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NEW BOUNDS FOR IRRATIONALITY MEASURES OF SOME
FAST CONVERGING SERIES

JAN SUSTEK

Abstract. This paper presents new upper bounds for irrationality measures of some
fast converging series of rational numbers. The results depend only on the speed of
convergence of the series and do not depend on the arithmetical properties of the
terms.

1. INTRODUCTION

For a real number &, its irrationality measure u(&) is defined as the supremum of
all positive real numbers p such that the inequality

1
< —

p
0<|E—=
‘ q qt

has infinitely many solutions p € Z, q € Z*. Irrationality measure describes how
closely the number £ can be approximated by rational numbers. All irrational
numbers £ have irrationality measure (£) > 2. A famous result of Roth [5] is that
all algebraic irrational numbers £ have irrationality measure p(§) = 2. Sondow [6]
showed that if % are the convergents of the continued fraction of a number & then

. log ¢n+1
=1+ limsup ———.
n(&) A e v

Adamczewski and Rivoal [1] found an upper bound for irrationality measure of
a number ¢ depending on the growth properties of rational approximants of &.

Theorem 1.1. ([1], Lemma 4.1) Let £ € R. Suppose that the numbers a, (3,7,
C1,C05,C3 € RY satisfy a < B and v > 1 and there ewist a sequence 5—” € Q such
that for every n

In < gn+1 < Ciqy,

C C,
s fo- 2 <
dn dn dn

Then, the irrationality measure is
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(L+8)y
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Hanél and Filip [3] proved the following theorem.

Theorem 1.2. ([3], Theorem 2) Suppose that the numbers €, R, S € RT satisfy
S < == and R > ﬁ Let a,,b, € N be two sequences with a, nondecreasing

1+e
such that
1
limsup ay™" > 1,
n— oo
b, = O(a’s)

and, for every sufficiently large positive integer n,

a, > n'te.

Then, the number & :== 57 bu s irrational and has irrationality measure

n=1 a,

p(§) = max{2, (1 - S)R}.

Some other results on irrationality measure of infinite series can be found in [2].
For a survey on irrationality measure and other topics of transcendental number

theory, see [4].

This paper presents new upper bounds for irrationality measure of infinite series
of rational numbers. Our results depend only on the speed of convergence of the

series and do not depend on the arithmetical properties of the terms.

2. RESULTS

Theorem 2.1. Let the numbers E,F,G,S, U,V € R satisfy 1 < E < F <
E(l_S)U, 0<S<1<Gandl<UZ<V. Let T, € RT be a sequence of numbers
and, for every n € N, put H,, := > ;'_, Ty,. Suppose that the following relations

hold.
T, . T,
U = liminf —2&2 < lim sup 1 V,
n—00 n n—oo n
H,
lim sup G
n— o0 n

Let an, b, € N be sequences with a, nondecreasing such that

E E
E =liminfa," <limsupan" = F,
n—00 n—00
. log b,
lim sup =
n— oo 10g (079

Then, the number & :== 57 bu has irrationality measure

n=1 a,
log F'\2
< (loéE) 46
ne) < leF1-SyUu—-1
log F

(2.1)

(2.2)



IRRATIONALITY MEASURES OF FAST SERIES 169

In the case of a, | a1, we obtain a better result.

Theorem 2.2. Let the numbers E,F,S,U,V € R satisfy0 < S<1<U<V
and 1 < E<F < EQ=9Y_ Let T, € RT be a sequence of numbers such that

T, T,
U = liminf ~21 < limsup =22 = . (2.5)

n—oo n n— o0 n

Let an, b, € N be sequences such that a, | any1 for every n and that

1 1

E =liminfa}" <limsupa,” = F, (2.6)
n—oo n— oo
log b,
lim sup 980 _ g, (2.7)

Then, the number & := > " b0 has irrationality measure

n=1 a,
(logF)2V2
log E
< .
u(§) < }ggg(l —S)U -1

We obtain the results more easily if the sequence T), is geometric.

Corollary 2.3. Let the numbers E,F, S, T € R satisfy T >2, 1 < E<F <
EQ=5(T-1) gnd 0 < S < 1. Let a,,b, € N be sequences with ay, nondecreasing
such that

1 1
E =liminfal" <limsupal” = F,
n—oo n— o0

Then the number & := > 7 b has irrationality measure

n=1 a,
we < SEE) @ -DT
T EEA-9)(T-1)-1

Corollary 2.4. Let the numbers E, F,S,T € R satisfy 0 < S <1 < T and
1<E<F<EWST [t an, by, € N be sequences such that a,, | an11 for every n
and that

1 1
E =liminfal" <limsupal” = F,
n—oo n— 00

1
og by, _g

lim sup
n— 00 log (€79

Then, the number & :== 57 Yo has irrationality measure

n=1 a,
(10gF)2T2
log E
1) < 4 :
ER (L= ST -1
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Example 2.5. For every n € N put
n? if nis a prime,
€T =
" n  if n is not a prime.

n

Using Theorem 2.1 with a,, = x4

e b =m0l T, =4"logon, E =2, F =4, G =4,
S =0,U =V =3, we obtain

= n!

n=1""

Example 2.6. Let A > 1 be a real number. Using Theorem 2.2 with a,, =
A b, =1, T, = [A"|(nlnn —n+ilnn), E=F=¢, S=0,U =V = A,
together with Stirling’s formula, we obtain

| A?
“(Z nlM"J) Sa-t

n=1

Example 2.7. Let A, B be real numbers with A, B > 2. Then, Theorem 1.2
and Corollary 2.3 imply that

oo

1 B-1)B
p-1<u(3 o) < oy

n=1

Remark 2.8. Our results and proofs contain logarithms, but they do not de-
pend on the base of the logarithms.

3. PROOFS

We will modify Theorem 1.1 a little.

Lemma 3.1. Let £ € R. Suppose that numbers «, 3,7, Cy,Cs,Cs € RT and
Ny € N satisfy 1 < a < and v > 1 and there exist sequences p, € Z and q, € N
with lim ¢, = oo such that for every n > N

n— o0

dn é n+1 S 04(]:{,

% < ’ — Pn < %
B a
Then, the irrationality measure is
By
< .
e = ——

Proof. The proof is the same as that of Lemma 4.1 in [1], only the constants «, 8
are shifted by one. Lemma 4.1 in [1] uses the strict inequality ¢, < ¢p4+1 only to
ensure that lim ¢, = oo, so we use the latter in the assumption of our Lemma 3.1.

n—oo

d
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In the following proofs the constants C; > 0 and N; € N depend on ¢ and do
not depend on n.

Proof. (Theorem 2.1) Let § € (0, min{E — 1,152, U — 1}) be so small that
F+6< (E_(S)(l—S—ZSé)(U—J).

Equations (2.1), (2.2), (2.3) and (2.4) imply that there exists Ny € N such that,
for every n > Na,

Tn+1
U-6< o, <V 49, (3.1)
Hn+1
<GS (3.2)
(E - 6)Tn < an < (F + 5)Tn7 (33)
by < asto.

From (3.1), we obtain for every n > No

Hn+1 Hn + Tn+1
= >1+U~-6>2
H, o, *

and
H, > (14U —g§)" .
Using (3.1) again, we obtain for every n > Np 4 1
T,>U=68)Hu1>U=8)1+U-8§""N"t=Cr(1+U-6)",

where C7 = Therefore, there exists N3 > Ny such that, for every

nZN?n

U—é
(1+U—¢§)N2+1 -

apn > (B —§)C7+U=9" 5 on, (3.5)

In particular, lim a, = oo. Let Ny > N3 be so large that, for every n > Ny,
n— oo

[log, an] < al, (3.6)
1

26

afl-&-

Put ¢, = HZ:I ai. Then, there exists a sequence p,, of positive integers such
that, for every n € N,
n
3 be _Pn
ag ’

et an

Equation (3.3) implies that, for every n > Ny,

tn=ani1 [ ax>ava [[ (BE=0)™

k=N, k=N,
= qN4_1(E — (S)H"_HN4_1 = CS(E — (S)H"7 (38)
where Cg = —4-1  Similarly,

(E_5)HN471
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In < qN,—1 H (F+0)T = qn, 1 (F + ) ~Hrya—r = Cg(F + 6)H~,  (3.9)

k=N,
_ AN, —1
where Cg = 7(F+6)4HN4 -
Put o := }Z§EI€+§§ (1-S5—36)(U—6) > 1. Equation (3.4) implies that, for every
n > N47
I
n k=n+1 k k=n-+1 ay
[logy ant1] 00
1 1
- Z 55 T Z -5 (3.10)
k=n+1 k k=[logy ant11+1 K

For the first summand, we obtain from the monotonicity of a,, and from (3.6) that

[logy ant1]

1 [logy an+1] < 1
al S—6 — al—S’—é al—S—26'
k=n+1 k n+1 n+1

Equation (3.5) implies for the second summand that

- 1 - I Cio
Z 5 < Z 5(1—5-8)k — 9(1-5-0)[logs ani1]
k=llogy any1]+1 K k=[logy ant1]1+1
C
< o5t
5

n+1

where C1g = 57—s—5—. This, (3.10), (3.7), (3.3), (3.1) and (3.9) imply
2 1

1 Cho 1 1
a};ffzs + a}l:ﬁ,g < ai;? (E §)Tnt1(1=5=50)
1 1 Cn

(F'+9) el (1-5-30) pttH,  (F 4 0)*Hn " go (3.11)

where C; = C§'. This in particular implies that the series £ =Y by % converges.
Put 8 := }ggggjgg (V +06) > a. Then, (3.3), (3.1) and (3.8) 1mply for every
n > Ny that

B i b 1 1 B 1
B an " Gnpr " (F40) T (E - §) EEEES Tetih,

1 Ci2
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where Ciq = Csﬂ.
Put v := }géggfgg (G +6) > 1. Then, (3.9), (3.2) and (3.8) imply for every
n > N, that

log(F+6) Hni1 pp

Gn < qni1 < Co(F 4 8) 1 = Co(E — §)10sE=5) "1 11
< Cy(E —8)" < Cuzqy, (3.13)

where Ci3 = %
8

Equations (3.11), (3.12), (3.13) with Lemma 3.1 imply that

log(F+8)\2
M(é-) < B’Y _ <1O§EE76§) (V +6)(G+6)
- _ 1 log(E-$§ :
a-1  pPEZ(1 -8 -30)(U-0) -1

The proof of Theorem 2.1 is finished by letting § — 0. g

Proof. (Theorem 2.2) Let § € (0, min{E — 1,152, U — 1}) be so small that
F+6 < (B— 50573009,

Equations (2.5), (2.6) and (2.7) imply that there exists N5 € N such that for every
n 2 N5

Tn+1

U-4d< <V +9, (3.14)
(E—-0)" <a, < (F+48), (3.15)
b, < a§75.

From (3.14), we obtain for every n > N5 that
T > T, (U — 6)" N> = Ca(U = 6)",

TN
where 014 = m

that for every n > Ng

This with (3.15) implies that there exists Ng > N5 such

an > (B — §)C1aU=0)" 5 on,

In particular, lim a, = cc.

Let N7 > J\Z:bog so large a positive integer that, for every n > N7, the inequal-
ities (3.6) and (3.7) hold.

For every n € N, put ¢, := a,. From the property a, | a,4+1 we obtain that
there exists a sequence p,, of positive integers such that, for every n € N,

. bk_pn
L

k=1 n
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Put a := %(1 — S5 —30)(U — ) > 1. Then, from (3.15) and (3.14), we

have

log(E—5) Tl log(E—3) Tn41 o

ni1 > (B — 8Tt = (F 4 0) et T > q5FF0 Tn 5 155735 (3 16)

Now, for every n > N7, we will find an upper bound for the error of approxi-
mation of £&. As in the proof of Theorem 2.1, we obtain

Dn 1
‘5 B ? < T-5-8
n a’n+1

with the series £ = > | Z—Z converging. Equation (3.16) then implies

1 11
—R ey < o= (3.17)
Qn an+1 an qn

Put 8 := v = %(V +6) > a > 1. Equations (3.15) and (3.14) imply

that, for every n > N7,

T log(F+9) Tn+1
M log(E—68) Tn

In < Qa1 = anp1 < (F46)"+ = (E - 6)
log(F+6) Tny1

< alEFD T g = g (3.18)

From this, we obtain a lower bound for the error of approximation of £
o0
b 1 1 1
= > *> > — == (3.19)
kemp1 B Ontl @ qn

‘_m
dn

Equations (3.17), (3.18), (3.19) with Lemma 3.1 imply that

log(F+6)\2
By (1o§EE—5§) (V +9)?

n(§) < = Tos(E=3 '
a-l  REEH (15— 36)(U~0)
The proof of Theorem 2.2 is finished by letting § — 0. U
Proof. (Corollary 2.3) Put T,, = T", G =T, U =V =T — 1 and use Theo-
rem 2.1. g
Proof. (Corollary 2.4) Put T,, =T™, U =V =T and use Theorem 2.2. O
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