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ON AN EQUATION RELATED TO NONADDITIVE ENTROPIES
IN INFORMATION THEORY

PREM NATH axp DHIRAJ KUMAR SINGH*

Abstract. The paper provides the general solutions of a sum form functional equa-
tion containing three unknown mappings with some of the solutions related to the
nonadditive entropies in information theory.

1. INTRODUCTION

Forn=1,2,...,let T, = {(ph...,pn):piZO,izl,...7n;2pi=1} denote
i=1

K3
the set of all n-component finite discrete complete probability distributions with
nonnegative elements.
Behara and Nath [1] considered the functional equation

n m n m m n
DN Fwia) =D Py @)+ >4 Y f) (1.1)
i=1 j=1 i=1  j=1 j=1 =1
with f : I — R an unknown mapping, [ = {z € R: 0 < z < 1}, R denoting
the set of all real numbers; (p1,...,pn) € Tn, (q1,-.-,Gm) € Tim; n = 1,2,
m = 1,2,...; o and 8 being fixed positive real powers; 0% := 0, 07 := 0 and
1% :=1, 1% := 1. They found the continuous solutions of (1.1).
Losonczi and Maksa ([3], p. 263) considered the functional equation (1.1) with
f I — R an unknown mapping, (p1,...,0n) € Tn, (¢1,--+,Gm) € Ty n > 3
and m > 2 being fixed integers; 1 # o € R, 1 # 8 € R; 0% := 0, 0° := 0;
1¢ := 1, 1% := 1; and they found the general solutions of (1.1) without imposing
any regularity condition on the mapping f: I — R.
The object of this paper is to determine the general solutions of the functional
equation
SOS fwig) =Y _9m)d hlg)+ Y a > hipi) (A)
i=1j=1 i=1 j=1 j=1 =1
with (p1,...,9n) € Tny (q1,-+ -, qm) € Ty n > 3 and m > 3 being fixed integers;
B a fixed positive real power satisfying the conventions 0° := 0, 17 :=1; f, g, h
being unknown real-valued mappings each with domain 1.
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If g(z) = x and 8 = 1, then (A) reduces to the equation

>3 sy Z hpd) + > h(a;)
=1 j=1 j=1
which has been discussed in [5].
If g(x) = z* for all x € I, a being a fixed positive real power; 0% := 0, 1* := 1,
then (A) reduces to the functional equation

SO fig) =d_p¢ Y hig) + > a) > hipi) (1.2)
i=1 j=1 =1 j=1 j=1 =1
which is a Pexider-type generalization of (1.1). Notice that (1.2) reduces to (1.1)
when h(z) = f(x) for all x € I. Some results concerning the functional equation
(1.2) will be presented elsewhere.

Now, we mention below some definitions and results needed for the development
of subsequent sections of this paper.

A mapping a : R — R is said to be additive if a(z + y) = a(z) + a(y) for all
zeR yekR

A mapping M : I — R is said to be multiplicative if M (zy) = M (z)M (y) for
allzel, yel.

A mapping ¢ : I — R is said to be logarithmic if £(0) = 0 and {(zy) = {(z)+L(y)
for all z €10,1], y € 10,1],]0,1] ={z e R: 0 <z < 1}.

Result 1.1 ([4]). Let a mapping ¢ : I — R satisfy the functional equation
Z o(pi) = ¢ for all (p1,...,pn) € Tn, n > 3 a fixed integer and ¢ a given real
constant Then, there exists an additive mapping A : R — R such that ¢(p) =
A(p) — fA( )—I—f forallpe .

n n

Result 1.2 ([6]). Let n > 3, m > 3 be fized integers. If mappings H : I — R,

G : I — R satisfy the equation

n

SN Hpig) =D Go) Y Hg) +>_ Hp)> o)
i=1 j=1 j=1

i=1 j=1 i=1

+(m—n)H(0)> g} +m(n—1)H(0) (B)
1

m
j:

forall (p1,...,pn) €T, (q1,---,qm) € Tin; B # 1 a fized positive real power such
that 0% := 0 and 17 := 1. Then, any general solution of (B) is of the form

(i) H(p)=[H(1)+ (m—1)H(0)]p’ +bi(p) + H(0);01(1) = —mH(0)
(i) G(p) = ai(p) + G(0); ar(1) = —nG(0)

or
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(i) H(p) = ba(p) + H(0); ba(1) = —mH(0) (B)

