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Abstract. 3G mobile devices and base stations employ 
rake receivers. An important issue in the design of such 
receivers is finger allocation. This paper explores the 
relationship between finger placement and the correlation 
properties of rake combined signals. The dependence of 
correlation coefficients on system parameters such as the 
multipath characteristics of the propagation channel, the 
number of users, the processing gain and the thermal noise 
power is also discussed. Several conclusions useful in the 
analysis and design of rake receivers are drawn. A low 
complexity finger placement algorithm is finally suggested. 
In the proposed receiver, finger allocation is based on the 
correlation properties of the desired signal component 
only. The receiver performs close to complex structures in 
the literature.  
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1. Introduction 
Direct Sequence Spread Spectrum (DS/SS) is a cost-

effective and high quality solution for wireless 
communications [1], [2]. Among its unique features, the 
improved multipath resolution achieved by rake diversity 
significantly increases wireless system performance [1], 
[3], [4]. Rake diversity improves reception performance by 
separating multipaths into individual paths for reception 
and combining. In practice, it reduces the required 
transmission power and increases system capacity [5]. 

A rake receiver consists of fingers that collect the 
resolvable multipaths; each finger can be treated as an 
independent receiver that composes and demodulates the 
components of the received signal. After despreading by a 
local copy of the delayed version of the transmitter’s 
spreading sequence, the signals are suitably combined to 
perform rake diversity [1], [6]. An important issue in the 
design of a rake receiver is finger placement. Finger 
spacing usually equals to the chip period. However, this 
approach is not a good compromise between performance 
and complexity. Fractionally spaced reception has gained 

popularity in the past few years, [7]-[13]. Lately, 
researchers have analyzed and developed several strategies 
for the efficient positioning of rake fingers. Typical 
examples are the maximization of the signal-to-noise ratio 
of the decision statistic, the minimization of the chip mean 
square error, the estimation of the strongest multipath 
components and the simultaneous maximization of 
received signal power and minimization of correlation 
between fingers. In most cases, the improved performance 
of these methods compensates for the increased hardware 
and/or computational complexity of the receivers.  

The main objective of a rake receiver is the optimum 
combining of the received signals. Their combination is 
based on the mitigation of thermal noise, interference and 
multipath effects and an improvement in the signal level of 
the desired signal. A measure of the received energy and 
correlation at the fingers of a rake receiver are the 
correlation coefficients. This paper explores the 
relationship between the correlation coefficients and finger 
placement in terms of absolute and relative (i.e. finger 
spacing) positions. The impact of system parameters such 
as the power delay profile (PDP) of the propagation 
channel, the number of active users, the processing gain 
and the transmission power is also investigated. Finally, the 
proposal and evaluation of a low computational cost finger 
placement algorithm assess the merits of the analysis.  

The rest of the paper is organized as follows: In 
Section 2, we discuss the system model. The mathematical 
formulation that describes the correlation coefficients at the 
rake fingers is presented in Section 3. Section 4 provides 
results, applications and discussions. Finally, Section 5 
concludes the paper. 

2. System Model 
Let us consider a binary phase shift keying (BPSK) 

DS/SS communication system with K active users. 
A unique spreading code sequence is assigned to each user 
and modulates its binary data sequence such that N 
continuous chips modulate one information bit at a time. In 
this case, the processing gain N is the ratio of the bit to the 
chip period Tb /Tc. Without loss of generality, we assume 
that the signal energy per bit Eb is equal for each user. 
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Therefore, setting p(t) the normalized chip waveform  and 
{bk,n} and {ck,n} the data and spreading code sequences of 
the kth user, the equivalent low–pass transmitted signal is  
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The radio channel is modeled as a wide–sense 
stationary uncorrelated scattering frequency–selective Ray-
leigh fading one. In this case, the total received signal at 
the receiver front–end is [14] 
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where n(t) is a low–pass equivalent process of Additive 
White Gaussian Noise (AWGN) with double–sided power 
spectral density N0/2, k is the time of arrival of the kth 
user's signal and hk(t) is the channel impulse response of 
the kth user's link. The last is modeled as a complex zero–
mean Gaussian random process; its autocorrelation gives 
the power delay profile g(t) of the channel [6]. 

Fig. 1 illustrates an L-finger rake receiver (it will be 
mentioned as L-rake) model. The received signal r(t) is 
passed through a tapped delay line with variable (or equal) 
finger spacing  

 
1, 1 ,  1, 2.. 1i i i iT T i L       (3) 

where Ti, i=1,2..L, are the finger positions. The (optional) 
additional time delay T1 is introduced at the output of the 
first correlator through a filter.  

 
Fig. 1. Rake receiver model. 

