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Abstract

This work presents novel methods for verification of reachability and termi-
nation properties of programs that manipulate unbounded integer data. Most
of these methods are based on acceleration techniques which compute transitive
closures of program loops.

We first present an algorithm that accelerates several classes of integer re-
lations and show that the new method performs up to four orders of magnitude
better than the previous ones. On the theoretical side, our framework provides
a common solution to the acceleration problem by proving that the considered
classes of relations are periodic.

Subsequently, we introduce a semi-algorithmic reachability analysis tech-
nique that tracks relations between variables of integer programs and applies
the proposed acceleration algorithm to compute summaries of procedures in
a modular way. Next, we present an alternative approach to reachability ana-
lysis that integrates predicate abstraction with our acceleration techniques to
increase the likelihood of convergence of the algorithm. We evaluate these algo-
rithms and show that they can handle a number of complex integer programs
where previous approaches failed.

Finally, we study the termination problem for several classes of program
loops and show that it is decidable. Moreover, for some of these classes, we
design a polynomial time algorithm that computes the exact set of program
configurations from which non-terminating runs exist. We further integrate
this algorithm into a semi-algorithmic method that analyzes termination of
integer programs, and show that the resulting technique can verify termination
properties of several non-trivial integer programs.

Keywords

programs with integers, counter automata, reachability analysis, termination
analysis, acceleration, transitive closures, procedure summaries, recurrent sets,
termination preconditions
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Abstrakt

Tato práce představuje nové metody pro verifikaci programů pracuj́ıćıch s neo-
mezenými celoč́ıslenými proměnnými, konkrétně metody pro analýzu dosažitel-
nosti a konečnosti. Většina těchto metod je založena na akceleračńıch tech-
nikách, které poč́ıtaj́ı tranzitivńı uzávěry cykl̊u programu.

V práci je nejprve představen algoritmus pro akceleraci několika tř́ıd celoč́ı-
selných relaćı. Tento algoritmus je až o čtyři řády rychleǰśı než existuj́ıćı tech-
niky. Z teoretického hlediska práce dokazuje, že uvažované tř́ıdy relaćı jsou
periodické a poskytuje tud́ıž jednotné řešeńı prolému akcelerace.

Práce dále představuje semi-algoritmus pro analýzu dosažitelnosti celoč́ı-
selných programů, který sleduje relace mezi proměnnými programu a aplikuje
akceleračńı techniky za účelem modulárńıho výpočtu souhrn̊u procedur. Dále
je v práci navržen alternativńı algoritmus pro analýzu dosažitelnosti, který in-
tegruje predikátovou abstrakci s acceleraćı s ćılem zvýšit pravděpodobnost kon-
vergence výpočtu. Provedené experimenty ukazuj́ı, že oba algoritmy lze úspěšně
aplikovat k verifikaci programů, na kterých předchoźı metody selhávaly.

Práce se rovněž zabývá problémem konečnosti běhu programů a dokazuje,
že tento problém je rozhodnutelný pro několik tř́ıd celoč́ıselných relaćı. Pro
některé z těchto tř́ıd relaćı je v práci navržen algoritmus, který v polynomiálńım
čase vypoč́ıtá množinu všech konfiguraćı programu, z nichž existuje nekonečný
běh. Tento algoritmus je integrován do metody, která analyzuje konečnost běh̊u
celoč́ıselných programů. Efektivnost této metody je demonstrována na několika
netriviálńıch celoč́ıselných programech.

Kĺıčová slova

programy s celoč́ıselnými daty, č́ıtačové automaty, analýza dosažitelnosti,
analýza konečnosti, akcelerace, tranzitivńı uzávěry, souhrny procedur, reku-
rentńı množiny, vstupńı podmı́nky pro konečnost
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1 Introduction

Formal verification is the task of analyzing correctness of a computer system
with respect to a given specification. A majority of formal verification methods
is sound, meaning that when a method finds no counterexample to the specifi-
cation, then the inspected system is guaranteed to be correct. This is in contrast
with traditional testing since the fact that no error manifests in a given set of
test cases does not imply correctness of the system under inspection. Therefore,
formal verification can be seen as a technique that is complementary to tradi-
tional testing. The experience of the computer systems industry in the last two
decades shows that both techniques are needed to ensure reliability of compu-
ter systems. This need arises from increasing complexity and pervasiveness of
computer systems. Indeed, more and more sophisticated software systems of
growing sizes run on an increasingly complex hardware. Moreover, many com-
puter systems are safety-critical since they operate aircraft, medical devices,
nuclear systems, etc., and their malfunction may have serious consequences.
Both hardware manufacturers and software developers aim to deliver reliable
systems. Hence the growing need for more sophisticated formal verification
methods that can cope with the increasing complexity of computer systems.

Model checking [CE82, QS82] is one of the main branches of formal verifi-
cation. It is an approach of automated checking whether a model of a computer
system (where the model can sometimes be identical to the system) satisfies
a certain correctness specification by systematically exploring the state space
of the system being verified. Model checking can be usually fully automated
and moreover, in cases when a model violates a given specification, a model
checking method can provide a counter-example which demonstrates the cause
of the violation. Traditionally, model checking has been applied to systems with
a finite state space, especially in hardware. A major success has been achieved
when explicit representation of states has been replaced with a symbolic one
[BCM+92]. This is because a symbolic state represents a potentially large set of
concrete states which can then be manipulated simultaneously. More recently,
model checking has been extended to deal with infinite state spaces which arise,
e.g., in software that manipulates dynamic data structures or integers. In cer-
tain cases, infinite state verification can be reduced to finite state verification by
applying e.g. cut-off techniques [BHV03]. When such reduction is not possible,
a model checking method needs to use a symbolic representation for possibly
infinite sets of states that need to be explored. Many such representations have
been proposed including those based on various kinds of automata and logics
[BHV04, BHRV06]. Since an automaton recognizes a potentially infinite set of
traces and a logical formula may have a potentially infinite set of models, they
can be used to encode potentially infinite sets of states.
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In our work, we address model checking of sequential non-recursive pro-
grams with unbounded integer data (also known as counter automata, counter
systems, or counter machines). The interest for integer programs comes from the
fact that they can encode various classes of systems with unbounded (or very
large) data domains, such as hardware circuits, cache memories, or software
systems with variables of non-primitive types, such as integer arrays, pointers
and/or recursive data structures. This comes with no surprise since, in theory,
any Turing-complete class of systems can be simulated by integer programs, as
shown by Minsky [Min67]. For practical purposes, however, a number of recent
works have revealed cost-effective reductions of verification problems for seve-
ral classes of complex systems to decision problems phrased in terms of integer
programs. Examples of such systems that can be effectively verified by means of
integer programs, include: specifications of hardware components [SV07], pro-
grams with singly-linked lists [BBH+06, FLS07, BI07, BIP08], trees [HIRV07],
and integer arrays [HIV08b, HIV08a, BHI+09]. Hence the growing interest for
analysis tools working on integer programs.