(ii) G an arbitrary real-valued mapping s
() H(p) = dla(p) - p"] + H(0); a(1) = 1 - 5 H(0) } (6
(i) G(p) = a(p) + B(p) + G(0); B(1) = —nG(0) + 2 H(0)

(i) H(p) = d[M(p) — b(p) — p?] + H(0); b(1) = ™ H(0) 5
(i) G(p) = M(p) —b(p) + B(p) + G(0); B(1) = —nG(0) + = H(0) ’

where M : I — R is a nonadditive multiplicative mapping with M (0) =0, M (1) =
1; £ : I — R is a logarithmic mapping; d is an arbitrary nonzero real constant;

ap:R—=>R, b :R=>R(i=12),a:R=>RbI:R->R a:R=>Rb:R-R
and B : R — R are additive mappings.

Note. If G(p) = p*, a > 0, a # 1, p € I, then (B) reduces to the functional
equation

ZZH<pin) = ZP? ZH(QJ) + ZH(ZH)ZQ?
+ (m —n)H(0) Z ¢} +m(n —1)H(0), Q)

J
which may be regarded as an enlargement of (1.1) (with H in place of f). Its
solutions will be presented elsewhere.

2. THE MAIN RESULT

The main result of this paper is the following:

Theorem 2.1. Letn > 3, m > 3 be fixved integersand f : I - R, g: 1 - R, h:
I — R be mappings which satisfy the functional equation (A) for all (p1,...,pn) €
T, (g1, Gm) € T; B # 1 being a fived positive real power such that 0° := 0,
1% := 1. Then, any general solution (f,g,h) of (A) is of the form
(i) fp) = [h(1) + (n = 1)R(0)]p” + Ai(p) + f(0)
(i) g(p) = Az2(p) + 9(0) (1)
(i) 7(p) = [A(1) + (n — 1)R(0)]p” + A(p) + h(0)
or
(@) flp) = lg(1) + (n = Dg(O){[r(1) + (m — 1)A(0)]p” + A3(p)}
+[A(1) + (n = 1)R(0)]p” + Ai(p) + f(0)
(ii) g an arbitrary real-valued mapping
(iii)  7(p) = [A(1) + (m — Dh(0)]p” + As(p) + h(0)
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©) f(p) ={lg(D) + (n = Dg(0)}(p) + [f(1) + (nm — 1) £(0)]}p”

—[g(1) + (n — 1)g(0)]b(p) + A1(p) + f(0)
() g(p) = [g(1) + (n — Vg(O)][p? + a(p)] + 9(0) (23)
(i) h(p) = {£) + [(1) + (m — DAO)]}p® — b(p) + h(0)
with [g(1) + (n —1)g(0)] # 0 or
0 F(p) = {F(1) + (nm — 1) £(0)] — dlg(1) + (n— 1)g(0)]}p?
+dlg(1) + (n — 1)g(0))a(p) + A1 (p) + £(0)
() 9(p) = [9(1) + (n — )g(0)]a(p) + B®)] + 9(0) (a4)
(i) h(p) = {[(1) + (m — 1)h(0)] — d}p® + da(p) + h(0)
with [g(1) + (n —1)g(0)] # 0 or
() F() = dlg(1) + (n — Dg(O)][M(p) — b(p)] + {[F(1) + (nm — 1) £(0)]
—d[g(1) + (n — D)g(O)]}p? + A1 (p) + £(0)
() g(p) = [9(1) + (n — Dg(O)][M(p) — b(p) + B(p)] + g(0)
(i) h(p) = d[M(p) — b(p)] + {[h(1) + (m — 1)h(0)] — d}p® + h(0)
(as)

[2(1) + (n. = DR(0)]p” + B(p)
9(0)][A(1) + (m = 1)h(0)]
1) ;

("7)

M : I — R is a nonadditive multiplicative mapping with M(0) =0 and M (1) = 1;
¢: I — R is a logarithmic mapping; d # 0 is an arbitrary real constant; A; : R — R
(i=123),0:R>R,a:R—>R,a:R—->R, 0:R—->R, A:R—-R, B:R—R,
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B :R — R are additive mappings such that

(i) Ai(1) = —nmf(0) +mlg(L) + (n — 1)g(0)]h(0)

(i) As(1) = —ng(0)

(iii) As(1l) = —mh(0)

(iv) a(l) =1— 2h(0)

(v) b(1) = ™h(0)

(vi) a(1) = —nlg(1) + (n — 1)g(0)] g (0) (©)
(vii) b(1) = mh(0)
(vili)  B(1) = =nlg(1) + (n — 1)g(0)] "' g(0) + “h(0)

(ix) B(1) = nh(0) + n[h(1) + (m — 1)h(0)]g(0)

—mlg(1) + (n — 1)g(0)]h(0)
(x) A(1) = —nh(0).

