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Abstract

The aim of this Ph.D. thesis is to introduce sepgfosets in closure spaces and study
their fundamental properties. The semi-open seisuaed to define semi-open maps, semi-
closed maps, semi-continuous maps, contra-semirtants maps and semi-irresolute maps
which are investigated. They are also used to dioite a new type of connectedness and
compactness in closure spaces, the so-called sctainess and s-compactness,
respectively. Further, we introduce and study gaimsd semi-open sets. We define
generalized semi-continuous maps and generalizedigesolute maps by using generalized
semi-open sets and study their behaviour. Anoyp bf open sets in closure spaces, namely
y-open sets, are also introduced and some of thefrepties are studied, too. The concepts of
y-continuous maps angirresolute maps are introduced by usipgpen sets. We also
investigate the interrelation between generalizgdiopen sets angtopen sets in closure
spaces. We define a notion of semi-open sets lnshite spaces and investigate its behaviour.
Finally, the concepts of semi-open maps, semi-dlas@ps, semi-continuous maps, semi-
irresolute maps and pre-semi-open maps of biclospeiees are introduced and studied.
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Closure operator; closure space; semi-open set:@artinuous map; contra-semi-continuous
map; semi-irresolute map; generalized semi-opes; gEneralized semi-continuous map;
generalized semi-irresolute mapppen setsy-continuous mapj-irresolute map; biclosure
space; pre semi-open map
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Chapter 1

Introduction

The study of semi-open sets in topological spacEs initiated in 1963 by N. Levine in [16].
If (X,r) is a topological space aid] X , then A is semi-openf there existsO7 such

that O 0 A0 CI(O), where CI(O) denotes the closure @ in (X,7). Furthermore, Levine

used semi-open sets to define semi-continuous mmafigpological spaces. By utilizing the
concept of semi-open sets, semi-closed sets inldgpal spaces were introduced by N.
Biswas [3] in 1969 as complements of semi-open. aisther, semi-open sets and semi-
closed sets were used to define semi-open anddes@d maps in topological spaces. After
the work of Levine and Biswas, various mathemati€idurned their attention to the
generalizations of topology obtained by considesegi-open sets instead of open sets and
many interesting results have been obtained -@eaadtance, [1], [4], [11] and [15].

In 1969, bitopological spaces were introduced .b@.Xelly [14] as tripleix,rl,rz)
where X is a set and; and 7, are topologies defined oK . After that, a number of papers

have been written to generalize topological condepthe bitopological setting-see for
instance, [2], [12] and [13].

The purpose of this thesis is to study the conoégemi-open sets in closure
spaces and in biclosure spaces. Closure spacesintter@uced by Eech [6] in 1966 and
then studied by many mathematicians, see e.gigJ7]9], [10], [17] and [18]. Closure spaces
are sets endowed with a grounded, extensive anadtoa closure operator. Biclosure spaces
were introduced in [5] as triple(é(,ul,uz) where X is a set and,, u, are closure operators

on X.

In this thesis, we divide the text into six chapter
The first chapter is an introduction which contas@mme remarks about the past
research. We also explain our motivations and meitihe aims of the thesis.

In the second chapter, we recall some definitiarcerning closure spaces and some
of their properties. Among others, unions, intetises and Cartesian product of closure
spaces are investigated.

In the third chapter, we introduce semi-open geta closure space and study their
unions, intersections and Cartesian product. Teesg-open sets are used to define a certain
types of maps, namely semi-continuous maps and-iseseolute maps which will also be
studied. Further, semi-open sets are used to itednd study a new type of connectedness
(respectively, compactness) called s-connectednessectively, s-compactness).

In the fourth chapter, we introduce two new typespen sets in closure space called
generalized semi-open andopen. We then study some of their basic proper#es.an
application, three new kinds of closure spaces,etamsspaces]T,-spaces and,-spacesare



introduced and some of their characterizationssaudied. Further, we introduce generalized
semi-continuous angtcontinuous maps by using generalized semi-openaseksopen sets,
respectively. Moreover, two new types of maps dalieneralized semi-irresolute and
irresolute are introduced and studied. Furtherstuey the interrelation among generalized-
semi-continuousy-continuous, generalized semi-irresolute giiidlesolute maps.

In the fifth chapter, we recall the concepts oldsare spaces and investigate some of
their properties, e.g. unions, intersections arssgaces. We introduce and study semi-open
sets in biclosure spaces. The notions of semi4goatis maps and semi-irresolute maps of
biclosure spaces are defined and investigatedhétend of the chapter, we introduce pre-
semi-open maps and pre-semi-closed maps obtainedibg semi-open sets and semi-closed
sets, respectively. We then study some of theipgnites.

In the last chapter, we make conclusions of thaiobd results and we outline the
direction of the further research.



Chapter 2

Closure Spaces

In this chapter, we study some fundamental progerntif closure spacebirst, we
recall some basic definitions.

A map u:P(X) - P(X) defined on the power se®(X) of a setX is called a
closure operatoon X and the pai{X,u) is called aclosure spacéf the following axioms
are satisfied:

(Al) ug=g¢,
(A2) AOuAforeveryAl X,
(A3) AOB=uAOuB forall ABOX.

A closure operatoru on a setX is calledadditive (respectively,idempotent if
A B0 X = u(AlB) =uAluB (respectivelyA [0 X = uuA=uA).

A subsetA [ X is closedin the closure spacgX,u) if uA=A. It is calledopenif
its complement inX is closed. The empty set and the whole spaceahedpen and closed.

A closure spacdY,v) is said to be aubspaceof (X,u) if YO X and vA= uAn Y
for each subseA Y .

Let (X,u) and (Y,v) be closure spaces. A map:(X,u) - (Y,v) is calledopen
(respectivelyclosed if the image of every open (respectively, clossel) in (X,u) is open
(respectively, closed) i(lY,v).

Amap f:(X,u) - (Y,v) is said to beontinuousf f(uA) O vf(A) for everyAd X .
One can see that iff is continuous, then the inverse image underof every open
(respectively, closed) set {iv,v) is open (respectively, closed) {X,u).

A closure spaceéx,u) is said to beonnectedf ¢ and X are the only subsets of
which are both closed and open.

A collection {G, },.,, of sets in a closure spac¢ is called acoverof a subseB of

X if BO % G, holds, and aopen coveif G,is open for eactr U J.

Furthermore, a coveG, },.,, of a subseB contains dinite subcoverif there exists a
finite subsetd, of J suchthaB O G, .

aldy
A subsetA of a closure spacéx,u) is compactif every open cover oA contains a
finite subcover.

The following statement is evident:
Proposition 2.1. If {AL,}Q,IjJ is a collection of subsets in a closure spatai), then

O uA, O ua%Aa and un A, DaerJuA,.

atld



The following example shows that the inclusion®afposition 2.1 cannot be replaced
by equalities in general.

Example 2.2.Let X ={123} and define a closure operatoron X by u¢=¢, uft}={1},
W2} ={2}, uf38}={3} and uf{12}=u{13}=u{23}=ux=X. It is easy to see that
uW{} 0u{2} ={1,2} butu{}O{2})=X. It follows that uft} 0u{2} # u{t} 0{2}). Further, we

haveu({l} n {23}) =ug = ¢ butuft} n u{23} ={1}. Hence,u({} n {23}) = u{t} n L{23}.

Proposition 2.3.Let {AL,}anJ be a collection of closed sets in a closure sp@¢eu). Then
n A, is a closed set.
al

Proof. Since n A, O A, for eacha0J, un A, OuA, forall a0J. Since{A,} ., is a

aldd

collection of closed setyyA, = A, for all a0 J. Hence,u n A, OA, foreachalUlJ.

