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Abstract. Under a fixed laboratory frame, the electro-
magnetic theory of the scattering of a plane wave of arbi-
trary polarizations incidence from arbitrary angles by
a uniaxial anisotropic medium was obtained for the first
time, and could be solved analytically from an eigensystem
determined by a uniaxial anisotropic medium. By applying
the boundary conditions at respective interfaces of the
coated spherical structure, the unknown expansion coeffi-
cients can be obtained from the incident field and the elec-
tromagnetic fields in the anisotropic medium, and from the
scattered field. Not only did the numerical results demon-
strate the validity of our proposed theory but this paper
shall also provide discussions in relation to some general
cases (under arbitrary incident angles) of bistatic radar
cross section.
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1. Introduction

In the past century, the electromagnetic scattering
theory has been developed by Lorenz and Mie [1], [2],
respectively, however the Mie theory continues to be
further extended [3], [4]. In the existing works, many
numerical and theoretical analytical methods have been
established and developed over the past few decades, for
example, Fourier transform [5], [6], spherical wave func-
tion expansion [7] and dyadic Green’s functions [8], [9].
The solutions to the scattering problem of a conducting
sphere have been discussed in the existing literature [10],
and most methods can only present the incoming wave’s
propagation along the z-axis (or another fixed direction).
However, in practice, the incident wave can come from any
direction with respect to our fixed observation coordinate.
In this paper, a derivation of a Mie-type solution to this
problem of the scattering was obtained successfully. Our

work provides a general and analytical scattering method
for a uniaxial-coated perfect electric conductor (PEC)
sphere under an illumination at any incident angle and
azimuthal angle, whilst keeping a fixed laboratory frame
for observing the radar cross section (RCS). After the re-
sults were validated by comparison with the existing data,
some new numerical results are presented and discussed.
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Fig. 1. The geometry of a conducting sphere coated with
a uniaxial anisotropic media.

2. Formulation

Consider a conducting sphere coated with a shell
made of uniaxial anisotropic medium illuminated by
an incident wave. As shown in Fig. 1, a cross section of
coated sphere with outer radius a; and inner radius a, is
located at the coordinate origin. Three distinct regions are
divided into, namely, region 0, region 1 and region 2. The
uniaxial anisotropic with permittivity tensor € and scalar
permeability u are located with thickness (a;-a,). Assume
that the incident electric field amplitude has unity of
amplitude. The time dependence as exp(-iwf) is assumed
but suppressed throughout the treatment.

The permittivity tensor of uniaxial anisotropic can be
characterized by the following for arbitrary direction of
propagation and polarization of the incident plane waves:
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ee,. 0 O
€ = 0 ESGV 0 ' (1)
0 0 ¢
The constitutive relations inside the uniaxial
anisotropic medium can be expressed as:
D, =€¢-E,, Bn=#-H, Q)

The wave equation can be obtained as follows by
substituting (2) into the sourceless Maxwell’s equations.

V X V X (Exe_il : Dint) - krz Dint = O

3)
where
l'e,. 0 O
e€'=| 0 lle 0|kl =w’cu, - 4)
0 0 1

2.1 Expansion of Electromagnetic field inside
Region 1(the uniaxial anisotropic
medium)

Diy: can be expanded in terms of vector spherical
wave functions (VSWFs), we obtain

Dint = zEmn [cmn ME’VB’ (k’ r) + dmn Nfrlt:t (k’ r)
o (5.1)
+vmn ijn) (k7 r) + umn ijn) (k’ r)]
where £ is as yet undetermined and E,, =1"EC,, Ey
is the amplitude of the incident electric field, where

z{ 2n+1 (n—m)!f

n(n+1) (n+m)!

mn

(5.2)
Unless explicitly specified, hereinafter Y implies that n

runs from 1 to oo, and m runs from —n to n for each n. In
practice calculations, the expansion is uniformly
convergent and can be truncated at n=n=x+4x"*+2 [11],
size parameter x=koa;. With the use of the properties of
VSWFs, we obtain

