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1 MOTIVATION AND INTRODUCTION 
1.1 Backround 

Abdominal aortic aneurysm (AAA) is a permanent local dilatation of the aorta in its 
abdominal part (Figure 1-1). A reliable predictor for rupture has not been found yet. 
The maximum AAA diameter and expansion rate are the most frequently used criteria 
for surgical intervention. 

 
Figure 1-1 Abdominal Aortic Aneurysm (AAA), source: http://medlineplus.gov/ 

1.2 Problem formulation 
In order to predict the rupture risk of AAA, the stress in the AAA is computed. There 

are several difficulties in evaluating the stress for example to get material properties 
(mechanical properties), geometrical properties (initial shape and thickness) and 
boundary conditions (loading pressure etc.). The main goal of this doctoral thesis is to 
determine influence of geometrical parameters on the stress response and on rupture 
risk of abdominal aortic aneurysm. 
1.3 Literature review 

The present state of the key factors for AAA rupture risk criteria and possibilities in 
3D FEA modeling are summarized in this chapter: 
AAA rupture risk criteria described in [19]: 
• Maximum diameter – clinical data show that the rupture risk is exponentially related 

to the maximum AAA diameter.  
• Expansion rate – clinically, a high expansion rate, say from 0.5 cm per year and up, 

is often associated with a high risk of rupture. 
• Mechanical stress [13], [19], [20] and [21] – a general consensus is that the AAA 

peak wall stress is the best indicator of AAA rupture. Because direct stress 
measurement in patients are not possible, finite element analysis is an efficient tool 

http://medlineplus.gov/


 6 

• Hypertension – clinically, hypertension contributed to AAA rupture.  
• Asymmetry index – generally, the anterior size is greater than the posterior size with 

a larger wall thickness at the posterior side. Several studies [26], [31] reported that 
the effect of asymmetry increase the maximum wall stress. 

• Saccular index – i.e. the ratio of maximum AAA diameter to the length of AAA 
region. Clinical observations [19] indicate that the smaller the saccular index the 
higher is the possibility of AAA rupture. 

Computational backward method for reconstruction of unloaded AAA: 
The methods developed for predicting the unloaded geometry generally overcomes 

the problem with overestimated patient-specific AAA 3D geometry reconstructed from 
CT scans. The following methods are described in the literature: 
• Backward incremental method [16], [23], [24]. The method is based on the 

backward application of iteratively computed forward deformations. Application of 
this method in combination with anisotropic constitutive models for arterial wall has 
not yet been described. 

• Inverse elastostatic computational method [25]. The solution for the initial geometry 
is faciliated via the introduction of the inverse motion which is a mathematical 
inverse of the forward motion. The approach is to reparametrize the Cauchy stress 
which is normally a function of the forward deformation gradient in inverse 
deformation gradient.  

 

2 ARTERIAL HISTOLOGY AND MECHANICAL BEHAVIOR  
2.1 Arterial histology 

From the macroscopic point of view, arteries are divided into „elastic“ (aorta or iliac 
arteries) and „muscular“ (femoral, cerebral arteries) [5]. From microscopic point of 
view, the arterial walls are composed of three layers, the intima, the media and the 
adventitia: 
• The intima is an inner thin layer of a single layer of endothelial cells lining the 

arterial wall and resting on a thin basal membrane (basal lamina). From mechanical 
point of view, the intima has not influence of the artery strength. 

• The media is a thick layer which provides the majority of the strength of arterial 
wall under physiological deformation. The media consists of a complex three-
dimensional network of smooth muscle cells, elastin and collagen fibrils. From the 
mechanical point of view, the media is the most significant layer in arteries. 

• The adventitia consits mainly of fibroblasts and fibrocytes (cells that produce 
collagen and elastin), histological ground substance and thick bundles of collagen 
fibrils forming a fibrous tissue. When the artery radius is expanded, the wavy 
collagen fibrils straighten and provide protection from rupture of the artery.  
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2.2 Typical mechanical behavior of the arterial wall 
Arteries are deformable nearly incompressible composite that exhibit highly 

nonlinear stress-strain responses with a characteristic stiffening at higher pressure [4]. 
The mechanical properties change along the arterial tree and are different at each of the 
arterial layers [3]. Arteries are pre-stressed; that is, in their load-free configuration the 
residual stresses occur in them. A good way of characterizing the residual 
circumferential stresses is through the opening angle measured after artery cut in a 
longitudinal direction. The arteries embedded in the body are also under an axial pre-
strain; hence, it shortens after excision from the body. Arterial walls exhibit several 
types of inelastic phenomena (viscoelastic effects under constant load and hysteresis 
under cyclic loading [1]). Some properties of the arterial wall were experimentally 
tested and verified in this doctoral thesis (see. chapter: 3.4). 

 

3 EXPERIMENTAL STUDY OF MECHANICAL PROPERTIES OF 
AORTIC TISSUE 

Biaxial testing is required to fully characterize anisotropic properties of soft tissues. 
The constitutive models cannot be developed based on uniaxial testing alone because 
fibres may realign along the loading direction [7]. In cooperation of our institute with 
the company Camea s.r.o. equipment for biaxial testing has been designed and 
produced. The source data have been published in author´s publications (VI, VII, VIII). 
3.1 Biaxial testing rig and type of tests 

The testing rig consists of a bedplate carrying two orthogonal ball screws, equiped 
with force gauges, two servo motors and four carriages ensuring symmetric biaxial 
deformation of the specimen. The specimen is immersed in physiological saline 
solution with specific pH and controlled temperature; the whole test is driven by a PC 
using a tailored software system. For clamping of specimens, four clips are attached to 
each of the carriages by a system of levers. The CCD camera is used for contactless 
evaluation of displacements of created contrast points. The independent control of 
displacements in both directions enables us to obtain the following type of tests: 
a) equibiaxial tension tests – equal strains in both loading directions 
b) uniaxial tension tests – loading only in either „1“ or „2“ direction. 
c) planar tension tests – uniaxial extension with constrained transversal contraction 
d) proportional tension tests - biaxial loading with mutually proportional strain 

components in both loading directions 
e) tension tests with constant transversal strain – increasing load in either „1“ or 

