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Abstract

The stress distribution in the vicinity of a sharp material inclusion (SMI) tip exhibits a singular stress behavior. The strength of
the stress singularity depends on material properties and geometry. The SMI is a special case of a general singular stress
concentrator (GSSC). The stress field near a GSSC can be analytically described by means of Muskhelishvili plane elasticity
based on complex variable function methods. Parameters necessary for the description are the exponents of singularity and
generalized stress intensity factors (GSIFs). The stress field in the closest vicinity of an SMI tip is thus characterized by 1 or 2
singular exponents (A-1), for which 0<Re(A)<l1, and corresponding GSIFs. In order to describe a stress field further away from an
SMI tip, the non-singular exponents, 1<Re()), and factors corresponding to these non-singular exponents have to be taken into
account. For given boundary conditions of the SMI, the exponents are calculated as an eigenvalue problem. Then, by formation
of corresponding eigenvectors, the stress or displacement angular functions for each stress or displacement series term are
constructed. The contribution of each stress or displacement series term function to the total stress and displacement field is given
by the corresponding GSIF. The GSIFs are calculated by the over deterministic method (ODM), which finds a solution of an
over-determined system of linear equations by the least squares method. On the left-hand side of the system are the displacement
series term functions multiplied by unknown GSIFs, while the right-hand is formed by results of finite element analysis (FEA).
Thus the results of FEA, namely nodal displacements in the radial and tangential direction, are employed in order to obtain the
GSIFs. In the numerical example, the stress field for particular bi-material configurations and geometries is reconstructed using 1)
singular terms only ii) singular and non-singular terms. The reconstructed stress field polar plots are compared with FEA results.
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1. Introduction

Composite materials which consist of two or more components with different material properties are often
encountered in various engineering applications. Silicate-based composites for instance, particularly cement-based
composites, are usually composed of a silicate/cement paste matrix and mainly sandstone, granite or basalt
aggregate. An important task in a material design process of a composite is the prediction of its strength and fracture
toughness. Precise knowledge of the composite strength and its fracture parameters can also contribute to prevention
of structure failure. It is the very nature of composites what brings a higher complexity into the modeling of fracture
mechanisms. Obviously, the material parameters, namely the Young's moduli and Poisson's ratios of aggregate and a
matrix, vary, therefore, there exists a mismatch in material properties. The mismatch in material properties together
with the topology of aggregate, which can be regarded as material inclusions, is responsible for occurrence of
singular stress concentration points. Therefore, one has to deal with a more difficult description of composites in
terms of the elasticity theory and fracture mechanics. In general, the topology of silicate-based composite aggregate
particles consists of sharp corners, which can be geometrically characterized by its angle value. The topology of
aggregate consists of corners with either convex or concave angles. These sharp corners are points of singular stress
concentration and thus suspicious as crack initiation locations. By application of the appropriate fracture criterion to
these singular stress concentration points, micro-crack initiation in certain composite can be predicted. Precise
description of the stress distribution in the vicinity of these general singular stress concentrators is therefore essential
for an employment of such fracture criterion. Since the strength of the elastic stress singularity of these points is
dependent on bi-material properties and geometry, by optimization of these, composites with enhanced fracture
parameters on a macro scale can be designed. In addition, the understanding of micro-crack formation in the vicinity
of sharp material inclusion tips may lead to better understanding of the silicate-based composite non-linear behavior.

Nomenclature

A matrix based on boundary conditions of the problem

o opening angle describing the geometry of a sharp material inclusion

fiikm(6), fim(6) angular functions for stress and displacement asymptotic series

Hy generalized stress intensity factor

Y0, Y1 angles denoting the location of the Oth and the 1st material interface

To I denotes the Oth and the 1st interface

M™y elementary matrix

Mion, Nigw,Iim, Lin complex constants for the mth material and kth eigenvalue

Ak kth eigenvalue

Orry, 000, Tr) radial, tangential and shear stress components respectively

or mth material region

lom, Ok complex potential functions for the mth material and kth eigenvalue

Ur, Up radial and tangential displacement components respectively

Vim eigenvector of complex constants for for the kth eigenvalue and mth material
Vi combined eigenvector of complex constants for for the kth eigenvalue and both material regions

2. The stress and displacement distribution in the vicinity of a sharp material inclusion tip
2.1. Boundary conditions of the problem
A sharp material inclusion is depicted in Fig. 1. Material regions which are characterized by elastic parameters

are denoted by Q° and Q. The sharp material inclusion is characterized by its opening angle o. Perfect bonding at
both the interfaces I and I is assumed.
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Ql

Fig. 1. A sharp material inclusion scheme.

