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Abstract
In the paper, the problem on the existence and uniqueness of a solution to the
nonlocal problem

u′(t) = �(u)(t) + q(t), u(a) = h(u) + c

is considered, where � : C([a,b];R)→ L([a,b];R) and h : C([a,b];R)→R are linear
bounded operators, q ∈ L([a,b];R), and c ∈R.
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1 Introduction and notation
On the interval [a,b], we consider the boundary value problem

u′(t) = �(u)(t) + q(t), ()

u(a) = h(u) + c, ()

where � : C([a,b];R) → L([a,b];R) and h : C([a,b];R)→R are linear bounded operators,
q ∈ L([a,b];R), and c ∈ R. By a solution to the equation (), we understand an absolutely
continuous function u : [a,b]→ R satisfying equality () almost everywhere on the inter-
val [a,b]. A solution to equation () satisfying the boundary condition () is said to be a
solution to problem (), ().
The question on the solvability of various types of boundary value problems for func-

tional differential equations and their systems is a classical topic in the theory of differen-
tial equations (see, e.g., [–] and references therein). There is a lot of interesting general
results, but only a few efficient conditions are known, namely, in the case where a nonlocal
boundary condition is considered. In the present paper, new efficient conditions are found
sufficient for the unique solvability of problem (), (). An important particular case of the
boundary condition () is

u(a) = λu(b) + c ()
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with λ ∈ R, which in turn contains the initial condition (if λ = ), the periodic condition
(if λ = ), and the anti-periodic condition (if λ = –). Problem (), () is studied, e.g., in [,
–]. In [, ], the first step of our investigation in the general case was done. It is very
useful to consider the boundary condition () as a nonlocal perturbation of the two-point
condition (). Therefore, we assume throughout the paper that the functional h is defined
by the formula

h(v) def= λv(b) + h(v) – h(v) for v ∈ C
(
[a,b];R

)
, ()

where λ >  and h,h ∈ PFab. There is no loss of generality in assuming this, because an
arbitrary functional h can be represented in form ().
The paper is organized as follows. Main results are formulated and proved in Section .

In Section , the main results are applied to the equation with argument deviations

u′(t) = p(t)u
(
τ (t)

)
– g(t)u

(
μ(t)

)
+ q(t), ()

where p, g ∈ L([a,b];R+), q ∈ L([a,b];R), and τ ,μ : [a,b] → [a,b] are measurable func-
tions. Some sufficient conditions for the validity of the inclusion � ∈ Ṽ–

ab(h), which are
part of the conditions for the main results, are given in Section .
The following notation is used throughout the paper:
. R is the set of all real numbers, R+ = [,+∞[.
. C([a,b];R) is the Banach space of continuous functions v : [a,b]→R endowed with

the norm ‖v‖C =max{|v(t)| : t ∈ [a,b]}.
. C̃([a,b];D), where D ⊆R, is the set of absolutely continuous functions v : [a,b]→ D.
. L([a,b];R) is the Banach space of Lebesgue integrable functions p : [a,b]→R

endowed with the norm ‖p‖L =
∫ b
a |p(s)|ds.

. L([a,b];D) = {p ∈ L([a,b];R) : p : [a,b]→ D}, where D⊆R.
. C([a,b];D) = {v ∈ C([a,b];R) : v : [a,b]→D}, where D ⊆R.
. Lab is the set of linear bounded operators � : C([a,b];R)→ L([a,b];R). Pab is the set

of operators � ∈Lab, mapping the set C([a,b];R+) into the set L([a,b];R+).
. Fab is the set of linear bounded functionals h : C([a,b];R)→R. PFab is the set of

functionals h ∈ Fab mapping the set C([a,b];R+) into the set R+.
. Ch([a,b];R) = {v ∈ C([a,b];R) : v(a) = h(v)}, where h ∈ Fab.

2 Main results
We assume throughout the paper that the following assumptions hold:
(H) If h() = , then the operator � is supposed to be ‘nontrivial’ in the sense that the

condition �() �≡  holds.
(H) h̃ �≡ , where the functional h̃ is defined by the formula h̃(v) = h(v) – v(a) for

v ∈ C([a,b];R).
Since we are interested in the unique solvability of problem (), () for every q and c,

both hypotheses (H) and (H) are rather natural. Indeed, if �() ≡ , then an arbitrary
constant function is a solution to problem (), () with q ≡  and c =  in the case, where
h() = . On the other hand, the assumption (H) guarantees that the boundary condition
() is not ‘degenerated.’
Before formulation of the main results, we introduce the following definitions.

http://www.advancesindifferenceequations.com/content/2013/1/244


Opluštil Advances in Difference Equations 2013, 2013:244 Page 3 of 22
http://www.advancesindifferenceequations.com/content/2013/1/244

Definition . [] Let h ∈ Fab. An operator � ∈ Lab is said to belong to the set Ṽ–
ab(h), if

every function u ∈ C̃([a,b];R), satisfying the relations

u′(t)≥ �(u)(t) for a.e. t ∈ [a,b], u(a) ≥ h(u)

is nonpositive on the interval [a,b].