„2“ direction and a constant (non-zero) strain in the other one 
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3.2 Specimen preparation 
Mechanical tests are realized „in vitro“using square specimens. The tissue thickness 

was measured manually. The reference markers - four black points were drawn on the 
specimen surface with alcohol-based permanent ink [1] or 1 mm diameter steel balls 
were glued onto the specimen surface [9]. Preload of the specimens was realized by a 
maximum total load of 0.5 N; then the specimen was loaded by a constant strain rate. 
3.3 Ultimate tensile stress measurement 

The way of specimen clamping causes the stress concentration around the clips. 
Failure of the specimens occurs at these locations and cannot be evaluated. 
3.4 Artery wall bahavior of non-separated artery 

The non-separated artery walls were used for the experiments because anatomical 
instruments for layer-separation was not available. The results show (Figure 3-1) that 
the artery wall is stiffer in circumferential direction at lower strains and stiffer in axial 
direction at higher strains. The observed developing of artery stiffness during 
deformation is consequence of different angle of families of fibres at the individual 
artery layer. The fibres have a characteristic waviness in the undeformed configuration 
whereas stiffening during deformation has been attributed to the straightening of the 
aortic lamellae and the increasing dispersion and allignment of collagen fibres [28]. 
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Figure 3-1 Equibiaxial stress-strain response for non-separated artery wall 

3.5 Experimental results of testing under influence of various factors 
The source data have been published in author´s publications (I, II, IV). 

Influence of temperature changes 
Specimens were tested at temperatures 30 °C and 37 °C. Temperature increase by 

1°C results in a stiffness decrease of ~ 5 %; this corresponds to values in literature [1]. 
The standard temperature of 37 °C is used in mechanical testing of arteries [2]. 
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Influence of specimen conservation 
Arterial specimens are commonly preserved using refrigeration and freezing. Rare 

studies examined the effect of freezing and some of them (for example [8]) presented 
ambiguous results. To test the influence of the freezing process, fresh specimens of 
arterial wall were tested within 2 hours from excision (ectomy) and then refrigerated at 
-20 °C and tested overnight again under the same conditions. The computed maximum 
relative stress differences are 5 % and 7.5 % for axial and circumferential directions. 
Influence of loading rate 

Generally the tension response of soft tissues depends on the strain rate [1]. The 
physiological strain rate of healthy aortic wall is about 1 s-1 (in the systolic phase of the 
cardiac cycle). Our rig enables us testing at strain rates from 0.004 s-1 up to 0.100 s-1 
only. Calculated stress standard deviations are in the range from 4.3 % up to 6.4 %.  
Influence of specimen location  

It was possible to obtain three or four specimens (approximatelly 40 x 40 mm) from 
one thoracic aorta at axial location. The stress-stretch responses of four specimens in 
various axial locations are shown in Figure 3-2. It is evident that, in addition to the 
thickness, the stiffness has also changed significantly between the specimens of the 
same aorta; therefore the evaluation of material parameters is valid only for the 
particular axial location. The computed stress standard deviations over all 
measurements are 10 % up to 30 %. Impossibility of getting more specimens from the 
same location represents a limitation in evaluation of biaxial tension tests. 
Influence of preconditioning 

Cyclic stress response during tension testing has been described in a number of 
biomechanical books and journals (e.g. [1], [2], [6]). The preconditioning means that 
the specimens has been subjected to loading and unloading cycles in uniaxial tension 
until the stress softening effect diminished and the material exhibited a nearly 
repeatable cyclic behavior. The results published in [7] show a direct relation between 
changes in orientation and extension of the collagen fibres under load. The results of 
the realized preconditioning tests are summarized in Tab. 1. We can conclude that the 
effect of preconditioning is negligible up to stretch ratio λ = 1.35 for equibiaxial tension 
test. The maximal relative stress differences between the 1st and 2nd cycles are 4.8 % 
and 3.0 % for axial and circumferential directions. The maximal relative stress 
differences between the 1st and 6th cycles are 9.2 % and 6.2 % for axial and 
circumferential directions. On the contrary, the data obtained in the planar and uniaxial 
tension tests show a more pronounced shift of loading curves among the first several 
cycles. Significant differences were found between the 1st and 2nd cycles. In axial 
direction, the maximal relative stress differences are 24.0 % and 69.5 % in planar and 
uniaxial tension tests. Contrary to the first two cycles, the maximal relative stress 
differences between 5th and 6th cycles are 4.7 % and 3.5 % in planar and uniaxial 
tension tests.  
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Tab. 1 Summary of stress differences between individual preconditioning cycles. 
 stress differences [%] in the physiological range of loading  
 equibiaxial tension test planar tension test uniaxial tension test 

cycle: axial 
direction 

circ. 
direction 

axial 
direction 

circ. 
direction 

axial 
direction 

circ. 
direction 

1 - 6 9.0 – 9.2 5.1 – 6.2  26 – 63 7.0 – 6.8 17 – 80 5.0 – 17.0 
1 - 2 3.7 – 4.8 2.9 – 3.0 17 – 24 5.6 – 2.4 16 – 69 5.0 – 13.3 
5 - 6 3.8 – 1.7 2.0 – 2.8 5.1 – 4.7 4.2 – 0.6 2.9 – 3.5 0.0 – 3.3 
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Figure 3-2 Equibiaxial stress-stretch responses in various location along the thoracic 

aorta – axial (left) and circumferential (right) Cauchy stress [MPa] 
 

4 CONSTITUTIVE MODELS OF THE ARTERIAL WALL 
4.1 Constitutive relations 

Appropriate constitutive relations are needed for computational modeling of stress-
strain states in arteries. Hyperelastic constitutive relations represent a mathematical 
description of stress and strain components that are derived from strain energy density 
function W. If such a strain-energy function exists, the stress components are obtained 
as derivatives of W with respect to the strain components: 

11 11 22 22/ /S W E S W E= ∂ ∂ = ∂ ∂    (4-1) 
where Sij  is 2. Piola Kirchhoff stress tensor which is conjugated with Green Lagrange 

strain tensor ijE . Using a rectangular specimen (Figure 4-1), it is possible to define the 
components of stress tensor by several relations [1] presented in eq: (4-2) to (4-4): 
11 11 2 22 22 1/ / ( )F L h F L h Cauchy and Euler true stressσ σ= ⋅ = ⋅  (4-2) 

11 11 20 0 22 22 10 0/ / (1. . .)T F L h T F L h Piola and Lagrange P K engineering stress= ⋅ = ⋅ −  (4-3) 