Thus, un A, 0O n A,. Since n A, 0O un A, n A, = un A,. Therefore, n A, is a
closed set. 0

If {A,},5, is a collection of open sets in a closure spatu), then n A, need not
al

be an open set as shown in the following example.

Example 2.4.In the closure space from Example 2.2, it is eassee that{12} and{13} are
open buf{12} n {13} ={1} is not open in(X,u).

As a direct consequence of Proposition 2.3, wehav

Proposition 2.5.Let {AL,}HDJ be a collection of closed sets in a closure sp@¢eu). Then

un A, = nUA,.

alld alld

Proposition 2.6.Let {A,} ., be a collection of open sets in a closure sfXce). Then

EJ A, Is an open set.

aldd

Proof. Clearly, the complement of] A, is erJ(X ~A,). Since A is open for eacha 0J,
X —A, is closed for alla 0 J . But QJ(X - A,) is a closed set by Proposition 2.3. Therefore,
% A, is open. a

Let {Al,}aDJ be a collection of closed sets in a closure s§xce). Then % A, need
al
not be closed set as shown in the following example

Example 2.7.In the closure space from Example 2.2, it is easyee thafl} and{2} are
closed buf1} {2} ={12} is not closed i{X,u).

Proposition 2.8.Let (X,u) be a closure space. If G is a subse{Xfu), thenuG- G has
no nonempty open subset.



Proof. Let G be a subset i|(|X,u) and H be a nonempty open subsetus? — G . Then there
is xOH JuG-GOuG but xOX —H . SinceH is open, we haveX —H = u(X —H).
Hence xOu(X —H), i.e., uG is not contained inu(X —H). But H 0 uG-G, hence
GOUuG-HOX-H. It follows that uG is contained inu(X-H), which is a
contradiction. ThereforeyG -G contains no honempty open set. 0

Proposition 2.9.Let (Y,v) be a closure subspace (X,u). If G is an open set irX , then
GnY is an open set ifY,v).

Proof. Let G is an open subset ofX,u). Then (Y =(GnY))=uY-(GnY))nYD
u(X-G)nY=(X-G)nY=Y—-(GnY). ThereforeGnY is open in(Y,v). 0

The converse of Proposition 2.9 is not true as shiovthe following example.

Example 2.10.Let X ={123} and define a closure operataron X by ug=¢, ufl}=
{12}, W2 ={23, 3 ={3} and u{12} = u{13} = {23} =uX = X. Thus, there are only
three open subsets §X,u), namely ¢, {12} and X . Let Y ={12} and(Y,v) be a closure
subspace ofX,u). Thenvg =¢, 2} ={2} and [} =vY =Y. We can see thdfl} is an
open subset ofY,v) but there is no any open 8tin (X,u) such tha{l} =G n Y.

Proposition 2.11. Let (X,u) and (Y,v) be closure spaces. Iff :(X,u) - (Y,v) is a
continuous map, then the inverse image under facti epen set ifY,v) is open in(X,u).

Proof.Let H be open in(Y,v). ThenY —H is closed in(Y,v). Hence, f (Y -H) O X . But
f is continuous, so we havef(uf *(Y-H))O vf(f*(Y-H))O {Y-H). Hence,
FA(fluf (v -H))O Y -H)). Thus, uf*(Y-H)O fHY-H))= f(v-H).
Consequently,f *(Y -=H) is a closed set ifX,u). But f*(Y-H)= f*(Y)-f?*(H)=
X = f7(H), hencef *(H) is open in(X,u). 0

Remark 2.12.1n a closure space, if a map:(X,u) - (Y,v) is such that the inverse image
under f of each open set ifY,v) is open in(X,u), then f need not be continuous as shown
in the following example.

Example 2.13.Let X ={123}, Y ={a,b,c} and define a closure operatoon X by ug =

¢, u{}=u{3}=u{12} =u{13} =u{23 =uXx = X and u{2} ={2} . Define a closure operatar

on Y by vg=¢, Maj={ac}, Mb}={0}, c}={ac} and Vab}= Aac}=

vb.c}=vY=Y. Let f:(X,u) -~ (Y,v) be defined by (1)=a, f(2)=bandf(3)=c. ltis
easy to see that there are only three open getsy and {a,c} in Y. We have that
fYg)=p, £(Y)=X and f*{ac})={13 are open sets i(X,u). But f is not
continuous becausé&(u{3})= f(X)=Y is not contained invf ({3}) = {c} ={a,c}.

The following statement is evident:



Proposition 2.14 Let (X,u), (Y,v) and (Z,w) be closure spaces, lét: (X,u) - (Y,v) and
g:(Y,v) - (zZ,w) be maps. Then:

a) If fand gare open, thensoigo f .

b) If gof isopen and fis a continuous surjection, theens open.

c) If gof is open andgis a continuous injection, then f is open.

Proposition 2.15.Let (X,u) and (Y,v) be closure spaces and ldt:(X,u) - (Y,v) be a
map. If f is open, then for everyllYand every closed subs& of (X,u) such that
f*{y}) O F, there exists a closed subsétof (Y,v) such thaty I K and f *(K) O F.

Proof. Suppose thatf is open. LetyllY and F be a closed subset oﬁﬁ(,u) such that
f*{y}) O F. Then f(X -F) is an open set iffY,v). Let K = Y- f(X -F). ThenK is
closed in(Y,v) and f *(K)=f *(Y-f(X-F))=X-f*(f(X-F))O0 X-(X-F)=F.
But yuY-(Y-{y)o v-f(f(v-{y})=y-f(x-t*{y))Oy-f(X-F), hence
yLI K. Therefore K is a closed subset ¢¥,v) such thaty LI K and f *(K)O F .

The converse of Proposition 2.15 is not true imegal as can be seen from the
following example.

Example 2.16.Let X ={123 =Y and define a closure operatar on X by ug=¢,

u{l} = 2} = u{1.2} = {12} and {3} = {13} = u{23} = uX = X . Define a closure operatar

on Y by vg=¢, it={t, M3={2, 3=v13=v{13=v23=vr=v. Let
f:(X,u) - (Y,v) be the identity map. Then there are only thresedosubset of X,u),

namely¢, {12} and X . Moreover, there are only four closed subsefYot), namely¢, {1},

{2} and Y. Then for everyylY and every closed subsdt of (X,u) such that
f1{y}) O F, there exists a closed subgétof (Y,v) such thatyJK and f *(K)O F.

But f is not open becaud8} is open in(X,u) but f({3}) is not open irY,v).

In [1], E.Cech defines the produﬂ (X,,u,) of a family{(X,,u,):a 03} of closure

ald

spaces to be the closure spéﬁ Xa,uj where l_l X, denotes the Cartesian product of the
all

ald

setsX,, allJ andu is the closure operator generated by the projestm, : |_l X, = X,
ad

alld, i.e., defined byuA= |_| uaﬂa(A) for eachA l_l X, . Clearly, i, is continuous for
ald

ala

eachaOJ .

Proposition 2.17.Let {(X,,u,):a0J} be a family of closure spaces. ThEp is closed in
(X,,u,) forall aOJ if and only if|_l F, is closed in|_l (X,.u,).
all ad



Proof Let a0J and F, be a closed subset ofX,,u,). Then F, =u,F,. But

”"(l_l F"J = F,, hence, |_l F, = ”uaFa = (l—! F J Therefore, |_l F, is closed
all a0 all any aul
in rl(xﬂ'u”)'

all

Conversely, letw0J and F, 0 X, . Suppose thatrl F, is closed in|_! (X,.u,).
all al

Then |_! F, = |_| uana(rl Faj. Hence, na(rl FGJ = ﬂa(n uaﬂa[rl F,,B. Thus,
a0 i a0 a0 Pian at

F, =u,F,. Therefore,F, is closed in(X,u, ) forall a0 J. 0

We will need the following, quite obvious propestief the Cartesian product of sets:

Lemma 2.18.Let {(X,,u,):a0J} be a collection of closure space81J and 77, be a
projection map. IfG O |_l X, and (x,),,, 0G, then{c,}x |_L{ﬂa ((x,),0s } O |_l X, -G
ad ad

atld

forall ¢, 0 X, —ﬂ[,(G).