Definition . [] An operator � ∈ Lab is said to belong to the set Sab(a) (resp. Sab(b))
if every function u ∈ C̃([a,b];R) satisfying the relations

u′(t)≥ �(u)(t) for a.e. t ∈ [a,b], u(a) ≥ 
(
resp. u(b) ≤ 

)
is nonnegative (resp. nonpositive) on the interval [a,b].

Remark . Efficient conditions, guaranteeing the validity of the inclusions � ∈ Ṽ–
ab(h)

and � ∈ Sab(a), � ∈ Sab(b), are stated, respectively, in [] and [].

2.1 Formulation of results
For the sake of transparency, we first formulate all the results; their proofs are postponed
till Section . below.

Theorem . Assume that there exist operators ϕ ∈ Ṽ–
ab(h) and ϕ ∈ Pab such that the

inequality

∣∣�(v)(t) – ϕ(v)(t)
∣∣ ≤ ϕ

(|v|)(t) for a.e. t ∈ [a,b] ()

holds on the set Ch([a,b];R). If,moreover,

ϕ – ϕ ∈ Ṽ–
ab(h), ()

then problem (), () has a unique solution.

Corollary . Let � = � – � with �,� ∈ Pab and the relation h() >  hold. Moreover,
there exists ε ∈ [, /] such that

ε� ∈ Ṽ–
ab(h), –( – ε)� – � ∈ Ṽ–

ab(h). ()

Then problem (), () has a unique solution.

Remark . Choosing a suitable number ε in Corollary . and using the results estab-
lished in [], we can obtain several efficient conditions, sufficient for the unique solvabil-
ity of problem (), (). However, we do not formulate them in detail. We note only that for
ε = 

 , the assumption () has the form



� ∈ Ṽ–

ab(h), –� ∈ Ṽ–
ab(h).
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Theorem . Let there exist ϕ ∈ Ṽ–
ab(ω) such that the inequality

�(v)(t) sgn v(t)≥ ϕ
(|v|)(t) for a.e. t ∈ [a,b] ()

holds on the set Ch([a,b];R), where the functional ω is given by the formula

ω(v) def= λv(b) – h(v) – h(v) for v ∈ C
(
[a,b];R

)
. ()

Then problem (), () has a unique solution.

Theorem . Let � = � – � with �,� ∈ Pab and the relations

h() > , h() ≤  ()

be fulfilled.Moreover, there exists a function γ ∈ C̃([a,b]; ], +∞[) satisfying the conditions

γ ′(t) ≤ –�(γ )(t) – �()(t) for a.e. t ∈ [a,b], ()

γ (a) < h(γ ), ()

γ (a) – γ (b) < ω, ()

where

ω =  +
(
 – h()

)
min

{
,

λ

}
+ 

√(
λ – h()

)
min

{
,

λ

}
. ()

Then problem (), () has a unique solution.

Theorem . Let � = � – � with �,� ∈ Pab and the relations

λ – h() > , h() >  ()

be fulfilled.Moreover, there exists a function γ ∈ C̃([a,b]; ], +∞[) such that condition ()
is satisfied and

γ (a)≤ λγ (b) – h(γ ) – h(), ()

γ (a) – γ (b) < ω, ()

where

ω =  +
 – h()

λ
+ 

√
 –


λ
h(). ()

Then problem (), () has a unique solution.

Remark . The assumption h()≤  appearing in Theorem . is not supposed in The-
orem .. On the other hand, assumption () of Theorem . is stronger than assumption
() of Theorem ..
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Theorem . Let � ∈ Pab, the relations

h() ≤ , h() < λ ()

hold, and there exists a function γ ∈ C([a,b];R) satisfying the conditions

γ ′(t) ≤ �(γ )(t) for a.e. t ∈ [a,b], ()

γ (a) < h(γ ). ()

Let,moreover, at least one of the following conditions be fulfilled
(a)

∫ b

a
�()(s)ds < ω, ()

where the number ω is given by formula ();
(b)

� ∈ Sab(a); ()

(c)

� ∈ Sab(b). ()

Then problem (), () has a unique solution.

Remark . If the relation h() ≥  is fulfilled, then the assumption concerning the ex-
istence of a function γ in Theorem . can be omitted. Indeed, since the operator � is
supposed to be nontrivial in the case where h() = , the function

γ (t) =  +
∫ t

a
�()(s)ds for t ∈ [a,b]

satisfies conditions () and ().

Remark . Define the operator ϕ : C([a,b];R)→ C([a,b];R) by setting

ϕ(w)(t) def= w(a + b – t) for t ∈ [a,b],w ∈ C
(
[a,b];R

)
.

Let

�̂(w)(t) def= –�
(
ϕ(w)

)
(a + b – t) for a.e. t ∈ [a,b] and let all w ∈ C

(
[a,b];R

)
,

ĥ(w) def=

λ
w(b) –


λ
h

(
ϕ(w)

)
+

λ
h

(
ϕ(w)

)
for w ∈ C

(
[a,b];R

)
,

q̂(t) = –q(a + b – t) for a.e. t ∈ [a,b], ĉ = –

λ
c.
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It is not difficult to verify that if u is a solution to problem (), (), then the function
v def= ϕ(u) is a solution to the problem

v′(t) = �̂(v)(t) + q̂(t), v(a) = ĥ(v) + ĉ, ()

and vice versa, if v is a solution to problem (), then the function u def= ϕ(v) is a solution
to problem (), ().
Using this transformation, we can immediately derive other conditions for the unique

solvability of problem (), (), complementing those stated above. For example, Theo-
rem . yields.