+00 4V _
esg_len = Z Z [g:\l/nMuv +éu'\r/mNuv +-fu,\:m Luv]
v=0 u=—v (61)
Esg_len = Z Z [gz:’inMuv +é:\l/nNuv + ~u’\'/m Luv] (62)
v=0 u=-v

where the coefficients g”",e™, f™,g"", e"™, " can

w > Ju uy

be found in Appendix A. Substituting (6) into (5.1), one
has

+0  +n
—-1 _ T (A W g Dy 1O
6.96 ' Dim - Z Z Emn (cmn an +dmn Nmn + ‘/an Lmn +
n=l m=-n
= MO NO LT |O ) 3 (7
vmn an +umn Nmn +ymn Lmn) + WOOLOO +y00 LOO
d. w

The Coefﬁcients Emn , mnmn an , ﬁmn s J7mn s WOO N yOO
can be found in Appendix A.
Since VSWFs satisfy

Vmen :kNmn V><Nmn :kan Vmen :O (8)

Substituting (7) and (5.1) into (3) with simple
manipulation, we obtain

>'E, 6, M% (k,r)+d,, N0 (k,r)+7, MO (k,r)+

, 9)
it,, N (k,1)] =0
with
3 2 E —uv ~uy 2
dmn =k |:Zva(emnduv +emncuv)j|_kx dmn (101)

g E, -
Cmn = k2 Z?W gr:‘ndw +g:l‘;lcu\')} _kszcmn (10'2)

< E
izmn = k2 Z = (Ent:uuv + ér:tzvuv):| - kfumn (103)
~ 2 I E ) —=uv ~uv 2
vmn = k z =" (gmnuuv + gmnvuv):| _ks vmn (104)

Equation (9) implies S, 9w Vun and %m equal to
zero, thus they can be expressed in the matrix form

and A =k>/k%;

d d
g & € &)lc c
L =1
G G G G)lu u
Y v (11.1)
The matrices are defined by the following
_ E -
gmn w = 7:1‘7,1’ 7mn w Tm}ir:r‘; R (1 1 2)
’ E ’ E, ;
~ E _ ol ~
gmn,uv ==" " & = euv ’ (113)

E gmn 5 mnuy E mn

mn mn

where mn and uv denoting the row and column indices,
respectively. Equation (11.1) is an eigensystem with
eigenvalue 4; and the eigenvectors (d,,; c,,,n,,)T where /
denotes the index of eigenvalues and corresponding
eigenvectors. The new function V; can be constructed
based on the eigenvectors:
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where C,,1s given in (5.2).
V - _l - Z E n[cmn,lM E'rll; (kl H r) + dmn,lNE'rllzt (kl H r)
A The scattered fields are given explicitly as
mnleslz(kl’r)JrumnlNgjlz(kl’r)] (12) E ZZE [ Nfi::l’)l ’r)+bmnMEjr)l(k0’r)i| (18)
where % =k, /A "
ko ol (3) (3)
SinceV-V, =0, (3) and (5) can be expressed as H, = ZEmn [bmnN 2 (ko 1) +a,, M (K, r)] (19)
2n,(n,+2)
VxVx(ee V) =k}V,=0;D, = > @V, (3)  wherek? = we,u,.

=1

The expression coefficients ¢; can be determined
by matching boundary condition between the sphere
and free space. Ej and H;, can be given by the
following using (13).

E =¢'. D,,

int

= _IZE Zal [Cm” IM(I) (kl > r) + mn, ZN(I) (kl > r) +

n,m

mn, 1
TIL(m)n( r)+V

mn.

_iz%[wool I_(l)(kl,r)‘f‘yml I_(3)(k[’r)j|
!

(14)
Hint 7VX Elnt
WU
= —Z Za, dm M (k1) +e,, NO (k)
Hho (15)
mn /M( )(k[’ r) +vm N(n:‘jrz (kl’ r)]

2.2 Expansion of Incident Field and Scattered
Field

The incident fields are given as

_Z lEmn I:pmnN(]) (kO’ r) + qmnM o (kO’ r)]
(16.1)
mn [quINEiZl (k07 r) + pmanrii)z (kO’ r):l

(16.2)

,Uo

where expansion coefficients p,,, and g,,, are
Pun =L PgF (c086,) = ip, 7, (cos G, )]e ™ (17.1)

qmn [pg mn (COS Hk) - ip¢fmn (COS ek )]e—imﬁ (1 72)

The regular functions are given and defined in [11].