In this structure, the received signal in each finger is 
despread by passing through a correlator matched to the 
desired user's spreading sequence. In practice, the output 
X(t) of the ith correlator is identical to the output of a filter 
matched to the desired user’s spreading sequence, sampled 
at Ti, [1], [6], [7]. As a result, X(t) is given by the 
convolution of r(t) and [7] 
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The outputs of the fingers are 
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where Xd(t), Xk(t), Xs(t), and Xn(t) are the desired user, the 
multiple user interference (MUI), the intersymbol 
interference (ISI) and the AWGN signal components, 
respectively. These are given (under the assumption that 
the receiver has perfect knowledge of the signal timing of 
the desired user1, i.e. 0 0  ) by the expressions [7]:  
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where   denotes the convolution operator, R(t) is the au-
tocorrelation function of the normalized chip waveform 
and dk,n is the discrete cross-correlation function between 
the desired and the kth user, calculated by 
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Finally, the signals at the fingers outputs are suitably 
combined to determine the decision variable Z. Combining 
methods that are commonly used include maximal ratio 
combining (MRC), maximum likelihood (ML) criterion, 
equal gain combining (EGC), generalized selection 
combining (GSC), etc. See, for example, [1], [6]-[8], [11]-
[13], [15]. 

3. Mathematical Formulation 
The correlation coefficients’ matrix C of an L-rake 

receiver is an LxL Hermitian matrix with elements  

    *E , , 1, 2..ij i jC X T X T i j L     (11) 

where E[X(t1)X
*(t2)] is the correlation function of X(t) 

conditioned on b1,0, [6]-[7]. The diagonal elements denote 
the autocorrelation at each finger, i.e. the autocorrelation 
coefficients, and represent the total signal power received 
at the finger. The rest of the elements are the correlation 
coefficients between the outputs of two different fingers 
and give the cross-correlation between these fingers.  

Let us consider an L-finger rake with its fingers 
positioned at T = (T1 T2 … TL). The correlation coefficients 
matrix consists of two parts, the desired signal and the 
noise part, Cd and Cn, respectively. It is obviously 

                                                           
1 Time synchronization is achieved by using a known bit sequence that is 
time multiplexed with the information or transmitted as a separate channel, 
[1], [5]. 
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 d n C C C . (12) 

Considering that Xd(t), Xk(t), Xs(t), and Xn(t) are generated 
from independent sources, (5) and (11)-(12) give that the 
elements of Cd, Cn, and C are 
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respectively. The right terms in (13) and (14) are defined, 
[7], [11], from the expressions: 
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where 
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This definition is a generalization of (3). Eq. (3) is a special 
case of (20) for adjacent fingers. 

4. Results and Discussion 
This Section explores the relationship between finger 

placement and the correlation coefficients of rake 
combined signals. The impact of channel characteristics, 
number of users, processing gain and thermal noise is also 
investigated. Environments with uniform (theoretical 
assumption) or exponential PDPs, [7], [10], [11], [13], 
[16]-[18], are considered. For simplicity, time–limited rec-
tangular pulses are assumed (this is a common assumption 
in DS/SS systems; see, for example, [7], [11], [13], [19], 
[20]). In the following examples, we set: 

 
X ijC  , (21) 

 d
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where notation Xm stands for Xk, Xs and Xn.  

Expressions (21)-(23) represent the elements of C, Cd 
and Cn, respectively. They are, correspondingly, calculated 
from (11), (16) and (17)-(19). Each term depends on the 
fingers’ positions, but, for presentation simplicity, the i and 
j indices are omitted in the left terms of (21)-(23). The PDP 
affects the Xd and Xs coefficients, the processing gain the 
Xk and Xs while the number of users and AWGN have an 
impact solely on Xk and Xn , respectively.  

The section completes with the proposal of a 
correlation-based finger placement criterion and its 
application in rake receiver design. 

4.1 Autocorrelation and Cross-correlation 
Coefficient Curves 

We consider a uniform PDP channel with maximum 
delay spread tmax=2Tc. The remaining system char-
acteristics are K=10, N=256, and Eb/N0=15dB. Fig. 2 
shows the total signal autocorrelation coefficient and the 
autocorrelation coefficients due to the desired signal and 
the noise components as a function of finger position. The 
similarities between X and Xd curves are evident. Their 
maxima are at Tc. However, Xd is non-zero up to a point; 
for greater values of Ti, the total signal autocorrelation 
coefficient is only due to noise. This means that the energy 
gathered from fingers set at distances larger than a point is 
only due to noise components and explains why rake 
diversity gain may decrease with the number of fingers, 
[7], [11]. No clear dependence between noise and Ti is 
shown.  