Theorem .′ Let � = � – � with �,� ∈ Pab and the relations

h() < , h() ≤ λ

be fulfilled. Let,moreover, there exist a function γ ∈ C̃([a,b]; ], +∞[) satisfying the condi-
tions

γ ′(t) ≥ �(γ )(t) + �()(t) for a.e. t ∈ [a,b],

γ (a) > h(γ ),

γ (b) – γ (a) < ω,

where

ω =  +
(
λ – h()

)
min

{
,

λ

}
+ 

√(
 – h()

)
min

{
,

λ

}
.

Then problem (), () has a unique solution.

2.2 Proofs
The following lemma is well known from the general theory of boundary value problems
for functional differential equations (see, e.g., [, ]; in the case, where the operator � is
strongly bounded, see also [, , ]).

Lemma . Problem (), () is uniquely solvable if and only if the corresponding homoge-
neous problem

u′(t) = �(u)(t), ()

u(a) = h(u), ()

has only the trivial solution.

Remark . It follows immediately from Definition . and Lemma . that under the
condition � ∈ Ṽ–

ab(h) problem (), () has a unique solution for every q ∈ L([a,b];R) and
c ∈ R.
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Now,we are in position to prove themain results. According to Lemma., it is sufficient
to show that the homogeneous problem (), () has only the trivial solution.

Proof of Theorem . Let u be a solution to problem (), (). Then, in view of (), we
get

u′(t) = ϕ(u)(t) + �(u)(t) – ϕ(u)(t)

≤ ϕ(u)(t) + ϕ
(|u|)(t) for a.e. t ∈ [a,b], ()

u′(t) = ϕ(u)(t) + �(u)(t) – ϕ(u)(t)

≥ ϕ(u)(t) – ϕ
(|u|)(t) for a.e. t ∈ [a,b]. ()

By virtue of the assumption ϕ ∈ Ṽ–
ab(h) and Remark ., the problem

α′(t) = ϕ(α)(t) – ϕ
(|u|)(t), ()

α(a) = h(α) ()

has a unique solution α. It follows from relations ()-() that

(u + α)′(t)≤ ϕ(u + α)(t) for a.e. t ∈ [a,b],

(u – α)′(t) ≥ ϕ(u – α)(t) for a.e. t ∈ [a,b].
()

On the other hand, conditions () and () yield

(u + α)(a) = h(u + α), (u – α)(a) = h(u – α). ()

Therefore, by virtue of the assumption ϕ ∈ Ṽ–
ab(h), relations () and () imply

∣∣u(t)∣∣ ≤ α(t) for t ∈ [a,b]. ()

Now, in view of () and the assumption ϕ ∈ Pab, we get from () the relation

α′(t)≥ (ϕ – ϕ)(α)(t) for a.e. t ∈ [a,b],

which, together with () and (), yields that α(t) ≤  for t ∈ [a,b]. Consequently, con-
dition () guarantees u ≡ , and thus the homogeneous problem (), () has only the
trivial solution. �

Proof of Corollary . The validity of the corollary follows immediately from Theorem .
with ϕ = ε� and ϕ = ( – ε)� + �. �

Proof of Theorem . Let u be a solution to problem (), (). Then, in view of (), we
get

∣∣u(t)∣∣′ = �(u)(t) sgnu(t) ≥ ϕ
(|u|)(t) for a.e. t ∈ [a,b]. ()

http://www.advancesindifferenceequations.com/content/2013/1/244
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On the other hand, by virtue of the assumptions h,h ∈ PFab, condition () yields

λ
∣∣u(b)∣∣ = ∣∣u(a) – h(u) + h(u)

∣∣ ≤ ∣∣u(a)∣∣ + h
(|u|) + h

(|u|),
i.e.,

∣∣u(a)∣∣ ≥ λ
∣∣u(b)∣∣ – h

(|u|) – h
(|u|) = ω

(|u|). ()

Taking now the assumption ϕ ∈ Ṽ–
ab(ω) into account, we get from conditions () and ()

that

∣∣u(t)∣∣ ≤  for t ∈ [a,b].

Consequently, the homogeneous problem (), () has only the trivial solution. �

Proof of Theorem . Suppose that problem (), () possesses a nontrivial solution u.
According to conditions ()-() and the assumption � ∈ Pab, Proposition . guarantees
the validity of the inclusion

–� ∈ Ṽ–
ab(h).