7y (0080)=C,,, ——P(cos)  (17:3)
siné

ipm (cosd) (17.4)

cosd
( ) mn da n

MO 1)+, NG (1) +222 LD ()]

The coefficients a,,, and b,,, can be determined
by matching boundary condition between uniaxial
anisotropic shell and free space.

2.3 Applying Boundary Conditions

When the boundary condition is applied on the
surface of a conducting sphere (size parameters xy=kya;),
the following equations can be obtained:

. (kay) az) 1

vmn,] = mn I = cmn,] (20 1)
. (kay) 5, (kay)
AT ! (20.2)
mn,l — mn, l ra mn,l
g, (ka,) 5, (kay)
_ ka,) _ 1 _
ymn,/ = l//” ( a2) mn 1~ = Wmn,l (20'3)
Su(ka,) 8, (ka,)
Similarly, when another boundary condition is

applied at the interface between the free space and the
uniaxial anisotropic shell (size parameter x=kya;), we

obtain
[eﬁ(x)}awz{ Lyiemo, 1 énqc,mjx)um}a[
w,(x) mhk, y,(x) omk oy (x)
|: L ]n(lf,mvx)wmnl_‘_ 1 AP (kmx) _ }%:Pmn (21.1)
| mk4 oy, (x) ’

mkA  wx) o™

TR A N
Ly, ™ mk, w, ) ™

(&) } +Z{& AGLEY

1 & (km) }_ (21.2)
7 lexl 1 _qmlx
mk, v, (x)

oo Slem) }a _, (213)

v, () uoov,(x) " u ()
m} +Z[MUM Ao S mx) }
W, (x) P BTN C) B

H h“)(k mx) _

+z|:/10 ]n (llqmsx) Wm” ! +— mn,l
7 ' ., (%)

} - (21.4)
% =G
4, y,(x) 4

v,(2)=2,(2) and 6.(2)= zh{"(2) are Riccati functions

where j,(kr) and h,"(kr) are the spherical Bessel functions
of the first kind and third kind respectively [11].

Two new variables are introduced, namely

Amn,uv = Sn (x)é‘nvé‘mu s A S (x)é‘nvé‘mu

(22)

mn,uv
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Thus,

1

Us = T m ey, 4 S, (om0, (om0,

mn,l — mn,l

s s

(23.1)

_ 1 - - 1 = — _
k. T.(x,kmx)d,,, + i S, (kmxX)T, (x, kym x)u
s s
1 1 T,(x,kmx) = 1 1
m e, kmx DY (em) ™ m o, ko

mn,l ‘mn,l

S, (I;,mjx)T” (x,l;,msx) =
D)
(23.2)

Vo =207 (e lm)d,,, + 208, (lm )T, (x, o, x)i,

mn mn,l mn,l
s s

(23.3)

I &Tn(x,/;,mxx)E

mn, mn,l

+ 225 (km )T, (x, Jopm, )7,
7

mn,l
s s

S, (k,m )T, (x, k,m,x) _

Hy 1
+ =
Dr(tl)(kl”lsx) Yoms

f,,(x> E/m;x) = My 1
e Wy T
U, kmx D, (km x) H, kmx

(23.4)
where

(23.5)

s

m =Kok
kO ks

S,,(n): fn(x) g (Il)= fn(x) ,Z’(x,z):L(Z).T(

AC)
()" v,(x) (0"

v, (x)
(23.6)

s

Logarithmic derivatives of Riccati-Bessel function [12] is

D,EI)(Z) — l//;t (Z)

v, (2)
Equation (21) can be rewritten as
Kmn,uvamn + Umn,ldl = pmn (24 1)
Amn,uvbmn + an,ldl = pmn (242)
Amn,uvamn + Umn,l&l = qmn (243)
Kmn,uvbmn + I7mn,la~l = qmn (244)