Therefore, the boundary conditions represent stress and displacement continuity along the interfaces I'; and I[,. The
polar coordinate system as shown in Fig. 1 is considered. For the interface I} the boundary conditions are:

og (r,m) o5 (r,71)
o (nm) = T (r,m)
WO (ry) = ul(rm) M
ug (r,y) = ug(r,m)

in which the superscripts denote the corresponding material region. Note that the angle y; = a/2 applies in the
equations for both the Oth and 1st material regions. The boundary conditions of the interface Iy are given by the
following equations:

U; (T’, 72) = Ug (T’, ’\/O)
7-1”19 (7‘7 72) = 7790 (Tv 70) (2)
u71" (7“7 72) = ’Ug (T’, ’YO)
ué (T‘, 72) = ug (T‘, 70)
For the interface [}, and the Oth material region the value of v, is defined as y, = —a/2. For the 1st material region

the value of y, is given as y, = 2w — a/2.
2.2. Stress field in the vicinity of a general singular stress concentrator

The general expression describing the stress field in the vicinity of a singular point, i.e. when r — 0, is given by
asymptotic expansion
oij = Hir 7 fijim (0) + Hoar™* ™ fijom + Hsr™ ™ fijzm (0) + . .. 3)

where the exponent (4, — 1) consists of the kth eigenvalue calculated as the solution of an eigenvalue problem of
given boundary conditions. In general, complex eigenvalues are considered, A;, € C. There are 1 or 2 eignevalues A
with their real part satisfying the relation 0 < R(A;) < 1. The terms of the series which contain these 1 or 2
exponents become unbounded as r — 0. Therefore, these are called exponents of singularity. Exponents with
eigenvalues which real parts satisfy the relation 1 < R(4;) are also to be found, the terms which contain these
exponents vanish as r — 0, thus these exponents are called non-singular. The terms of the series with non-singular
exponents describe a stress field further away from the singular point. The symbol H, stands for the Generalized
Stress Intensity Factor (GSIF). The symbol f;jx,,(6) denotes angular functions where the indices i/ denote
corresponding stress tensor components, & refers to the kth eigenvalue and m to the mth material region. The series

above applies for terms with real eigenvalues, its complex form is o;; = ¥, % [r)"\"1 fijkm(0) + rAe1f jkm(H)].
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There exist three different methods addressing the analysis of stress singularities in bonded homogenous media,
namely the eigenvalue expansion method, the complex function representation and the Mellin transform technique.
The application of the eigenvalue expansion method has been studied by Williams (1957) on crack problems and on
reentrant corners in plates in extension in Williams (1957). Some problems with the Mellin transform technique
applied can be found in Hein (1971) and Pageau et al. (1994). All three approaches are summarized in Paggi and
Carpinteri (2008). Problems of bonded multi-material junction, which is the most general model of a sharp material
inclusion, were addressed e.g. in Yang and Munz (1995), Sator and Becker (2011). This article deals with the
complex function representation method. The mathematical theory of plane elasticity to address such configurations
was developed by Muskhelishvili (1953) and England (2003). Muskhelishvili's approach is based on the complex
variable function methods. The equations for stresses and displacements in the mth material can be written as:

- - z
ol +irly = QL+ Q- 200 — ;@:n
) = = zZ_
ogy —ith = QL+ QL 4+ 200 + ;w;n 4)
1 , _
ult +iugt = fe_“g [Fim S — 20, — @i
m

where z = re'® is a complex variable in a polar coordinate system. The bar over the symbol (*) denotes a complex
conjugate and the symbol (*) represents the derivative with respect to z. G,, is the shear modulus of the mth material

and k,, is the Kolosov constant of the mth material, which is given by the following relation:

3 — 4y, planestrain
Km = 3—vm (5)
T plane stress

in which v,,, is Poisson's ratio of the mth material. The stress and displacement components can be easily derived
from (4) by adding a complex conjugate to both sides of a particular equation. Thus, the equations for stress and
displacement components can be rewritten as:

m ~ z Z = z zZ _
O—Ir{r = Q;cm + Q;cm - iﬂgm - iﬂgm - Ewl,cm - Zwl,cm
_ z Z = z z
km Z " Z an Z Z —/
T, = 55 -5 + -zw — oW
6 2% km 2% km 2z km %z km (6)
1, _ ) . _ .
/U‘f'm = E {e 19 [’ikam = 28Qm — wkm] + 610 [’ikam = 2Qpm — wkm]}
7
1 . _ . _
ulgm = 4G, {6_29 [Hmﬂkm - Zka - ‘ka] - 610 [Hmﬂkm - Zka - ka]}