Therefore, by virtue of the assumption � ∈ Pab, it follows from Definition . that u
changes its sign. Put

M =max
{
u(t) : t ∈ [a,b]

}
, m = –min

{
u(t) : t ∈ [a,b]

}
()

and choose tM, tm ∈ [a,b] such that

u(tM) =M, u(tm) = –m. ()

Obviously,

M > , m > , ()

and without loss of generality, we can assume that tm < tM . Using conditions (), (),
(), and (), by virtue of (), (), and the assumption � ∈ Pab, we get(

Mγ (t) + u(t)
)′ ≤ –�(Mγ + u)(t) – �(M – u)(t)

≤ –�(Mγ + u)(t) for a.e. t ∈ [a,b], ()

Mγ (a) + u(a) < h(Mγ + u) ()

and (
mγ (t) – u(t)

)′ ≤ –�(mγ – u)(t) – �(m + u)(t)

≤ –�(mγ – u)(t) for a.e. t ∈ [a,b], ()

mγ (a) – u(a) < h(mγ – u). ()

http://www.advancesindifferenceequations.com/content/2013/1/244
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Hence, according to the condition –� ∈ Ṽ–
ab(h), inequalities ()-() yield

Mγ (t) + u(t) ≥ , mγ (t) – u(t) ≥  for t ∈ [a,b].

However, we assume that � ∈ Pab, and thus, it follows from () and () that

u′(t)≤ –Mγ ′(t), –u′(t) ≤ –mγ ′(t) for a.e. t ∈ [a,b]. ()

The integration of the first inequality in () from tm to tM , in view of () and (),
implies

M +m≤ M
(
γ (tm) – γ (tM)

)
,

i.e.,

 <m≤ M
(
γ (tm) – γ (tM) – 

)
. ()

On the other hand, the integrations of the second inequality in () from a to tm and
from tM to b, in view of () and (), yield

u(a) +m ≤ m
(
γ (a) – γ (tm)

)
, M – u(b)≤ m

(
γ (tM) – γ (b)

)
. ()

Moreover, on account of () and the assumptions h,h ∈ PFab, condition () results in

u(a) – λu(b) = h(u) – h(u) ≥ –mh() –Mh().

Therefore, from () we get

M
(
λ – h()

)
+m

(
 – h()

) ≤ m
(
γ (a) – γ (tm) + λ

(
γ (tM) – γ (b)

))
,

which, in view of () and (), yields that

 <M
(
λ – h()

)
min

{
,

λ

}
≤ m

(
γ (a) – γ (tm) + γ (tM) – γ (b) –

(
 – h()

)
min

{
,

λ

})
. ()

Now, from inequalities () and (), we obtain

γ (a) – γ (b) >  +
(
 – h()

)
min

{
,

λ

}
()

and

(
λ – h()

)
min

{
,

λ

}
≤ (

γ (tm) – γ (tM) – 
)

×
(

γ (a) – γ (tm) + γ (tM) – γ (b) –
(
 – h()

)
min

{
,

λ

})
. ()
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In view of the inequality xy≤ (x + y), it follows from condition () that


(
λ – h()

)
min

{
,

λ

}
≤

(
γ (a) – γ (b) –  –

(
 – h()

)
min

{
,

λ

})

,

which, together with () and (), contradicts ().
The contradiction obtained proves that problem (), () has only the trivial solution.

�

Proof of Theorem . Suppose that problem (), () possesses a nontrivial solution u.
According to conditions (), (), and () and the assumptions � ∈ Pab and h ∈ PFab,
Proposition . guarantees the validity of the inclusion

–� ∈ Ṽ–
ab

(
h–

)
,

where the functional h– is defined by the formula

h–(v) def= λv(b) – h(v) for v ∈ C
(
[a,b];R

)
. ()

Therefore, by virtue of the assumptions � ∈ Pab and h ∈ PFab, it follows from Defini-
tion . that u changes its sign. Define the numbersM andm by formulae (), and choose
tM, tm ∈ [a,b] such that conditions () hold. Obviously, () is satisfied, and without loss
of generality, we can assume that tm < tM . Using conditions (), (), (), and (), by
virtue of (), (), (), and the assumptions � ∈ Pab and h ∈ PFab, we get relations (),
(),

Mγ (a) + u(a)≤ h–(Mγ + u) – h(M – u) ≤ h–(Mγ + u) ()

and

mγ (a) – u(a) ≤ h–(mγ – u) – h(m + u) ≤ h–(mγ – u). ()

Hence, according to the condition –� ∈ Ṽ–
ab(h–), inequalities (), (), (), and () yield

Mγ (t) + u(t) ≥ , mγ (t) – u(t) ≥  for t ∈ [a,b].

However, we assume that � ∈ Pab, and thus, it follows from () and () that inequalities
() hold.
Now, analogously to the proof of Theorem ., relations () and () can be derived.

Since assumption () implies λ > , we get from () the inequality


(
 –


λ
h()

)
≤

(
γ (a) – γ (b) –  –

 – h()
λ

)

,

which, together with () and (), contradicts ().
The contradiction obtained proves that problem (), () has only the trivial solution.

�
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Proof of Theorem . Let u be a solution to problem (), (). We first show that each of
assumptions (), (), or () ensures that u does not change its sign. Indeed, suppose
that, on the contrary, u changes its sign. Define the numbers M and m by formulae (),
and choose tM, tm ∈ [a,b] such that conditions () hold. Obviously, () is satisfied, and
without loss of generality, we can assume that tM < tm.
(a) Let condition () hold. Then the integrations of () from a to tM , from tM to tm,

and from tm to b, in view of (), (), and the assumption � ∈ Pab, result in

M – u(a) =
∫ tM

a
�(u)(s)ds≤ M

∫ tM

a
�()(s)ds, ()

M +m = –
∫ tm

tM
�(u)(s)ds≤ m

∫ tm

tM
�()(s)ds, ()

u(b) +m =
∫ b

tm
�(u)(s)ds≤ M

∫ b

tm
�()(s)ds. ()

Hence, by virtue of (), condition () implies

 <M ≤ m
(∫ tm

tM
�()(s)ds – 

)
. ()

On the other hand, on account of () and the assumptions h,h ∈ PFab, condition ()
yields

λu(b) – u(a) = h(u) – h(u) ≥ –mh() –Mh().

Now, combining () and (), we get

m
(
λ – h()

)
+M

(
 – h()

) ≤ M
(∫ tM

a
�()(s)ds + λ

∫ b

tm
�()(s)ds

)
,

which, on account of () and (), yields

 <m
(
λ – h()

)
min

{
,

λ

}
≤ M

(∫
I
�()(s)ds –

(
 – h()

)
min

{
,

λ

})
, ()

where I = [a, tM]∪ [tm,b]. Now, conditions () and () yield

∫ b

a
�()(s)ds >  +

(
 – h()

)
min

{
,

λ

}
()

and

(
λ – h()

)
min

{
,

λ

}
≤

(∫ tm

tM
�()(s)ds – 

)
×

(∫
I
�()(s)ds –

(
 – h()

)
min

{
,

λ

})
. ()

http://www.advancesindifferenceequations.com/content/2013/1/244


Opluštil Advances in Difference Equations 2013, 2013:244 Page 12 of 22
http://www.advancesindifferenceequations.com/content/2013/1/244

In view of the inequality xy≤ (x + y), we get from condition () that


(
λ – h()

)
min

{
,

λ

}
≤

(∫ b

a
�()(s)ds –  –

(
 – h()

)
min

{
,

λ

})

,

which, together with () and (), contradicts ().
(b) If () holds then, in view of Definition ., the assumption u(a) ≥  (resp. u(a) < )

implies u(t) ≥  (resp. u(t) ≤ ) for t ∈ [a,b], which contradicts ().
(c) If () holds, then, in view of Definition ., the assumption u(b) ≥  (resp. u(b) < )

implies u(t) ≥  (resp. u(t) ≤ ) for t ∈ [a,b], which contradicts ().
The contradictions obtained prove that u does not change its sign.We can assumewith-

out loss of generality, that the function u is nonnegative. Since � ∈ Pab, it follows from
equation () that

 ≤ u(a)≤ u(t) ≤ u(b) for t ∈ [a,b]. ()

Suppose that u(b) > . Then, in view of (), (), and the assumptions h,h ∈ PFab,
condition () yields

u(a) = λu(b) + h(u) – h(u) ≥
(
λ – h()

)
u(b) > .

Hence, condition () implies

u(t) >  for t ∈ [a,b]. ()

Put

v(t) = ru(t) – γ (t) for t ∈ [a,b],

where

r =max

{
γ (t)
u(t)

: t ∈ [a,b]
}
.

According to (), it is clear that

v(t)≥  for t ∈ [a,b] ()

and there exists t ∈ [a,b] such that

v(t) = . ()

Taking now (), (), (), and the assumption � ∈ Pab into account, we obtain

v′(t)≥ �(v)(t)≥  for a.e. t ∈ [a,b].

Therefore, on account of conditions () and (), the latter relation yields

 = v(a)≤ v(t)≤ v(b) for t ∈ [a,b]. ()
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However, using (), (), (), (), and the assumptions h,h ∈ PFab, we get the contra-
diction

 = v(a) > λv(b) + h(v) – h(v)≥
(
λ – h()

)
v(b)≥ .

The contradiction obtained proves that u(b) ≤ , and thus, condition () implies u ≡ .
Consequently, the homogeneous problem (), () has only the trivial solution. �

3 Differential equations with argument deviations
In this section, we give some corollaries of themain results for the equation with deviating
arguments (). Recall that we suppose that p, g ∈ L([a,b];R+) and τ ,μ : [a,b] → [a,b] are
measurable functions. The conditions stated below show that problem (), () is uniquely
solvable, provided that either the coefficients p and g are ‘small’ in a certain sense, or the
deviations τ and μ are ‘close’ to the identities (the functional differential equation () is
‘close’ to the ordinary one).

3.1 Formulation of results
Theorem . implies the following.

Corollary . Let relations () be fulfilled, and let the functions p and τ satisfy at least
one of the following conditions:
(a) ∫ b

a
p(s)ds≤ 

(
 – h()

)
min

{
,

λ

}
;

(b)  < h() < , τ (t) ≥ t for a.e. t ∈ [a,b], and

ess sup

{∫ τ (t)

t
p(s)ds : t ∈ [a,b]

}
< κ∗, ()

where

κ∗ = sup

{‖p‖L
x

ln
xex( – h())
‖p‖L(ex – )

:  < x < ln


h()

}
.

Let,moreover, the functions g and μ satisfy at least one of the following conditions:
(A) ∫ b

a
g(s)ds <

h() – 
λ + h()

; ()

(B) g �≡  and

ess sup

{∫ t

μ(t)
g(s)ds : t ∈ [a,b]

}
< ξ ∗, ()

where

ξ ∗ = sup

{‖g‖L
y

ln
yey(h() – )

‖g‖L(ey – )(λ + h())
:  < y < ln

λ + h()
 + h()

}
. ()

Then problem (), () has a unique solution.
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From Theorem ., we derive

Corollary . Let relations () be fulfilled and

β(a) < h(β), ()

h() – 
λ – h()

(
β(a)h(β)

λ + h() – h(β)
+ β(a)

)
< ω( –A), ()

where the number ω is given by formula () and

A =
β(a)

λ + h() – h(β)
(
 + h(β)

)
+ β(a), ()

β(t) = exp

(∫ b

t
g(s)ds

)
for t ∈ [a,b], ()

β(t) =
∫ b

t
g(s)σ (s)

(∫ s

μ(s)
g(ξ )dξ

)
exp

(∫ s

t
g(η)dη

)
ds for t ∈ [a,b], ()

β(t) =
∫ b

t
g(s)

(∫ b

μ(s)
p(ξ )dξ

)
exp

(∫ s

t
g(η)dη

)
ds +

∫ b

t
p(s)ds for t ∈ [a,b] ()

and

σ (t) =


(
 + sgn

(
t –μ(t)

))
for a.e. t ∈ [a,b]. ()

Then problem (), () has a unique solution.

Theorem . yields the following.

Corollary . Let relations () be fulfilled,

β(a) < λ – h(β) ()

and

λ – h() – 
λ – h()

(
β(a)

λ – h(β)
(
h() + h(β)

)
+ β(a)

)
<

(
ω +

h()
λ – h()

)
( –A), ()

where the functions β, β, β, and σ are defined by formulae ()-(), the number ω is
given by formula (), and

A =
β(a)

λ – h(β)
(
 + h(β)

)
+ β(a). ()

Then problem (), () has a unique solution.
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Finally, we give statements concerning equation () with g ≡ , i.e., the equation

u′(t) = p(t)u
(
τ (t)

)
+ q(t), ()

where p ∈ L([a,b];R+), q ∈ L([a,b];R), and τ : [a,b]→ [a,b] is a measurable function.
From Theorem . we can derive the following.

Corollary . Let relations () be fulfilled,

 <
∫ b

a
p(s)ds≤ 

(
 – h()

)
min

{
,

λ

}
()

and

ess sup

{∫ t

τ (t)
p(s)ds : t ∈ [a,b]

}
< ξ ∗, ()

where

ξ ∗ = sup

{‖p‖L
y

ln
yey(h() – )

‖p‖L(ey – )(λ + h())
:  < y < ln

λ + h()
 + h()

}
.

Then problem (), () has a unique solution.

The next two statements follow from Theorem ..

Corollary . Let p �≡ , let the relations

h() < , h() < λ

be fulfilled, and let

ess inf

{∫ τ (t)

t
p(s)ds : t ∈ [a,b]

}
> ξ∗, ()

where

ξ∗ = inf

{‖p‖L
y

ln
yey( – h())

‖p‖L(ey – )( – h())
: y > ln

 – h()
λ – h()

}
. ()

Let,moreover,

ess sup

{∫ τ (t)

t
p(s)ds : t ∈ [a,b]

}
< ξ ∗, ()

where

ξ ∗ = sup

{‖p‖L
y

ln
yey

‖p‖L(ey – )
: y > 

}
. ()

Then problem (), () has a unique solution.
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Corollary . Let p �≡ , let the relations

h() ≥ , h()≤ , h() < λ

be fulfilled, and let condition () hold, where the number ξ ∗ is defined by formula ().
Then problem (), () has a unique solution.

3.2 Proofs
Proof of Corollary . Let the operators � and � be defined by the formulae

�(v)(t)
def= p(t)v

(
τ (t)

)
for a.e. t ∈ [a,b] and all v ∈ C

(
[a,b];R

)
()

and

�(v)(t)
def= g(t)v

(
μ(t)

)
for a.e. t ∈ [a,b] and all v ∈ C

(
[a,b];R

)
. ()

It is easy to verify that both conditions (a) and (b) of the corollary yield



� ∈ Ṽ–

ab(h)

(see Propositions . and .).
On the other hand, both conditions (A) and (B) of the corollary guarantee the validity

of the inclusion

–� ∈ Ṽ–
ab(h)

(see Propositions . and .).
Consequently, the assumptions of Corollary . are satisfied with ε = 

 . �

Proof of Corollary . Let the operators � and � be defined by formulae () and (),
respectively. According to condition (), there exists ε >  such that

h() – 
λ – h()

(
β(a)(ε + h(β))
λ + h() – h(β)

+ β(a)
)

≤ ω( –A). ()

Moreover, conditions (), (), and () implyA < . Therefore, by virtue of () and (),
Proposition . guarantees the validity of the inclusion

–� ∈ Ṽ–
ab(h).

Hence, according to Remark ., the problem

γ ′(t) = –g(t)γ
(
μ(t)

)
– p(t), ()

γ (a) = h(γ ) – ε ()
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has a unique solution γ . It is clear that the function γ satisfies conditions () and ().
Using the inclusion –� ∈ Ṽ–

ab(h), we get γ (t) ≥  for t ∈ [a,b], and thus, equation ()
yields

 ≤ γ (b)≤ γ (t) ≤ γ (a) for t ∈ [a,b]. ()

Furthermore, on account of (), (), and the assumptions h,h ∈ PFab, condition ()
implies

λγ (b) = γ (a) – h(γ ) + h(γ ) + ε > γ (a)
(
 – h()

) ≥ .

Therefore, condition () yields that γ (t) >  for t ∈ [a,b].
On the other hand, γ is a solution to the equation

γ ′(t) = –g(t)γ (t) – g(t)
∫ t

μ(t)
g(s)γ

(
μ(s)

)
ds – g(t)

∫ t

μ(t)
p(s)ds – p(t).

Hence, in view of notations () and (), the Cauchy formula implies

γ (t) = γ (b)β(t) +
∫ b

t
g(s)

(∫ s

μ(s)
g(ξ )γ

(
μ(ξ )

)
dξ

)
exp

(∫ s

t
g(η)dη

)
+ β(t)

for t ∈ [a,b], whence we get

γ (t) ≤ γ (b)β(t) + γ (a)β(t) + β(t) for t ∈ [a,b]. ()

Taking now conditions (), () and the assumptions h,h ∈ PFab into account, the re-
lation () yields

γ (a)≥ γ (b)
(
λ + h() – h(β)

)
– γ (a)h(β) – h(β) – ε. ()

Therefore, we get from () and () the inequality

γ (a)≤ γ (a)A +
β(a)(ε + h(β))
λ + h() – h(β)

+ β(a). ()

On the other hand, by virtue of () and the assumptions h,h ∈ PFab, condition ()
implies

γ (a) = λγ (b) + h(γ ) – h(γ ) – ε <
(
λ – h()

)
γ (b) + γ (a)h(),

and thus,

γ (a) – γ (b) <
h() – 
λ – h()

γ (a). ()

Now, it is clear that conditions (), (), and () guarantee the validity of inequality ().
Consequently, the assumptions of Theorem . are satisfied. �
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Proof of Corollary . Let the operators � and � be defined by formulae () and (),
respectively. Condition () implies A < . Therefore, according to () and (), Propo-
sition . guarantees the validity of the inclusion

–� ∈ Ṽ–
ab

(
h–

)
, ()

where the functional h– is defined by formula (). Hence, by virtue of Remark ., equa-
tion () has a unique solution γ satisfying the boundary condition

γ (a) = h–(γ ) – h(). ()

It is clear that the function γ satisfies conditions () and (). Using inclusion (), we
get γ (t) ≥  for t ∈ [a,b], and thus, equation () yields the relation (). Moreover, on
account of (), () and the assumption h ∈ PFab, condition () implies

λγ (b) = γ (a) + h(γ ) + h() > .

Therefore, condition () yields that γ (t) >  for t ∈ [a,b].
On the other hand, γ is a solution to the equation

γ ′(t) = –g(t)γ (t) – g(t)
∫ t

μ(t)
g(s)γ

(
μ(s)

)
ds – g(t)

∫ t

μ(t)
p(s)ds – p(t).

Hence, in view of notations () and (), the Cauchy formula implies

γ (t) = γ (b)β(t) +
∫ b

t
g(s)

(∫ s

μ(s)
g(ξ )γ

(
μ(ξ )

)
dξ

)
exp

(∫ s

t
g(η)dη

)
+ β(t)

for t ∈ [a,b], whence we get relation (). Taking now () and the assumption h ∈ PFab
into account, condition () yields

γ (a)≥ γ (b)
(
λ – h(β)

)
– γ (a)h(β) – h(β) – h(). ()

Therefore, we get from () and () the inequality

γ (a)≤ γ (a)A +
β(a)

λ – h(β)
(
h() + h(β)

)
+ β(a). ()

On the other hand, by virtue of () and the assumption h ∈ PFab, condition () implies

γ (a) = λγ (b) – h(γ ) – h() ≤
(
λ – h()

)
γ (b) – h(),

and thus,

γ (a) – γ (b) ≤ λ – h() – 
λ – h()

γ (a) –
h()

λ – h()
. ()

Now it is clear that conditions (), (), and () guarantee the validity of inequality ().
Consequently, the assumptions of Theorem . are satisfied. �
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Proof of Corollary . Let the operator � be defined by formula (), and let � ≡ . It is
easy to verify that conditions () and () yield



� ∈ Ṽ–

ab(h), –


� ∈ Ṽ–

ab(h)

(see Propositions . and .).
Consequently, assumptions of Corollary . are satisfied with ε = 

 . �

Proof of Corollary . Let the operator � be defined by the formula

�(v)(t) def= p(t)v
(
τ (t)

)
for a.e. t ∈ [a,b] and all v ∈ C

(
[a,b];R

)
. ()

It is clear that � ∈ Pab. Moreover, condition () implies the validity of inclusion () (see
Proposition .).
On the other hand, according to () and (), there exist y >  and ε >  such that

y ≥ ln
 – h() + ε

λ – h()
()

and

∫ τ (t)

t
p(s)ds≥ ‖p‖L

y
ln

yey
‖p‖L(ey + δ)

for a.e. t ∈ [a,b], ()

where

δ =
(λ – h())ey + h() –  – ε

 – h()
. ()

Obviously, condition () yields δ ≥ . Therefore, we get from () the relation

e
y‖p‖L

∫ τ (t)
a p(s)ds + δ ≥ y

‖p‖L e
y‖p‖L

∫ t
a p(s)ds for a.e. t ∈ [a,b]. ()

Now, we put

γ (t) = e
y‖p‖L

∫ t
a p(s)ds + δ for t ∈ [a,b].

Then, by virtue of (), (), and the assumptions h,h ∈ PFab, it is easy to verify that
the function γ satisfies conditions () and ().
Consequently, the assumptions of Theorem . are fulfilled. �

Proof of Corollary . Let the operator � be defined by formula (). It is clear that � ∈ Pab.
Moreover, condition () implies the validity of inclusion () (see Proposition .).
Consequently, by virtue of Remark ., the assumptions of Theorem . are satisfied.

�
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4 On the set ˜V–
ab(h)

In this section, we give some sufficient conditions guaranteeing the inclusions � ∈ Ṽ–
ab(h),

� ∈ Sab(a), and � ∈ Sab(b), which are stated in [, ]. We first formulate rather general
results.

Proposition . [, Cor. .] Let � ∈ Pab be a b-Volterra operator, and let the functional
h be defined by formula (), where λ >  and h,h ∈ PFab are such that inequalities ()
are fulfilled. If there exists a function γ ∈ C̃([a,b]; ], +∞[) satisfying

γ ′(t) ≥ �(γ )(t) for a.e. t ∈ [a,b], γ (a) ≥ h(γ ),

then � ∈ Ṽ–
ab(h).

Proposition . [, Thms. . and .] Let –� ∈ Pab, and let the functional h be defined
by formula (), where λ >  and h,h ∈ PFab are such that inequalities () are fulfilled.
Then � ∈ Ṽ–

ab(h) if and only if there exists a function γ ∈ C̃([a,b]; ], +∞[) satisfying

γ ′(t) ≤ �(γ )(t) for a.e. t ∈ [a,b], γ (a) < h(γ ).

Choosing suitable functions γ in the propositions stated above, we can derive several
efficient conditions sufficient for the validity of the inclusion � ∈ Ṽ–

ab(h). These conditions
are not formulated here in detail; we present, however, some of their corollaries for ‘op-
erators with argument deviations,’ which are used in the proofs of the results stated in
Section .

Proposition. [, Cor. .] Let p ∈ L([a,b];R+), τ : [a,b]→ [a,b] be ameasurable func-
tion, and let the functional h be defined by formula (), where λ >  and h,h ∈ PFab are
such that inequalities () are fulfilled. If

∫ b

a
p(s)ds≤ (

 – h()
)
min

{
,

λ

}
,

then the operator �, defined by formula (), belongs to the set Ṽ–
ab(h).

Proposition . [, Thm. .(c)] Let p ∈ L([a,b];R+), τ : [a,b]→ [a,b] be a measurable
function, and let the functional h be defined by formula (), where λ >  and h,h ∈ PFab
are such that the inequalities

h() > ,  < h() < 

are fulfilled. Assume that τ (t)≥ t for a.e. t ∈ [a,b], and inequality () holds, where

κ∗ = sup

{‖p‖L
x

ln
xex( – h())
‖p‖L(ex – )

:  < x < ln


h()

}
.

Then the operator �, defined by formula (), belongs to the set Ṽ–
ab(h).
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Proposition . [, Rem. .] Let g ∈ L([a,b];R+), μ : [a,b] → [a,b] be a measurable
function, and let the functional h be defined by formula (), where λ >  and h,h ∈ PFab
are such that inequalities () are fulfilled. If,moreover, inequality () is satisfied, then the
operator �, defined by the formula

�(v)(t) def= –g(t)v
(
μ(t)

)
for a.e. t ∈ [a,b] and all v ∈ C

(
[a,b];R

)
, ()

belongs to the set Ṽ–
ab(h).

Proposition . [, Cor. .] Let g ∈ L([a,b];R+), μ : [a,b] → [a,b] be a measurable
function, and let the functional h be defined by formula (), where λ >  and h,h ∈ PFab
are such that inequalities () are fulfilled. If,moreover, g �≡  and inequality () is satis-
fied, where the number ξ ∗ is given by formula (), then the operator �, defined by formula
(), belongs to the set Ṽ–

ab(h).

Proposition . [, Thm. .] Let g ∈ L([a,b];R+), μ : [a,b] → [a,b] be a measurable
function, and let the functional h be defined by formula (), where λ >  and h,h ∈ PFab
are such that inequalities () are fulfilled. If,moreover, inequalities () and

β(a)
(
 – h(β)

)
+ h(β)β(a) < h(β)

are satisfied, where the functions β and β are defined by formulae (), (), and (),
then the operator �, defined by formula (), belongs to the set Ṽ–

ab(h).

The last statement concerns the set Sab(a).

Proposition . [, Thm. .] Let p ∈ L([a,b];R+), p �≡ , be such that inequality () is
satisfied, where the number ξ ∗ is defined by formula (). Then the operator �, defined by
formula (), belongs to the set Sab(a).
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