1 2

2 2
11 1 11 11 22 2 22 22(1/ ) (1/ ) (1/ ) (1/ ) (2. . .)S T S T Kirchhoff P Kλ λ σ λ λ σ= ⋅ = ⋅ = ⋅ = ⋅  (4-4) 
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Figure 4-1 Geometry and deformation state of the specimen 

where 11 22,F F  are two pairs of forces acting on the edges of the specimen, 10 20 0, ,L L h  are 
the original dimensions of specimen at the zero stress state 1 2, ,L L h  are the deformed 
dimensions of specimen, the ratios λ1 and λ2 are the principal stretch ratios computed as  

1 1 10 2 2 20/ , /L L L Lλ λ= =  (4-5) 
Rem. Incompressible material (λ1λ2λ3 = 1) is a presumption for equation (4-4). 
The corresponding components (principal components) of strain tensors can be defined:  

( ) ( )1 2

2 2
1 2(1/ 2) 1 (1/ 2) 1 . ( )E E Green and St Venant Lagrangeλ λ= ⋅ − = ⋅ −   (4-6) 

( ) ( )1

2 2
1 2 2(1/ 2) 1 1/ E (1/ 2) 1 1/ ( )Almansi and Hamel Eulerλ λΕ = ⋅ − = ⋅ −       (4-7) 

1 1 2 2ln ln ( )e e Logarithmic natural strainλ λ= =   (4-8) 

4.2 Overview of frequent types of strain energy density functions 
For an identification of parameters from experimental data a selection of a 

convenient constitutive model is necessary. Strain energy function defined per unit 
reference volume is assumed in the shape (4-9) where J is the volume ratio, i.e., the 
determinant of the deformation gradient F [4] which is a primary measure of 
deformation. Since most of the soft biological tissues behave like incompressible 
materials (J = 1, no change in volume during deformation), U is treated as a penalty 
function enforcing the incompressibility constraint.  

( )W W U J= +  (4-9) 
Isotropic polynomial Yeoh model implemented in ANSYS [13] and [24]: 

( ) ( )2

1 13 3 ( )W a I b I U J= − + − +  (4-10) 

Isotropic exponential model proposed by Delfino et al. [12]: 

( )( ) 2
1( / ) exp(( / 2) 3 ) 1 (1/ )lnIW a b b d J= − − +  (4-11) 

Logarithmic 2D model proposed by Takamizawa and Hayashi [11]: 
( ) 2 2

1 11 2 22 3 11 22ln 1 0.5 0.5W c Q Q c E c E c E E= − − = + +  (4-12) 
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Exponential model proposed by Fung et al. [1]: 
( ) 2 2 2

51 2 3 4

2 2 2
76 8 9

( / 2) exp 1 2 2

2
ZZ RR ZZ ZZ RR

RR Z RZ R

W c Q Q b E b E b E b E E b E E

b E E b E b E b E
ΘΘ ΘΘ

ΘΘ Θ Θ

  = − = + + + + +

+ + + +
 

 
(4-13) 

A single-layer anisotropic exponential model poposed by Holzapfel [5]: 
This model is based on some histological information on collagen fibres in the 

individual arterial layers. The isotropic part is expressed in the Neo-Hookean form and 
represents the matrix properties, while the anisotropic part is described by an 
exponential function and is related to the two families of collagen fibers: 

( ) ( ) ( ) ( ) ( ) ( )
2

11 4 6 4 6
1 4 6

, ,, , ,

1
3 1

2
( )iso I aniso I I aniso I II I I J

c
I J

d
W W U J W W− −= + + = + +            (4-14) 

 

( )
( )2

2
4 6

11
, 4 6

4,62
1 ..... 1, 1

2
ik I

aniso I I
i

kW e for I I
k

−

=

 
 
 

= − > >∑            (4-15) 
 

where c, k1 are stress-like material parameters, k2 define exponentiality of fibers, d is a  
compressibility parameter, J = det(F) where F is deformation gradient, 1 4 6, ,I I I  are 
reduced invariants of right Cauchy-Green def. tensor, 1ϕ  are angle of fibres: 

2 2 2 2
1 1 2 1 21/( )I λ λ λ λ= + +       (4-16) 

2 2 2 2
4 6 1 1 2 1 ( )cos sin symetrical deformationI I λ ϕ λ ϕ= = +       (4-17) 

A double-layer anisotropic exponential model: 
A double-layer constitutive model derived from the single-layer constitutive model 

has been performed at authors´site [32]. This model is used for description of the 
homogenized response of the double-layer model using following constitutive relation: 

( ) 1 4 6
1 4 61 4 6

( ) ( , )
, ,, , ,

( ) ( )j j
B BA A

A B
iso I aniso I I

I I II I I j A B
W f W f W U J W W U J  

  =
= + + = + +∑  (4-18) 

 
where Af  and Bf  are the volume fraction factors of layer A and B (equal to thickness 
fractions) relative to artery wall. Isotropic part isoW  and volumetric elastic response U 
is the same as in the single-layer model. Anisotropic part can be written: 

( ) ( )22
2 62 4 ( 1)( 1)1

2
1 1

2
,aniso

L LL L
L LL k Ik I

L
f

W e e L A B
k

k
−− = − −  

=+             (4-19) 

Anisotropic polynomial model implemented in ANSYS: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

3 3 6

1 2 4
1 1 2

6 6 6 6

5 76 8
2 2 22

( ) , , 3 3 1

1 1 1

i j k
d i j k

i j k
l m n o

m n ol
m n ol

W U J W C A B a I b I c I

d I e I f I g I ϕ

= = =

= = ==

= + = − + − + − +

+ − + − + − + −

∑ ∑ ∑

∑ ∑ ∑ ∑
 

               
(4-20) 
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4.3 Identification of parameters from experimental data 
Non-linear least square fit for orthotropic hyperelastic material: 

Fitting of the constitutive model to experimental data is achieved by optimizing 
(minimizing) the stress-based nonlinear function [10]: 

2 2

1 11 2 22
1 11 22

n
i i

s i i
i

W Wf w S w S n number of data points
E E=

                 

∂ ∂= − + − =
∂ ∂∑  

             
(4-21) 
 

where 
11

i
W
E

∂
∂

and 
22

i
W
E

∂
∂

are  the 2. Piola Kirchhoff stresses predicted by the constitutive. 