Proof. Let GO l_l X, and (x,),,, 0G. Let A0J and ¢, 0 X, -7,(G). Then c, O

1,(G). Hence,aD{Cﬁ}x(!:L{”a (. In ”ﬁ(G)x(# 7,(G)= aEl 7,(G). Clearly, GO

atld ald

[]7%(c). conseauenty, {c,}x ﬂ{na«xa)m)}me. oo, []lm ()} s

alld atld

*
singleton, thu{cﬁ}xrl Xy )y B} O |_l Xg— O
a#

atld

Lemma 2.19.Let {(X,,u,):a0J} be a collection of closure spaces and gt . I3

GO |_l X, and 77, is a projection map, theiX , — 77,(G) O ”/{l—! X, —GJ.
al

Proof. Let S0 J andG O l_l X, .

If G=¢,thenﬂﬁ(|_! X, —Gj: X ;. Thus, X, - 1,(G) O nﬁ(r! X, —GJ.
all al

If G#¢, ie. there existyx,),,, JG. Let c,0X,-m,(G). By Lemma 2.18,

alld

{Cﬂ}"ﬂ ).y rlX -G. It follows that CﬂDﬂB(l_l Xa—Gj. Therefore,
a#

atld
atld

X, —1,(G) O nﬁ(ﬂ Xa—Gj. 0
alld



Proposition 2.20.Let {(X,,u,):a0J} be a collection of closure spaces.Gf is an open
subset of|_! (X,,u,), thenr,(G) is openin(X,,u,) for every projection mapr,, a0 J.

Proof. Let G be an open subset (Xa,ua). Suppose that there exists{1J such that

at

1,(G) is not open inX ;. Since X ; is open, 7,(G)# X ;, i.e. X, —m,(G)# ¢. Hence,

there existsm, 0 X, —ﬂﬁ(G). By the hypothesis,uﬂ(xﬁ—ﬂﬁ(G)) is not contained in

X, —11,(G). Thus, there exists(; 0 uy(X,-7,(G)) but x; 0 X, -7,(G), ie. x,O

m,(G). Hence, there exists(x, )0,DJ 0G such that my((x,),,,)=X;. Since m,O

X, -1,(G), {m,}x r!]{”a(( o } O |_l X,-G by Lemma 2.18. Consequently,
a

alld

atld allJ

T, ((x )GDJ)DH(HX GjDu n(nx Gj for all @# B, a0J. Since X0

Uﬂ(Xﬁ—ﬂﬁ(G)), X;Duﬁﬂﬁ(l_lxa—Gj by Lemma 2.19. It follows that,

atld

{X;’}xﬂ]{”a (%)} O aEl Uaﬂa(!:l Xq —GJ- But T ((%2),s) = X5, hence

ald

X u{ﬂa (% Do ) = 172 (%, s ) u{ﬂa (O} = [0 (0 Do B = 10 )}

ald ald

Consequently,{(x, ), } O rlu b U‘lx Gj e. (x,)., 0 ”uaﬂa(r! X, —Gj. But
adl all

(X)), OG, i€ (X,),0, O |‘lx -G. Hence, rluaﬂa(r! XU—GJ is not contained in
atl all

X, —G. Thus,G is not open |n|_l (X,.u, ), which is a contradiction. Thereforﬂﬂ(G)
(i

al

is open inX, forall S0JJ . 0
The converse of Proposition 2.20 is not true asvshby the following example.

Example 2.21.Let X,={12}, X, ={a,b} and define a closure operator on X, by
ue=g, ufl}={8} andu{2}=uX, = X,. Define a closure operatar, on X, by u,p= @,
u,{a} ={a} and u,{o} =u,X,=X,. Let 7: X, xX, -~ X, and 77,: X, xX, — X, be the
projection maps. Thef(2,b)} O X, x X, such thatrz,{(2,b)}) ={2} and 7,{(2,b}}) ={b} are
open in(X,,u,) and(X,,u,), respectively. Bu{(2,b)} is not open i{X,,u,) x (X,,u,)

Remark 2.22.By Proposition 2.20, a projection mag : l_l (X,.u,) - (X,,u,) is open for

all aOJ.



Chapter 3

Semi-open Sets in Closure Spaces

3.1 Semi-Open Sets

In this section, we introduce a new class of opes 81 closure spaces, called semi-
open sets, and we study some of its properties.

Definition 3.1.1. Let (X,u) be a closure space. A subgetof X is called asemi-open sef
there exists an open sét in (X,u) such thatG 0 ACuG. A subsetA X is called a
semi-closed set its complement is semi-open.

Clearly, if A is open (respectively, closed) ifiX,u), then A is semi-open
(respectively, semi-closed) i(1X,u). The converse is not true as shown in the follgwin
example.

Example 3.1.2.Let X ={123} and define a closure operatoron X by ug¢ = ¢, u{l} ={1},
W3 =u{13}={13} and u{2} = 1,2} = U{23 =ux = X . It is easy to see thd,2} is semi-
open because there is an open{gktsuch tha{2} 0{12} 0 u{2}. But {12} is not open. And
we also see thd8} is semi-closed but not closed.

Regarding the union of semi-open sets and thesetéon of semi-closed sets we
have the following:

Proposition 3.1.3.Let {A,} ., be a collection of semi-open sets in a closureesfdX,u).
Then 0 A, is a semi-open subset OX,u).

Proof. For eachaUJ, we have an open seB, such thatG, 0 A, OuG,. Thus,
OG,00A, 0 %UGH. By Proposition 2.1%UGH Ou % G,. Therefore, % G, O

atld aldd

OA Ou % G, . But % G, is open, hence% A, is a semi-open set. a

alld

The intersection of two semi-open sets need net absemi-open set as can be seen
from Example 2.2:{12} n{13} is not semi-open whild12} and {13} are semi-open in
(X,u).

Proposition 3.1.4.Let {A,}_, be a collection of semi-closed sets in a clospaes (X, u).
Then n A, is semi-closed.



Proof. Let A, be a semi-closed set {X,u) for all @0J . Then X - A, is semi-open for
eacha JJ . By Proposition 3.1.3,%(X - A,) is semi-open. But%(x -A)=X-nA,,

ald
thus n A, is semi-closed. 0
al

The union of two semi-closed sets need not be a&desed set as can be seen from
Example 2.2{1} 0{2} is not semi-closed b{i} and{2} are semi-closed sets (X, u).

Proposition 3.1.5.Let (X,u) be a closure space and be idempotent. IA is semi-open in
(X,u) andA D B O uA thenB is semi-open.

Proof. Let A be semi-open if{X,u). Then there exists an open &tin (X,u) such that
GO AOuG, henceuAuuG. Since u is idempotent,uAduG. Thus, GO AO B[
UAL uG. Therefore,B is semi-open. d

Proposition 3.1.6.Let (Y,v) be a closure subspace OX,u) and A Y. If A is a semi-open
setin(X,u), then A is a semi-open set ifY,v).

Proof. Let A be semi-open if{X,u). Then there exists an open &tin (X,u) such that
GOAOuG. Since AOY, GOY and G=GnYUOAnNYDOuGnY=vG. But
AnY=A, thusGOADVG. SinceG=GnY, G is open in(Y,v). Hence, A is a semi-
open set in(Y,v). 0

The converse of Proposition 3.1.6 need not bedsuean be seen from the following
example.

