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Abstract. The paper compares the boundary surfaces 
using cross-sections in three projection planes, for the four 
changes of Chua’s circuit parameters. It is known that due 
to changing the parameters, the Chua’s circuit can be 
characterized not only by stable limit cycle, but also by one 
double scroll chaotic attractor, two single scroll chaotic 
attractors or other two stable limit cycles. Chua’s circuit 
can even start working as a binary memory. It is not known 
yet, how changes in parameters, and consequently in at-
tractors in the circuit, will affect the morphology of the 
boundary surface. The boundary surface separates the 
double scroll chaotic attractor from the stable limit cycle. 
In a variation of the parameters presented in this paper, 
the boundary surface will separate even single scroll cha-
otic attractors from each other. Dividing the state space 
into regions of attraction for different attractors, however, 
remains fundamentally the same. 
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1. Introduction 
Discovery of Chua’s circuit initiated an explosion of 

publishing the results of his research. It is realistic to say 
that so far there have been more than a thousand papers 
published on Chua’s circuit and its use [1]. Knowledge of 
Chua’s circuit, or chaos, is also grouped into monographs, 
e.g. [2–5]. Continued activities related to chaos or to 
Chua’s circuit prove topicality of this issue [6–9]. This 
paper composition was inspired by the reference [2], which 
enabled, in well-arranged and pedagogically illustrative 
way, to view entire gallery of chaotic attractors. Thus a 
natural question arose: How the variation of Chua’s circuit 
parameters will affect the boundary surface (BS)? 

What is BS? BS separates the individual attractors. 
The term BS is not only describing the separation of indi-
vidual attractors in the circuit. In the plane, it is a separa-
trix, which divides the state plane into different large re-
gions of attraction corresponding to particular attractors. 
The literature mentions not only the above terms (BS, 
separatrix, regions of attraction), but also the concepts 

rendering the same nature such as: basins of attraction or 
domains of attraction. Finding regions of attraction was 
already interesting before the onset of computer technol-
ogy. Manually, using graphical methods, separatrix could 
be found in the circuit with a tunnel diode and thus find 
optimal parameters of the controlling impulse of bistable 
memory [10]. When designing and analyzing the elemen-
tary memories, it was, from engineering point of view, the 
main reason for studying BS. Knowledge of the separatrix 
could be used not only in the binary memory described by 
the set of two (m = 2) differential equations, but also in the 
m-dimensional state space (m  3) or at a later analysis 
(now using the computers) of multiple valued (MV) 
memory at m = 3 [11–17]. In addition, knowledge of BS 
not only enables to design optimal parameters of control-
ling impulse of MV memory [16], but also to explain the 
failure of the memory - not only in the presence of stable 
limit cycles (SLCs), but also in their absence in case of 
virtual saddle point [14], [19–21]. This is another reason 
for interest in BS and its engineering usage. 

Curve in the state plane (separatrix) at m = 2 changes 
at m  3 to the surface – BS and in the referred works  
[13–21] it was depicted through 2D cross-sections of BS. 
With the availability of computer technology, opportunities 
have arisen for the calculation of more trajectories depict-
ing various regions of attraction not only in electrical cir-
cuits [11], [12], but also in other areas, where a set of dif-
ferential equations could be used to describe the phenome-
non analyzed [22]. Currently, knowledge of the basins of 
attraction is used e.g. in chaos circuit, robotics, engineering 
systems and neural networks [23–29]. 

Another reason for interest in study of BS lies in the 
exact explanations of activity of statistical sensors. Apply-
ing these sensors, enables to measure such small non-elec-
tric values, the size of which is, after the transformation to 
the electric variable, "drowned" in the noise of electric 
circuit. Finding equivalent voltage lies in "straightening" of 
deformed separatrix so that it began exactly at the begin-
ning of the coordinate system. This will create same size 
regions of attraction for attractors "log. 0" or "log. 1".   
[30–35]. Since the author of work [10], studied BS for a 
long time, answer to the question raised by the author of 
Chua’s circuit himself in [36]: What separates a chaotic 
attractor (CHA) from SLC?, was finally found. It was the 
BS that surrounded CHA and thus separated it from SLC. 
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Thus BS in Chua’s circuit received publicity for the first 
time in [37]. The meaning of BS in Chua’s circuit rests not 
only in depicting its morphology in the state space. In case 
of using Chua’s circuit to conceal the signal, it is impossi-
ble to comment on the maximum intensity of the concealed 
signal if we do not know the size of BS [36]. If the ampli-
tude of the concealed signal exceeds BS, then modulation 
of the signal will not be unpredictable chaos, but very 
easily predictable periodic signal – SLC. This is another 
reason for interest of the author of this paper, and other 
researchers in [38], [39], [40] to study the morphology of 
BS in circuits generating chaos. 