Proof. Puttingp; =1, po=...=p,=0and ¢y =1,¢2 =... =@, =0in (A),
(7)(ii) follows. Now, let us put p; =1, po =... =p, = 0in (A). We obtain

Z{f(qj) ~[g(1)+(n—=1)g(0)]h(g;) = [h(1) +(n—1)A(0)]g] } = —m(n—1)f(0).

By Result 1.1, there exists an additive mapping A; : R — R such that
F(p) = [g(1) + (n = 1)g(0)][A(p) — h(0)] + [A(1) + (n — )R(0)]p” + A1 (p) + f(0)

(2.1)
with A;(1) given by (§)(i). From equations (A) and (2.1), it follows that
[9(1) + (n = 1)g(0)] Y > hlpig) + [A(1) + (n = 1)h(0)] Z (pig;)”

(2.2)
The substitutions ¢y =1, g2 = ... = g, = 0 in (2.2) give
3 A0 = [g(1) + (n~ Dg(O)] 3 hip) — [5(1) + (m —~ DRO)] Y g(p)

+ [A(1) + (n = DRO)] Y p] + (m = n)[g(1) + (n — 1)g(0)]A(0). (2.3)
i=1

Let us write (2.3) in the form

Z{[g(l) + (n = 1)g(0) = 1h(p:) — [A(1) + (m — 1)h(0)]g(p:)

+ [A(1) + (n = DAO)]p]} = —(m = n)[g(1) + (n — 1)g(0)](0).
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By Result 1.1, there exists an additive mapping B : R — R such that (v)(i) holds
with B(1) given by (9)(ix).
From equations (2.2) and (2.3), we obtain

n

lg(1) + (n = 1)g(0)] > hlpigy)

i=1 Jj=1 j=1
(2.4)
Case 1. g(1) + (n—1)g(0) = 0.
In this case, equation (2.4) reduces to the equation
> 9(p) Y {hlg;) — [h(1) + (m — DA(0)]g]} =0 (2.5)
i= j=1

valid for all (p1,...,pn) € Thn, (@1,---yGm) € Tin; n > 3, m > 3 being fixed
integers.

Consider the situation of Z g(pi) =0 for all (p1,...,pn) € T'y. By Result 1.1,

there exists an additive mapplng As : R — R such that («q)(ii) follows with
As(1) given by (0)(ii). Also, from (aq)(ii) and (2.1); (a1)(i) follows with A;(1) =
—nmf(0) which can be obtained from (§)(i) when ¢g(1) + (n — 1)g(0) = 0. Now,
letusput g =1, ¢ =...=¢n =01in (A) and use (a1)(i), (a1)(ii). We obtain

S {h(p;) — [A(1) + (n — l)h(O)]pf} = 0. By Result 1.1, there exists an additive
i=1

r;apping A : R — R such that (ap)(iii) holds with A(1) given by (8)(x). So,
the solution ( 1) has been obtained with A;(1) = —nmf(0). Now, consider the

situation of Z{h(qj) [A(1) + (m — 1)h(0)]q 6} =0 forall (g1,...,qm) € T

Making use jof Result 1.1, it follows that there exists an additive mapping Ag :
R — R with A3(1) given by (d)(iii), such that (as)(iii) holds. Now, from (as)(iii)
and (2.5), one can easily conclude that g is an arbitrary real-valued mapping with
g(1) + (n — 1)g(0) = 0. Also, from (2.1), it follows that f(p) = [h(1) + (n —
DA0)])p? + A1(p) + £(0) with A;(1) = —nmf(0). This solution is included in
(a2).

Case 2. g(1) + (n —1)g(0) # 0.

