the nominal value of the network function. The equation
is evaluated for all reference frequencies ω i and network parameters p̃ j. A net-
work parameter, whose measure is lower than a chosen threshold M j < ε , can be
neglected without any significant error of the solution.

The SDG methods are based on generating polynomial coefficients ai,bi of the
network function H in decreasing order of their magnitudes. The significant terms
are added into the generated network function until a chosen accuracy is reached.
In general, all SDG methods may have problems with the physical interpretability
of results.

The SAG methods represent the oldest approximation techniques for computer-
aided symbolic analysis of analog circuits. The full symbolic formula of a network
function is generated. After that, insignificant terms in increasing order are elimi-
nating from the polynomial coefficients in SOP representation until the maximum
error of approximation is reached. The SAG methods are algorithmically very sim-
ple, but they are computationally and in storage very expensive.

The process of symbolic expression simplification can be understood as a se-
quence of elementary operations shown in Fig. 6.4.
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compute reference numerical solution;
while ε approx < ε max {

generate all possible operations;
compute error of each operation;
perform operation(s) with lowest error;
update numerical solution and ε approx;

}
undo last operation;

Fig. 6.4: Main cycle of approximation procedure (based on [31]).

Due to high computational complexity, the error of approximation is usually
evaluated only at several discrete reference frequencies. Let us assume a error cri-
terion function for approximation control procedure in the form [31]

εapprox = max
i

{
20log |E( jω i,p)|

∆Mmax +
arg(E( jω i,p))

∆ϕmax

}
(6.8)

where ∆Mmax and ∆ϕmax are the allowed magnitude and phase tolerances, respec-
tively. The equation (6.8) represents a weight sum of magnitude and phase errors
in the Bode diagram. The complex error function E( jω i,p), which normalizes the
differences of the approximated network function Happrox( jω i,p) to the original
reference network function H( jω i,p) is given

E( jω i,p) =
Happrox( jω i,p)

H( jω i,p)
(6.9)

7 CONCLUSIONS
The doctoral thesis deals with methods for testing of linear (linearized) analog cir-
cuits in the frequency domain. Firstly, an introduction to fault diagnosis consisting
fault classifications, test strategies and diagnosis techniques is given in Chapter 2.
Because the thesis predominantly deals with the multi-frequency parametric fault
diagnosis, its principle is described in detail. The corresponding problems of test
point and test frequency selections with respect to multi-frequency measurements
are also presented. The aims of the dissertation are formulated in Chapter 3.

Chapter 4 deals with efficient symbolical and numerical methods for appoint-
ing the Jacobian matrix with respect to magnitude-phase sensitivities. It was found,
that all network parameters should be normalized to constitute a well-conditioned
Jacobian matrix. In the case of large-size circuits, the computational demands to
constitute the Jacobian matrix symbolically can be very high. A very efficient nu-
merical method based on the bilinear form of the network function using the matrix
of algebraic cofactors was derived. Contrary to theoretical testability, the effective
testability degree of a circuit is not bounded exactly and depends on many aspects
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such as the nominal values of network parameters, the method for normalizing pa-
rameters, the selected set of test frequencies, the fault detection method and the
severity of faults. The effective testability can be lower than the theoretical upper
bound determined from the testability matrix. Further, a very simple method for
test frequency selection for band-pass filters based on the centering of frequencies
was presented. The method does not require a complex global optimization but still
produces very accurate results. Finally, a global stochastic optimization technique
with reduced computational demands based on the modified PSO was developed.
To maintain the same resolution in the frequency domain, the space coordinates
should be transformed and normalized. The principles of frequency set mirroring
and segmentation of optimization constraints can significantly reduce the computa-
tional complexity of optimization.