2. Boundary Surface 
Knowledge of SC exceeds the sphere of the theory of 

nonlinear circuits, and the principles pronounced on BS 
can be used not only for the microchip, but in space too. In 
the previous section we demonstrated the use of BS. This 
section is devoted to defining BS. 

Let's suppose, that the physical autonomous system is 
described by a set of ordinary differential equations in 
normal form 

 

d ( )
dt
x f x   (1)

 
where   
 T

1 2 n, , ... ,x x xx   (2) 

and 
 T

1 2 n, , ... ,f f ff   (3) 

whereby f(0) = 0. 

As it is a physical system, we assume that the system 
(1) satisfies the conditions of existence and uniqueness of 
a solution. 

We refer to particular solutions by using a symbol 
ix(t) whereby the upper index distinguishes particular solu-
tion leading to the corresponding attractor. To simplify 
further considerations, let’s assume that the system (1) is 
characterized by two dynamic attractors (A) – ixA(t) for 
i = 1,2. We will relate initial conditions (ICs) to t = 0. 

Definition of BS 

Let’s consider the following surface 

 ( ) 0x  (4) 

that 1 2

A A[ ( )] 0 and [ ( )] 0t tx x  for any *,t T  
* ( ; )T  and also particular solutions 1 2( ), ( )x t x t  

for which applies the following 

 1 1 2 2

A Ad[ ( ), ( )] 0, d[ ( ), ( )] 0t t t tx x x x  (5) 

for t . Symbol i i

Ad[ ( ), ( )] 0x t x t  is used to indi-

cate the distance between the point i ( )tx  and attractor 
i

A ( )tx . If for all particular solutions 1 ( ),tx  2 ( )tx  suiting 
the relations (5), applies that 1 2[ ( )] 0, [ ( )] 0t tx x  for 
any *t T , then we will refer to it as to surface (4) - 
boundary surface [12]. 

3. Chua’s Circuit  
Chua’s circuit in Fig. 1a) is described by the system 

(6), where g(u1) is in the algebraic form (7) of nonlinear 
piece-wise resistor NR. RL is resistance of inductance L, for 
which applies RL = 0. I is control pulse. In this article we 
consider I = 0. 
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Fig. 1b) depicts the cross-section of plane surfaces 
defined by system (8) with parameter values (9a). Because 
of RL = 0, the singularities P ¯, 0, P+ in Fig. 1b) are located 
in the plane u2 = 0. All three singularities are special 
because they are unstable. It was unprecedented for 
physical circuits until the discovery of Chua’s circuit. 
Therefore, the authors of the work [39] called them Chua’s 
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Fig. 1.  a) Chua’s circuit, b) I - V characteristics of conduct-
ance G and NR – g(u1), with Chua’s singularities  
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Fig. 2.  The Monge projection of the chaotic attractor CCH and 

stable limit cycle CS for parameter values defined by 
(9a). 

singularities. Thanks to three unstable singularities and 
parameters (4) the circuit is characterized by double scroll 
CHA (DCHA). The DCHA for parameters (9a) is illus-
trated in the Monge projection in Fig. 2 [39], where Cs is 
the SLC, CCH is DCHA and t is the time interval between 
the time label +. The arrow on SLC indicates the direction 
of representative point (RP) motion. 

 Q1 = 0, Q2 = 0, Q3 = 0. (8) 

BS separating DCHA from SLC for parameters (9a) 
according to [39] is illustrated by cross-sections of BS in 
Fig. 3a). The gray area represents the region of attraction 
(RA) for DCHA and surrounding white RA for the SLC. It 
means that if RP is located in gray or white area of attrac-
tion, it will be attracted by either DCHA or SLC. Similar 
cross-sections of BS (as in Fig. 3a) are illustrated also in 
Fig. 3b) for the parameters (9b). Since the DCHA corre-
sponding to parameters (9b) is smaller than DCHA illus-
trated in Fig. 3a), cross-sections of BS are also smaller in 
comparison to Fig. 3a). In principle, however, they remain 
the same. For u1 < 0 cross-sections of BS are odd-symmet-
ric. This fact is illustrated by Fig. 4 after reconstruction of 
BS in 3D [41]. Full 3D model consists of 300 calculated 
cross-sections of BS similar to those, illustrated in Fig. 4a). 
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4. Variations of Boundary Surface 
In reference [2] in chapter The Physical Circuits there 

were total 195 CHA presented. For demonstration of 
changes in BS, first four CHA labelled PC1 - PC4 were 
chosen for this paper. Their parameters are shown in 
Tab. 1. From the time dependences presented in figures in 
[2] it was evident that PC1 and PC4 are double scroll 
CHA. The remaining CHA (PC2 and PC3) are single scroll 
CHA (SCHA). From Fig. 5a), however, is not obvious 
neither the size of attractors in the state space nor the size 
of BS. 
 