In this case, let us write (2.4) in the form

Zz{h(piqg') = [1(1) + (m = )A(0))(pig;)°}

= Z{[g(l) +(n—1)g(0)] ' g(p:)} Z{h(qj) — [A(1) + (m — 1)h(0)]q] }
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+ Z{h(pi) — [1(1) + (m = DR(0)]p]} qu
i m(n — 1)h(0). (2.6)

Define the mappings G: I — Rand H : I — R as

G(p) = [9(1) + (n — 1)g(0)] " g(p) (2.7)

and
H(p) = h(p) = [h(1) + (m — 1)h(0)]p” (2.8)

for all p € I. From (2.7) and (2.8), it is easy to conclude that

_ 9(0) -
G(1) + (n—1)G(0) = 1 (2.10)
H(0) = h(0) (2.11)
and
H(1) 4 (m — 1)H(0) = 0. (2.12)

Also, from (2.6), (2.7) and (2.8), equation (B) follows. Therefore, in Result 1.2,
we have to consider only those solutions which satisfy both (2.10) and (2.12). We
reject (1) because, in this case, (2.10) does not hold. Both (2.10) and (2.12)
hold in (32), (B4) and (B5). In (B3), (2.12) holds but (B83) can be accepted
provided we consider only those arbitrary mappings G which also satisfy (2.10).
This requirement is met by any arbitrary mapping g which satisfies the condition
[9(1) + (n — 1)g(0)] # 0. This fact is obvious from (2.7). Keeping in view these
observations, (az) with [g(1)+(n—1)g(0)] # 0 and (6)((i), (iii)) follows from (8s),
(2.7), (2.8), (2.9), (2.11) and (2.1). Moreover,

(a1) The solution (ag) with [g(1) + (n — 1)g(0)] # 0 and (v)(ii), (6)((i), (vi),
(vii)) follows from (532), (2.7), (2.8), (2.9), (2.11) and (2.1);

(a2) The solution (ay) with [g(1) + (n — 1)g(0)] # 0 and (v)(ii), (0)((i), (iv),
(viii)) follows from (B4), (2.7), (2.8), (2.9), (2.11) and (2.1);

(as) The solution (as) with [g(1) + (n — 1)g(0)] # 0 and ()(i), (6)(), (v),
(viii)) follows from (B5), (2.7), (2.8), (2.9), (2.11) and (2.1).

Making use of (7)((i), (ii)), it can be verified that (a;) to (as) are, indeed, the
solutions of (A) . O

8)
1
8),

3. COMMENTS

The object of this section is to comment upon various solutions, mentioned in
Theorem 2.1, from the point of view of information theory.
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Behara and Nath [1] have defined the entropy Hy(la’ﬁ)(pl, ..., pn) of type («, B)
(HT(La’ﬁ) Ty >R, n=1,2,...) as

@2 (- $47) ifazs
HED (pi, .., pr) = . S~ (3.1)
— 261 prlongi if o =5
i=1
where 0°log, 0 := 0 and «, 3 are fixed positive real powers which satisfy 0% := 0,
0% :=0, 1% := 1, 17 := 1. Havrda and Charvat [2] have defined the entropies of
degree 5,0 < S €R, B #1 as

HE(pr,...,pp) = (1 —277)71 [1—21)5] (3.2)

with H? : T,, - R, n = 1,2,... and 0° := 0, 1# := 1. Both the entropies
mentioned in (3.1) and (3.2) are nonadditive.

I. In the solution (a1), > g(p;) = 0 follows. Then, equation (A) reduces to
i=1

S foig) = a7 > hpi). (3.3)
i=1 j=1 j=1 =1
The functional equation (3.3) has been discussed by Nath and Singh [6].

II. In the solution («2), the mapping g is arbitrary. So, there are three possi-
bilities: g is additive or g is multiplicative or g is logarithmic.

Let us consider the case of g being additive. If g(p) = 0, then g is certainly
additive. In this case, (A) reduces to (3.3). In general, when g is additive, (A)
reduces to

m

S i) = 90D la) + Y] S k). (3.4)

i=1 j=1 j=1 =1

If g(1) = 0, we get the functional equation (3.3) again. If g(1) = 1, then (3.4)
reduces to the equation

YD flpias) =) hlg;) +
j—1

i=1 j=1

> al > hip). (3.5)

m n
j=1 =1

Consider the case of g being multiplicative. Here, we discuss some particular
cases.

(i) g(=)

g 0. In this case, we again get (3.3).
(i) g(z) =1.

In this case, (A) reduces to

n

DS fpigs) =nY hlg) + Y 4] > hip:)
i=1 j=1 j=1 j=1 =1
where n = 1,2 are not admissible because we assume n > 3 throughout
the paper.