The experimental 2. Piola Kirchhoff stresses 11
iS and 22

iS are calculated directly from the 
original data according eq. (4-4). Alternatively to the stress-based approach expressed 
by eq. (4-21), an energy-based nonlinear function fw may also be chosen [10]. Thus: 

( )2

1

n

w i i
i

f W n number of data pointsψ
=

= − =∑                                                       
(4-22) 

where iψ is the strain energy for i-th data record predicted by the constitutive model and 
11 22

11 11 22 22
0 0

i iE E
i i i i

iW S dE S dE= +∫ ∫                                      
(4-23) 

is the strain energy computed from experimental data. Both approaches are equivalent. 
Example of determination of constitutive parameters: 

The source data have been published in author´s publications (V, VI, VII, VIII). The 
software STATISTICA 7.0 was used for determination of constitutive parameters. The 
energy-based approach is used for determination of material parameters. The numerical 
integration is used for evaluation of strain-energy function from the experimental data:  

( )
122

1

1 11
ln ln

2

i in
j j i i

j j
i j

W for isotropic and Holzapfel model
σ σ

λ λ
−

−

= =

+
= −∑ ∑            (4-24) 

 

( )
122

1

1 11 2

i in
j j i i

j j
i j

S S
W E E for Fung model

−
−

= =

+
= −∑ ∑            (4-25) 

In this example the strain energy function W is computed from the experimental data 
obtained from the quibiaxial tension test and both planar tension test (3.1). The Cauchy 
stresses σ11 and σ22 for pure homogeneous planar biaxial deformation of a thin sheet are 
then obtained as in [5]: 

( / ) ( )i i iW i 11,22 for isotropic and Holzapfel modelσ λ λ= ∂ ∂ =          (4-26) 
2( / ) ( )i i iW E i 11,22 for Fung modelσ λ= ∂ ∂ =          (4-27) 

2
1( ) ( 0) ( 0)L observed predicted c k= − + < + <  (4-28)                           
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Tab. 2 Mean values of the evaluated material parameters 
Model a [MPa] b [-]       

Isotropic 0.09 1.70       
Model c [MPa] b1 [-] b2 [-] b3 [-] b4 [-] b5 [-] b6 [-]  
Fung 34.66 0.0125 0.010 0.010 0.007 0.006 0.007  

Model c [MPa] k1A 
[MPa] k2A [-] ϕ A k1B 

[MPa] k2B [-] ϕ B fA=fB 

[-] 
Single-layer 0.073 0.020 2.213 58.3°     
Double-layer 0.019 0.051 0.011 84.9° 0.080 1.015 36.9° 0.5 

**note: the angle of fibresϕ  is measured from axial to circumferential direction. 
The parameters of constitutive models are obtained by means of the standard nonlinear 
Levenberg-Marquardt algorithm for multivariate nonlinear regression by minimizing 
the user specified function. For the single or double-layer model it is necessary to 
define the estimated function and least-squares loss function “L” including a penalty 
function (assessment) designed to “penalize” the parameters. The reason is the physical 
meaning of parameters which does not have to be respected from a mathematical point 
of view. The parameters are then obtained by an appropriate algorithm (e.g. Quasi-
Newton, Simplex, Hooke-Jeeves pattern moves or Rosenbrock algorithm) for 
multivariate nonlinear regression. 
 

5 FINITE ELEMENT MODELING – FEA modeling 
In this section the AAA FEA modeling is realized using isotropic exponential and 

the anisotropic exponential models.  
5.1 General assumptions for FEA modeling 
• Gravitation is negligible with respect to blood pressure. 
• The shear stress caused by the blood flow is negligible [21]. 
• The effect on pressure in the wall from fluid flow turbulences are assumed 

insignificant [22]. 
• Initial stress (residual stress) is not taken in to account. 
• The temperature changes of a human body are not taken in acount. 
• The intra-luminal thrombus is not taken into account. 
• The boundary conditions do not include the contact of the AAA with surroundings 

organs and the vertebral column, which may influence on the results. 
• The AAA wall is purely solid without any fluid component. It is assumed that AAA 

wall is incompressible. 
• For all models the wall thickness is assumed to be uniform in axial and 

circumferential directions.  
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5.2 Parameters of the AAA model (AAA properties) 
In this section the present state of the key factors for AAA FEA models creation and 

for evaluation of the results are summarized. The reason is absence of the mechanical 
testing at real human AAA specimens in our institut. In cooperation with St. Ann 
Hospital in Brno only CT scans were available for geometry reconstruction of AAA. 
Failure and mechanical properties of the human arterial wall 

The papers [14], [17] are focused to uniaxial tensile testing of freshly excised human 
aneurysmal and nonaneurysmal infrarenal aorta. The ultimate Cauchy stresses are 
864±102 kPa for AAAlong specimens, 1019±160 kPa for AAAcirc specimens and 
2014±394 kPa for NORMALlong specimens. 

 
Figure 5-1 Biaxial mechanical properties of the AAA wall [18] 

Van de Geest et al. [18] reported anisotropic mechanical response of the healthy 
abdominal aorta and AAA wall (Figure 5-1). The different curves represent different 
ratios between axial (LL) and circumferential (TT) loading. 

Mohan [29] and Ohashi et al. [27] reported failure properties of human aortic tissue 
in biaxial tension tests. The biaxial stress state was realized using the pressure-imposed 
test with the human thoracic aortas. Both authors reported that the failure of the aortic 
tissue always (by means of) with a tear in the direction perpendicular to the 
longitudinal axis of the aorta. Mohan [29] compared the failure properies in the biaxial 
mode with failure properties in the longitudinal uniaxial mode since in all tests the 
initial tear occurred in the tangential direction. That is, the failure was due to stretching 
in the longitudinal direction. The mean ratio of biaxial vs. uniaxial tension strengths 
was 1.11 [-]. Ohashi et al. [27] also used biaxial and uniaxial tension tests. The reported 
ratio of biaxial vs. uniaxial strengths was 1.15 [-]. This result indicates that the ultimate 
tensile strength is higher in the circumferential direction. 
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Thickness of the human AAA wall 
Generaly contrast CT images were used to reconstruct AAA geometries. In some 

cases the boundary between outer wall, lumen or intraluminal thrombus is hardly 
discernible. In several studies hypothetical models of AAA or models reconstructed 
from CT images are simplified and the wall thickness is considered uniform. The most 
frequent AAA thickness used in literature are: 

• 2.0 mm – E. van Nunen [21], S. de Putter [24], Mohan and Melvin [29] 
• 1.9 mm – Raghavan [14], Jia Lu [25] 
• 1.5 mm – Raghavan [13], Rodriguez [26], 
• 0.23 mm (at rupture side) to 4.26 mm (at calcified side) – Raghavan [15] 
The most recent AAA models used in literature do not explicitly model the 

individual contributions from arterial layers. Holzapfel [6] reported tension testing of 
human abdominal aorta where the mean thicknesses of intimal, medial and adventitial 
samples were measured and these values are 0.33, 1.32 and 0.96 mm so the thickness is 
2.61 mm.  
Constitutive model and material parameters used in literature 

The following chapter summarize the constitutive models and their material 
parameters used in recent literature in AAA stress-strain analyses: 

• Thubrikar et al. [30] used the linear elastic constitutive model with Young´s 
modulus 4.66 MPa and Poisson ratio 0.45 [-]. 