Our work contributes to the field of model checking of programs with integer
data by developing methods for reachability and termination analysis. Given an
integer program, a set of initial states, and a set of error states, the reachability
problem asks whether the program has a computation starting in a state from
the initial set which leads to a state from the error set. The termination problem
asks whether each computation of a program that starts in a state from the
initial set eventually halts. A slightly more general problem is the conditional
termination problem which asks to compute the set of initial program states
from which every computation halts.

1.1 State of the Art

Since the result of Minsky [Min67], proving Turing-completeness of 2-counter
machines with increment, decrement and zero test, research on analysis and
verification of integer programs has been pursued in two orthogonal directions.
The first one is defining subclasses of systems for which various decision pro-
blems, such as reachability or termination, are found to be decidable. Based
on these results, model checking algorithms that perform precise analysis have
been proposed. The second direction is concerned with finding sound (but not
necessarily complete) answers to decision problems in a cost-effective way, by
abstracting the system under inspection.

Decidable Classes of Integer Programs. Examples of classes of integer
programs where the reachability problem is decidable include reversal-bounded
counter machines [Iba78], Petri nets and vector addition systems [Reu90], or
flat counter automata [CJ98, LS05]. These classes pose certain restrictions on
the syntax of transition labels (vector addition systems, flat counter automata),
control structure (flat counter automata), or semantics (reversal-bounded coun-
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ter machines) of integer programs. Often, decidability of various problems is
proved by defining the set of reachable states in a decidable logic, such as
Presburger arithmetic [Pre29].

The termination problem was studied for Petri nets where it was shown
undecidable when strong fairness is considered [Car87] and decidable for weak
fairness assumptions [Jan90]. A direct consequence of a result on the liveness
problem from [DIP01] is that the termination problem is decidable for reversal-
bounded counter automata. Concerning flat counter automata, the decidability
status of the termination problem remains open.

Precise Model Checking Methods. A closely related line of work con-
sists in attempts to apply model checking techniques to the verification of
integer programs. To solve the reachability problem, one typically proceeds by
computing the set of states that are reachable from the initial set I via the
transition relation R of the inspected system, and checking the emptiness of
the intersection with the set of error states. The set of reachable states can
be defined as the post-image of the initial set I via the transitive closure R∗

of the transition relation R, formally as R∗(I). The computation of R∗(I) is
usually done by computing successive under-approximations of the set of rea-
chable states. Consider a naive technique that computes the set of reachable
states S by first initializing S0 with I (S0 ← I) and then iteratively computing
Si+1 ← Si ∪R(Si), where R(Si) denotes the post-image of Si via the transition
relation R. The computation terminates if Sk = Sk+1 for some k ≥ 0. Ter-
mination is guaranteed only if the set of reachable states is finite. Therefore,
early methods for verification of infinite state systems like FIFO-channel sys-
tems [BH99, BG99] attempted to increase the likelihood of convergence of the
computation by applying acceleration techniques. Essentially, given a loop L of
a system and a reachability set Si computed so far, an acceleration technique
aims to compute effects of executing the loop L arbitrarily many times, for-
mally, to compute Si+1 ← Si ∪ L

+(Si) where L+ denotes the transitive closure
of L. As a result, Si+1 may potentially contain infinitely more states than Si.

To this end, it is important to know for which classes of arithmetic relati-
ons it is possible to compute the transitive closure precisely. To the best of
our knowledge, the three main classes of integer relations for which transitive
closures can be computed effectively and precisely are: (1) difference bounds
constraints [CJ98, BIL09], (2) octagons [BGI09], and (3) finite monoid affine
transformations [Boi99, FL02]. For these three classes, the transitive closures
can be moreover defined in Presburger arithmetic.

The model checking methods from [Boi99, FL02] are based on computation
of transitive closures of finite monoid affine relations. For certain restricted
classes of systems, one can prove termination of the method from [FL02] as
reported in [BFLS05]. These classes are typically equivalent, from a semantical
point of view, to flat systems. A system is flat if it has no nested loops and,
moreover, each loop in the system can be accelerated. Another model checking
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method from [AAB00] is based on an extrapolation heuristics that guesses an
effect of iterating a loop infinitely many times and then checks whether this
guess is correct.

The above methods lack modularity, which is one of the keys to scalability.
Since larger programs are usually organized in many small functions, a modular
verification approach aims at running an analysis per function (in isolation),
computing a function summary which is a relation between the input and out-
put valuations of its parameters, and combining the results in a final verification
condition.

On what concerns the existing acceleration algorithms for difference bounds
and octagonal relations, they suffer from poor scalability in the number of
variables. As reported in [BGI09], these methods can only handle difference
bounds relations with no more than 10 variables and octagonal relations with
no more than 5 variables.

Methods Based on Abstractions. Another, orthogonal, direction of work
is concerned with finding sound (but not necessarily complete) answers to deci-
sion problems in a cost-effective way. Such approaches, based on the theory of
abstract interpretation [CC77], use abstract domains (such as, e.g., polyhedra
[CH78], octagons [Min06], etc.) and compute fixed points of the transfer functi-
ons, which are over-approximations of the sets of reachable states. A drawback
of the methods based solely on abstract interpretation is the inability to deal
with spurious counterexamples (false positives), i.e., errors caused by the use of
a too coarse abstract domain. To ensure termination of state space exploration,
abstract interpretation applies widening. In contrast to acceleration, the wide-
ning can be seen as an operator that computes the set of reachable states Si+1

as an extrapolation of Si and R(Si) such that Si+1 ⊇ Si ∪R(Si).