(iii) g(x) =« for all x € I. In this case, equation (A) reduces to (3.5).
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P’ fo<p<i

(iv) g(p) = 0 if 0 where 0 € R. Some particular values of § seem
if p=

to be of interest from the point of view of applications. If § = 1, then

g(p) = p, which has already been discussed above. If § = o, @ > 0, a # 1,

then (A) reduces to (1.2). If 6 = 8, 8 > 0, 8 # 1, then (A) reduces to

SN fpiy) szzh (a5) +Zq thz

i=1 j=1

1 ifo<p<l1

If 6 = 0, then g(p) can be written as g(p) = ) . Therefore,
0 ifp=0

equation (A) reduces to

m m n

DN 9pias) = N(P)Y_h(g)+ > 4] > hip:)

i=1 =1 j=1 j=1 =1

where N(P) denotes the number of non-zero elements in the probability
distribution P = (p1,...,pn) € L.

0 ifo<p<1 n
? =P . In this case, > g(p;) =1
1 ifp=1 i=1

if p; =1 for exactly one i, 1 <i<nand 0if0<p; <1,i=1,2,..

(v) Consider the situation g(p) =

.n

Finally, we consider the case of g(p) = ¢(p) where ¢ is a logarithmic mapping.
If £(p) = 0, then (A) reduces to (3.3).

Notice that, if g(p) = 0, then g is additive, multiplicative and logarithmic.
In each case, the functional equation (3.3) arises. Such a discussion concerning
g(p) = 0 is needed for the sake of completeness in relation to solution (as).

IIT. From the solution (as), it can be easily derived that for all (p1,...,pn) €
Fn7

n n

> o) = [9(1) + (n = 1)g(O)) > pl (i) + [F(1) + (nm — 1) f sz

i=1 i=1

— n(m —1)f(0);

>_9(p) =19(1) + (n = 1)g Zpl,
3 Ao = 3 B4 + (1) + (m — VRO Y 58 + (2~ m)A(0).

Let us choose the logarithmic mapping ¢ : I — R as

Alo ifo0<p<1

3.6
0 ifp=0 (3:6)

where A # 0 is an arbitrary real constant. Then, making use of (3.1), (3.2) and
(3.6), we have

:{:f(pﬂ = —[9(1) + (n = Dg(O)]X2" P H PP (p1, ..., pu)
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+ [f(1) + (nm = D) FO)][-(1 = 2" ") H (p1, ..., pn) + 1]
—n(m —1)f(0);

Zg(pi) =[g(1) + (n = Dg(0)][-(1 = 2" ") H] (p1, ..., pn) + 1];

ih(pi) == X2"PHPA (1, p) + [1(1) + (m — 1)h(0)]
=1

x [=(1 =2 H (pr,- -, pa) + 1] + (0 — m)h(0).

Thus, we observe that the mappings f and h are related to both the entropies

Hy(L’B #) and HP whereas the mapping g is related only to the entropies H/.
IV. From the solution (ay), for all (p1,...,pn) € Ty, it can be derived that

n

> fi) = {[f() + (nm = 1) £(0)] = dg(1) + (n — 1)g(0)]}

x [—(1 =22 )HE (p1,...,pn) + 1] + d[g(1) + (n — 1)g(0)]
—n(m —1)f(0);

Zg(pi) = [g(1) + (n — 1)g(0)};

Z h(pi) = {[A(1) + (m = D)A(0)] = d}[-(1 = 2" ") H(p1,- .., pa) + 1]
) +d+ (n—m)h(0).

Thus, we observe that the mappings f and h are related to entropies H? whereas
the mapping g is not related to any of the entropies given by (3.1) and (3.2).

V. If we choose a mapping M : [ — R defined as M(p) = p*, p€ I, a € R,
a>0, a#1, a#f, then, from solution (as), we obtain
>~ fla) = dig(1) + (n = Dg(0)](2' = =2 ) HE (g1, 4m)
j=1

|
=
=
+
£}
3
|
—

)FO) =2V H (a1, -+, Gm)

ZQ(QJ‘) = [g9(1) + (n = 1)g(0)][-(1 = 2" H (q1, - - -, gm) + 1] + (m — n)g(0);

m

> hlgy) =d@* =2 HE (g, gm)
j=1

= [h(1) + (m = RO — 2" Hp (a1, -, din) — 1]-

m

Here, observe that the mappings in the solution (as) are related to the entropies
of type (o, 8) when a # B; the entropies of degree o and the entropies of degree

.
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