• Putter et al. [24] used Yeoh consitutive model. For the material parameteres a and 
b they used the mean values of 0.174 MPa and 1.881 MPa respectively. 

• Lu et al. [25] used the anisotropic constitutive model described by Holzapfel [5]. 
For the material parameters authors used c = 0.15 MPa, k1 = 2 MPa, k2 = 1.25,     
ϕ = ±36.25° (from circumferential to axial direction) and d = 0.00002 MPa. 

Constitutive models and material parameters used in presented AAA simulations 
For anisotropic exponential model the material parameters described in previos 

chapter were used. The material parameters for isotropic exponential model were 
derived from anisotropic model using virtual experiment and parameter identification: 
Tab. 3 Anisotropic and isotropic exponential constitutive models – material parameters 

Model c [MPa] k1 [MPa] k2 [-] ϕ  [deg] d [MPa] 
Single-layer 0.150 2.000 1.250 53.72° 0.00002 

Model a [MPa] b [-] d [MPa] 
Isotropic 1.800 3.590 0 

Material parameters used for the anisotropic double-layer exponential model were 
calculated from the mechanical response of the AAA wall (Figure 5-1): 
Tab. 4 Anisotropic exponential double-layer constitutive model – material parameters 

c [MPa] k1A [MPa] k2A [-] ϕ A k1M [MPa] k2M [-] ϕ M fA[-] fM[-] 
0.027 0.00025 460 39.9° 0.004 430 49.9° 0.42 0.58 
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The assumption of magnitude of Af  and Mf  volume fraction factors of artery layer A 
(adventitia) and M (media) was based on values described by Holzapfel et al. [6]. 
5.3 Hypothetical idealised geometrical aneurysm model 

Hypothetical idealised geometrical model was used for analysis of the influence of 
each individual geometric variable (diameter, asymmetry and saccular index, AAA 
thickness) on the mechanical response of AAA wall. All the FE models solved here 
consist of linear solid elements SOLID185. Four elements through the thickness of the 
artery wall were used.  
Geometric model (Figure 5-2) and Finite element mesh (Figure 5-3) 

The shape of the hypothetical aneurysm is defined by a function according equation 
(5-1) proposed in [26] (see Figure 5-2). 

  
Figure 5-2 Hypothetical parametrical 

geometric model of the AAA 
Figure 5-3 Boundary conditions and 

orientation of collagen fibres 
The mathematical function describing the geometry (see Figure 5-2) is given by: 

( )( )22
3 1( ) ( ( / ))exp / c

a an a a aR Z R R e R c Z R c Z R= + + − − −  (5-1) 

where Ra is the radius of the healty artery, Ran is the maximum radius of the aneurysm, 
c1, c4 is constants and c2, c3 are geometrical parameters: 

1 2
1 4 2 4 3;.; .; /(0.5 / ) ( ) /( (0.8 / ) )c

an a an a a an ac const c const c c L R c R R R L R= = = = −   (5-2) 
where Lan is the length of aneurysm. The differences between shapes are defined 
through dimensionless geometrical parameters, i.e.: 

/ / /(( 1) )an a an an aR L E RF R R F L R F e F R= = = −  (5-3) 
where FR is ratio of maximum aneurysm radius vs. radius of healty artery, FL is ratio 
between length of aneurysm vs. maximum aneurysm radius (reciprocal of the saccular 
index) and FE is a measure of the aneurysmal eccentricity (asymmetry). 
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Probabilistic design  
The ANSYS Probabilistic Design System analyzes a system of input parameters 

(geometry, boundary conditions etc.). The important results are defined as random 
output parameters (max. principal stresses). During the analysis, ANSYS executes 
multiple analysis loops to compute the random output parameters as a function of the 
sets of random input variables. The process consists of the following steps: 

• Creating of an analysis file for use during looping. 
• Establishing parameteres which correspond to those used in analysis file. 
• Declaring random input variables and correlations between input variables. 
• Specifying random output variables. 
• Choosing the probabilistic design tool or method. 
• Executing the loops required for the probabilistic design analysis. 
• Fitting the response surface and generating Monte Carlo simulation 
• Reviewing the results of the probabilistic analysis. 

Influence of asymmetry, saccular index, andAAA thickness 
First the influence of the AAA asymmetry (FE parameter) and saccular index are 

evaluated. The range of the AAA asymmetry is from symmetrical geometry (FE = 0) to 
the most asymmetric geometry (FE = 1). The saccular index was generally defined as 
ratio of the maximum AAA diameter to the length of the AAA but in this analysis the 
influence of saccular index was evaluated using reciprocal FL parameter. The ratio of 
the AAA length and AAA maximum diameter was subdivided into two cases using c1 
and c4 constants which control the AAA curvature at the transition part. The range of 
these parameters is shown in Figure 5-4 and Figure 5-5 and is in good agreement with 
values used in parametric study [26] as well as with clinical investigtions [13]. 
Calculated correlation coefficients between geometrical parameters and maximum 
principal AAA wall stress are summarized in Tab. 5. The results show that c1 parameter 
has not impact on the stress response (the correlation coefficient is approximately 0.1) 
thus the length of the AAA with constant curvature is independent regarding to the 
maximum stress. The influence of the AAA thickness (1.5 mm vs. 1.9 mm) is 
approximatelly 10 – 20 %.  
Tab. 5 Summary of Spearman rank order correlation coefficients between geometrical 

parameters (c1, c4, FE) and maximum principal AAA wall stress 

constitutive model 
input parameters correlation coefficients 

thickness 
[mm] 

pressure 
[kPa] c1 [-] c4 [-] FE [-] 

isotropic exponential 1.5 16 0.081 0.653 0.715 
isotropic exponential 1.9 16 0.085 0.516 0.836 
Aniso - single layer 1.5 16 0.088 0.875 0.465 
Aniso - single layer 1.9 16 0.115 0.777 0.592 
aniso - double layer 2.28 16 0.010 0.589 0.797 
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Figure 5-4 Range of AAA length – 

constant 
Figure 5-5 Range of AAA length – non-

constant  
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Figure 5-6 Range of AAA eccentricity Figure 5-7 Range of AAA diameter 
Influence of maximum diameter, asymmetry and saccular index 

This analysis evaluated the influence of the maximum diameter (FR) in combination 
with the asymmetry (FE) and saccular index using (c4) defined at previous chapter. The 
range of the AAA maximum diameter is shown on the Figure 5-7. Tab. 6 summarizes 
the correlation coefficients. The influence of the individual parameters is evident but 
different in dependence of the used constitutive model.  
Tab. 6 Summary of Spearman rank order correlation coefficients between geometrical 

parameters (FR, c4, FE) and maximum principal AAA wall stress 
 Input parameters correlation coefficients 

constitutive model thickness 
[mm] 

pressure 
[kPa] 

FR  c4 FE  
[-] [-] [-] 

Iso - exponential 1.9 16 0.437 0.395 0.788 
iso - Yeoh 1.9 16 0.682 0.668 0.263 
Aniso - single layer 1.9 16 0.436 0.649 0.607 
Aniso - double layer 2.28 16 0.671 0.613 0.359 
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Example of response surface analysis 
A response surface in an approximation describing random output parameters as an 

explicit function of random input variables. Using analytical expression of the response 
surface the impact of the individual parameters can be compared. The following two 
hypothetical aneurysms were analysed. First aneurysm has its maximum diameter 
45mm and the angle between AAA and nominal part 111°. The second aneurysm has 
maximum diameter 50 mm and the angle 121°. From the analytical expression the 
maximum principal Cauchy stress in both AAAs is 280 kPa. The stresses at both 
aneurysms were verified numerically using ANSYS and the maximum stresses are 
272kPa and 269 kPa (Figure 5-8). From this point of view the AAA with smaller 
diameter and higher skewness of transition part is dangerous like AAA with smaller 
skewness and higher maximum diameter. 

  
Figure 5-8 Contour plot of the maximum Cauchy principal stress [MPa] 

5.4 Aneurysm model based on the patient-specific CTA data 
The CT scans from St. Ann Hospital in Brno were used for geometry reconstruction 

of the real human AAA. The 3D model was generated using software ProEngineer [33] 
from a series of scans that included AAA as well as parts of the proximal and distal 
healthy artery. The only out of AAA and normal artery wall surface from every scan 
was used for geometry reconstruction. In axial direction the outline profiles are 
connected by series of splines which are continues smooth curves.  
 
Backward incremental method application in ANSYS 

The algorithm of backward incremental method used in this thesis is schematically 
depicted in Figure 5-9. The process of unloaded creation of the stress-free geometry 
consists of the following steps: 
1. Definition of the internal pressure P, number of pressure increment k, pressure 

increment ∆P=P/k and number of iterations l 
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2. Applying pressure k×∆P=Pk on the stress free geometry X. In the described 
algorithm the pressure increment is constant. Putter [23], used a nonconstant 
pressure increment in the simulations, defined by: 

( )/ 2 0kP P sin n k n kπ= ⋅ ⋅ ≤ ≤     (5-4)                        
3. Determining of the deformed geometry xk, displacement vector field Uk and create 

candidate zero pressure geometry X0k=X-f×Uk using mulfiplication factor f. The 
value of multiplication factor is (-1×const). 

4. For anisotropic constitutive model updating the fiber direction at every element. The 
fiber direction is defined in reference to global coordinate system and the position of 
elements change during the zero pressure geometry creation. 

5. Applying pressure Pk and determining deformed geometry x0k. 
6. Calculating objective function Eobj that calculate the average difference between 

original and evaluated „node“ coordinates. 
7. If the prescribed value of objective function is achieved the algorithm stops the 

actual iteration and continues next of k iteration. If the value of objective function is 
not achieved, calculate residual displacement vector field U0k, create candidate zero 
pressure geometry Xlk. For anisotropic constitutive model update fiber direction. 

8. Applying pressure Pk and determining deformed geometry xlk (then x0k in the 
objective function changes to xlk  ). 

9. If the prescribed value of the objective function is achieved, the algorithm stops and 
continues next k iteration. If the value is not achieved continues next l iteration. 

Finite element model of the real AAA geometry 
Figure 5-10 show a purely hexahedral FE mesh and the orientation of collagen fibres 

in the anisotropic constitutive model. Four elements through the thickness were used. 
For the anisotropic double-layer constitutive model two element through thickness are 
used for the adventitia and two for the media layer. The zero axial and circumferential 
displacement were prescribed for nodes at both ends of the model always in a specific 
local coordinate system. Thus only radial displacements of artery ends are enabled. 
Results 

It is evident that the reconstructed (unloaded) geometry strongly depends on the 
constitutive model used. For example, the isotropic exponential constitutive model 
(Figure 5-11) gives different unloaded configuration in contrast to anisotropic single-
layer exponential model (Figure 5-12) which was used for the identification of the 
parameters from the experimental data were the anisotropy is evident. From the point 
of view of maximum wall stress (Tab. 8) the relative difference in stresses is 6 % 
(1.051 MPa for the isotropic model vs. 1.116 MPa for the anisotropic model) for the 
pressure 0.016 MPa. For higher loads (e.g. hypetension) the stress difference is 
approximately 3 % therefore the impact of the different geometries has not essential 
influence on the resulting stress response.  
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Figure 5-9 Backward incremental method algorithm 

 Geometry from CTA images assumed as stress free X. Specify 
pressure P, number of k increments, ∆P=P/k and l iterations. 