The method of predicate abstraction [GS97] combines ideas from abstract
interpretation and model checking in order to compute program invariants in
a goal-driven fashion. The underlying idea is to verify a program by reasoning
about its abstraction that is easier to analyze, and is defined with respect to
a set of predicates [GS97]. The set of predicates is refined, by adding new pre-
dicates, to achieve the precision needed to prove the absence or the presence
of errors [BMMR01]. This technique is also known as Counter Example-based
Abstraction Refinement (CEGAR) [CGJ+03]. Typically, predicate abstraction
computes an over-approximation of the transition system generated by a pro-
gram and verifies whether an error state is reachable in the abstract system.
If no error occurs in the abstract system, the algorithm reports that the origi-
nal system is safe. Otherwise, if a path to an error state (counterexample) has
been found in the abstract system, the corresponding concrete path is checked.
If this latter path corresponds to a real execution of the system, then a real error
has been found. Otherwise, the counterexample is spurious, the abstraction is
refined in order to exclude the counterexample, and the procedure continues.
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A key difficulty in this approach is to automatically find, during the refine-
ment phase, predicates that make the abstraction sufficiently precise [BPR02].
A breakthrough technique is to generate predicates based on Craig interpo-
lants [Cra57] which are derived from the proof of infeasibility of a spurious
trace [HJMM04]. Adding the interpolant to the set of predicates prevents the
spurious trace from reappearing in the refined abstract model. Cutting edge
CEGAR tools, such as, e.g., ARMC [PR07], BLAST [HJMS03] or CPAchecker
[BK11], are empirically successful on a variety of domains and are quite effective
in finding bugs and certifying correctness of real-life systems (device drivers,
web servers, subsystems of operating system kernels). However, abstraction
refinement using interpolants suffers from unpredictability of interpolants com-
puted by provers, which can cause the verification process to diverge and never
discover a sufficient set of predicates (even in cases such predicates exist). The
failure of such a refinement approach manifests in a sequence of predicates that
rule out longer and longer counterexamples, but still fails to discover more gene-
ral inductive invariants that would rule out multiple spurious counterexamples
during the refinement step.

1.2 Goals of the Thesis

The purpose of this thesis is to develop efficient methods for reachability and
termination analysis of programs with integer data. This involves a design of
more efficient algorithms for computing transitive closures of classes of relati-
ons that can be expressed in decidable logical fragments such as Presburger
arithmetic. As discussed previously, the known classes satisfying this criterion
are difference bounds, octagonal, and finite monoid affine relations. Another
goal is to develop modular methods for reachability analysis of non-recursive
integer programs that are based on acceleration algorithms. Further, we aim
to resolve the decidability status of the (conditional) termination problem for
difference bounds, octagonal, and finite monoid affine relations and to deve-
lop techniques for termination analysis of programs with integer data. Last
but not least, we aim to find solutions to the divergence problem in predicate
abstraction.

1.3 An Overview of the Contributions

This section outlines the main contributions of this thesis.

Precise Acceleration of Integer Relations. We consider the acceleration
problem and inspect the classes of difference bounds, octagonal, and finite mo-
noid affine relations, for which the transitive closure is known to be Presburger
definable and effectively computable [CJ98, BGI09, Boi99]. We present a gene-
ral theoretical framework for computing transitive closures of certain relations,
called periodic. We define a notion of periodicity on classes of relations that
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can be naturally represented as matrices and show that the sequence of powers
{Rk}∞k=0 can be finitely represented for periodic relations. We study the three
classes of arithmetic relations mentioned previously and show that they are pe-
riodic. On the theoretical side, this provides a unifying view and shorter proofs
to the fact that the transitive closures for these classes are Presburger definable
and that they can be effectively computed. We prove that our algorithm com-
puting transitive closures of periodic relations runs in EXPTIME for all three
classes. On the practical side, despite its asymptotic complexity, the algorithm
computes the transitive closure of difference bounds and octagonal relations up
to four orders of magnitude faster than the methods from [BIL09, BGI09] and
also scales much better in the number of variables.

Techniques to Compute Weakest (Non-)termination Sets. We study
the conditional termination problem, which is that of defining the set of initial
states from which a given program terminates, for difference bounds, octago-
nal, and finite monoid affine relations. We define the dual set called weakest
non-termination set of initial states from which a non-terminating execution
exists, as the greatest fixpoint of the pre-image of the transition relation. Next,
we show that this set can be defined as the limit of the Kleene sequence for
the above classes of relations. This allows to effectively compute and represent
the weakest non-termination set in Presburger arithmetic. Since Presburger
arithmetic is decidable, the termination problem is thus decidable too, for all
three classes. For difference bounds and octagonal relations, we next present
a PTIME algorithm that computes the weakest non-termination set. Moreover,
we investigate the existence of linear ranking functions and prove that for each
well-founded difference bounds or octagonal relations, there exists an effectively
computable witness relation, i.e., a well-founded relation which has equal wea-
kest non-termination set and which has a linear ranking function. We also study
the class of linear affine relations and give a method of under-approximating
the termination precondition for a non-trivial subclass of affine relations, called
polynomially bounded affine relations.

Reachability Analysis for Integer Programs. We give a semi-algorithmic
method for reachability analysis of non-recursive integer programs which tracks
relations instead of sets of reachable states, computes procedure summaries and
is therefore modular. The algorithm builds the summary relation of a procedure
incrementally, by eliminating control states and composing incoming with out-
going relations. The main difficulty here is the elimination of states with several
self-loops. We address this issue by first computing the transitive closures of the
self-loops individually, and then exploring all interleavings between them until
no new relations are produced. Interleaving of transitive closures instead of self-
loops themselves increases the likelihood of termination. We implemented these
techniques in the Flata tool which successfully verifies many non-trivial inte-
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ger programs and outperforms other tools for model checking integer programs
on many of the considered benchmarks.

Termination Analysis of Integer Programs. We present a semi-algo-
rithmic method computing termination preconditions for non-recursive integer
programs, which rests on computation of a transition invariant of a program
and on the algorithm computing the weakest non-termination sets mentioned
previously. Further, we show that this method is guaranteed to compute the
weakest non-termination set for flat integer programs, which renders the ter-
mination problem decidable for this class of programs. We have implemented
this technique and have verified (non-)termination of several benchmarks.

Coping with the Divergence Problem in Predicate Abstraction. We
address the divergence problem that appears in predicate abstraction and ob-
serve that this problem can be alleviated by applying acceleration. We present
Counterexample-Guided Accelerated Abstraction Refinement (CEGAAR), an
interpolation-based predicate abstraction algorithm that applies acceleration
algorithms for particular classes of loops to rule out an infinite family of coun-
terexamples during the abstraction refinement phase. An essential ingredient
of this approach are interpolants that not only rule out one spurious path,
but are also inductive with respect to loops along this path and which hence
rule out potentially infinitely many spurious paths. We observe that inductive
interpolants can be computed from classical Craig interpolants and transitive
closures of loops. We present an implementation of CEGAAR that verifies in-
teger transition systems and show that the resulting implementation robustly
handles a number of difficult transition systems that cannot be handled using
interpolation-based predicate abstraction or acceleration alone.

1.4 Thesis Roadmap

Section 2 presents basic notions used in the rest of the thesis. Section 3 present
our results concerning the acceleration problem for difference bounds, octago-
nal, and finite monoid affine relations. Next, Section 4 presents a solution of
the conditional termination problem for the same classes of relations. Section 5
builds upon the results of Chapters 3–4 and presents methods contributing
to the analysis of programs with integer data: a modular reachability analysis
algorithm based on procedure summaries, a conditional termination analysis
method based on transition invariants, and finally, a method that integrates
predicate abstraction and acceleration. Finally, Section 6 summarizes the ob-
tained results, gives an overview of publications, and outlines possible future
work.
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2 Background

This section briefly presents integer programs in Section 2.1 and then introduces
three classes of integer relations that are the subject of further study in this
thesis: difference bounds, octagonal, and finite monoid affine relation.