Example 3.1.7.Let X ={123 and define a closure operataron X by ug=¢, ufl}=
{13, W{2} ={23 and u{3} =u{12} =u{13} =u{23} =uX = X . Let Y ={12} and (Y,v) be a
closure subspace ¢fX,u). Thenvg=¢, {1} ={1}, {2} ={2} andvY =Y. Itis easy to see
that {1} is semi-open ifY,v) but is not semi-open ifiX,u).

Proposition 3.1.8.Let (X,u) be a closure space and lef] .XhenA is semi-closed if
and only if there exists a closed $etin (X,u) such thatX —u(X -F)O AOF .

Proof Let A be semi-closed. Then there exists an open Gein (X,u) such that
GO X -AOuG. Thus, there exists a closed getin (X,u) such thatG=X-F and
X -F OX-AOu(X -F). Therefore,X —u(X -F)O AOF.

Conversely, by the assumption, there is a closed Fs in (X,u) such that
X —u(X -F)0O AOF . Thus, there exists an open &tin (X,u) such thatF = X -G and
X-uGOADOX-G. It follows that GO X - A0 uG. Therefore, A is semi-closed in
(X,u). 0

Definition 3.1.9. Let (X,u) and(Y,v) be closure spaces. A mdp: (X,u) - (Y,v) is called
semi-oper(respectivelysemi-closejlif the image of every open set (respectivelysebb set)
in (X,u) is semi-open (respectively, semi-closed{¥pv).



Clearly, if f is open (respectively, closed), thénis semi-open (respectively, semi-
closed). The converse is not true as can be seenthe following example.

Example 3.1.10.Let X ={123} and Y ={a,b,c}. Define a closure operatar on X by
ug=¢, uf}={1} and u{2}=u{z}=u{12}=uf{13 =u{23}=ux =X . Define a closure
operatorv on'Y by vg = ¢, a} =v{c}= {a,c}={ac} and fb} = fa,b} = [b,c}=vy =Y.
Let f:(X,u) = (Y,v) be defined byf(1)=a, f(2)=c and f(3)=b. It is easy to see that
f is semi-open but not open becausf§23})={b,c} is not open in(Y,v) while {23} is
open in(X,u). And we also see that is semi-closed but not closed.

Proposition 3.1.11.Let (X,u), (Y,v) and (Z,w) be closure spaces, let : (X,u) - (Y,v)
and g:(Y,v) - (Z,w) be maps. Then:

(i) If fis open and)is semi-open, thego fs semi-open.

(i) If go f is semi-open and f is a continuous surjection, thers semi-open.

Proof. (i) Let G be an open subset §X,u). Since f is open, f (G) is open in(Y,v). Hence
9(f(G)) is semi-open iz, w). Thus,g- f is semi-open.

(i) Let G be an open subset (}i’v) Since f is a continuous mapf ‘1(G) is open
in (X,u). Sincego f is semi-open,go f(f*(G))=g(f(f (G)) is semi-open in(Z,w).
But f is surjection, so thage f(f *(G))=g(G). Hence, g(G)is semi-open in(Z,w).
Therefore,g is semi-open. 0

Proposition 3.1.12.Let {(X,,u,):a0J} be a collection of closure spaces. lef]l add
AL |_l X, . If A is semi-open inr!(xa,ua) and 77, is a projection map, themr, (A) is
al

all
semi-open inX,,u, ).

Proof. LetaJand A be a semi-open subset ¢f] (X, ,u, ). Then there exists an open
al

subset G of X .U such thatGO A u 7, |G). It follows that 7, (G)O
[0¢) e ) .(c)
all ald

m,(A)O ﬂa(l_l uaﬂa(G)j= u,77,(G). By Proposition 2.20, 77,(G) is open in(X,,u,).

allJ
Therefore, 7, (A) is semi-open i{X,,u, ).
a

Remark 3.1.13.The converse of Proposition 3.1.12 need not keitrigeneral. By Example
2.21, z({(2b)}) and 7z,({(2b)}) are semi-open sets ifX,,u,) and (X,,u,), respectively.

But {(2,b)} is not semi-open ifX,,u,)* (X,,u,).

Proposition 3.1.14.Let {(X,,u,):a0J} be a collection of closure spaces. L&t ant
A; O X;. Then A, is semi-open in(Xﬂ,uﬁ) if and only if A, x[] X, is semi-open in

[](Xaua).

alJ



Proof. Let aJJand 77; be a projection map. Le#; be a semi-open subset bK/,,,uﬁ).
Then there exists an open subggej of (Xﬁ,uﬁ) such thatG, O A, D u,G,. Hence,

Gyx[1X, 0Ax[]X, 0 uﬁGﬁX| !Xa = ”uana Gy x[]X, |- As 7, is continuous,
a# a# a# all
ald all ald

a#
ald

74G,)=G, %[ X, is open in|_l (X,.u,). Therefore,A, x rlxa is semi-open.
all az

az
ald aldd

The converse follows immediately from Propositioh. B2.
a

a'“a

Theorem 3.1.15Let {(X,,u,):a 0 J} be a family of closure spaces andfétJ. Then A,
is a semi-closed subset X ;,u,, ) if and only if A, x [ X, is semi-closed irl_! (X,.u,).

az all
ad

Proof. Let f00J and A; be a semi-closed subset(mﬁ,uﬁ). Then X, - A, is semi-open in
(X ;,u,). By Proposition 3.1.14(Xﬁ —Aﬂ)x X, is a semi-open subset §f](X,,u,).

a’'“a
a# all
atld

But (Xﬁ - Aﬂ)x X, = l_l X, = Ay x[] X, . It follows that A; x ['] X, is semi-closed in
ald az

a# a#
[0 )

alld ald alld
Conversely, suppose that; x [ ] X, is a semi-closed subset (Xa,ua). Then

az aldl
ad

l_! X, = A X[ Xs = (X, - Ay )x rLXa is semi-open in|_! (X,,u,) . By Proposition
o pli plé o
3.1.14,X, - A, is semi-open if{X ;,u, ). Therefore A, is semi-closed.

a

3.2 Semi-continuous Maps

Definition 3.2.1. Let (X,u) and (Y,v) be closure spaces. A map: (X,u) - (Y,v) is called
semi-continuousf the inverse image undef of every open set ir(Y,v) IS semi-open in
(X,u).

Clearly, if f is continuous, thenf is semi-continuous. The converse is not true in
general as shown in the following example.

Example 3.2.2.Let X ={123}, Y ={a,b,c} and define a closure operator on X by
ug=¢, uf}=u{13}={13}, u{2}=u{23}={23}, u{38}={3 and u{12} =ux = X .Define a
closure operatorv on Y by vg=¢, Mal=Vab}={ab}, vb}={0}, Vc}={c,



vb.c} ={b,c} and fa,c}=vy =Y. Let f:(X,u) - (Y,v) be defined byf(1)=a, f(2)=
and f(3)=b. It is easy to see that is semi-continuous, buf is not continuous because
{ab} is openin(Y,v) and f *({a,b}) ={13} but{1,3} is not open inX,u).

Proposition 3.2.3.Let (X,u) and (Y,v) be closure spaces and ldt: (X,u) - (Y,v) be a
map. Then f is semi-continuous if and only if tmeerse image under f of every closed
subset ofY, V) is semi-closed iffX,u).

Proof. Let F be a closed subset {iY,v). ThenY - F is open in(Y,v). Since f is semi-
continuous, f *(Y - F) is semi-open. Butf (Y - F)= X - f *(F), thus f *(F) is semi-
closed in(X,u).

Conversely, letG be an open subset {iv,v). ThenY -G is closedn (Y,v). Since
the inverse image of each closed subséYiw) is semi-closed if{X,u), f*(Y-G) is semi-
closed in(X,u). But f*(Y-G)=X-f™(G), thus f *(G) is semi-open. Thereforef is
semi-continuous. 0

Proposition 3.2.4.Let (X,u), (Y,v) and (Z,w) be closure spaces, ldt: (X,u) - (Y,v) and
g:(Y,v) - (Z,W) be mapslif go f is open andg is a semi-continuous injection, then f is
semi-open.