According to Theocaris (1974), the complex potentials Q,,, and wy,, can be constructed in the form of

k A
Qk'm = Ika +Lk7nz k

A X
Wem = Mpmz™* 4+ Nz

(7

where Iy, Lim, My and Ni,, are unknown constants for the mth material and the kth eigenvalue A, . These
constants or their complex conjugate form the kth eigenvector Vi, = (Mim, Nimo Lims Lim) for the mth material.

2.3. Determination of singular and non-singular exponents and corresponding eigenvectors

By introducing the potentials (7) into the equations for stress and displacement components (6) and by doing
basic algebraic operations, we obtain a set of the following equations (8) - (12). Each of the equations is considered
with unit GSIF H, = 1. Based on the boundary conditions for both interfaces I'; and [y, (1) and (2) respectively, a
system of 8 equations for stress and displacement components is formed. The system of equations arisen for our
problem contains 9 unknowns. These are 4 complex constants I, Lim, My and Ny, in each of the 2 eigenvectors
Vko» Vi1 and the eigenvalue 4. The eigenvectors form one vector v, in the following form vy, = (Vgq, V1)
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1 . _ ) , _ ,
ot = ! [kaAk (Ae = 3) PO — L Ak (A — 3) e 0O — M At — NkmAke—wW“)] + ®
+ Txk_l [_jkmj\k (S\k - 3) eiie(j‘kfl) - Lkmj\k (S\k - 3) eig(j‘kfl) — Mkmj\keiw(j‘k‘kl) - Nkmj\keie(/\k+1)]}
1 . _ . , _ .
o = S {Ikm)\k Mk +1) 6D 4+ Lo A (g 4 1) €700 4 My Mg Or 1) Nkm/\ke’w(““)} + ©
o [fkmj\k (Ve 1) e 4 L hy (1) €007 4 By Rpe 000 4 Nkm;\kew(/\k+1)]}
1 ) _ . ) _ ,
ngm = Q_i{r)\k_l {IkmAk ()\k — 1) ele()‘k_l) — Lkmkk (>\k — 1) 6_16(/\’°_1) + Mkmkkele(/\k-H) — Nkm)\ke_le()\k-'—l)} + (10)
T [*Tkmj\k (j\k _ 1) e—ie(ik—l) 4 L Ae (S\k _ 1) eie(Xk—l) _ Mkmj\ke—ie(XkJrl) n Nkm;\kew(?\kﬂ)}}
1 ) _ . ) _ ,
u;:m - = {r*k [[km (Ko — /\k)e“’(*k‘” + L (Ko — /\k)e—wuk—n — My, @O tD) _ Nkme—w(xkﬂ)] T
o o (11)
+ 7)% [Ikm (K/m - S\k) eiw()\kil) + Lkm (Hm - )\k) eie()\kil) - Mkmeiw(/\k#»l) - Nkmeie(/\kJrl)]}
1 . _ . ) _ .
ulgm _ ' {T,Ak [Tkm (o + /\k)e“’“’c‘l) — Lo (Ko + )\k)e—lo(xk—l) 4 My, e@Ont1) _ Nkme—ze(k;c+1):| +
4G (12)

+ T/\k |:_I_km (’im + 5\k) eiw(inl) + Lkm (Hm + S‘R) ew()\kil) - Mkmeiw(:\wrl) + Nkmew(sw+1)]}

By simple algebraic operations, this system of 8 equations can be rearranged and symbolically written as:
Av=0 (13)

The subscript for the eigenvector is intentionally omitted. Probably the most convenient way to construct a system of
equations for any multi-material junction without a need for rearrangement described above is to form a matrix
A from elementary matrices My" as it is proposed by Paggi and Carpinteri (2008). The matrix A for the case of a
sharp material inclusion (bonded bi-material junction) has the following form:

0 1
A = M’Yl _M’Yl 14
= | —MO M (14)
Yo=—% Yo=2m— G
and the 4 X 4 elementary matrix Mg'is
)\eis(/\+1) /\e_w()""l) )\()\+1)ei9(k—1) )\(/\Jrl)e—ie(xfn
2 2 2 2
Aetf(A+1) _ Ae—t0(A+1) A(k—l)ew(**l) _ )\(k_l)eﬂ's(xfl)
mo 24 2% 21 21
My = L OHD 0D (g, =N )PP (g, — )T 10D (15)
ia, ia, ia, ia,
eiS(A+y1L) 761'9(;:1) (HiJr)\)ei'é(A—l) (HiJr)\)e—'{s()\—n
4iG o, 141G, 141G, 141G,

A necessary condition for a nontrivial solution of the system of equations (13) to exist is that det(A) = 0.
Development of a matrix determinant leads to a characteristic polynomial equation, whose roots are the eigenvalues
Ak. This polynomial function is in its nature transcendental, thus only a solution by means of numerical methods is
admissible. To determine eigenvectors Vi, = (Mym» Nkms Iems Liem ), the kth eigenvalue A, is inserted back into the
system of equations (13). Since the system of equations is now undetermined, one of the complex coefficients of the
eigenvector vy, is chosen equal to 1. To obtain a determined system of equations, the row and line in the matrix A
containing the complex coefficient equal to 1 are omitted and a reduced matrix is formed. Based on the solution of
this reduced matrix, ratios between complex coefficients are obtained and the eigenvector v, for each kth A is
constructed.



Ondrej Krepl et al. / Procedia Structural Integrity 2 (2016) 1920-1927 1925

2.4. Determination of Generalized Stress Intensity Factors

The GSIFs Hy, are calculated by means of the over-deterministic method as in Ayatollahi and Nejati (2011). No
exact solution exists for an over-determined system of linear equations, as is the system (17) below, written in short

notation as FiopxuHix = uf,,ﬁA, where 2n > k. The subscripts describe the dimensions of the matrix or vector. The
solution of an over-determined system of linear equations can only be found by minimizing the residual vector r =
FranxiqHpg — uf,]f]A in some sense, e.g. by the least squares method. The radial and tangential displacement
components are in the form

ui = Hir™ fiam (0) + Har™ fiom + Hsr™ figm (0) + ... (16)

Both radial and tangential displacement components are used to determine m GSIFs. Both the rows of the matrix on
the left-hand side and the rows of the vector on the right-hand side are composed of subsequent radial and tangential
displacement values of the diameter r and the particular angular coordinate 6,,. The left-hand side represents an
analytical solution. The vector on the right-hand side consists of FEA results.

[ fr1 (01) 1 fra (01) 722 L0 frp (01) 7™ ] [ ulFA (r,61) T
Fri(02) ™ fra(B2) 12 .. fog (B2) T ulFEA (1, 6)
: : : H :
frl (en) 7)\1 fr2 (Gn) T)Q e frk (en) T/\k H; ufrlLEA (T’ gn)
. = 17
Jor (01) 1 for (1) ™2 . for (61) r : ubEA (1, 61) a7
for (B2) 7™ fan (02)7 .. for (B2) 7™ | L Hr ub A (r, 62)
| for (0™ Far(0)7 oo for (0) P | | uBA (r,0,) |

3. Numerical Example

The finite element model of a sharp material inclusion was created as shown in Fig. 2. The model is constrained
in the y direction on the bottom edge and in the bottom left-hand corner point in both the x and y directions. Then, it
is loaded with unit tension denoted g,,. The nodal displacements in the radial and tangential directions which serve
as an input to the ODM are extracted from the radius surrounding the singular point denoted r;, the radius is chosen
at a distance of 1 mm. The material configurations as listed in Table 1 were examined. Young's moduli of cement
paste vary from 25 to 45 GPa, thus configurations of composites with both of these limit values were evaluated. The
least stiff cement paste is denoted as cement paste A, the cement paste with the highest stiffness is marked with B.
The geometry @ = 80° was chosen as a representative for calculated values in Table 1 of this numerical example,
although geometries with different angular values were also examined in the study. Plane strain is considered.

@ (b)

Fig. 2. (a) FE model geometry with a depicted nodal path, (b) FE model mesh illustration.

Table 1 summarizes calculated values of the first 5 singular and non-singular exponents together with corresponding
GSIFs values H; [MPa-m-#*)]. In the studied cases there are 2 singular exponents for bi-material configurations with
a matrix stiffer than an inclusion (1% and 2" case) and 1 singular exponent for configurations with a matrix more
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compliant than an inclusion (3" to 6™ case). Generally, the configurations with E¢>E; and with 2 singular exponents
can also be found. The polar plots which show the distribution of ggg in a circular area of 3 mm from the singular
point (the radius 0.05 mm surrounding the singular point is intentionally not included) are shown in Fig. 3 and Fig.
4. Each of these figures shows gy distribution obtained by (a) singular terms, (b) singular and non-singular terms,
(c) FEA. The radius size has been chosen up to 3 mm, since the modelling of fracture processes in silicate / cement
based composites requires precise knowledge of stress distribution up to such distances. Since tangential stress can
be used for stability criterion suggestion, this numerical example shows this particular stress component.

Table 1. Material properties of matrix / aggregate with calculated values of singular and non-singular exponents and corresponding GSIFs.

Aggregate / Matrix Young's moduli [GPa] Ao M A, A3 Ay [-]
Poisson's ratios [-] H, H, H, H, H, [MPa-m-*]

Sandstone / Cement 20 /25 0.96816 0.99116 1.03887 1.94338 1.975514

paste A 0.20/0.20 0.170646 0.00015 -0.023723 0.000049 0.000153

Sandstone / Cement 20/ 45 0.87363 0.96004 1.14793 1.82212 1.904488

paste B 0.20/0.20 0.277678 0.000496 -0.023358 0.00098 0.000671

Granite / Cement 50/25 0.89110 1.00582 1.08128 1.865566 - 0.032483i 1.865566 + 0.032483i
paste A 0.24/0.20 -0.022447 -0.003085 0.109534 0.000479 0.000256

Granite / Cement 50/45 0.98013 1.00223 1.01728 1.985947 - 0.010532 1.985947 + 0.010532
paste B 0.24/0.20 0.011091 -0.001042  0.106946 0.000515 0.000447

Basalt / Cement 60/25 0.86740 1.00020 1.09657 1.829640 - 0.017765i 1.829640 + 0.017765i
paste A 0.25/0.20 -0.024563 -0.135623 0.105457 0.000357 0.000427

Basalt / Cement 60/45 0.94876 1.00608 1.04182 1.950470 - 0.025195i 1.950470 + 0.025195i
paste B 0.25/0.20 -0.005806 -0.000868  0.112457 0.000423 0.000269

0.045 0.262 0.479 0.697 0.914 113 1.348 1.566 1.783 2.000

(a) (b) (©)

Fig. 3: A reconstructed 2D tangential stress field of Aggregate / Matrix configuration of Sandstone / Cement paste B by:
(a) singular terms only; (b) singular and non-singular terms; (c) FEA solution

—-0.220 —-0.084 0.051 0.187 0.322 0.458 0.593 0.729 0.864 1.000

2700 2700

@ (b) ©

Fig. 4: A reconstructed 2D tangential stress field of Aggregate / Matrix configuration of Basalt / Cement paste A by
(a) singular term only; (b) singular and non-singular terms; (c) FEA solution
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b5 o5 16 it 70 75 30 Mg a5 16 1 7% s 30

(b) (C)

Fig. 5: 099 on a path for a bi-material combination of Sandstone / Cement paste B, configurations: (a) a = 40°; (b) @ = 80°; (¢) a = 120°

It is evident that for Eo<E; (Fig. 3) a singular terms solution is close to an FEA solution, while for Ey<E; (Fig. 4)
both singular and non-singular stress terms are necessary to describe stress distribution precisely. Fig. 5 shows the
distribution of ogg on a straight path, originating near the singular point (0.05 mm) and terminating at a 3 mm
distance from the inclusion tip, for various geometric configurations. The graphs show gy determined by singular
and non-singular terms in comparison with the FEA results. The path location is illustrated in Fig. 2a. Note that for
the increasing angle « the effect of higher terms on precision of the stress description becomes more significant. As
it can be noted from the polar plots in Fig. 3 and Fig. 4, the choice of an angle under which the path is constructed
may lead to even higher differences in stress obtained by singular terms in comparison with either a singular or non-
singular terms solution or FEA.

4. Conclusions

It has been found that for geometric and material configurations of sharp material inclusions where an inclusion
is more compliant than a matrix, accounting for the non-singular terms of the series leads to more precise results
further away from the singular point. The higher opening angle of the inclusion also makes employment of higher
order terms more critical for description precision. For the geometric and material configurations of SMI where the
inclusion is stiffer than matrix, the stress description by only 1 or 2 singular terms is not sufficient and leads to
misleading results.
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