2.1 Integer Programs

In our work, we address model checking of sequential non-recursive programs
with unbounded integer data. We view functions of such programs as counter
automata (CA), which are essentially control flow graphs where edges are la-
beled with arithmetic formulae. Control states in CA can be marked as initial
(denoting function entry), final (denoting function exits), or error control state
(denoting an unwanted program state). Error control states in control flow gra-
phs correspond to calls to the assert function in program. An example of such
program and its CA representation is given in Figure 1. Despite its relative
simplicity, many tools can fail to prove that the assertion holds. Each edge
label defines a relation between values of integers (counters) in the source and
the destination control state. The assigned variables appear primed in CAs,
e.g. the statement x:=x+1 is represented as x′ = x+ 1.

var i,j : Int
l0 : havoc(i)

assume(i >= 0)
l1 : havoc(j)

assume(j >= 0)
l2 : var x: Int = i

var y: Int = j
l3 : while (x != 0) {
l4 : x = x − 1
l5 : y = y − 1 }
l6 : if ( i == j) assert(x == y)

l0

l2

l3

l4l5

l6

err

i′ ≥ 0 ∧ j′ ≥ 0

x′
= i ∧ y′

= j

x 6= 0

x′
= x − 1

y′
= y − 1

x = 0

i = j ∧ x 6= y

Figure 1: Example program and its corresponding CA. havoc(x) assigns a ran-
dom value to x.

2.2 Difference Bounds Relations

Difference bounds constraints are known as zones in the context of timed auto-
mata verification [AD91] and abstract interpretation [Min06]. They are defined
syntactically as conjunctions of atomic propositions of the form x − y ≤ c,
where x and y are variables and c is an integer constant. Difference bounds
constraints can be represented as matrices and graphs. Moreover, their canoni-
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cal form, useful for efficient inclusion checks, can be computed by the classical
Floyd-Warshall algorithm.

Difference bounds relations are defined as difference bounds constraints
where variables can be also primed (e.g. x − x′ ≤ 0). Intuitively, primed vari-
ables denote future values of variables and unprimed variables denote current
values of variables. Difference bounds relations have been studied by Comon
and Jurski who showed, in [CJ98], that their transitive closure is Presburger
definable. Their proof was subsequently simplified in [BIL09], using the notion
of zigzag automata. Intuitively, zigzag automaton corresponding to a difference
bounds relation R is a finite weighted automaton that encodes m-th power of
R by minimal runs of length m+ 2. As we show in Section 3, zigzag automata
can be also used in proving periodicity of difference bounds relations, which
allows to compute R+ efficiently, using the algorithm presented in Section 3.
Furthermore, they also play a crucial role in Section 4 in designing a PTIME
algorithm computing the weakest termination sets and in proving existence of
linear ranking functions for difference bounds and octagonal relations.

2.3 Octagonal Relations

Octagonal constraints (also known as Unit Two Variables Per Inequality or
UTVPI, for short) appear in the context of abstract interpretation where they
have been extensively studied as an abstract domain [Min06]. They are defined
syntactically as a conjunctions of atomic propositions of the form ±x± y ≤ c,
where x and y are variables and c is an integer constant. Thus, they can be
seen as a generalization of difference bounds constraints. We adopt the classical
representation of octagonal constraints (or octagons, for short) φ(x1, . . . , xN )
as difference bounds constraints φ(y1, . . . , y2N ), where y2i−1 stands for +xi and
y2i stands for −xi with an implicit condition y2i−1 = −y2i, for each 1 ≤ i ≤ N .
With this convention, [BHZ08] provides an algorithm for computing the canoni-
cal form of an octagon, by first computing the canonical form of the correspon-
ding difference bounds constraint and subsequently tightening the difference
bounds constraints yi − yj ≤ c.

Octagonal relations are defined as octagonal constraints where variables can
be also primed. Octagonal relations were studied in [BGI09] where it was shown
that the transitive closure is Presburger definable. The core result of [BGI09]
is that the canonical form of the m-th power of an octagonal relation R can
be computed directly from the m-th power of a difference bounds relation that
represents R.

2.4 Finite Monoid Affine Relations

Sections 2.2 and 2.3 presented two classes of non-deterministic relations. In
this section, we present linear affine relations which are a general model of
deterministic transition relations. Linear affine relations are relations of the
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form x′ = A′× x+b∧ φ(x), where x′ = A′× x+b is an affine transformation
and φ(x) is a Presburger guard. We present two subclasses of linear affine
relations, called finite monoid affine relations and polynomially bounded affine
relations.

The class of finite monoid affine relations was the first class of integer relati-
ons for which the transitive closure has been shown to be Presburger definable
by Boigelot [Boi99]. Informally, an affine relation is a finite monoid relation
if the set of powers of its transformation matrix is finite. Originally, Boigelot
characterized this class by two decidable conditions in [Boi99]. Later, Finkel
and Leroux noticed in [FL02] that Boigelot’s conditions correspond to the finite
monoid property, which is also known to be decidable [MS77].

The second subclass of polynomially bounded relations is defined by drop-
ping one of the Boigelot’s conditions and by requiring that the guard of a re-
lation is linear. We study this subclass in Section 4 which presents a method
for computation of termination preconditions for this class.

3 Computing Transitive Closures of Periodic

Relations

This section addresses the acceleration problem for three classes of integer re-
lations presented in Section 2: difference bounds, octagonal, and finite monoid
affine relations. We first describe a general framework for computing the tran-
sitive closures in Section 3.1. Then, we discuss its instantiations for the three
classes in Section 3.2. Finally, we discuss the related work in Section 3.3.

3.1 General Theoretical Framework

In this section, we present a general framework for computing closed forms
and transitive closures of certain relations, called periodic. The closed form of
a relation R(x,x′) is a relation R̂(k,x,x′) where substituting the parameter
k with an integer m gives a relation equivalent to Rm for each m ≥ 0. Once
the closed form is computed, the transitive closure of R can be defined as
∃k ≥ 1 . R̂(k,x,x′).

We define a notion of periodicity on classes of relations that can be natu-
rally represented as matrices. In general, an infinite sequence of integers is said
to be periodic if the elements of the sequence situated at equal distance one
from another differ by the same quantity (while admitting some non-periodic
initial prefix of finite length in the sequence). This definition is generalized to
matrices of integers, entry-wise. Assuming that each finite power Rk of a re-
lation R is represented by a matrix Mk, R is said to be periodic if the infinite
sequence {Mk}

∞
k=0 of matrix representations of powers of R is periodic. Peri-

odicity guarantees that this sequence has an infinite subsequence which can
be captured by an existentially quantified formula. This formula consequently
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represents infinitely many powers of the relation. Then, the remaining powers
can be computed by composing the existentially quantified formula with certain
powers of the relation.