 PC1 PC2 PC3 PC4 
C1 [nF] 0.104443 0.104443 0.104443 0.104443 
C2 [nF] 1 0.981 0.85 1 
G [mS] 1.011 1 1 1 
RL [ ] 0 0 0 0 
L [mH] 0.0625 0.0625 0.0625 0.0625 
m0 [mS] –1.143 –1.143 –1.143 –1.2 
m1 [mS] –0.714 –0.714 –0.714 –0.714 

Tab. 1. Parameters for PC1-PC4 when considering Bp = 1 V.  

In order to determine the number of attractors in the 
circuit and their size, the system (6) was solved using 
Runge-Kutta method. The program is written in C pro-
graming language. Because of simpler simulation, param-
eters in Tab. 1 were modified. According to [42] it applies, 
that for the purposes of simulation it is possible to use 
numerical parameters listed in Tab. 1 with the fact that C1 
and C2 are in [F], L is in [H], and conductivities G, m0, m1 
in [S]. Tab. 1 is extended, in accordance with Fig. 2, to 
include parameters B0 = 14 V and m2 = 7 S. Without these 
parameters, RP lying outside RA of CHA should be di-
rected at infinity. Break point B0 and conductance m2 
maintain physical nature of Chua’s circuit model by attrac-
tion of RP to SLC, which is limited by a positive conduct-
ance m2. New parameters B0 and m2, however, do not affect 
the existence and shape of the CHA, if the other parameters 
are from Tab. 1. 

Simulation showed that circuits PC1 - PC4 are 
characterized by:  

 Two attractors - DCHA and SLC for cases PC1 and 
PC4,  

 Three attractors - one SLC and two SCHA for cases 
PC2 and PC3. 

This fact is illustrated by Fig. 5b) in projection into 
the i, u1 plane. For aesthetic reasons, the figure does not 
depict neither whole I - V characteristics together with B0 
and m2 nor SLC. The SLC would be huge compared to the 
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a) b) 

Fig. 3.  The cross-sections of the boundary surface with planes 
u1 = 0 V; 0.5 V and 1 V corresponding to [39]:  
a) parameters  (9a), b) parameters  (9b). 

     a)  

     b)  
Fig. 4. Various view on reconstructed 3D BS of Chua’s cir-

cuit for parameters (4a) [41]: a) opaque BS, b) trans-
parent BS showing DCHA inside the BS. 

CHA, which are very small. ICs were chosen so that the 
image does not contain transient response, as seen for 
example from Fig. 5a) on PC1. ICs are part of the CHA. 
Fig. 5b) plots simultaneously both SCHA in PC2 and PC3, 
but for each SCHA different ICs were selected. Figure 
description for PC3 (axes, P ¯, P + etc.) is the same for the 
other cases of Fig. 5b). To distinguish DCHA from SCHA 
(figure PC2 looks like DCHA), DCHA are plotted in pur-
ple and two SCHA in green and red. The mentioned color 
distinction will be the color key for the next figures. 

Looking at Fig. 5b), the question arises: What will be 
the morphology of BS due to variations in the parameters 
in Tab. 1? Grid technique [37] was used for calculation of 
cross-sections of BS through individual voltage and current 
levels. Simulation results are included in Fig. 6 - Fig. 8. 

Figure 6 illustrates the cross-section of BS for PC1 to 
PC4 arranged in columns for u2 = 0, u1 = 0 and i = 0. 
DCHA corresponds to parameters PC1 and PC4 and there-
fore, it is possible to note the similarity of cross-sections of 
BS for both cases. Yellow color represents (in all figures) 
RA for SLC, and purple color represents RA for DCHA 
illustrated  in Fig. 5b)  in purple color.  The first  picture in 

each row in Fig. 6 also indicates axes description, size of 
the displayed plane and location of singularities for all next 
figures placed in rows. The rest of BS cross-sections in 
each line were calculated for the level indicated in the 
upper right corner of the first pictures in rows. A similar 
comment applies for Fig. 7 and Fig. 8. 