Apply pressure k×∆P=Pk and determine deformed geometry xk 

Determine displacement vector field Uk=X-xk 
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Figure 5-10 Finite element model of the patient-specific AAA 

  

Figure 5-11 Isotropic exponential  Figure 5-12 Anisotropic single-layer 

 
5.5 Simulation of hypertension 

As mentioned in chapter (1.3) clinically, the hypertension is considered to be a one 
of the key factors contributing to AAA rupture. This rupture risk criterion was 
simulated in this chapter using reconstructed (unloaded) geometry of the real AAA 
geometry described in the previous chapter 5.4 using all considered constitutive 
models. The range of the pressure loading was considered according Tab.7.: 
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Tab. 7 Classification of hypertension 
Classification Systolic pressure Diastolic pressure 

mmHg kPa mmHg kPa 
Normal 90–119 12–15.9 60–79 8.0–10.5 
Prehypertension 120–139 16.0–18.5 80–89 10.7–11.9 
Stage 1 140–159 18.7–21.2 90–99 12.0–13.2 
Stage 2 ≥160 ≥21.3 ≥100 ≥13.3 
Source: American Heart Association (2003) 

 
Results 

The Tab. 8 summarizes circumferential and longitudinal stress comparison between 
individual constitutive models. For all constitutive models the maximum principal 
stress occurs at the same location at the circumferential direction (Figure 5-13). The 
critical location using the anisotropic double-layer model is nearly in the same location 
but closer to the maximum diameter location (Figure 5-14). The influence of element 
size and shape on the stress response was eliminated using stress-linearizing through 
AAA thickness at critical location (see *note below Tab.9). For linearized stress 
“membrane + bending” component of the stress was considered. From this point of 
view the higher stress occurs using both isotropic constitutive models (Tab. 8). The 
critical location at longitudinal direction is the same as for the circumferential stress. 
The critical location computed using anisotropic double-layer constitutive model is the 
maximum diameter location. As mentioned in chapter (5.2) the ultimate strength of the 
thoracic artery wall is a lower in the longitudinal direction. The estimated mean value 
of the ultimate stress was computed as: 

0.864 1.15 0.994ult MPaσ = ⋅ =                             (5-5) 
where 0.864 MPa is the mean value of the ultimate Cauchy stress for AAAlong 
specimens (5.2) and 1.15 is ratio of breaking stress from biaxial vs. uniaxial tension test 
(5.2). This ultimate stress was not verified experimentally therefore the real value can 
be quite different. Only for comparison pupose and considering these condions the 
computed stresses are lower than the ultimate value for all of the constitutive models 
used. Some of the general assumptions (5.1) need to be also mentioned. First of all, 
residual stress in the AAA wall stress analyses was not accounted for. Residual stress 
can be estimated through the opening angle of an artery sample but unfortunately, no 
methods are currently available to incorporate this phenomenon in AAA wall stress 
analyses. The Intra-luminal thrombus and local calcifications are not modeled because 
it is difficult to include them in the FEA model and to specify the interactions with the 
AAA wall. These phenomena also have not negligible effect on the resulting wall stress 
and should be accounted for in future AAA wall stress analyses.  
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Tab. 8 Stress comparison for individual constitutive models – circumferential stresses 
  Cauchy stress – circumferential direction  [MPa] 

h  
[mm Hg] 

press 
[MPa] isotropic 

isotropic - 
Yeoh 

aniso single-
layer aniso double-layer 

100 0.013 0.897 1.093 0.971 0.959 
120 0.016 1.051 1.337 1.116 1.146 
130 0.017 1.113 1.439 1.174 1.223 
140 0.019 1.179 1.547 1.235 1.304 
150 0.020 1.238 1.643 1.290 1.375 
160 0.021 1.296 1.738 1.343 1.436 

  Cauchy stress – circumferential (membrane+bending) [MPa] 
100 0.013 0.861 0.851 0.680 0.532 
120 0.016 1.004 1.035 0.788 0.643 
130 0.017 1.060 1.109 0.834 0.690 
140 0.019 1.118 1.186 0.883 0.744 
150 0.020 1.170 1.255 0.928 0.797 
160 0.021 1.220 1.323 0.971 0.848 

 
Tab. 9 Stress comparison for individual constitutive models – axial stresses 

  Cauchy stress - axial direction [MPa]  
h  

[mm Hg] 
press 
[MPa] isotropic 

isotropic - 
Yeoh 

aniso single-
layer 

aniso double-
layer 

100 0.013 0.463 0.486 0.443 0.375 
120 0.016 0.520 0.571 0.486 0.462 
130 0.017 0.541 0.604 0.504 0.500 
140 0.019 0.563 0.637 0.523 0.541 
150 0.020 0.581 0.667 0.539 0.579 
160 0.021 0.599 0.695 0.554 0.617 

  Cauchy stress - axial direction (membrane+bending) [MPa] 
100 0.013 0.432 0.461 0.365 0.306 
120 0.016 0.485 0.540 0.408 0.378 
130 0.017 0.505 0.571 0.426 0.409 
140 0.019 0.525 0.602 0.444 0.443 
150 0.020 0.543 0.629 0.461 0.474 
160 0.021 0.559 0.656 0.478 0.505 

*note: The finite element stress distribution includes local effect due to mesh quality 
etc. However the forces have to balance in a Finite Element model regardless of the 
mesh size used. The purpose of stress linearization is to obtain the nominal (membrane 
or average) stress along  path (wall thickness) and bending stress (the difference in 
stress from inside to outside node of  the path) across a section. The procedure is to 
integrate the stress distribution through the  section to get the equivalent normal force 
and bending moment and then calculate the  equivalent membrane stress and bending 
stress. Total stress is just the finite element stress on the surface including local effect. 
The stress linearization is intended for the strength evaluation. 
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Figure 5-13 Contour plot of the circumferential (left) and axial (right) Cauchy stresses 

[MPa] – isotropic exponential model 

 
Figure 5-14 Contour plot of the circumferential (left) and axial (right) Cauchy stresses 

[MPa] - anisotropic double-layer constitutive model 

6 GENERAL DISCUSSION 
6.1 Conclusion and future work 

As mentioned in chapter 1.2 the main goal of this thesis is to determine the important 
modeling aspects (described above) significant for prediction of the AAA wall stress 
and the risk of its rupture. The conclusions are as follows: 
• Influence of preconditioning is important in uniaxial and planar tension tests; on the 

contrary, in equibiaxial tension tests no preconditioning is necessary. The material 
behaviour during uniaxial tension tests is in accordance with the findings in 
literature [7]. It can be concluded that the changes in specimen stiffness are given by 
a re-orientation of loadbearing fibres towards the direction of the first principal 
stresses; in equibiaxial tests, however, the in-plane principal stresses are 
approximately equal, therefore there is no reason for fibre reorientation and no 
significant preconditioning effect occurs. 
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• The influence of specimen location is important because the material properties 
change significantly along the thoracic aorta. Impossibility of getting more 
specimens from the same location represents a limitation in statistical evaluation of 
biaxial tension tests and in identification of parameters of constitutive models. 