Equation (24) can be represented as

5 )
¢ YO

Finally (25) can be solved

06 0 26T

(25.2)

A
e S e 2 )

S=ZRy=A-A (29)

Thus the unknown coefficients of electromagnetic
fields in the uniaxial anisotropic spherical medium can be
obtained, and the coefficients of scattered fields in free
space can be calculated using the aforementioned method.
With the scattering coefficients obtained from (16) and
(17), we obtain the radar cross section for the arbitrary
incident angle.

b dJTCﬂ daxcﬂ 2
O'=}1_I)1;47[ dQ ,where 1o :‘f(9,¢)‘ (30)
ikor

E,=E,f(0,¢)—.,r > GD

where do,.,/dQ) is the differential scattering cross section
and f (9,¢) is the scattering amplitude.

3. Numerical Results and Discussion

The numerical results obtained are shown in this
section for a conducting sphere coated with a shell made of
uniaxial anisotropic material. Firstly, the results in this
paper are compared with the existing works to verify our
theory and its accuracy, and program codes.

Fig.2 (a) illustrates the result from [13] about the
bistatic RCS by a conducting sphere coated with uniaxial
anisotropic medium. This shows that the results in this
paper agree with the existing works.

This Paper -
154 e Figdinref[13] T

Bistatic RCS (dB)

=15 T T
o &0 120 180

Scattering angle 0g(degree)

Fig. 2.(a) Bistatic RCS of the uniaxial anisotropic medium
(Ti0,) coated sphere in the E plane with kya; =27 and
koa; = 1.6m. The permittivity tensor is &£~=5.913¢,,
e~7.197¢9, the incident wave propagates in

+ Z direction.
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----- H-plane k a =27 ka,=0.001x
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Scattering angle 6g(degree)

154 ——E-plane k a =r k a=0.001x

Fig. 2.(b) RCS versus the scattering angle in both the E-plane
and the H-plane. The radius of conducting sphere is
assumed to be extremely small (koa,=0.0017) which
tends to a homogenous uniaxial anisotropic sphere.
The electric size of homogeneous uniaxial anisotropic
sphere is chosen as koa;=nt and koa;=27 respectively.
The permittivity tensor elements are &g = 5.3495,
£~4.9284¢,.

Secondly, Geng et al [14] presented RCS for a general
lossless uniaxial anisotropic medium. In Fig. 2 (b), it is
seen apparently that RCS calculated by using our present
method in this paper and the Fourier Transform method
agrees excellently in both the E plane and the H plane. This
agreement once again verifies the applicability of our
theory and accuracy of the program codes developed.

Fig. 3(a) represents the radar cross-section at two in-
cident angles with the same permittivity tensor. The radius
of conducting sphere is assumed to be extremely small
(koa;=0.001m) which tends to a homogeneous uniaxial
anisotropic sphere with (kypa;=m). It can be seen that the
shape of cross section is similar as the incident angle var-
ies. The maximum and minimum in the E plane scattering
both increase and they move rightwards, but the maximum
in the H plane scattering decreases and minimum increases
as the incident angle increases. Fig. 3(b) shows the varia-
tion of the radar cross section at two incident angles in the
uniaxial anisotropic-coated PEC sphere. It can be observed
that there is a reduction in the E plane compared with
Fig. 3(a) at 6, = 105° and 6, = 115°, respectively. As the
incident angle is increased to 30° it is noted that a good
convergence at O, = 180° is increased to -2dB in the E
plane and the H plane. Both the E-plane and H-plane in
these two figures move towards the other end of the sphere
as the incident angle increases.

Fig.4 illustrates the effect of anisotropic ratio on the
RCS in both the E plane and the H plane. It is seen that the
RCS in the E plane will have a great reduction at 6, =112°
as g increases and g remains constant but RCS in the H
plane will have a small rise at 6, =112°. As g, increases
gradually, RCS in both the E plane and the H plane drops
greatly at 6, =180° and rises at 6, =0°.