The MRC rake with fingers spaced at multiple 
integers of Tc is optimum under the assumption of in-
dependent finger signals [21]. However, this assumption is 
far from reality as it is shown in Fig. 3 and Fig. 4. These 
figures illustrate the X and Xd curves for various fingers 
positions (curve ij = 0 shows the autocorrelation 
coefficient). The similarities between X and Xd curves are 
obvious. Notice also, the decrease in their values as ij 
increases with the only exception of small Ti and ij which 
is not common in real systems. 

In Figs. 5-7, similar illustrations with the ones 
provided in Figs. 2-4 are given for exponential PDP with 
decay constant d = 2TC. The main differences between the 
uniform and the exponential PDP cases are the absence of 
a region where coefficients remain almost constant. In 
addition to that, in the second case, curves are maximized 
at positions different to Tc. 

As it has already been mentioned, variations in the 
PDP have an impact only on the desired signal and the ISI 
component, (16)-(19). The impact of channel spread on X 
and Xd for channels with uniform and exponential PDPs is 
illustrated in Fig. 8 and Fig. 9, respectively (the impact of 
PDP on Xs is not presented due to the small contribution 
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Fig. 2. Autocorrelation coefficients as a function of the fin-

ger position (uniform PDP). 
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Fig. 3. Total signal correlation coefficients as a function of 

the finger position (uniform PDP). 
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Fig. 4. Desired signal correlation coefficients as a function 

of the finger position (uniform PDP). 
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Fig. 5. Autocorrelation coefficients as a function of the 

finger position (exponential PDP). 
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Fig. 6. Total signal correlation coefficients as a function of 

the finger position (exponential PDP). 
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Fig. 7. Desired signal correlation coefficients as a function 

of the finger position (exponential PDP). 
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Fig. 8. Total (black line) and desired (gray line) signal 

autocorrelation coefficients for varied channel 
spread (uniform PDP). 
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Fig. 9. Total (black line) and desired (gray line) signal 

autocorrelation coefficients for varied channel 
spread (exponential PDP). 

of this term in X; recall that N>>1 in a real DS/SS 
communication system [5]). In the uniform PDP case, the 
received energy of the desired signal resides up to 
max + TC, as Ti increases, X is only due to noise. Increase 
in max lowers the level of the curves; the curves are also 
practically constant over a wider range of Ti values. In the 
exponential PDP channel, we further notice that the 
maxima of X and Xd slightly shift to the left as decay 
constant decreases. 

Fig. 10 illustrates Xk versus ij for N=256 and various 
K (Xk does not depend on Ti, see (17)). Notice that the 
curves lower with K (eq. (17) gives that Xk is proportional 
to the number of users). As finger spacing increases, Xk 
decreases. The term is practical negligible when finger 
spacing is greater than 1.5Tc (due to the time-limited 
rectangular shape of the pulses).  

An example that shows the relationship between the 
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Fig. 10. Impact of finger spacing on the MUI correlation 
coefficient component for various number of users. 
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Fig. 11. MUI and ISI correlation coefficients versus finger 
spacing (black lines: N=256, dark gray lines: 
N=512, light gray lines: N=1024). 

correlation coefficients and N follows. Fig. 11 il-
lustratesXk, Xs (Xd and Xn does not depend on N, see 
(16) and (19)) and their sum versus ij for N=256, 512 and 
1024. Ten users and an exponential PDP with d = 2TC are 
considered. In Xs curves, the first finger is placed at 0. 
Coefficients decrease with N. The MUI coefficient is 
inversely proportional to N, see (18). A similar dependence 
is expected for the ISI coefficient due to the insignificant 
contribution of the second term in (18); see also [11]. 

In Fig. 12, the autocorrelation coefficient of the ISI 
component is presented. System characteristics are as in the 
previous example. The low values of Xs and their decrease 
with N are shown. Notice that the curves slightly increase 
with Ti and show a periodic variation with period almost 
equal to the chip period. This complicated nature of the ISI 
component results from the summation of infinite (in 
practice, of a limited number [11]) terms. A detailed analy- 
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Fig. 12. Impact of finger spacing on the ISI autocorrelation 

coefficient component for different processing 
gains. 
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Fig. 13. Impact of finger spacing on the AWGN correlation 

coefficient component for varying Eb/N0. 

sis of this issue is beyond the scope of the paper due to the 
small contribution of the term in Cn. 

The AWGN correlation coefficient Xn is linearly 
dependent to N0, i.e. it is inversely proportional to the bit 
energy to noise power spectral density Eb/N0, and depends 
on ij, see (19). Fig. 13 illustrates Xn as a function of ij for 
different values of Eb/N0. The term becomes negligible for 
Eb/N0> 20dB. As a result of the shape of the pulses, the 
relation between Xn and ij is linear and Xn = 0 for Ti > Tc.  

4.2 A Low Computational Complexity Rake 
Receiver 

In the previous subsection, we have noticed the 
similarities between the total and the desired signal 
correlation coefficients curves. Based on this, a low 
computational complexity finger placement criterion is 
proposed.  