• Influence of the strain rate is negligible in the tested range (0.004 s-1 ~ 0.100 s-1). 
• Influence of the tissue freezing is negligible. The mechanical properties show no 

difference between fresh specimens and those after refrigeration. 
• It is impossible to measure the ultimate tensile stress due to the type of the specimen 

clamping used in the presented equibiaxial testing rig. It would be needed to collect 
and analyze the posibilities of the different types of the specimen clamping or the 
shape of the specimens and to suggest a solution if exists. 

The next part of this thesis is focused on FEA modeling. The comprehensive tests 
presented above brought the following conclusions: 
• First the key factors for the creation of AAA FEA models creation are summarized 

and analyzed. The future work should include the mechanical multiaxial testing of 
the real AAA specimens, because these experimental data absent in the up-to-date 
literature. Additional biaxial tension tests should be aimed at the anatomic location 
of samples within the AAA in order to study the influence of their location. These 
characteristic of the AAA tissues are not included in the biaxial study of Van de 
Geest et al. [18]. The future FEA models should include the nonuniform thickness 
of the AAA wall and different parameters for the constitutive models for the AAA 
and healthy part of the artery. 

• A double-layer exponential model performed at the author´s side was used and 
analytically and numerically verified. The main advantage of this model is its ability 
to identify the parameters for an individual artery layer without the layer separation 
before the mechanical testing. It is recommended to use the multi-layer constitutive 
model in future FEA analyses because this similarity to the real aortas contributes to 
more credible simulations of the AAA behavior. 

• The hypothetical idealised geometrical aneurysm model based on several 
constitutive models is suitable for a better analysis of the influence of each 
individual geometric variable such as the maximum diameter, asymmetry index and 
saccular index. 

• The probabilistic desing was used for evaluation of the impact of each geometric 
variable on the stress response in the AAA wall. The analysis based on this 
methodology is able to predict the extreme stress value in dependence of each of the 
geometrical parameters. 

• The backward incremental method used for evaluation of the unloaded geometry 
based on CT scans was implemented and verified in the ANSYS. Several 
constitutive models were used for finding of the unloaded geometry. The differences 
between the single-layer and the double-layer FEA models are not negligible; 



 28

therefore it is appropriate in the future to model the individual artery layers, which is 
more credible and realistic. 

• The influence of the hypertension as a one of the key factors for the AAA rupture 
risk criteria was analyzed using the reconstructed unloaded geometry from the CT 
scans. The influence of the hypetension is modeled using several constitutive 
models. The longitudinal stresses were compared with the computed appraisal men 
value of the ultimate stress. From this point of view the computed stresses are not 
critical. The ultimate stress was derived from the experimental data using the human 
thoracic aortas and the pressure-imposed test. It will be necessary to test the real 
human AAAs with the airm to get ultimate stress (tension strength) under various 
biaxial tension states. The initial circumferential stress and influence of the intra-
luminal thrombus and calcifications are omitted in the AAA wall stress analyses. 
These factors should be accounted for in the future AAA more comprehensive wall 
stress analyses.  

6.2 Scope and limitations 
All the FEA calculation results are applicable only for the same geometry 

configuration, constitutive models, type of loading and boundary conditions. 
6.3 Clinical perspectives 

The results in this thesis describe the influence of the selected geometrical 
parameters on the AAA wall stress. A significant positive stress-skewness-eccentricity 
relation of the AAA shape was identified and related with the AAA wall stress. The 
backward incremental method was implemented and tested in ANSYS. Additional 
possibilities of the AAA FEA modeling usable to standardize AAA wall stress analysis 
was also discused. Therefore the future research will be required to increase the 
accuracy of the AAA wall stress analyses. The clinical relevance of the wall stress 
evaluations will be now investigated. The cooperation with Clinics of Imaging Methods 
will be more cooperatively as well as acquisition of CT scans which are essential to 
next research. The unanswered question is the possibility of the AAA mechanical ex 
vivo testing that will be world-wide uniquely and comparable with the science findings 
publicated by the best worl-wide scientific organizations. 
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10 ABSTRACT 
 

The main objective of this thesis is finite element and experimental modeling of 
stress-strain states of the soft tissues specially focused on rupture risk of abdominal 
aortic aneurysm (AAA). 

The first chapter (chap.1) summarizes the present state of the mentioned problematic 
and the major information published in the present-day literature. The key factors for 
AAA rupture risk decision are also summarized in this chapter. The next chapter 
(chap.2) describe the artery wall histology and mechanical behavior of artery wall. 

The second part of the thesis (chap.3) is focused on experimental modeling of stress-
strain states of soft tissues which is necessary for reliable finite element modeling of 
this behavior. In this chapter a specially designed and produced experimental testing rig 
is described and the type of tests which is possible to realize with this testing rig. The 
key factors influencing the stress-strain behavior of the aortic tissue are also 
summarized and experimentaly tested on porcine thoracic aortas. The new knowledge 
resulting from experimental testing are summarized at the end of this chapter. 

The intention of third part (chap.4) is the mathematical description of the stress-
strain behavior of soft tissues, description of frequently used constitutive models and 
the parameter identification for these constitutive models based on the realized tension 
tests.  

The last part of the thesis (chap.5) is devoted to finite element modeling of the stress-
strain states of AAA behavior. First the key factors and assumptions for finite element 
models creation and evaluation are summarized as well as the material parameters of 
the constitutive models which are implemented in ANSYS software. Several 
simulations were realized using hypothetical AAA geometry where the impact of some 
geometrical parameters change was tested. The backward incremental method using for 
evaluation of unloading state was designed and tested at real AAA geometry 
reconstructed from CT scans. Hypertension as one of the key factors for AAA rupture 
risk was simulated using reconstructred (unloaded) geometries for several isotropic and 
anisotropic constitutive models. 

The new knowledge and possibilities of finite element modeling are summarized at 
the end of this thesis (chap.6). The proposals to next research work is also summarized. 
 