Comparison of cross-sections of BS (for u1 = 0) in 
Fig. 3 and especially in Fig. 3b) along with Fig. 6 for PC1 
and PC4 showed that the RA for the cases of the DCHA 
are similar. Even for parameters PC2 and PC3 (cases of 
SCHA) in Fig. 6, the outer contour of RA neighboring on 
yellow RA is similar to violet RA. The difference is only in 
the "redistribution" of one RA for DCHA to two RA for 
SCHA. Figure 5b) for PC2 and PC3 shows color resolution 
of individual SCHA. RA for SCHA correspond to the same 
color region in Fig. 6, since the DCHA splits into two 
SCHA due to impact of parameters for PC2 and PC3 
(Tab. 1). Purple inside of RA for DCHA is then divided 
into green and red RA for both SCHA and cross-section of 
BS commemorates the scroll. It is also interesting to note 
that the scroll BS is getting denser with going near the 
yellow RA corresponding to SLC attraction. 
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a) b) 

Fig. 5. Chaotic attractors of Chua’s circuit: 
a) first four chaotic attractors chosen from [2],  
b) for parameters of PC1 to PC4 listed in Tab. 1.  
Size of the elements used in the simulation is specified 
according to [41] in [F], [H] and [S]. 

View of all cross-sections of BS illustrated in Fig. 6 
allows not only imagining the state space dividing on RA 
corresponding to individual attractors, but also imagining 
the size of individual RA. Cross-section of BS for the PC1 
is the smallest one and cross-sections of BS corresponding 
to PC3 and PC4 are about the same, although the DCHA 
PC4 in Fig. 5b) is the greatest of all CHA. Fig. 7 and Fig. 8 
for u2 = 0.7 V and u2 = 1.3 V indicate that the BS in the 
direction of the axis u2 will be narrow. The predominant 
yellow RA corresponding to SLC at u2 = 1.3 V (Fig. 8) 
proves it. In the u1 axis direction the BS will be infinitely 
long with gradual vertical shift. The shift can be (similarly 
as in Fig. 4) seen in the Fig. 7 and Fig. 8 for cross-sections 
of BS in the plane u1 = 1.5 V and u1 = 3 V. Because the BS 

for all four cases is a 3D object looking like pipe with 
"corn" on the side, further increase of current levels would 
lead again to one yellow area - RA for the SLC. 

Comparing of Fig. 5b), where the maximum current 
imax = 3.5 A with cross-sections of BS in Fig. 8 for i = 3 A, 
we find that CHA are not close to the BS (as shown in 
Fig. 4), but there is still a big gap between CHAimax and the 
BS. This indicates that the signal that should be encrypted 
can have greater amplitude than the CHAimax is. How wide 
the amplitude of signal exactly can be - it would require 
further analysis of the specific Chua’s circuit. However, as 
shown in Fig. 8 (cross-sections of BS for u1 = 1.3 V) the 
most limiting factor for the input signal will be voltage u2. 

In connection with the morphology of BS the ques-
tion arises: Is it possible to find equations for the BS as 
functions of parameters of Chua’s circuit? The answer can 
be summarized in the following points: 

 If the BS for various parameters would have e.g. 
a form of a cylinder, or other object that can be de-
scribed by the standard equations, the possibility of 
finding the equations is fair. Then there is no need to 
re-count BS cross-sections for each change of pa-
rameters.  

 However, as seen e.g. in Fig. 7, Fig. 8 (for parameters 
PC1, PC4), but also in Fig. 3 and Fig. 4, although the 
BS has a cylindrical shape, the presence of a "corn" 
complicates this possibility. 

 Finally, looking at Fig. 6–Fig. 8 (for parameters PC2 
and PC3), where more and more fine changes of 
green and red colors toward the yellow region of at-
traction for SLC are visible, finding appropriate 
equations describing BS is impossible. 

Therefore, it is necessary to re-calculate new cross-sections 
of BS at every change of circuit parameters, and only after 
the visualization of cross-sections, the possibility of 
describing BS by equations can be considered. 

5. Verification of Boundary Surface 
The accuracy of the calculation of cross-section of BS 

can be verified by calculation of several trajectories. For 
the calculation of the system (5) we selected a multipoint 
on the color boundary of BS. Calculated trajectory indi-
cates if the RP is attracted to the corresponding attractor. 
As a demonstration of the calculation correctness, we se-
lected two multi-points A and B for the case of PC3 in 
Fig. 6 in a plane i, u2. In case of selection A, it is a two-
point, its coordinates are in Tab. 2. The coordinates are 
also the ICs for the calculation of the system (5). 