In [11], the fractionally spaced maximum power 
minimum correlation (MPMC) rake receiver has been 
proposed. The MPMC criterion was used for the 
optimization of fingers positions. This criterion was a 
multi-objective optimization problem [22], [23], based on 
the simultaneous maximization of the sum of squares of 
autocorrelation, i.e. the average received signal power in 
each finger and minimization of the sum of squares of 
cross-correlation between each pair of fingers. The 
criterion was defined as: 

 find :  max F
T

T T  (24) 

0 0
1subject to :  , ,    1, 2..i i iT T T i L     (25) 

where 0
0 0T   and      0 1 0 2 1 2 1iT g G i L       for 

i=1,2..L. Functions g-1(t) and G(t) are correspondingly the 
inverse and the antiderivative functions of g(t). The 
objective function is the 

       1 2,F f fT T T  (26) 

where: 
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Based on the similarities of X and Xd curves, a Low 
Computational Complexity (LCC) MPMC criterion is 
proposed. This criterion is defined from (24)-(25), but the 
quantities X(T) in (27)-(28) are replaced by Xd(T), i.e. we 
use the elements of Cd instead of C. The significant 
reduction in computational complexity is obvious (it 
decreases at least by 50% when Xs is not considered; when 
the MPMC criterion considers this component the 
complexity reduction of the proposed algorithm is 
significantly greater).  

In Tab. 1, the optimum finger positions calculated 
from the LCC-MPMC criterion are given. Receivers with 
one, two, three, and four fingers in uniform, with tmax=2Tc, 
and exponential, with d = 2TC, PDP environments are 
considered. The results from the application of the MPMC 
criterion (see Tab. 1 in [11]) are in parentheses. We notice 
that the two criteria give similar results.  

In Figs. 14-15, the bit error probability (BER) versus 
the bit energy to noise power spectral density is illustrated 
for the MPMC and the LCC-MPMC rake receivers and the 
cases presented in Tab. 1. In these examples, K = 10 and 
N = 256 (this choice has been made for comparison reasons 
with the results in [11]). We assume that the receivers have 
perfect knowledge of the chip waveform shaping filters in 
transmitter and receiver and that an accurate estimation of 
the channel impulse response of the desired user is also 
possible. The examples presented here show that receiver 
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Fing. setting T1 T2 T3 T4  

L=1 1.00(1.00) - - - 

L=2 0.31(0.49) 1.58(1.50) - - 

L=3 0.26(0.28) 0.93(0.98) 1.64(1.69) - 

U
ni

f.
 P

D
P

 

L=4 0.30(0.28) 0.65(0.65) 1.34(1.30) 1.70(1.70) 

L=1 0.51(0.51) - - - 

L=2 0.44(0.43) 1.83(1.82) - - 

L=3 0.38(0.36) 1.32(1.30) 2.35(2.32) - 

E
xp

. P
D

P
  

L=4 0.33(0.31) 1.01(1.00) 1.77(1.74) 2.64(2.64) 

Tab. 1. Proposed (optimum) finger allocation. 

0 5 10 15 20 25 30
10-5

10-4

10-3

10-2

10-1

100

L=4

L=3

L=2

 

B
E

R

E
b
/N

0
 (dB)

 MPMC
 LCC-MPMC

L=1

 
Fig. 14. BER performance of MPMC and LCC-MPMC rake 

in the uniform PDP environment. 
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Fig. 15. BER performance of MPMC and LCC-MPMC rake 

in the exponential PDP environment. 

performance is practically the same when finger placement 
is based on the LCC-MPMC instead of the MPMC 
criterion (a detailed analysis of receiver performance is 
beyond the scope of this paper). It has to be mentioned that 
the proposed criterion is not applicable in a practical 
receiver implementation (the direct calculation of the 
desired signal correlation coefficients is not possible). 

However, the accuracy of the derived results and the 
significant reduction in complexity makes the LLC-MPMC 
criterion a useful tool for the analysis and design of a 
wireless communication system. 

5. Conclusions 
In this paper, a detailed analysis of the relationship 

between finger placement and the correlation coefficients 
of rake combined signals was presented. The impact of 
system parameters such as the propagation channel 
characteristics, the number of users, the processing gain 
and the thermal noise power has also been discussed. 
Interesting conclusions have been derived. Our analysis 
allows a better understanding of the operation of rake 
receiver. As an application, a reduced complexity finger 
placement optimization criterion has been developed. The 
proposed receiver performs similarly to more complicated 
proposals in the literature. In order to fully exploit the 
advantages and practical applications of the presented 
analysis, its extension in more complicated wireless 
propagation environments under the consideration of non-
rectangular pulses is considered as a future development. 
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