T T T
=——E-plane ¢ =10 degree
= H-plane =10 degree

- == = = E-plane # =30 degree |
=-+= H-plane 6 =30 degree

Fig.3.

T T T
45 a0 135 180

Scattering angle 6g(degree)

Radar cross-section (RCS) versus scattering angle at
6, =10°and 30° in the E plane and the H plane and the
permittivity tensors are assumed to be &g, =2¢, e~4€

(@) The electrical dimensions are koa;=nt and
k(]az=0.0017l7.
20 L} Ll T
— E-plane # =10 degree ]
185 =  H-plane #=10 degree |
104 . =+ = E-plane 6 =30 degree _
s - = = H-plane #=30 degree |
S e
-
[an]
S o
ol
< s
LR
-10+ ! i
-16 4 -_ _"
y
-20 T T T ¥ T ¥
0 45 90 135 180
Scattering angle 6g(degree)
Fig.3.(b) The electrical dimensions are koa;=nt and
k(]a2:0.9TE.
o~
o0
T .
& !
< 15+ ge=le, e=2.5¢ by ]
S 2] == ee=18e e=2.5¢ | ]
25 = = ge=2e £=2.5¢ § 4
a0 = eg=2.8¢, £=2.5¢, t 4
-35 T T T

45 a0 135 180

Scattering angle 6g(degree)

Fig. 4. Radar cross-section (RCS) versus scattering angle at

6, =10°, koa, =r and koa, =0.75n. (a) In the E plane
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Fig. 4. (b) In the H plane.

Lossy Media
13 T T T

a/A(dB)
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- == E-plane a2/a1=0.5 -
= == H-plane a2/a1=0.5 "

-30 " y . . .
a (1] 120 180

Scattering angle 6g(degree)

Fig. 5.(a) Radar cross section versus scattering angle at axial ra-
tio n= (a»/a;) = 0.65 and 0.5 in lossy media. The per-
mittivity tensor is assumed to be ge~ (4+0.2i)g,
&= (2+0.1i)&, kpa; =n and the incident angle 6; =10°.

0 T
L)
[an]
o
S
& o] ]
o — E-plane
E"I = H-plane
5
E
1]
]
g 204 -
[¥]
4]
[aa]

T
0 0.5 1
axial ratio

Fig. 5.(b) Backscattering radar cross section versus axial ratio
range at 0, =10°. g&, =2¢, £~4¢,. Size parameter at
outer layer is chosen as kya; =0.5m.

In Fig. 5(a), it is seen that the RCS reduces greatly in
the E plane at , =152° as axial ratio rises but a small drop
occurs in the H plane at 8, =116°. A good convergence can
be achieved at -1dB at 6, =180°. Fig. 5(b) shows backscat-
tering RCS has the maximum in both the E plane and the H

plane at axial ratio = 0.6. As the axial ratio starts from 0.6,
backscattering RCS is decreasing.

Backscattering RCS (dB)

Fig. 6. The backscattering RCS versus any incident angle 6
(0° to 90°) and azimuthal angle ¢ (0° to 360°) in 3D
plot.

Fig.6 depicts the performance of backscattering RCS
on variation of the incident angle and the azimuthal angle,
g&,=2g), &=4¢y and koa; =7 and kya,= 0.57. It shows
how the angles 6, and ¢, influence the scattering cross
section, which has never been reported. The backscatters
are same at 6; = 0° as azimuthal angle ¢, varies from 0° to
360° but a greater variation of backscattering will be ob-
served as the incident angle 6 increases gradually to 90°.

4. Conclusion

In this paper, the problem of electromagnetic scatter-
ing by a conducting sphere coated with a uniaxial anisot-
ropic layer has been successfully modeled and solved using
the mode expansion method. This analytical approach may
be used for electromagnetic scattering and controlling of
radar cross section (RCS) by manipulating the anisotropy
and illumination angle, which can only be analytically
treated by our approach so far. For example, in the radar
detection, the scattering by an object was calculated under
fixed radar wave incident direction in the existing works.
However, this is a shortcoming to the radar detection sys-
tem in practice since the radar wave may be incident upon
a target from any direction. Therefore, our work provides
an analytical solution to characterize the scattering feature
of the target and predict the scattered power around the
target from any incident angle, which will be useful in
reconstructing the radar image of the object more accu-
rately. On the other hand, given that a radar wave illumi-
nates an anisotropic object, our method can also be used to
maximize or minimize the scattering by positioning the
anisotropic object since the scattering heavily relies on the
anisotropy and the incident angle. The present method
might be further extended to a variety of applications in
target shielding studies, microwave devices and also help
in understanding wireless communication channels.
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Appendix

VSWFs are given by [11]
M) (k,1) =[ i, (cos O)e, -

mn

7, (cosO)e, |2\ (kr)e™
(A-1a)

N (k,r)= [rmn (cos@e, —ir,, (cos 9)e¢]ii[rzflj ) (kr):| x ™

(J)(kr) 1m¢

+e,n(n+1)P" (cosO)2——= Zn (A-1b)

mn

L) (k,r) = 7,,,(cosO)e, — i,
m dr img (A-1c)
+e P, (COSH)EE[FZ" (kr)}e

Two auxiliary functions are shown

7T, (cos0) = i P"(cos®);7,,(cosf) = iPn”’ (cosO)
sin@ do

(A-2)
The coefficients in (6) are given
EM o5 5+ {(,ﬁ +n—m>)1/¢, - D}@ﬁmu (A-3a)
n(n+1)
~mn __ l(n+m)[m(l/6 _l)] lvé‘mu l(n ’n-"_l)[’n(l/6 1)] n+ly mu
"o n(2n+1) (n+D)(2n+1)
(A-3b)
f'nm _l(n+m)[n’(1/ﬁ ] n—lv mu Ll(n m+1)|:n'(1/6 )] n+ly mu
2n+1 (n+1)(2n+1)
(A-3¢)
o —i(n +m)(n+l)[m(1/ € —1)] 0, 1,00
Ew = n(n—1)2n+1)
_i(n—m+1)n[m(l/e 1)] 19O (A-3d)
(n+1)(n+2)2n+1)

207 +20=3)m” +(2n° +2n=3)n(n+1)](1/¢, —1)
wo n(n+1)2n—-1)2n+3) T
(n +D)(n+m—-1)(n+m)(1/e,
(n+1)(2n- 1)(2n +3)
n(n—m+1)(n—m+2)(1/e, —1)0,
- (n+2)(2n+1)(2n+3)

)n2» mu

+0 0

nv= mu

n+2,v mu

(A-3e)

ﬁ,v,m _ n* +n—3m2)(1/e, -1) 5.5
2n-1)(2n+3)
(n+D(m+m—-D(n+m)1/e,
" 2n-D(2n+1)
n(n—m+1)(n—-m+2)(1/€ —

2n+DH(2n+3)

) n— 2» mu

) n+2v mu

(A-3D)

The coefficients in (7) are shown

E,
- z uv (gmn uv +gmn uv) dmn - z Euv (er:‘ncu\ +er:r‘;du\)

(A-4a)
o = Euv uv uvd _ —uy
Won = Z E (fmn Co + mn % uy ) umn - z +gmnuuv)
v,u mn v,u mn
(A-4b)

uv &y +2”u ) uv (f uv )
- €nVuy mn u, ymn - E mn Vi mn Wy

| (A-4c)

2 1
Wy =2 5 o o) =P (1 €, =1)dEy
(A-4d)

Yoo _ZEW (fmn v fmn w) = ( )2 (1/6 )Voz

v,u

(A-de)
VSWFs when » — oo [15]

ngn) = (_i)” [ﬂ-mn (COS 0)e¢ +Z'Z'mn (COS 9)@ :'76”7@ (A Sa)

ix

N® = (i)' I:Tmn (cos)e, +irn, (cos H)e ]
b

mn

1m¢ ( A- Sb)
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