Chapter 5 deals with statistical modelling of fault diagnosis. The whole multi-
frequency parametric fault was implemented in the Matlab program. The random
process is simulated by the Monte Carlo method and the results are statistically
evaluated. For generating random network parameters, the inverse sampling theo-
rem can be used. The method can generate random data sets in accordance with their
cumulative distribution functions. In the case of integrated circuits, the network pa-
rameters should be generated simultaneously. The method for generating correlated
data sets was also implemented. To satisfy the bias-centered condition of statisti-
cal analyses, two one-parameter fault models (approximations) were heuristically
formulated. These models can be used for simulating manufacturing tolerances as
well as faults of circuit components. The methods for test frequency selection are
usually based on the nominal values of network parameters. The procedure for fre-
quency set optimality evaluation with respect to variations of network parameters
was developed. Then, the optimality of each frequency set is given by only one
number (quantile) and can be simple compared with any other sets. Finally, the
whole parameter estimation process was simulated with respect to several scenarios
resulting from the real fault diagnosis and several frequency sets, which were de-
termined by several methods with different computational demands. Our method,
based on the modified PSO, produces the best results with a moderate computa-
tional demand. The circuit-specific method based on centering of frequencies does
not achieve much worse results, but the computational complexity is very low.

Chapter 6 deals with special methods for solving fault equations. In consider-
ation of a perturbed system of equations, the theoretical least possible number of
measurements can be insufficient for accurate estimation of tested network param-
eters. The method based on an overdetermined system, whose solution minimizes
the least-square error, should be used to improve the accuracy. The inversion of a
non-square Jacobian matrix can be done using the Moore-Penrose pseudoinverse
matrix. In the case of frequency selective circuits, the individual test frequencies
should be distributed over the whole frequency interval. However, the Test Index
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measure yields frequencies which may be very close to each other. Our solution is
based on the penalty function of regularity added to the original measure to produce
more regularly distributed frequency sets. The multi-frequency parametric fault di-
agnosis advantageously uses symbolic techniques, however the complexity grows
exponentially with the circuit size. To accelerate fault diagnosis, the original system
of fault equations can be divided into several frequency-limited subsystems of lower
dimensions by classic symbolic approximation algorithms. These subsystems are
solved independently and the total solution consists of these partial solutions. Fi-
nally, symbolic computations in the Matlab program can be performed using several
functions. All of them return the same results, but the computational demands can
be different. The efficiency of each function was demonstrated on several bench-
mark scenarios.
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ABSTRACT
The thesis deals with methods for testing of linear analog circuits in the frequency
domain. The goal is to develop new efficient methods for automatic test plan gener-
ation. To reduce test costs a minimum number of measurements as well as less com-
putational demands are the fundamental aims. The thesis is focused on the multi-
frequency parametric fault diagnosis which was fully implemented in the Matlab
program. The fundamental problem consists in selection of test frequencies which
can reduce the influences of measurement errors and errors caused by tolerances
of well-working components. The proposed methods for test frequency selection
were statistically verified by the Monte-Carlo method. To improve the accuracy
and reduce the computational complexity of fault diagnosis, the methods based on
least-square techniques and approximate symbolic analysis were presented.

ABSTRAKT
Práce se zabývá metodami pro testování lineárních analogových obvodů v kmi-
točtové oblasti. Cílem je navrhnout efektivní metody pro automatické generování
testovacího plánu. Snížením počtu měření a výpočetní náročnosti lze výrazně sní-
žit náklady za testování. Práce se zabývá multifrekveční parametrickou poruchovou
analýzou, která byla plně implementována do programu Matlab. Vhodnou volbou
testovacích kmitočtů lze potlačit chyby měření a chyby způsobené výrobními to-
lerancemi obvodových prvků. Navržené metody pro optimální volbu kmitočtů byly
statisticky ověřeny metodou Monte-Carlo. Pro zvýšení přesnosti a snížení výpočetní
náročnosti poruchové analýzy byly vyvinuty postupy založené na metodě nejmen-
ších čtverců a přibližné symbolické analýze.
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