Proof. Let G be an open subset K,u). Sincego f is open,g(f(G)) is open in(z,w). As
g is semi-continuousg™(g(f(G))) is semi-open in(Y,v). But g is injective, so that
g (g(f(G))) = f(G) is semi-open ir{Y,v). Therefore, f is semi-open. 0

The following statement is evident:

Proposition 3.2.5.Let (X,u) and (Y,v) be closure spaces. If :(X,u) ~ (Y,v) is a
bijection, then the following statements are egieint

(i) The inverse mag ™:(Y,v) ~ (X,u) is semi-continuous.

(i) f is a semi-open map.

(i) f is a semi-closed map.

Proposition 3.2.6.Let (X,u), (Y,v) and (Z,w) be closure spaces. If : (X,u) - (Y,v) is
semi-continuous and : (Y,v) - (Z,w) is continuous, they o  fs semi-continuous.

Proof. Let H be an open subset {#,w). Sinceg is continuous,g™(H) is open in(Y,v).
Since f is semi-continuous,f *(g(H)) is semi-open in(X,u). But f*(g*(H))=
(go f)*(H). Therefore,go f is semi-continuous.

The following example shows that Proposition 3.8d&d not be true iy is not
continuous.

{123, Y={a,bc}, Z={x, v,z and define a closure operatoron

Example 3.2.7 Let X =
={13}, u{2} = }:u{2,3} ={23 and {12} = u{1,3} = uX = X . Define

X by ug=g¢, ut



closure operatow onY by vg=¢, v{b} = v{c} = |{b,c}={b,c} and v{a} = \,{a,b} = \,{a, c} =
VY =Y. Define closure operatow on Z by wg=¢, WMz ={z} and w{x}=w{y}=
wx, v} =w{xz=w{y.Z1=wz=2Z. Let f:(X,u) - (Y,v) be defined byf(1)=a, f(2)=
b and f(3)=c. Let g:(Y,v) - (Z,w) be defined byg(a)=x, g(b)=y and g(c)=z. It is
easy to see that is continuous, hencé is semi-continuous. And we also see thais only
semi-continuous but not continuous. Sifaey} is open in(Z,w) but (go f)™{x,y}) is not
semi-open in(X,u), go f is not semi-continuous.

Definition 3.2.8.A closure spacéX,u) is said to be aTsspaceif every semi-open set in
(X,u) is open. The closure spaf¥,u) in Example 2.2 is @-space.

Proposition 3.2.9.Let (X,u) and (Z,w) be closure spaces an{Y,v) be a T-space . If
f:(X,u) - (Y,v) and g:(Y,v) - (Z,w) are semi-continuous, thergo fis semi-
continuous.

Proof. Let H be open in(Z,w). Sinceg is semi-continuousg™(H) is semi-open ifY,v).
But (Y,v) is aTsspace henceg™(H) is open in(Y,v). Thus, f*(g™(H))= (g- f)™(H)
IS semi-open ir(X,u). Therefore,go f is semi-continuous. 0

Theorem 3.2.10.Let (X,u) be a closure spac€(Y,,v,):a0J} be a family of closure
spaces andf : (X,u) - l_! (Y,,v,) be amap. If f is semi-continuous any is a projection
all

map, thenrr, o fis semi-continuous for eaah] .J

Proof. Assume thatf : (X,u) - l_l (Y,,v,) is semi-continuous for ale 0J . Since 77, is
all

continuous,7, o f is semi-continuous for eaahn]J by Proposition 3.2.6. 0

Definition 3.2.11. Let (X,u) and (Y,v) be closure spaces. A map:(X,u) - (Y,v) is
called contra-semi-continuousf the inverse image undef of every open set iffY,v) is
semi-closed i{X,u).

Remark 3.2.12.The concepts of a semi-continuous map and a cestra-continuous map
are independent as shown by two following examples.

Example 3.2.13.Let X :{lZ}:Y and define a closure operataron X by ug¢=¢,
u{2} :{2} and u{]} =uX = X. Define closure operatov onY by vg=g¢, v{]} :{]} and
\/{2} =vY=Y. Let f :(X,u) - (Y,v) be the identity map. It is easy to see tliais contra-
semi-continuous but not semi-continuous beca{lﬁeis open in(Y,v) but f*({2}) is not
semi-open in(X,u).

Example 3.2.14.In Example 3.2.7, the mag is semi-continuous but not contra-semi-
continuous becaus{a} is open in(Y,v) but f *({a}) is not semi-closed ifX,u).



Proposition 3.2.15.Let (X,u) and (Y,v) be closure spaces and lét: (X,u) - (Y,v) be a
map. Thenf is contra-semi-continuous if and only if the irseimage under f of every
closed subset dfv,v) is semi-open ifX,u).

Proof. Let F be a closed subset {iv,v). ThenY —F is open in(Y,v). Since f is contra-
semi-continuous,f *(Y - F) is semi-closed. Butf (Y - F)= X - f *(F), thus f *(F) is
semi-open in(X,u).

Conversely, leiG be an open subset {iY,v). ThenY -G s closedn (Y,v). Since
the inverse image of each closed subsdYiw) is semi-open if{X,u), f *(Y-G) is semi-
open in(X,u). But f*(Y-G)=X-f™(G), thus f *(G) is semi-closed. Thereforef, is
contra-semi-continuous. 0

Proposition 3.2.16.Let (X,u), (Y,v) and (Z,w) be closure spaces, let : (X,u) - (Y,v)
and g:(Y,v) - (Z,w) be maps.If gofis contra-semi-continuous ang is a closed
injection, then f is contra-semi-continuous.

Proof. Let H be a closed subset §¥,v). Sinceg is closed,g(H) is closed in(Z,w). As
go f is contra-semi-continuougg > f)™(g(H))= f *(g™*(g(H))) is semi-open i{X,u) by
Proposition 3.2.15. Bug is injective, hencef *(g(g(H)))= f *(H). Therefore, f is
contra-semi-continuous. 0

Proposition 3.2.17.Let (X,u) and (Z,w) be closure spaces anf,v) be a E-space . If
f:(X,u) - (Y,v) and g:(Y,v) - (Z,w) are contra-semi-continuous maps, thgr g
semi-continuous.

Proof. Let H be closed inZ,w). Sinceg is contra-semi-continuoug; *(H) is semi-open
in (Y,v). But (Y,v) is aTsspace, hencag™(H) is open in(Y,v). As f is contra-semi-
continuous by Proposition 3.2.15f *(g™(H)) =(g- f)™(H) is semi-closed in(X,u).
Therefore,go f is semi-continuous by Proposition 3.2.3. 0

The following statement is evident:

Proposition 3.2.18.Let (X,u), (Y,v) and (Z,w) be closure spaces and let: (X,u) -
(Y,v) and g:(Y,v) ~ (Z,w) be maps. If f is contra-semi-continuous amgdis continuous,
thengo f is contra-semi-continuous.

As a direct consequence of Proposition 3.2.18have:

Proposition 3.2.19.Let (X,u) be a closure spacd(Y,,v,):a0J} be a family of closure
spaces andf : (X,u) - l_! (Y,,v,) be a map. If f is contra-semi-continuous amg is a
all

projection map, thenz, o fis contra-semi-continuous for each] . J



3.3 Semi-irresolute Maps

Definition 3.3.1. Let (X,u) and (Y,v) be closure spaces. A map: (X,u) - (Y,v) is called
semi-irresolutéf f ™(G) is semi-open ir(X,u) for every semi-open sé in (Y,v).

Proposition 3.3.2.Let (X,u) and (Y,v) be closure spaces anfl:(X,u) - (Y,v) be a map.
Then f is semi-irresolute if and only if *(B) is semi-closed ifX,u), wheneverB is semi-
closed in(Y,v).

Proof. Let B be a semi-closed subset (’)trv) ThenY - B is semi-open in(Y,v). Since
f:(X,u) - (Y,v) is semi-irresolute,f (Y - B) is semi-open in(X,u). But f (Y -B)=
X - f(B), so thatf **(B) is semi-closed ifX,u).

Conversely, letA be a semi-open subset (h{,v). ThenY - A is semi-closed in
(Y,v). By the assumptionf (Y - A) is semi-closed i{X,u). But f (Y - A)= X - f *(A),
thus f *(A) is semi-open ir(X,u). Therefore,f is semi-irresolute. 0

Clearly, every semi-irresolute map is semi-cordumi The converse need not be true
as can be seen from the following example.

Example 3.3.3.Let X ={123 =Y and define a closure operatar on X by ug¢=¢,
u{} ={12}, u{2} =uf38 =23} ={23}and {12} =u{13} =ux = X . Define closure operator
vonY byveg=¢, f} ={13}, {3={3, {2} ={23 ={23} and {12} = {13 =vY=Y.
Let f:(X,u) - (Y,v) be the identity map. Thefi is semi-continuous but not semi-irresolute
becausd13} is semi-open irY,v) but f *({13})= {13} is not semi-open iffX,u).

Proposition 3.3.4.Let (X,u), (Y,v) and (Z,w) be closure spaces. if : (X,u) - (Y,v) is a
semi-irresolute map an@:(Y,v) - (Z,W) is a semi-continuous map, then the composition
go f:(X,u) -~ (Z,w) is semi-continuous

Proof. Let G be an open subset ()ZW) Then g™(G) is a semi-open subset ()lv) asg

IS semi-continuous. Hencef,‘l(g‘l(G)) IS semi-open ir(X,u) becausef is semi- irresolute.
Thus, go f is semi-continuous. d

The following statements are evident:

Proposition 3.3.5.Let (X,u), (Y,v) and (Z,W) be closure spaces. If :(X,u) - (Y,v) and
g:(Y,v) - (Z,W) are semi-irresolute, thego f :(X,u) - (Z,W) is semi-irresolute.

Proposition 3.3.6.Let (X,u) and (Z,W) be closure spaces anc(Y,v) be a T-space. If
f :(X,u) - (Y,v) IS a semi-continuous map argt (Y,v) - (Z,W) is a semi-irresolute map,
then the compositiog o f :(X,u) - (Z,W) is semi-irresolute.



Proposition 3.3.7.Let (X,u) and (Y, ) be closure spaces andf :(X,u) - (Y,v) be a
bijective map. Iff and f ™ are continuous, therf and f ™ are semi-irresolute.

Proof. Let B be a semi-open subset @’rfv) Then there exists an open s$¢étin (Y,v) such
that H OBOVH, hencef™(H)O f *(B)O f *(vH). Since f ™ is continuous,f *(vH) O
uf *(H). But f is continuous, thusf *(H) is open in(X,u). Hence, f (B) is semi-open
in (X,u). Therefore,f is semi-irresolute.

Let A be a semi-open subset @Ku) Then there exists an open €&tin (X,u)
such that GO ACuUG. Hence, f(G)O f(A)O f(uG). As f is continuous, f(uG)O
vf(G). Since f ™ is continuous andf (G) is the inverse image o& under f*, f(G) is
open in(Y,v). Thus, f(A) is semi-open ifY,v). But f(A) is the inverse image of under
f *, thereforef ™ is semi-irresolute. m)

3.4 S-connectedness

Definition 3.4.1. A closure spacéX,u) is said to bes-connectedf ¢ and X are the only
subsets ofX which are both semi-open and semi-closed.

Clearly, if (X,u) is s-connected, the{X,u) is connected. The converse is not true as
can be seen from the following example.

Example 3.4.2.Let X ={123} and define a closure operatoron X by ug=¢, ufl} =
w13} ={13}, u{2} =u{23 ={23}, u{3} ={3}, andu{12}=ux = X . we have tha{X,u) is
connected but not s-connected becgdgp is both semi-closed and semi-oper{¥u).

Proposition 3.4.3. Let (X,u) be a closure space. Then the following statememnés

equivalent
a) X is s-connected.
b) X cannot be expressed as the union of two disjoori;empty, semi-closed subsets.
c) X cannot be expressed as the union of two disjoori;empty, semi-open subsets.

Proof. Statement (a) implies statement (b): Suppose ¥aU OV whereU andV are
non-empty, disjoint, semi-closed subsets(kif,u). ThenU =X -V andU is semi-open.
Thus,U is a subset ofX which is both semi-open and semi-closed Buis neitherX nor
¢ . Hence,(X,u) is not s-connected.

Statement (b) implies statement (c): Suppose ¥at AL B where A and B are
disjoint non-empty semi-open subsets(&f,u). Then X ~A=B and X -B= A are both
complements of semi-open sets and hence are sesa@eclThus X = A B is an expression
of X as the union of two disjoint, non-empty, semi-ebssubset of(X,u), which

contradicts (b).
Statement (c) implies statement (a): Suppose gad a subset ofX which is both
semi-open and semi-closed bAitis neitherX nor ¢. Then X — A is also semi-closed, semi-

open and non-empty. Thus :(X —A)D A is the expression oX as the union of two
disjoint, non-empty semi-open subsets, which caindtta (c). 0



The following statement is evident:

Proposition 3.4.4.Let (X,u) be a E-space. Ther{X,u) is connected if and only (iX,u) is
s-connected.

Proposition 3.4.5.Let (X,u) be a closure space and l&t={01} and vbe a closure
operator onY defined byvg =¢, {0} ={0}, {1} ={} and v¥y =Y. Then the following

statements are equivalent
a) The only contra-semi-continuous maps(X,u) - (Y,v) are the constant maps.

b) A closure spacéX,u) is s-connected.

Proof. Statement (a) implies statement (b): Supposettigat is a non-empty subsét of
(X,u) such thatA= X and A is both semi-open and semi-closed. Ther A is both semi-

open and semi-closed iX,u). Define a mapf : (X,u) -~ (Y,v) by f(x)=0 if xJA and
f(x)=1 if xOX-A. Consequently, f*(g)=¢p, f7*{0})=A, f*{})=B and
f (Y)= X . Since there are only four closed subsets(6fv), namely¢, {0}, {1} andY,
the inverse image undefr of any closed subset ifY,v) is semi-open in(X,u). Thus, f is

contra-semi-continuous but non-constant, which atrediction. Therefore,(X,u) is s-

connected.
Statement (b) implies statement (a): Suppose tl@n&a-semi-continuous map

(X,u) - (Y,v), where the closure operator on Y is defined byvg=¢, 0}={0},
v} ={1} andvY =Y, is non-constant. Theri *({0}) and f *({1}) are non-empty. Further,
neither f *({0}) nor f *({1}) are equal toX . Since{0} and {1} are closed subset ¢¥,v)
and f is contra-semi-continuous, *({0}) and f *({1}) are semi-open subsets (f,u). But

f2({o})= x - £ *({1}), hencef *({0}) is both semi-closed and semi-open. Consequetly,
is not s-connected, which a contradiction 0

Theorem 3.4.6.Let (X,u) and (Y,v) be closure spaces anfl: (X,u) - (Y,v) be a map.
(i) If f is a contra-semi-continuous map frof,u) onto (Y,v) and (X,u) is s-
connected, thefY, V) is connected.
(i) If f is a semi-irresolute map frofX,u) onto (Y,v) and (X,u) is s-connected,
then (Y,v) is s-connected.

Proof. (i) Suppose tha(Y,v) is not s-connected. Then there is a non-emptyesudsof
Y, A#zY such thatA is both semi-open and semi-closed. Siricés semi-irresolute, the set

f‘l(A) is both semi-open and semi-closed. Sirfcas an onto map and is a non-empty
subset of Y with A#Y, it follows that f *(A) is a non-empty subset oK with

f *(A)# X . Hence,(X,u) is not s-connected which a contradiction. ThersffY,v) is s-

connected.
The proof of (i) is similar to that of (ii). 0

3.5 S-compactness

As another application of semi-open sets, a newvd lah compactness, namely s-
compactness, is introduced.



Definition 3.5.1. A collection{G,},., of semi-open sets in a closure spf¥eu) is called a
semi-open covesf a subseB of X if B O % G, holds.

Definition 3.5.2. A subsetA of a closure spac@(,u) Is s-compactf every semi-open cover
of A contains a finite subcover. CIeary,(DK,u) is s-compact, then it is compact.

The following statements are evident:

Proposition 3.5.4. Let (X,u) be a closure space. X is s-compact and® is a semi-closed
subset ofX , thenB is s-compact.

Proof. Let {G,},., be a collection of semi-open subsets %f such thatB0 0 G, . It

a0
follows that X = a% G, 0(X-B). Since B is semi-closed, X -B is semi-open.
Consequently,a% G, D(X—B) is a semi-open cover oX. But X is s-compact, so
06,0 (X - B) contains a finite subcover, i.e. there exits édisubset], of J such that
X=16,0 (X -B). SinceB and X - B are disjoint,B O 0 G,. Thus, any semi-open

cover{G, }
d

.0y Of B contains a finite subcover. Therefol®,is s-compact

Proposition 3.5.4. Let (X,u) and (Y,v) be closure spaces anti: (X,u) - (Y,v) be a map.
If fis semi-irresolute and a subs@of X is s-compact, then the imag&(B) O Yis s-
compact.

Proof. Let{G,},,, be a collection of semi-open subsetsYofsuch thatf(B)0 O G, . It

atld

follows that B O f *(f(B))O f‘l( O Gaj: 0 f™*G,). But f is semi-irresolute, so

all
{f (G, )}aDJ is a semi-open cover @ . SinceB is s-compact, there exists a finite sub3gt
of J such thatB O O f (G, ). It follows that f(B)O DDJ(GO,). Thus, any semi-open

cover{G,} ., of f(B) contains a finite subcover. Thereforg(B) is s-compact.

0

aldd

Proposition 3.5.5. Let (X,u) and (Y,v) be closure spaces anfl: (X,u) - (Y,v) be a map.
If fis a semi-continuous surjection andl is s-compact, thel is compact.

Proof. Let{G,}

o0y D€ a collection of open subsetsofsuch thaty U [ G, . It follows that

— -1 -1 —_ -1 . i . -1 .
X =f*Y)O f (GDDJ Gaj =0f (G,). But fis semi-continuous, s¢f *(G, )., is a
semi-open cover oKX . Since X is s-compact, there exists a finite subdgtof J such that

X =0 f*G,). It follows that f(X) = f( O f-l(Ga)j: f(f‘l( 0 (GG)D. Since f is a

aldy ald, aldl,



surjection, Y = 0 G,. Thus, any open covefG,} ., of Y contains a finite subcover.

atld, all)
Therefore,Y is compact 0

Proposition 3.5.6. Let (X,u) and (Y,v) be closure spaces anfi: (X,u) - (Y,v) be a map.
If fis asemi-irresolute surjection and is s-compact, thell is s-compact.

Proof. Let {A,},,, be a collection of semi-open subsetsYofsuch thaty O O A, . It

follows that X = f*Y)O f O =0 f™* . But f is semi-irresolute, hence
alll alld

{f (A, )}0,DJ is a semi-open cover oK. Since X is s-compact, there exists a finite subset

J, of J such thatX = aDDJOf’l(Aa). Hence, f (X )= f(nDDJOf‘l(Aa)): f(f‘l( O (AG)D.

and,

Since f is a surjection,Y = %A,,. Thus, any semi-open covéA } = of Y contains a

alld
finite subcover. Thereforey, is s-compact 0



Chapter 4

Generalized Semi-Open andy-open
Sets In Closure Spaces

4.1 Generalized Semi-open Sets

In this section, we introduce and study generalzedi-open sets, briefly g-semi-
open sets, in order to extend some propertiesrof-spen sets to a larger family of sets.

Definition 4.1.1. A subsetB of a closure spacéX,u) is called generalized-semi-open
briefly g-semi-openif there exists a semi-open subgetof (X,u) such thatAD B O uA. A

subsetB of X is calledgeneralized-semi-closebriefly g-semi-closedif its complement is
g-semi-open.

Remark 4.1.2.1f A is semi-open (respectively, semi-closed) in awlespaceX,u), then

A is g-semi-open (respectively, g-semi-closed). Bt converse is not true as can be seen
from the following example.

Example 4.1.3.Let X ={12,3,4} and define closure operator on X by ug¢=¢, u{ =
{1, Wi2=ulg={23, ui4={24, uf1=u{td={123, ul14={124, 23=
u{24} = u{34} = u{ 234} = {234} and {123} =u{124} = {134} =uX = X . It is easy to see
that {1,23} is g-semi-open but not semi-open(iX,u). And we also see th4#} is g-semi-
closed but not semi-closed (X, u).

Proposition 4.1.4. Let {BL,}anJ be a collection of g-semi-open sets in a clospexs
(X,u). Then % B, is a g-semi-open set {X,u).

Proof. By the assumption, we have a semi-open/etsuch thatA, [0 B, U uA, for each
alJd. Thus, %Aa udB, O % uA,. By Proposition 2'1% uA, Ou %A,,. Hence,

atld

OA, O % B, Ou % A, . By Proposition 3'1'3% A, is semi-open. Therefore% B, is 0-

all)
semi-open. 0

Proposition 4.1.5.Let {B,} ., be a collection of g-semi-closed sets in a closspace
(X,u). Then n B, is a g-semi-closed set (X, u).



Proof. Let A, be g-semi-closed irﬁx,u) for all aO0J. Then X — A, is g-semi open for
each aJJ. By Proposition 4.1.4, %(X -A,) is g-semi open. But %(X -A)=

X - n, A, , hence n A, is g-semi-closed. )

Proposition 4.1.6.Let (X,u) be a closure space and Bf] .XhenB is g-semi-closed if
and only if there exists a semi-closed sulisét X such thatX —u(X -E)0 B O E.

Proof. Let B be a g-semi-closed subset (3¢,u). Then there exists a semi-open subget
of (X,u) such thatA X —BOuA. Put E= X - A. It follows that E is semi-closed in
(X,u) and X -E O X -BOu(X -E). Therefore,X —u(X —-E) I BOE.

Conversely, by the assumption, there is a sensedasubseE of (X,u) such that
X-u(X-E)OBOE. Put A=X-E. Consequently, A is semi-open in(X,u) and
X-uAOBO X —A. It follows that ALl X —B O uA. Therefore,X —B is g-semi-open in
(X,u), i.e. B is g-semi-closed. 0

Proposition 4.1.7 Let (X,u) be a closure space and be idempotent. IB is a g-semi-open
subset of X,u) and B0 C O uB, then C is g-semi-open.

Proof. Let B be a g-semi-open subset(0f,u). Then there exists a semi-open subsenf
(X,u) such thatAO B OuA, henceuB O uuA. Sinceu is idempotent,uB O uA. Thus,
AOBOC O uBO uA Therefore,C is g-semi-open. 0

Proposition 4.1.8.Let (X,u) be a closure space. If G is a subsefX¥fu), thenuG- G has
no nonempty g-semi-open subset.

Proof. Let G be a subset o(X,u) and BOuG-G. Let B be nonempty g-semi-open.
Then there is a nonempty semi-open subfseif (X,u) such thatA [0 B [0 uA. Hence, there
exists a nonempty open subdét of (X,u) such thatH 0 AOuH. Since BOuG-G,
GUOuG-B.ButH OB, thusuG-BOuG-HUO X-H,i.e.GO X—-H . It follows that
uG O u(X —H). Since H # ¢, there existsx UH 0 AOBDO uG-GO uG. As xUH,
xOX —H.But H is open, hence(X —H)= X —H . Thus,xO u(X - H). Consequently,
uG is not contained inu(X —H), which is a contradiction. ThereforelG—-G has no
nonempty g-semi-open subset. 0

Proposition 4.1.9.Let (X,u) be a closure space anl be a subset oK . If (X,u) isa T;-
space andB is g-semi-open, theB is open.

Proof. Let (X,u) be aTs -space and be a g-semi-open subset(¢¢,u). Then there exists a
semi-open subseA of (X,u) such thatA B [ uA. Since(X,u) is aTs—space,A is open.
Hence,B is semi-open. BufX,u) is aTs-space, thu$ is open. 0

Proposition 4.1.10.Let {(X,,u,):a0J} be a collection of closure spaces. lefl afd

a’'“a

B0 l_l X, . If B is g-semi-open irﬂ (X,,u,) and 7z, is a projection map, thewr, (B) is
ald all

g-semi-open if(X,,u, ).



Proof. Let a0Jand B be a g-semi-open subset FI] (X,.,u,). Then there exists a semi-
al

open subsetA of ”(Xa,ua) such thatAO B O rlu”””(A)' It follows that 77,(A) O
all ald

m,(B)O ﬂa(l_l uaﬂa(A)j = u,7,(A). By Proposition 2.207z,(A) is semi-open. Therefore,

atld

7, (B) is g-semi-open ifX,,u, ). 0

Proposition 4.1.11.Let {(X,,u,):a0J} be a collection of closure spaces. L@f1Jand

a’'“a

B; 0 X,. ThenB, is g-semi-open ir(Xﬁ,uﬂ) if and only if B, x[] X, is g-semi-open in

[ (Xe.u).

add
Proof. LetaJand 7, be a projection map. LeB; be a g-semi-open subset(otﬂ,uﬁ).
Then there exists a semi-open subset of (Xﬂ,uﬂ) such thatA; 0 B, O uzA,. Hence,

A x[1X, 0B, x[]X, O uﬂAﬂX| ! X, = |_| u,77,| A, x[] X, |. By Proposition 3.1.15,
az az az adJ
alld atld all

a#
alld

A;x[ X, is semi-open irr! (X,.u,). Therefore,B, x[] X, is g-semi-open.

a# all az
atld atld

The converse follows immediately from Propositioh. 0.
a

4.2 y-open Sets in Closure Spaces

Now, we introduce and study a new type of setsylyas for generality, between the
class of open sets and the class of semi-open sets.

Definition 4.2.1. A subsetB of a closure spacéx,u) is calledy-openif there exists an open

subsetG of X such thatG OB and uG=uB. A subsetB of X is calledy-closedif its
complement ig-open.

Remark 4.2.2.1f G is open (respectively, closeid) (X,u), then G isy-open (respectively,
y-closed) in(X,u). But the converse is not true as shown in thewlhg example.

Example 4.2.3Let X ={1,23} and define closure operataron X by ug=¢,
uW{2} = {3} = {23} ={23} andu{t} = u{1,2} = {13} =ux = X . Itis easy to see th§t2} is
y-openbut not open i{X,u). And we also see th48} is y-closed but not closed itX,u)



Remark 4.2.4.1f B is y-open (respectivelyy-closed)in a closure spac€X,u), then B is
semi-open (respectively, sewlbsed) in(X,u). But the converse is not true as shown in the
following example.

Example 4.2.5.Let X ={123} and define closure operataron X by ug=¢, uft}={12},
uW{2} = {38} = uf{23} ={23} and u{12} =u{13} =uX = X. It is easy to see th4,2} is semi-
open but nog-open in(X,u). And we also see th48} is semi-closed but netclosed.

Remark 4.2.6.1t follows from Remark 4.1.2, 4.2.2 and 4.2.4 tHat,a subsets of a closure
space(X,u), we have the following implications:
G is open- G isy-open- G is semi-open- G is g-semi-open

Proposition 4.2.7.If (X,u) is a closure space whewed A, = [ uA, for all subsetsa, of

X and{B,} ., is a collection of-open sets if{X,u), then 0 B, isy-open.

atld

Proof. LetaJ andB, bey-open in(X,u). Then there exists an open &&f such that
G, U B, anduG, =uB, . Hence % G, U % B, and %UGH = %UBH. By the assumption,
OuG, =ul G, and J uB, =u 0 B, . Consequentlyu [ G, =u U B, . By Proposition
ald ald ald ad ad ald

2.6, 0 G, is open in(X,u). Therefore,J B, is y-open. 0

Remark 4.2.8.1f {B,},,, is a collection of-open sets in a closure spgoe,u) then 0 B,

aldd

need not be-open in(X,u) as shown by the following example.

Example 4.2.9.Let X ={1,234} and define closure operator on X by ug=¢, u{2}=

{2, uig={3, ut=u12=ul1g={123, uf4=u23=u{24=u{34=u{234=
{234}, u{14} = u{123} = u{124} = {134} =uX = X . It is easy to see th4f,2} and{ 3
arey-open but{1,2} 0 {13} is noty-open in(X,u).

Proposition 4.2.10.f (X,u) IS a closure space Whete% A = % uA, for all subsetsA, of

X and{B,},, is a collection of- closed sets iffX,u), then n B, isy-closed.

atld

Proof Let a0J and B, be y-closed in(X,u). Consequently,X, - B, is y-open. By
Proposition 4.2.7,%(X -B,) is y-open . But %(X -B,)=X- n B, , hence n B, is)-

closed. 0

Remark 4.2.11.f {B,} ., is a collection of-closed sets in a closure spdee u) ,then

n B, need not be-closed in(X,u) as shown in the following example.

Example 4.2.12.In the closure space from Example 4.2.9, it isydassee tha{24} and
{34} arey-closed buf24} n {34} ={4} is noty-closed in(X,u).



Proposition 4.2.13.Let (X,u) be a closure space and Rf] .XhenB isy-closed if and
only if there exists a closed sétin (X,u) such thatB 0 Eandu(X - B)=u(X - E).

Proof Let B be ay-closed subset ofX,u). Then there exists an open subSebf (X,u)
such thatG 0 X -B anduG=u(X -B). PutE =X -G. ThenE is closed in(X,u). Thus,
X -EO X -B andu(X - E)=u(X - B). Therefore,B 0 E andu(X - B)=u(X - E).
Conversely, by the assumption, there is a closedetE of (X,u) such thatB 0 E
and u(X -B)=u(X -E). Put G=X-E. Then G is open in(X,u) and such that
GO X -B anduG=u(X - B). It follows that X - B is y-open in(X,u). Therefore,B is -
closed. 0

Proposition 4.2.14.Let (X,u) be a closure space andbe idempotent. IfB is ay-open
subset of X,u) and B0 C O uB, then C ig-open.

Proof. Let B be ay-open subset ofX,u). Then there exists an open subSebf (X,u) such
that GOB and uG=uB. But BOC, henceGUC. It follows that uGJuC. Since
COuB, uCOuuB. As u is idempotent,uC 0uB. But uB=uG, thus uCOuG.
ConsequentlyuG =uC. Therefore,C is y-open. 0

Proposition 4.2.15.Let (X,u) be a closure space. If G is a subse{Xtu), thenuG- G
has no nonemptyopen subset.

Proof. LetG be a subset oