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Abstract.  Frequency limited model order reduction al-
gorithm presented by Wang & Zilouchian for discrete-time
systems provide unstable reduced-order models and also do
not provide a priori error bound formula. Many stability-
preserving model order reduction algorithms were presented;
however, these methods produce significant approximation
errors in the desired frequency interval. An improved al-
gorithm of model order reduction for the discrete-time sys-
tems is presented. The proposed technique gives the stable
reduced-order model and also provides less approximation
error as compared with other algorithms and also provides
the formula for the frequency response a priori error bound.
Numerical examples provided at the end of the section show
the efficacy of the proposed technique.
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1. Introduction

The process of model order reduction (MOR) is to re-
duce a system from higher-order to its lower order for ease in
simulation, analysis, and design of complex systems, filters,
controller and circuits, antennas, sensor networks [1-4]. Bal-
anced truncation (BT) [5] is a common and useful scheme
to get a stable reduced-order model (ROM) for an origi-
nal stable system. Moreover, this scheme also has an error
bounds formula. However, it uses full frequency interim to
get ROM. This encourages the introduction of the frequency
weights to perform MOR. Enns [6] extended the work of BT’s
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technique [5] to incorporate frequency weights. Enns [6]
method may use single-sided (input/output) and double-sided
weights. It gives stable ROM when using only single side
weights, whereas, with double-sided weights, stability is not
guaranteed. To overcome the problem of Enns [6], many
other techniques are given in the literature [7-13].

In some applications, a particular frequency range is
of interest. Wang & Zilouchian (WZ) [14] proposed a lim-
ited frequency technique for discrete-time systems without
explicit weights. It can yield unstable ROM, and no a priori
error bound formula exists.

To overcome the problem of WZ’s [14], Ghafoor &
Sreeram (GS) [15] proposed two methods to guarantee the
stability of ROM by inducing some variation in input and
output related matrices to ensure positive/semi-positive defi-
niteness of some input and output related matrices. Later on,
Imran & Ghafoor (IG) [16] proposed a technique to ensure
positive/semi-positive definiteness of some input and out-
put related matrices to get a stable ROM. The work in [15]
and [16] guarantees the stability of ROMs and carry a priori
error bounds; however, due to extensive variation in input
and output related matrices, these methods produce large
approximation error and error bound.

In this paper, new measures are proposed to ensure the
positive/semi-positive definiteness of the input and the output
related matrices by introducing some modifications to the
input and output related matrices for discrete-frequency lim-
ited Gramians based model reduction. These modifications
equally affect the negative eigenvalues, which minimize the
variation in these matrices. The stability of ROMs are guar-
anteed and a priori error bound formula exists. Simulation re-
sults show that the proposed method not only ensures the sta-
bility of ROMs but also provides better approximation results
as compared with other methods in the desired frequency
interval, which shows the efficacy of the proposed scheme.

SYSTEMS
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Elementary operators Terminology
G(z) C(zI - A)"'B + D & state-space realization {A, B, C,D}
ROM G (z2) Cy(zI-Ay) 'By + Dy & state-space realization {Ay, B, Cr, Dir }
P.>0 Positive definite controllability matrix
P. >0 Positive semi-definite controllability matrix
P, Transpose of matrix P
]_’Z Complex conjugate transpose of matrix }_’:
[P | Modulus of matrix |P|
i [Pe] Eigenvalues of matrix |P|
i [P.] Singular-values of matrix |P|
p > oo x||e := max|x;| Infinity- norm (maximum norm)
27:1 aj o1+02+03+...+ 0,

Tab. 1. Elementary operators and terminologies.

2. Preliminaries

2.1 Elementary Operators and Terminologies

Table 1 briefly summarizes some elementary operators
and their terminologies used in this paper.

2.2 Balancing MOR Techniques

Consider a discrete-time system be given as:

x[k+1] = Ax[k]+Bu[k], (1)
y[k] = Cx[k]+Du[k],
G(z) = CGEI-A)'B+D )

where {A € R, B € R, C € RP*",D € RP*™} is its
n™ order minimal realization with m number of inputs and p
numbers of outputs. The ROM

Xtr[k + 1] = Atrxtr[k] + Btru[k]’ (3)
Yolk] = Cuxulk] +Dyulk],
Gu(z2) = Cul(zd-Ay) "By +Dy @)

is obtained by approximating the actual large-scale system
(in the desired frequency interval [@1, @7]) where @, > @1,
where {Ay € R, By € R, Cy € RP, Dy, € RPXM}
with 7 < < n. P and Q, are controllability and observability
Gramians, respectively

P. =55 ["(J°T-A)'BBT(eT°T- AT) ldd, (5)
Q =5 f_’;(e—l‘u‘)l - ADHICTC(e?T-A)"do  (6)
which are the solution of the following Lyapunov equations:
APAT-P.+BB"T = 0, (7)
ATQA-Q,+CTC = o. ®)

2.2.1WZ’s Technique [14]

The pioneer discrete-frequency limited approach pre-
sented by WZ [14] offers controllability and observabil-

ity Gramians at desired discrete-frequency intervals, these
Gramians Pwz and Qy for the discrete-time limited fre-
quency interval, respectively, can be defined as

P.(@2) - P(@1),
QO((I)2) - Qo(d)l)

Pywz

QWZ

where Py and Qy be given as

_ 1 ._ o ._

Puz = - (@21 — A) ' ByzBuy, (e 791 - AT) "' da,
60

A 1 —j@ T\v-1aT @ j® -14-

Qwz = - 5_(6 —A") 7 Gy Cwz (eI -A) " do

where 6@ is the interval of integration [@1,@;]. These
Gramians Pyz and Qyy satisfy the following Lyapunov
equations

przAT - PWZ + XWZ
ATQwzA - Quz + Ywz

I
L

9
(10)

I
o

(F(@2) - F(@1)) BwzByz+ BwzByy
(F*(@2) - F'(@n)) and Ywz = (F(@2) - F@)) CyzCwz+

where Xwz =

CayzCwz (F*(a")z) - F*(d)l)) are the input and output re-
lated matrices in the limited discrete-frequency intervals,
F(@)=—220+ 55 [ _(°1 - A)"'dd and F* (@) is the
conjugate transpose of F(®). By eigenvalues decomposition
of Xwz and Ywz we have following
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- _ [ S 0 T
Xwz = Owz| "9 oo |Owz (11
0 SWZ2 _ o - _ _T
N 12 APEA - PE + BEBE = 0, (18)
= - S 0 1/2 _ _ T
Bvz = Owz| W4 i [=OwsSiz, (12 ATQpA - Qi + CCr =0 (19)
WZ,
S - Rwz, 0 J|gr where Bg € {Bg, [15], Bg, [15], Bg, [16]} and Cg €
Y =V L Vw7, 13 i 2 3
s Y0 Rwg, ] v 19 (€, 151, G, [15). C, 161
=1/2
= R 0 12 1/2
Cwz = W RI2 sz —R/ sz (14) Bg, = U Swz, _ 0 s
0 W2, 0 ISwzl"
1/2
where Bg, = Ug [ Swz, 0 ],
. (5, 0 0 . 5, 0 . _O 0
Swz, =0 5 0 |, Swz,=[0 5,441 0, B - Ug,(Swz - 5,0)'?>  for 5, <0,
0 0 54m1 0 0 Sn BT ) OsSs for 5, > 0,
(70 0 71 0 12
Rwz, =0 7 s Rwz,=| 0 Frs1 0 Cg, = Ryz, 0 12 l\_f;,
[0 0 -1 0 0 P 0 |Rwz)l
1/2
_ _ = _ R 0 |oT
Xwz and Ywz contain (¢ — 1) and (k — 1) number of positive Ce, = [ \8121 0 ] VE,»
eigenvalues, respectively. Let a transformation matrix Twz _ T
is obtained as: Cp. = (Rwz — D)1/ Vg, for 7, <0,
’ Ry, Vi, for 7, > 0,

T ~ -~ =1 = ~-T P _
TwzszTWZ = TWZPWZTWZ = dlag{o-l , 02,0 vy (Tn}
(15)
and the ROM G (z) = Cy(zI — Ayy) !By + Dy obtained is
1 Atr A]2 =1 n_ 5 B
CTw,=C=[C: C»]|, D=Dy (17)
whered; > 0.1, j =1,2,3,...,n—1,0, > 0,41 whereris

the order of the ROM and Ty is a similarity transformation
matrix used to obtain the transformed system. The ROM can
be acquired by truncating the transformed system.

Remark 1 For the dlscrete frequency- range [@1,0,] =
[-m, 7], llme[ c[w] = Pc = l_)WZ,
llme o ”]Qo[w] = Q0 QWZ, where P, [@] and QO [@]
are obtalned using Parseval’s relationship [17], the ROMs
obtained using the WZ [14] and the BT [5] are same.

Remark 2 WZ[14] failed to make sure the stability of ROMs
because input/output associated matrices Xwz and Ywz may
no longer be positive definite or semi-definite [15].

2.2.2 Existing Stability Preserving Frequency Limited
Techniques

To overcome the main drawback of WZ [14], GS [15],
and IG [16] proposed stability preserving MOR approaches.
However, these techniques produce large approximation error
and extensive a priori error bound formula due to large varia-
tion in input and output related matrices. Let the controllabil-
ity Pg and observability Qg Gramians, respectively, satisfy

Let a transformation matrix T is obtained as:

G 0 - 0
0 & --- 0
“Ta = 1o T
TeQpTe = Tg PeTy = _
0 0 - &y
and the ROM G (z) = Cy(zI — Ayr) !By + Dy obtained is
. x Av Apn | z-1p_ 5| Be
T AT = A= = - Te. B=B=| -
BATE [ Ay Axp ] E [ B
CTE = C [ Cu CZ ] P D= I_)tr
where 67 > 741, j=1,2,3,...,n— 1,05, > 0r41 Wherer

is the order of the ROM and T is a similarity transformation
matrix used to obtain the transformed system. The ROM can
be acquired by truncating the transformed system.

l_{emark3 S_ince XWZ < BEBE > 0, YWZ < CEC_E Z_ 0,
Pg > 0 and Qg > 0. Therefore, the realization (A, Bg, Cg)
is minimal and the stability of the ROM is guaranteed.

Remark 4 Since for each input related matrix Bg €
{Bg, [15], Bg, [15], Bg, [16]} and for each output re-
lated matrix B¢ € {Cg, [15], Cg, [15], Cg, [16]} ensure
positive/semi-positive definiteness of input and output related
matrices, which results positive/semi-positive definiteness of
P e {Pg, [15], Py, [15], Pg, [16]} and Qg € {Qg, [15],
QE2 [15], QE3 [16]} in a unique way. This leads to different
transformation matrix Tg € {TEl [15], T52 [15], TE2 [16]},
which subsequently results in three existing stability preserv-
ing model order reduction techniques.
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3. Main Results

The existing stability preserving techniques GS [15]
and IG [16] introduced some modification in the input and
the output related matrices Xwz and Ywyz respectively to
ensure positive/semi-positive definiteness. In 1-st algorithm
of GS [15] modifications are done by taking absolute of
eigenvalues of the input and the output related matrices;
consequently, positive/semi-positive definiteness of the in-
put and the output related matrices which ensure the stability
of ROMs; however, by taking the absolute it may cause an un-
equal effect on eigenvalues which results in a large variation
in some eigenvalues and small variation in some eigenvalues
which leads to producing a large approximation error. In
2-nd algorithm of GS [15] stability is ensured by truncating
negative eigenvalues, which result in loss of information of
negative eigenvalues that leads to a large approximation er-
ror, whereas, in IG [16] the stability is ensured by subtracting
all the eigenvalues with least eigenvalues which made the
last eigenvalue zero that leads to large approximation error.
Keeping the above in view, all methods produce large varia-
tions in input/output related matrices, which may affect the
input/output properties of the original system.

In this paper, new measures are proposed for the in-
put/output related matrices by introducing the concept of the
norm of the negative part of the eigenvalues of input/output
related matrices without affecting the positive part of the
eigenvalues. These modifications equally affect these neg-
ative eigenvalues which minimize the variation in the input
and the output related matrices, consequently, ensure the
positive/semi-positive definiteness the of input and the out-
put related matrices that yield a stable ROM and produces
low-frequency response error along with low error bound
with minimum variation.

Let the new virtual/fictitious controllability Pgg and ob-
servability Qgg Gramians are computed as

APSBAT - PSB + XSB = O, (20)
ATQgspA - Qgp + Ysp = 0. (21

where Xgg = BSBBSB and Ysg = CSBCSB By eigenvalues
decomposition of Xsp and Ysg we have

Xsp = I_JSBSSBI_JSB» (22)
Ysp = VSBRSngB- (23)

The new virtual/fictitious input and output related matrices
respectively are given as Bgg and Csg where

=1/2
_ _ S 0 _ 1/2
Bss = Uss| B 1, |=UssSsp, (24
0 Sg
_1/2
_ R 0 1/2
Csp = BB' a2 Vs =R Ve (25)
SB,

where Ssg, = Swz,, Rsp, = Rwz,,

i 34 0o .-+ 0 . e 0 0

SsB,=| 0 Sg+1 -+ O, Rsp,=| 0 Frsi Of,
0 0 s 8y 0 0 Fn

Gyt )l (nag) = (Fgut] =D 45| 1=V (=)
S0 = NG D)l neg) = (5] 4 [§) (1) 1/ (n=a)

= (|Fren| "0+ 1) 7R

Freen = N[ (Frens Ol (n-r)
Fu = NG Aoty = (7] "7 4 17) 70 V070
forl=0,1,...,n—g—1,andforh =0, 1,...n -k — 1. Ssp,

and Rgp, contain (n—g) and (n—k) number of modified posi-

n n
tive eigenvalues, respectively, where § = ), §; and 7 = ) 7;.
i=q i=k
Let the similarity transformation matrix Tsp is calculated as

S — 1= =T .. . _ _
TspQspTse = TsgPspTgp = diag{d1,02,03...,54}

The ROM Gy (z) =

where 0; > 041 and G > Oy

Ci(zI — Ay) "By + Dy is obtained as

1= " Atr A ] 1 - [ Btr]
TpATsg = A = 2 TgsB=B = 26
ssATsp Ay As SB B, (26)
CTsg=C=[C, C; ], D=D. (27)

Remark 5 Since XWZ < BSBBSB >0, YWZ < CSBCSB >
0, Psg > 0 and Qgqg > 0. Therefore, the realization
(A,Bsg, Csp) is minimal and the stability of the ROM is
guaranteed.

Theorem 1 Let rank [Bsg B] = rank [Bsg| and

rank [ CéB ] = rank [Csg| following error bound holds

n
IG(2) - Ge(2)llss < 2IIEssllIKssll D &

j=r+l

where
i, C\_’SBRS];/ ifl_lwz2 exists,
SB = _
B CVwzRy,,~ otherwise,
_ S_1/2USBB if Swz, exists,
Ksg = —1/2+
Sw UWZB otherwise.

Proof:  The proof follow similar to [16]; however, it is
presented here for completeness. Since rank [BSB B] =
Csp
C
ships B = ]_S_SBI_(SB and C = LggCsp hold. By partition-

rank [Bsg| and rank

} = rank [Cgg], the relation-

ing Bsp = [ g:i' ] ,Csg =| Csp, Csp, |and substituting
2
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By = Bsg,Ksp , Cr = LspCsg, , respectively, yields

IC(z1-A)"B-Cu(I-Aw) Bl
ILssCsp (zI — A)"'BspKsp
~LsgCsg, (zI — Ay) 'Bsp, Ksg||eo
= |Lsg(Csp(zI - A)'Bgp
~Csp, (zI - Ay) 'Bsp, )Ksp |
ILsg /[l (Csp(zI— A)~'Bgg
—Csg, (21 - Ay) 'Bsg,) [|o | Ks -

1G(2) = Gu(2)lleo

IA

If {Atr, 1_3513l , CSBI }is the model obtained after reduction of
the original system {A, Bsg, Csp}.

[|(Csp(zI-A) 'Bsp—Csp, (zI-Ay) 'Bsp, )|l < 2 Z .

J=r+1

Therefore, [|G(2) — Gu(2)lle < 2/|LsalllKssll £7_,,, 7

Corollary 1 Theorem 1 holds true subject to the fol-

lowing rank conditions rank []_35]3 B] = rank [BSB] and

rank[ C(—S:B } = rank [Csg| (which follows from [16]) are

satisfied.
Remark 6 The rank condition follows from [12].

Remark 7 When input and output related matrices Xy > 0
and Ywz > 0, respectively, then Pwz = Pg = Pgp

= Qg = Qgg. Otherwise, Pyz < Psp and
. Moreover, frequency limited Hankel values
satisfy : (1; [PWZQWZJ)”2 < (1;[PspQsp]) /%

Remark 8 When the input and the output related matrices
Xwz > 0 and Ywz > 0, respectively, then approximated
models obtained using [14] and proposed technique are the
equivalent.

Theorem 2 The following Lyapunov equation for the pro-
posed technique holds

5 5 5 5T

AP () AT = Peyy) + B exy B o) = 0. (28)
- - - T -

ATQ(ext)A - Q(ext) + C(ext)c(eXt) =0. (29)

Proof: Using (11), (13), (24) and (25) we have following

Swz = diag[Swz,Swz,] =diag[(51, .., 54-1), (5 - 5,)] (30)
Ssg = diag[Swz,.Ss,] =diag[(51, .., S4-1), (§4 .., )] (31)
Rwz = diag[Rwz,Rwz,] =diag[(71, .., Fk=1),(Fk, .., ) (32)
Rsp = diag[Rwz,Rsp,) =diag((71, ... Fk-1), (P&, ... )] (33)

S(ext) and l_{(ex[) are obtained by subtracting (31 — 30) and
(33 — 32) respectively

0 0

= — 0 0
S(ext) - [ 0 S(e’“)z ]’ R(ext) - [ 0 R(BXI)z ]

where S(ext) = SSB2 — SWZZ and R(ext) = R532 RWZZ
B(ext) and C ) are obtained by subtracting (24 — 12) and
(25 — 14) respectively

- A 0 e Gle

Bew = Ueo | 512 |~ Uexn)S (exp)»
ext)s

C(ext) 0 Rzéft) V(ext) = (ext)V(ext)

where U ex) = Usp = Uwz and Vex = Vsg = Vwz. Since,

1/2 =T
X(ext) = B(eXI)B(ext) = U(eXt)S(ext)S(ex[)U(ext)

. T
= U(ext)s(ext)U(ext) = U(ext) (SSB - SWZ)U(ext)

—_ - —_ T — —
= Uexyy SwzU (ex) = XsB — Xwz,
(34)

_ L .7
= U(ext)SsBU exr)

R ¥
Y(exl) - C(ext)C(EXl) - V(eXl)R(ext) (ext)V(exl)
o 1
= V(ext)R(ext)V(ext) = V(ext) (RSB - RWZ)V(ext)

- - - T - - - T - -
= Viex) RsBV (ex) = VRWZV (i) = YsB — Ywz,

(35)

using (9 and 20) in (34) and (10 and 21) in (35) we have
following

(APsgA" — Psp) — (APwzA" — Pwz) = —X(exr)s
(ATQspA - Qsp) — (ATQwzA - Qwz) = Y (e
A(Psp — Pwz)AT — (Psg — Pwz) = —X(exo)»
AT(QSB - Qwz)A - (Qsg - Quwz) = —‘?(exty
If controllability Gramian P(ext) = Psg — Py and observ-
ability Gramian Q<ext) = Qg — Qwy then
= = = =T
AP(ext) AT - P(ext) + B(ext)B(ext) =0,
- - _T _
ATQ(ext)A - Q(ext) + C(ext)C(CXt) =0

Corollary 2 Theorem 2 holds true subject to the realization
(A, B(exi)> C(exp)» D) is minimal and stable.

Remark 9 For the realization {A, B(ext) , C(cxt) , D} to the fol-
lowing Lyapunov equation

- - - =T

AP(ext) AT - P(ext) + B(ext)B(ext) =0,
- - —_ T -

ATQ(ext)A - Q(cxt) + C(ext)C(CXt) =0

where the input matrix B(exyy > 0 and the output matrix
C(ext) > 0 ensure positive (semi- posmve) definiteness of the
input and the output related matrices Bsg and Csg, respec-
tively; consequently, positive definiteness of P(ext) and Q<ext)
in a way leads to positive definiteness of Psg and Qgp.
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Remark 10 Since the input matrix Bsg and the output ma-
trix Csp ensure positive (semi-positive) definiteness of the
input and the output related matrices; consequently, positive
definiteness of Psg and Qgp in a way leads to transforma-
tion matrix Tsg, which subsequently, results in the stability
preserving model order reduction technique. Moreover, Lgp
and Kgp form bases for the derivation of a priori error bound
for proposed technique.

Remark 11 WZ’s technique [14] involves the computation
of the similarity transformation matrix Ty employing the
usage of the controllability and the observability Gramians
Pwz and Qy, respectively, are directly computed from the
original system realization {A, B, C}. Consequently, it re-
quires 2 X n™ number of Lyapunov equations for n" order
systems to perform MOR; however, stability of the ROM
obtained is not guaranteed. Whereas, the similarity trans-
formation matrix Tsp obtained by using the proposed tech-
nique employing the usage of controllability and observabil-
ity Gramians Psp = Pwz + P (exr) and Qsg = Qwz +Q ex)» Te-
spectively, are computed from the realization {A, Bsg, Csp}.
The relationship between Gramians matrices of WZ [14] and
the proposed technique is given as:

A(l_)WZ + I_)(ext) )AT - (13WZ + I_)(ext))

+ (Xwz + X(ex)) =0, for 5, <0,
APyzAT — Pyz + X, = 0, for 5, >0,
AT(Qwz + Qexy)A — (Qwz + Qexy)

+(Ywz+Yexy) =0, for 7, <0,
ATQwzA — Quz + Ywz = 0, for 7, >0,
AP () AT = P ex) + X(ex) = 0, for 5, <0,

ATQ(ext)A - Q(ext) + ?(ext) =0, for 7, <0.

Since
- . - _ T
Xsp = Usp (Ssp)'/*(Ssp)'/? Ugy
= sz + X(ext) , for 5, <0,
- - - _ T
Xsg = Uss (Ssp)'/*(Ssp)!'/? Ugy
= sz, for 5, >0,
_ _T _ _ -
Ysg = Vg (Rsp)!/?(Rsp)'/? Vs
= YWZ + Y(ext) , for 7, <0,
—_ _T —_ —_ —_
Ysg = Vgs (Rsp)'/*(Rsp)'/* Vsp
= sz, for 7, > 0.

Consequently, the proposed method requires 4 x n'" number
of Lyapunov equations to obtained ROM and the stability is
also guaranteed.

4. Numerical Simulations

In this section, a comparison among different tech-
niques is presented. Reduced-order transfer functions and

poles location of ( [14-16]) and the proposed technique are
also provided where [14] produces unstable ROMs. Figures 1
and 2 represent the frequency response Bode plot (magni-
tude and phase) in the given frequency range. Furthermore,
Figures 3 and 5 represent the frequency response error in
the entire frequency range of the approximated model ob-
tained by using existing ( [14—16]) and proposed techniques,
whereas, Figures 4 and 6 signify the frequency response
errors in the given limited discrete-frequency ranges of the
approximated model in the given frequency interval acquired
via using existing and proposed techniques. Tables 2, 3 and 4
provide the ROMs obtained by using existing ( [14-16]) and
proposed techniques; whereas, the Table 5 provide the lo-
cation of poles by using the WZ [14] proposed technique;
furthermore, the Table 6 provides the error bounds by using
existing ( [14—-16]) and proposed techniques.

Example 1 Benchmark example of 48" order is presented
here, the building model (the Los Angeles University Hos-
pital) [18], it contains 8 floors each have 3 degrees of free-
dom, namely displacement in two different directions x; and
X7, and rotation. State-space form representation of given
an example is available at [19], given model is discretized at
sampling time Ty = 0.001 s, with the given frequency inter-
val [@] — @3] = [0.017 — 0.257] rad/s, where G (z) is the
approximated model of 4" order obtained by using [14—16]
and proposed techniques. Figure 1 provides a comparison
for the frequency response Bode plot (magnitude, phase) in
the given frequency range [0.017 — 0.257] rad/s. Reduced-
order transfer functions and poles location of ( [14-16]) and
proposed techniques are also provided in the Tables 3 and 5,
respectively, poles location of ROM obtained by using [14]
are z = 0.9945 + 0.05221,0.9860 = 0.1340i. Whereas, poles
location of ROM obtained by using the proposed technique
are z = 0.9946 + 0.05251,0.9862 + 0.1348i. Table 6 pro-
vide a comparison for the frequency response error bounds
in the given frequency range [0.017 — 0.25x] rad/s. Further-
more, the proposed algorithm grants stable ROMs, minimum
frequency response error along with the frequency response
error bound comparable with different existing stability re-
taining algorithms ( [14—16]) in the given frequency range.

Techniques Reduced order model Gy (z)
q T Order ROMs
7.69¢ 23 —0.0002306z2+0.0002313z - 7.759¢7
WZ [14] Z . >
z%-3.96123+5.905z%-3.9262+0.9821
7.781¢2 23 -0.000233222+0.0002338z - 7.843¢™
GSI[15] - . >
z%-3.96123+5.9047%-3.9252+0.9818
7.773¢7 23 -0.00023322+0.00023362 - 7.836¢
GSII [15] S e >
7%-3.96123+5.9047%-3.9252+0.9818
G [16] 6.283¢7 73 -0.00018772%+0.0001875z —6.266¢™
2% =3.9662+5.91922-3.9412+0.9874
7.673¢2 23 -0.00022962%+0.00022977 —7.693¢™
Proposed 7 3 3
7%-3.96223+5.9062% -3.9282+0.9829

Tab. 2. Reduced order models for Example-1.
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Example 2 Consider a 20" order band-stop Butterworth
filter with normalized edge frequencies ranges [0.5 —
0.6] rad/sample, with following transfer function form (36)
[under this paragraph], with the given frequency interval
[@1 — @3] = [0.57 —0.97] rad/s, where G (z) is the approx-
imated model of 7" order obtained by using [14—16] and
proposed techniques. Figure 2 provides a comparison for the
frequency response Bode plot (magnitude, phase) in the given
frequency range [0.57 — 0.97] rad/s. Reduced-order trans-
fer functions and poles location of ( [14—16]) and proposed
techniques are also provided in the Tabs. 3 and 5, respec-
tively, poles location of ROM obtained by using [14] are z =
—0.0910, —0.2659 + 0.9534i, —0.1738 + 0.96931, —0.0472 +
0.9770i. Whereas, poles location of ROM obtained by us-
ing the proposed technique are z = —0.1309,-0.2770 +
0.95131, -0.1845+0.96711, —0.0673 + 0.9874i. Table 6 pro-
vide a comparison for the frequency response error bounds
in the given frequency range [0.57 — 0.97] rad/s. Further-
more, the proposed algorithm grants stable ROMs, minimum
frequency response error along with the frequency response
error bound comparable with different existing stability re-
taining algorithms ( [14—16]) in the given frequency range.

Example 3 Consider a 6™ order stable discrete-time sys-
tem [16] having following state space representation (37),
with the given frequency interval [@—@;] = [0.657-0.817]
rad/s. Figures 3 and 5 provide a comparison for the frequency
response error & [G(z) — Gy (z)] for the entire frequency in-
terval, where Gy (z) are approximated models of 4" and 5%
order respectively obtained by using [14—16] and proposed
techniques. Figures 4 and 6 provide a comparison for the
frequency response error & [G(z) — G(z)] in the given fre-
quency range [0.657 — 0.81x] rad/s. Reduced order trans-
fer functions and poles location of ( [14—16]) and proposed
techniques are also provided in the Tabs. 4 and 5, respec-
tively, [14] produces unstable 4" and 5" order ROMs with
poles location at z = —2.5368, —0.3400, —0.3721 + 0.89011,
and z = 2.2355,-0.0368 + 1.1440i, —0.0996 + 0.7056i re-
spectively. Whereas, the proposed technique produces sta-
ble 4" and 5" order ROMs with poles location at z =
0.0139+0.94541,0.3842+0.7131i, and z = 0.5879,0.0015+
0.9408i,0.2884 + 0.7024i, respectively. Table 6 provide
a comparison for the frequency response error bounds in the
given frequency range [0.657 — 0.81x] rad/s. Furthermore,
the proposed algorithm grants stable ROMs, minimum fre-
quency response error along with the frequency response
error bound comparable with the different existing stability
retaining algorithms ( [14-16]) in the given frequency range.

3.6269720-1.125623719 -3.62e¢8718+1.607e 22717 +1.629¢7 710+ 5. 144623715 -4 3447 714 -8 179721 713
47.601¢7712-2.685¢20711 —9.12267710-3.035¢2077 +7.601¢7 28 = 1.27662°77 —4.344¢7 06— 1.003¢2! 2

G(z) =

+.629¢7 74 +3.215¢ 2373 -3.62¢ 872 +3.62¢” 6)

7294+2.85719+11.65718+23.34717+53.82710+82.437154135.7714+165.3213 +210.6212+207.871 1 +212.2710

+69.97°+140.878+90.3827 +60.6470+30.117°+16.077% +5.68873 +2.32172+0.46287+0.1328

[1.4637
1

0
[A B]: 0

0
0

—2.2838 2.0587

—-1.4467 0.6746

0
1
0
0
0

0
0
1
0
0

0
0
0
1
0

0
0
0
0
1

—-0.1825
0
0
0
0
0

SO OO =

0.0799

0.1351

0.2388

0.1370  0.0776

-0.0011

0.0107,

Techniques

Reduced order model Gy, ()

7" Order ROMs

WZ [14]

3.62¢ 927 +0.043412° +0.00285z> + 0.09095z* — 0.0247623 +0.05937z% — 0.0261z +0.01779

27 +1.0652° +3.2632° +2.188z% + 3.2462° + 1.189z% + 0.9917z + 0.08274

GS-1[15]

0.01053z° — 0.02528z° +0.01888z* — 0.05901z> + 0.02622z2 — 0.03108z + 0.0211
Z7 +1.0332% +3.2642° +2.172z* + 3.2882% + 1.235z% + 1.028z + 0.1111

GS-1I [15]

3.62¢ 927 — 0.028572° — 0.0644z> — 0.1308z* — 0.1524z3 — 0.1503z2 — 0.08584z — 0.04303
Z' +1.144z°% + 3.3652° +2.488z% + 3.4647° + 1.509z% + 1.103z + 0.1826

IG [16]

3.62e 777 +0.01767z° — 0.01624z° + 0.01523z* — 0.05923z3 — 0.01421z2 — 0.04263z — 0.006478

27 +1.15220 +3.372° +2.458z% +3.447% + 1.419z2 + 1.073z + 0.1354

Proposed

3.62e 277 — 0.008832z° — 0.0339z° — 0.07912z% — 0.10262° — 0.1257z2 — 0.06966z — 0.04929
27 +1.1892° +3.3982% + 2.52z% + 3.4582% + 142622 + 1.064z +0.122

Tab. 3. Reduced order models for Example-2.

(37
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0 ‘ ‘ Bode Dlagrar‘n ‘ 20, Bode Diagram
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Fig. 1. Frequency response Bode plot (magnitude and
phase) in the given frequency range [@] — @2 ] =
[0.017r —0.257] rad/s of 4™ order for Example-1.

Fig. 2. Frequency response Bode plot (magnitude and
phase) in the given frequency range [@] — @2 ] =
[0.57 —0.97] rad/s of 7™ order for Example-2.
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Fig. 3. Frequency response error & [G(z) — G (2)] Fig. 4. 5 [G(z) — G (z)] in the given frequency range
comparison of 4" order for Example-3. [@1 - @2]=[0.657 —0.817] rad/s of 4™ order for
Example-3.
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Fig. 5. Frequency response error & [G(z) — G¢(2)]

Fig. 6. 5 [G(z) — G (z)] in the given frequency range
comparison of 5™ order for Example-3.

[@1 - @2]=[0.657 —0.817] rad/s of 5™ order for
Example-3.
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Techniques Reduced order model Gy (z)
q 4 Order ROMs 5T Order ROMs
WZ [14] 0.0107z%+0.033842%+0.0497222+0.037742+0.01755 0.01072°+0.06433z%+0.162°+0.21762%+0.15182+0.06955
24+3.6212°+3.93422+3.3192+0.8027 22—1.781z%+1.616z° -3.272+0.4466z—1.296
Gt [15] -0.0143123+0.21952%+0.088927+0.275 0.07933z4+0.158523+0.279722+0.1945z+0.1119
7z4-0.87552°+1.53622-0.759z+0.5415 22—1.149z%+1.7762° —1.34172+0.7839z—0.2889
GSI15] 0.0107z%+0.0296123+0.1995z2+0.1517z+0.2255 0.01072° +0.06697z* +0.1765z° +0.258622+0.1979z+0.09983
24 —1.025z3+1.604z2-0.8832z+0.5752 22 —1.18z%+1.804z° —1.38222+0.8073z—0.3008
1G[16] 0.0107z%-0.102223+0.151522-0.04009z+0.1921 0.0107z°+0.06833z*+0.15932°+0.2539z2+0.1618z+0.1061
z2*—0.6289z°+1.6482%2-0.56812+0.666 2°—1.286z%+1.999z° —1.6452z2+0.9858z—0.4375
b q 0.0107z%-0.0285323+0.20842%+0.064482+0.2592 0.0107z°+0.06427z%+0.1814z° +0.25852z2+0.20482+0.1054
Tropose:
P 2*4-0.79622%+1.57122-0.70522+0.5865 20—1.168z%+1.804z° —1.373z2+0.81152-0.3
Tab. 4. Reduced order models for Example-3.
Examples ofpligi\lf'ls WZ’s Technique [14] Proposed Technique
Example-1 | 4™ order | 0.9945 +0.0522i, 0.9860 = 0.1340i 0.9946 + 0.0525i, 0.9862 + 0.1348i
Example-2 | 7™ order | —0.0910, -0.2659 + 0.9534i, —0.1309, —0.2770 + 0.9513i,
—0.1738 + 0.9693i, —0.0472 + 0.9770i —0.1845 + 0.9671i, —0.0673 + 0.9874i
Example.3 ath order | —2.5368, —0.3400, —0.3721 + 0.8901i 0.0139 + 0.9454i, 0.3842 + 0.7131i
P 5™ order | 2.2355,-0.0368 + 1.1440i, —0.0996 + 0.7056i | 0.5879, 0.0015 + 0.9408i, 0.2884 + 0.7024i
Tab. 5. Poles locations of reduced order models.
Order
Examples BT [5] | GS-I[15] | GS-II[15] | IG [16] | Proposed
of ROMs
Example-1 | 4" order | 5.6190 5.8478 5.855 7.2905 5.8096
Example-2 7% order 24.115 25.022 25.064 24.937 24.884
4t order | 39.268 45.163 43.832 46.163 41.991
Example-3 T
5N order | 40.714 55.038 53.649 46.523 44.663

Tab. 6. Theoretical and actual error bounds comparison.

5. Analysis & Discussion

From Figs. 4 and 6 it is determined that truncated sys-
tems attained from WZ’s [14] method give low approxima-
tion error as in contrast to the different existing techniques,
however, it occasionally yields unstable truncated systems
as proven in Tab. 5. Whereas, the different existing meth-
ods (GS-I [15], GS-II [15], IG [16]) produce stable ROMs
and also provide the a priori error bound formula; however,
these methods produce large approximation errors. The pro-
posed approach produces stable ROMs, as proven in Tab. 5.
Furthermore, Table 6 provides the comparison among the-
oretical error bound (BT [5]) and actual error bounds of
existing discrete-frequency limited stability preserving ap-
proaches (GS-I [15], GS-II [15], IG [16]), and the proposed
approach. It can be observed that as compared to the ex-
isting stability retaining techniques, the proposed method
yields better approximation error along with the a priori er-
ror bound formula.

6. Conclusion

The frequency restricted improved MOR approach is
proposed for the discrete-time systems. The proposed tech-
nique produces stable ROMs and lowers approximation error
along with the formula for the a priori error bound calcu-
lation. MOR technique presented by WZ provides unstable
ROMs and does not provide the a priori error bound formula,
whereas the different existing methods produce stable ROMs
and also provide the a priori error bound formula; however,
these methods produce large approximation errors. The fre-
quency response error of the proposed method is well compa-
rable with the other existing methods. Numerical examples
have proven that the proposed method provides stable ROMs,
lower approximation error, and the a priori error bound for-
mula, which shows the efficacy of the presented method.
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