Figure 9 illustrates the Monge projection of trajecto-
ries calculated from IC1 and IC2 of two-point A. As it is 
evident from Fig. 9, the two trajectories are initially close 
to each other, but from a certain section they are already 
drifting  apart.  RP is attracted by  green or red SCHA. The 
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PC1 PC2 PC3 PC4 

    

    

    
Fig. 6.   Cross-sections of BS for PC1-PC4 through planes u2 = 0; u1 = 0; i = 0. 

 

PC1 PC2 PC3 PC4 

    

    

    
Fig. 7.   Cross-sections of BS for PC1-PC4 through planes u2 = 0.7 V; u1 = 1.5 V; i = 1.5 A. 
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PC1 PC2 PC3 PC4 

    

    

    
Fig. 8.   Cross-sections of BS for PC1-PC4 through planes u2 = 1.3 V; u1 = 3 V; i = 3 A. 

arrows indicate the direction of RP motion. This picture 
and other pictures in Fig. 10–Fig. 12 graphically illustrate 
the validity of equation (5). IC1 and IC2 are located on 
opposite sides of the BS, and it is not possible for the RP 
alone without the external signal to exceed the BS and then 
being drawn by another attractor. 
 
 

  i [A] u2 [V] u1 [V] Attractor 

IC1 0.709086 –0.690910 0 red SCHA 

A 
IC2 0.709086 –0.681819 0 green 

SCHA 

Tab. 2. Initial conditions corresponding to two-point A. 

Figure 10 illustrates three trajectories calculated from 
three-point B. The coordinates of each IC are listed in 
Tab. 3. Initial conditions IC1 lead to SLC. For visual dem-
onstration of the trajectory we replaced the yellow color 
corresponding to region of attractions for SLC (Fig. 6) by 
the blue color trajectory. SLC in Fig. 10 is compared to the 
green and red SCHA, so Fig. 11 illustrates the detail, which 
captures trajectories for the three ICs: IC1, IC2 and IC4. 
The figure clearly shows the thick "belt" of trajectories, 
which is related to BS. 

From the beginning, all three trajectories are close to-
gether, then each of the RP is attracted by an attractor to 
different side of state space. Figure 12 illustrates now only 

two trajectories leading to green and red SCHA, similarly 
as shown in Fig. 9. Since the multipoint B is located on the 
outer boundary of regions of attraction SLC and SCHA, for 
three RPs it takes much longer time till they are attracted 
by attractors, than in case of Fig. 9. 
 
 

 i [A] u2 [V] u1 [V] Attractor 

IC1 0.709086 –1.372728 0 yellow - SLC

IC2 0.709086 –1.363637 0 red SCHA 

IC3 0.709086 –1.354546 0 red SCHA 
B

IC4 0.709086 –1.345455 0 green SCHA 

Tab. 3.  Initial conditions corresponding to multipoint B. 

Since the BS for PC2 and PC3 is significantly 
different from the BS for PC1 and PC4, the trajectories 
illustrated in Fig. 9–Fig. 12 illustrate the correctness of the 
BS calculation for all four cases. It is interesting that 
whether Chua’s circuit is characterized by double scroll 
CHA (PC1, PC4) or by pair of single scrolls CHA (PC2, 
PC3), the BS is always characterized by the presence of 
"corn". The "corn" can be seen for example in Fig. 8 (u1 = 
3 V), but also for other parameters as (9a) and (9b) - see 
Fig. 3, Fig. 4. It will therefore be interesting to track the 
impact of multi-scroll CHA published in [2], [43], [44] on 
the presence of "corn" and on the morphology of BS. 



RADIOENGINEERING, VOL. 24, NO. 3, SEPTEMBER 2015 821 

 
Fig. 9.   Monge projection of two trajectories calculated 

from two-point A (Fig. 6, PC3, u1 = 0) for ICs listed 
in Tab. 2. 

 
Fig. 10.  Monge projection of three trajectories calculated 

from multipoint B (Fig. 6, PC3, u1 = 0) for IC1, IC2 
and IC4 listed in Tab. 3. 

 

 

 
Fig. 11.  Detail of trajectories in Fig. 10. 

 
 

 
Fig. 12.  Monge projection of two trajectories calculated 

from IC2 and IC4 (multipoint B) in Tab. 3. 
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6. Conclusion 
This paper has compared BS cross-sections for four 

variations of Chua’s circuit parameters. It was found that 
the RA for CHA surrounded by a yellow RA for SLC are 
principally the same. It should be noted, however, that all 
four cases relate to RL = 0. In reference [2] however also 
such cases are considered, when RL  0. In chapter The 
Physical Circuits cases are presented, where RL is in the 
range from –0.1  to 12.1 . It is now difficult to say how 
RL  0 or multi-scroll CHA will affect the BS morphology 
for such cases. This will be the subject of further research 
of the author. 
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