For instance, consider the relation R defined as x′ = y + 1 ∧ y′ = x. This
relation is periodic, and its odd powers R1, R3, R5, . . . can be represented by
the formula ∃ℓ ≥ 0 . (x′ = y + ℓ+ 1 ∧ y′ = x+ ℓ). Even powers R2, R4, R6, . . .

can then be represented by composing this formula with R.

We show that the closed form of a periodic relation can be defined, once the
period and the prefix of the relation are known. We present a generic algorithm
that finds a period and a prefix of periodic relations and computes their closed
form and transitive closure.

3.2 Instantiations of the Framework

This section describes how the generic transitive closure algorithm described in
the previous section can be instantiated to three classes of arithmetic relations
for which the transitive closure is known to be definable in Presburger arithme-
tic: difference bounds relations, octagonal relations, and finite monoid affine
transformations. To compute the transitive closure of these relations using the
algorithm, one first needs to prove that the three classes are periodic, otherwise
termination of the algorithm is not guaranteed. Our proofs rely mostly on a fact
that any matrix is periodic when its powers are computed in the tropical semi-
ring (Z∞,min,+,∞, 0). The intuition behind periodicity of difference bounds
relations is that the k-th power of a relation from this class can be encoded by
minimal runs of length k in zigzag automata which in turn can be computed
as the k-th tropical power of the incidence matrix of the automaton. Thus,
periodicity of the sequence of tropical powers of the incidence matrix entails
periodicity of a difference bounds relation. Periodicity of the three classes thus
provides common grounds to the acceleration problem and also gives shorter
proofs for the fact that the transitive closures of these three classes are definable
in Presburger arithmetic.

The efficiency of the algorithm depends on two factors. Given a relation with
prefix b and period c, the algorithm makes O((b+c)2) iterations of its main loop.
Thus, the prefix b and the period c are important complexity parameters. We
prove that the asymptotic bound for them is in 2O(N) where N the number of
variables used to define the input relation. For difference bounds and octagonal
relations, these bounds are closely related to bounds on the prefix and the
period of the incidence matrix of zigzag automata. We therefore also give an
alternative proof to the fact that each matrix is periodic in the tropical semiring
which moreover gives asymptotic bounds.

Another important efficiency factor is the complexity of the proceduresMa-

xConsistent and MaxPeriodic, which are called by the transitive closure
algorithm in order to detect the maximal interval that is periodic with respect
to the current prefix and period candidates. In general, for all three classes of
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relations we consider, these procedures can be implemented using Presburger
arithmetic queries. However, in practice, one would like to avoid as much as
possible using Presburger solvers, due to reasons of high complexity of decision
procedures for Presburger arithmetic. We give direct decision methods which
avoid calls to external Presburger or SMT solvers completely and which are of
polynomial time complexity in the size of the prefix, period, ||R||, and N , where
||R|| denotes the sum of absolute values of the coefficients of a relation R and
N denotes the number of variables used to define a given relation R.

Finally, we prove that for all three classes of integer relations, the transitive
closure algorithm runs in EXPTIME in the number of variables, and PTIME in
the sum of absolute values of the coefficients of R or, equivalently, in EXPTIME
in the size of the binary representation of R.

We have implemented the transitive closure algorithm and observed that
in some cases, we can achieve a speed-up of four orders of magnitude when
compared with older algorithms for difference bounds and octagonal relations.
Moreover, the algorithm scales much better in the number of variables.

3.3 Related Work

Acceleration of affine relations has been considered primarily in the works of
Annichini et al. [AAB00], Boigelot [Boi99], and Finkel and Leroux [FL02]. Fi-
nite monoid affine relations have been first studied by Boigelot [Boi99] who
shows that the finite monoid property is decidable and that the transitive clo-
sure is Presburger definable in this case. On what concerns non-deterministic
transition relations, the transitive closure of a difference bounds constraint was
first shown to be Presburger definable by Comon and Jurski [CJ98]. Their proof
was subsequently simplified and extended to parametric difference bounds con-
straints in [BIL09]. It was shown in [BGI09] that also octagonal relations can
be accelerated precisely, and that the transitive closure is also Presburger defi-
nable. Our proofs of periodicity are based on some of the previous results from
[BIL09, BGI09]. For difference bounds constraints, we simplify the proof from
[BIL09] by applying a result from tropical semiring theory [Sch00] on periodi-
city of matrices in the tropical semiring. We also give an alternative proof of
matrix periodicity that moreover establishes bounds on the size of the prefix
and the period of a matrix.

4 Computing Termination Preconditions

of Integer Relations

In this section, we address the problem of conditional termination, which is
that of defining the weakest termination set—the set of initial configurations
from which a given program terminates.
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4.1 Decidability of the Termination Problem

First, we define the weakest non-termination set—the set of initial configu-
rations from which a non-terminating execution exists (the dual of the weakest
non-termination set)—as the greatest fixpoint of the pre-image of the transition
relation. This definition enables the representation of this set whenever (1) the
closed form of the relation of the loop is definable in a logic that has quanti-
fier elimination and (2) the greatest fixpoint of the pre-image of the relation
can be computed as the infimum of the Kleene sequence. We show that these
conditions are met for three classes of relations: difference bounds, octagonal,
and finite monoid affine relations, and that the weakest non-termination set of
relations from these classes is an effectively computable Presburger formula.
This entails the decidability of the termination problem for these classes. The
Presburger formula defining the weakest non-termination set is defined using
the closed form of a relation. This induces a method for computation of the
weakest non-termination set which inherits the asymptotic complexity of the
algorithm computing the closed form, which we proved to be EXPTIME in
Section 3.

Next, we study the class of linear affine relations and give a method of
under-approximating the termination precondition for a non-trivial subclass of
polynomially bounded affine relations.

4.2 Computing Termination Preconditions in Polyno-
mial Time

We study the classes of difference bounds and octagonal relations further and
observe that the representation of powers of a relation by zigzag automata pro-
vides a better argument to decide termination of these classes. More precisely,
we notice that well-foundedness of a difference bounds or an octagonal relation
manifests in the existence of a negative cycle in the corresponding zigzag auto-
maton, which makes the limit of the Kleene sequence empty. These observations
lead to a PTIME algorithm computing the weakest non-termination sets for
difference bounds and octagonal relations that avoids the closed form com-
putations and complex quantifier eliminations. Further, the structure of the
negative cycle in a zigzag automaton can be used to prove a result on existence
of linear ranking functions. We show that we can construct a witness relation
R′ for each difference bounds or octagonal relation R such that R and R′ have
equal sets of infinite runs and, moreover, that R′ has a linear ranking function
if it is well-founded.

4.3 Related Work

The literature on program termination is vast. Most work focuses however
on universal termination, such as the techniques for synthesizing linear ran-
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king functions of Sohn and Van Gelder [SVG91] or Podelski and Rybalchenko
[PR04a], and the more sophisticated method of Bradley, Manna and Sipma
[BMS05], which synthesizes lexicographic polynomial ranking functions, su-
itable when dealing with disjunctive loops. However, not every terminating
program (loop) has a linear (polynomial) ranking function. In this chapter, we
show that for an entire class of non-deterministic linear relations, defined using
octagons, termination is always witnessed by a computable octagonal relation
that has a linear ranking function.

Another line of work considers the decidability of termination for simple
(conjunctive) linear loops. Initially, Tiwari [Tiw04] showed decidability of ter-
mination for affine linear loops interpreted over reals, while Braverman [Bra06]
refined this result by showing decidability over rationals and over integers, for
homogeneous relations of the form C1x > 0 ∧ C2x ≥ 0 ∧ x′ = Ax. The
non-homogeneous integer case seems to be much more difficult as it is clo-
sely related to the open Skolem’s Problem [HHHK05]: given a linear recurrence
{ui}i≥0, determine whether ui = 0 for some i ≥ 0.

To our knowledge, the first work on proving non-termination of simple loops
is reported in [GHM+08]. The notion of recurrent sets occurs in this work,
however, without the connection with fixpoint theory, which is introduced in
the present work. Finding recurrent sets in [GHM+08] is complete with respect
to a predefined set of templates, typically linear systems of rational inequalities.

The work which is closest to ours is probably that of Cook et al. [CGLA+08].
In that paper, the authors develop an algorithm for deriving termination pre-
conditions by first guessing a ranking function candidate (typically the linear
term from the loop condition) and then inferring a supporting assertion which
guarantees that the candidate function decreases with each iteration. The step
of finding a supporting assertion requires a fixpoint iteration in order to find
an invariant condition. Unlike our work, the authors of [CGLA+08] do not
address issues related to completeness: the method is not guaranteed to find
the weakest precondition for termination, even in cases when this set can be
computed. On the other hand, it is applicable to a large range of programs ex-
tracted from real-life software. To compare our method with theirs, we tried the
examples available in [CGLA+08]. For those which are polynomially bounded
affine relations, we used our under-approximation method and have computed
termination preconditions, which turn out to be slightly more general than the
ones reported in [CGLA+08].

5 Verification of Programs with Integer Data

In this chapter, we show how the techniques developed in the preceding secti-
ons, which deal with several restricted classes of program loops, can be used in
verification of larger programs. We present several algorithms for reachability
and termination analysis of non-recursive programs with integer data. Sections
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5.1 and 5.2 present techniques for modular reachability and termination analy-
sis, respectively, while Section 5.3 presents an enhancement of a non-modular
reachability analysis algorithm based on predicate abstraction. a discussion of
the related work can be found in the respective sections.

5.1 Modular Reachability Analysis

We propose a reachability analysis method that computes procedure summaries
by tracking relations and computing loop accelerations, using acceleration tech-
niques from Section 3. Since the considered programs are non-recursive, we can
order the procedures topologically with respect to the call graph of a program.
Then, summaries of procedures without call transitions can be computed first.
Subsequently, the remaining procedures can be analyzed in the given topolo-
gical order by plugging the computed summaries at the call sites. Finally, we
check whether the error summary of the main procedure is empty.

A key to computing a procedure summary is acceleration of disjunctive lo-
ops, for which we design a semi-algorithm that attempts to compute effects of
all possible interleavings of the disjuncts. Supposing the relation is of the form
R1 ∨ . . . ∨ Rk where each disjunct Ri can be accelerated, the semi-algorithm
enumerates, in a breadth-first manner, all interleavings of accelerated disjuncts,
i.e., interleavings of R+

1 , . . . , R
+
k . Thus, it computes increasingly larger underap-

proximations of R+. If two such successive underapproximations are equivalent,
the algorithm terminates and returns the precise transitive closure.

Related Work. Reachability analysis techniques that compute the set of
reachable states precisely [Boi99, FL02, AAB00] or using abstractions, such
as abstract interpretation and predicate abstraction methods, have been over-
viewed in Section 1.1. The precise reachability methods from [Boi99, FL02,
AAB00] lack modularity. Similarly, the goal-driven search performed in predi-
cate abstraction-based analyzers is not easily amenable to cope with modular
verification since the reason for spuriously reaching an error state might reside
in the overapproximation of the behavior of a function call. Since the error
location is typically not part of that function, it is usually hard to trace the
relation between the cause and effect in order to refine the abstraction in the
right way. A method that attempts to apply predicate abstraction to programs
composed of (possibly recursive) functions is the method of nested interpolants
[HHP10]. However, this method lacks modularity as it represents the entire
programs by nested word automata [AM06], i.e., computation models which
are equivalent to the visible pushdown automata [AM04].

Our work focuses on modular program verification by attempting to com-
pute function summaries, without regard to the calling context. On one side,
unlike the techniques based on abstract interpretation, we aim at computing
precise summary relations that should not require refinement. On the other
side, our method, although modular, is computationally more expensive than
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the error-driven search of predicate abstraction, mostly due to the lack of abs-
traction (and refinement) in our method. A combination of these two (appa-
rently antithetical) approaches to program verification seems to be the key to
a wider application of program verification in real-life software development.
In Section 5.3, we present a method that combines predicate abstraction based
verification with a precise reachability analysis technique (acceleration). There,
we also discuss methods based on abstractions in more detail. The idea of using
relations as a domain of program analysis has been also exploited in [PR05], al-
though with the goal of proving program termination rather than safety, which
is the aim of this section.

5.2 Modular Termination Analysis

We describe a method that computes over-approximations of non-termination
sets of procedures. Since we consider non-recursive programs, there cannot
be an infinite sequence of procedure calls that never return, and hence, each
non-terminating run must loop infinitely in one of the procedures. By first
computing a transition invariant of each procedure, one can then compute an
over-approximation of the set of initial configurations from which a run that
loops infinitely in that procedure exists. Next, these sets can be propagated to
the main procedure by computing their pre-image via summaries of procedures.
We show that such sets can be computed by combining techniques from Chapter
4, which compute the weakest non-termination sets for certain classes of loops,
with the reachability analysis techniques from Section 5.1.

The method can be summarized as follows. For simplicity, suppose first that
R is the (disjunctive) transition relation of a procedure without call transiti-
ons and that R encodes the program counter. Our method first computes (1)
a transition invariant, i.e. a relation R

#
1 ∨ . . . ∨ R#

m which over-approximates
the transitive closure of R restricted to reachable states, and (2) a reachabi-
lity relation, i.e., a relation which over-approximates (R+ ∧ Init). Next, we
compute the weakest non-termination set WNT(R#

i ) of each disjunct R#
i , by

applying methods from Chapter 4. We prove that computing the pre-image
of WNT(R#

1 ) ∨ . . . ∨WNT(R#
m) via the reachability relation gives an over-

approximation of the weakest non-termination set of the procedure. We ap-
ply the polynomial time algorithm from Section 4 to compute the weakest
non-termination sets WNT(R#

i ). A transition invariant and a reachability re-
lation can be computed by a slight adaptation of the techniques described in
Section 5.1.

Next, we show that the above approach can be generalized to non-recursive
programs with multiple procedures. Since each infinite run of non-recursive pro-
gram loops infinitely in one of its procedures, one can compute over-approxima-
tions of non-termination sets for each procedures by applying ideas from the
previous paragraph, and then propagate these sets to the main procedure by
computing their pre-image via summaries of procedures.
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The results of this section can be seen as a generalization of a result by Po-
delski and Rybalchenko [PR04b] who proved that disjunctive well-foundedness
of a transition invariant of a program entails termination of that program. We
extend their result to computation of over-approximations of non-termination
sets.

5.3 Predicate Abstraction with Acceleration

This section describes how transitive closure computation can help predicate
abstraction to deal with the divergence problem by computing inductive in-
terpolants that rule potentially infinite number of spurious counterexamples in
one refinement step. The underlying idea is that by accelerating dynamically
detected looping patterns in spurious traces, we can analyze multiple concrete
traces at once. We further prove that inductive interpolants that rule out mul-
tiple traces can be computed directly from classical Craig interpolants and
transitive closures of loops.

We present Counterexample-Guided Accelerated Abstraction Refinement
(CEGAAR), a new reachability analysis algorithm which combines interpola-
tion-based predicate discovery in counterexample-guided predicate abstraction
with acceleration technique for computing the transitive closure of loops. CE-
GAAR applies acceleration to dynamically discovered looping patterns in the
unfolding of the transition system and combines overapproximation with un-
derapproximation. It constructs inductive invariants that rule out an infinite
family of spurious counterexamples, alleviating the problem of divergence in
predicate abstraction without loosing its adaptive nature. We present theore-
tical and experimental justification for the effectiveness of CEGAAR, showing
that inductive interpolants can be computed from classical Craig interpolants
and transitive closures of loops.

Related Work. Predicate abstraction has proved to be a rich and fruitful
direction in automated verification of detailed properties of infinite-state sys-
tems [GS97, HJMM04]. The pioneering work in [BL99] is, to the best of our
knowledge, the first to propose a solution to the divergence problem in predicate
abstraction. More recently, sufficient conditions to enforce convergence of refi-
nement in predicate abstraction are given in [BPR02], but it remains difficult to
enforce them in practice. A promising direction for ensuring completeness with
respect to a language of invariants is parameterizing the syntactic complexity
of predicates discovered by an interpolating split prover [JM06]. Because it has
the flavor of invariant enumeration, the feasibility of this approach in practice
remains to be further understood.

To alleviate relatively weak guarantees of refinement in predicate abstrac-
tion in practice, researchers introduced path invariants [BHMR07] that rule
out a family of counterexamples at once using constraint-based analysis. Our
CEGAAR approach is similar in the spirit, but uses acceleration [BIK10, FL02,
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Boi99] instead of constraint-based analysis, and therefore has complementary
strengths. Acceleration naturally generates precise disjunctive invariants, ne-
eded in many practical examples, while constraint-based invariant generation
[BHMR07] resorts to an ad-hoc unfolding of the path program to generate
disjunctive invariants. Acceleration can also infer expressive predicates, in par-
ticular modulo constraints, which are relevant for purposes such as proving
memory address alignment.

The idea of generalizing spurious error traces was introduced also in [HHP09]
by extending an infeasible trace, labeled with interpolants, into a finite inter-
polant automaton. The method of [HHP09] exploits the fact that some in-
terpolants obtained from the infeasibility proof happen to be inductive w.r.t.
loops in the program. In our case, given a spurious trace that iterates through
a program loop, we compute the needed inductive interpolants, combining inter-
polation with acceleration. The method that is probably closest to CEGAAR
is proposed in [CFLZ08]. In that work, the authors define inductive interpo-
lants and prove the existence of effectively computable inductive interpolants
for a class of affine loops, called poly-bounded. The approach is, however, limi-
ted to programs with one poly-bounded affine loop, for which initial and error
states are specified. We only consider loops that are more restricted than the
poly-bounded ones, namely loops for which transitive closures are Presburger
definable. On the other hand, our method is more general in that it does not
restrict the number of loops occurring in the path program and benefits from
regarding both interpolation and transitive closure computation as black boxes.
The ability to compute closed forms of certain loops is also exploited in algebraic
approaches [BHHK10]. These approaches can also naturally be generalized to
perform useful over-approximation [AAGP11] and under-approximation.

5.4 Experiments

Reachability Analysis. We have implemented the reachability analysis me-
thod based on acceleration and procedure summaries, described in Section 5.1,
in the Flata verifier [HIG+12]. We use algorithms that are specific to subc-
lasses of integer relations (e.g. difference bounds or octagonal relations) for
operations such as composition, satisfiability, and transitive closure. We re-
sort to an external SMT solver Yices [DdM] only for checking satisfiability of
polyhedra and modulo relations.

The CEGAAR algorithm, described in Section 5.3, was implemented by
building on (1) the Flata verifier [HIG+12] that computes accelerations and
(2) on the predicate abstraction engine Eldarica [HIG+12] which uses the
Princess interpolating theorem prover [BKRW10, Rüm08] to generate interpo-
lants.

We have collected about 50 benchmarks in the Numerical Transition Sys-
tems format (NTS) which were extracted automatically from different sources:
(a) C programs with arrays provided as examples of divergence in predicate abs-
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traction [JM06], (b) verification conditions for programs with arrays, expressed
in the SIL logic of [BHI+09] and translated to NTS, (c) small C programs with
challenging loops, (d) NTS extracted from programs with singly-linked lists
by the L2CA tool [BBH+06], (e) C programs with asynchronous procedure
calls translated into NTS using the approach of [GM12] (the examples with
extension .optim are obtained via an optimized translation method [Gan12]),
and (f) models extracted from VHDL models of circuits following the method
of [SV07].

Comparing Flata with Eldarica, we observe that the tools behave in
a complementary way. In some cases (examples (a)), the predicate abstraction
method fails due to an unbounded number of loop unrollings required by refi-
nement. In these cases, acceleration was capable to find the needed invariant
rather quickly. On the other hand (examples (e)), the acceleration approach
was unsuccessful in reducing loops with linear but non-octagonal relations. In
these cases, the predicate abstraction found the needed Presburger invariants
for proving correctness and error traces for the erroneous examples.

Last, we report on our reachability analysis techniques that combine pre-
dicate abstraction and acceleration: (1) static acceleration—a lightweight ac-
celeration technique generalizing large block encoding (LBE) [BCG+09] with
transitive closures which simplifies the control flow graph prior to predicate
abstraction, and (2) dynamic acceleration (CEGAAR) described in Section 5.3.
The results on the set of benchmarks suggest that we have arrived at a fully
automated verifier that is robust in verifying automatically generated integer
programs with a variety of looping control structure patterns. An important
question we explored is the importance of dynamic application of acceleration
as well as of overapproximation and underapproximation. In some cases, such
as mergesort from the (d) benchmarks and split vc.1 from (b) benchmarks, the
acceleration overhead does not pay off. The problem is that static acceleration
tries to accelerate every loop in the CFG rather than accelerating the loops
occurring on spurious paths leading to error. Acceleration of inessential loops
generates large formulas as the result of combining loops and composition of
paths during large block encoding. The CEGAAR algorithm is the only ap-
proach that could handle all of our benchmarks. There are cases in which the
Flata tool outperforms CEGAAR. We attribute this deficiency to the nature
of predicate abstraction, which tries to discover the required predicates by se-
veral steps of refinement. In the verification of benchmarks using CEGAAR,
acceleration was exact 11 times in total. In 30 cases, the over-approximation
of the loops was successful. In 15 cases, over-approximation failed, and so the
tool resorted to under-approximation. This suggests that all techniques that
we presented are essential to obtain an effective verifier.

Termination Analysis. We have validated the termination analysis me-
thods described in Section 5.2 by automatically verifying termination of all
the octagonal running examples, and of several integer programs synthesized
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from (i) programs with lists [BBH+06] and (ii) VHDL models [SV07]. We have
first verified the termination of the ListCounter and ListReversal pro-
grams, which were obtained using the translation scheme from [BBH+06], which
generates an integer program from a program manipulating dynamically allo-
cated single-selector linked lists. Using the same technique, we also verified the
Counter and SynLifo programs, obtained by translating VHDL designs of
hardware counter and synchronous LIFO [SV07]. These models have infinite
runs for any input values, which is to be expected, as they encode the behavior
of synchronous reactive circuits.

6 Conclusions

6.1 Summary

We have presented several methods that solve various problems related to for-
mal verification of programs that manipulate integer data. Most of the tech-
niques are built upon a novel algorithm computing transitive closures of diffe-
rence bounds, octagonal, and finite monoid affine relations, which are shown to
be periodic. We have proved that this algorithm runs in EXPTIME in the size
of the binary representation of the input relation. Moreover, the experimental
evidence for difference bounds and octagonal relations shows that the algorithm
scales well in the number of variables and is up to four orders of magnitude
faster than previous algorithms.

Next, we have studied the conditional termination problem for the clas-
ses of periodic relations and showed that the weakest non-termination set is
Presburger definable for relations from these classes. As a consequence, the
weakest non-termination set is Presburger definable for flat counter automata.
Moreover, we have proved that the weakest non-termination set of octagonal
(difference bounds) relations is an octagon (difference bounds constraint) itself
and, moreover, that it can be computed in polynomial time.

We have presented a semi-algorithmic method for reachability analysis of
non-recursive integer programs that is based on computation of procedure sum-
maries and is therefore modular. It uses the transitive closure algorithm as one
of its main components. The algorithm computing the summary relation can
be adapted to compute transition invariants which are known to be crucial in
proving program termination. We show that transition invariants can be used,
in combination with algorithms computing non-termination sets, to compute
termination preconditions for integer programs.

Further, we have addressed the divergence problem of the predicate abs-
traction and showed that it can be alleviated by incorporating acceleration
into the abstraction-refinement framework in order to generate interpolants
that are inductive and rule out potentially infinite sets of spurious counte-
rexamples. Last but not least, we have performed experiments with a number
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of benchmarks and showed that for many of them, our methods outperform
other existing approaches to verification of integer programs.

6.2 Published Results

The transitive closure algorithm studied in Section 3 is an optimized version
of an algorithm that we originally published in [BIK10]. Section 4 extends the
results we published in [BIK12] with a PTIME algorithm for the weakest non-
termination preconditions of octagonal relations. Section 5.3 presents a predi-
cate abstraction-based method that we published in [HIK+12]. In [HIG+12], we
presented the Flata tool which implements most of the techniques described in
this thesis. Last but not least, a work on verification of programs manipulating
integer arrays, not presented in this thesis, has been published in [BHI+09].

6.3 Future Work

The asymptotic bound on the running time of the acceleration algorithm pre-
sented in this thesis has been shown to be in EXPTIME. A natural question
that arises is whether the acceleration problem can be proved to be NP or
PSPACE complete. Another question is whether the search for the correct
prefix and period of a relation, performed in the transitive closure algorithm,
cannot be optimized more than how it is currently achieved by the MaxCon-

sistent and MaxPeriodic procedures. For instance, if the size of the prefix
and the period could be efficiently computed (or at least approximated) directly
from the input relations, the search could be significantly improved for relations
which have very high prefix or period. Furthermore, direct computability of the
size of the prefix and period would render the procedures MaxConsistent

and MaxPeriodic superfluous, which would further reduce the complexity of
the algorithm.

On what concerns our study of the termination problem for difference
bounds and octagonal relations, a direction that is worth pursuing is to study
whether the linear ranking functions, for which we proved existence, can be
efficiently computed. We have shown that a linear ranking function can be di-
rectly constructed from negative cycles in zigzag automata. The problem we
encounter here is that the size of zigzag automata is exponential. The question
therefore is whether the construction of the zigzag automaton can be bypassed.

More broadly, a possible future research could explore whether the methods
presented in this thesis can be extended to larger classes of programs, for in-
stance by allowing recursion and parallelism. A related line of study is whether
the (accelerated) predicate abstraction can be extended to handle recursive
programs, for instance by making it reason about trace summaries instead of
the set of reachable states.
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der Arithmetik ganzer Zahlen, in welchem die Addition als einzige
Operation hervortritt. Comptes rendus du I Congrés des Pays
Slaves, page 92–101, 1929.

27



[QS82] J.-P. Queille and J. Sifakis. Specification and verification of con-
current systems in cesar. In Proc. of the 5th Colloquium on Inter-
national Symposium on Programming, volume 137 of LNCS, pages
337–351, Berlin, Heidelberg, 1982. Springer Verlag.

[Reu90] C. Reutenauer. The mathematics of Petri nets. Prentice-Hall, Inc.,
Upper Saddle River, NJ, USA, 1990.
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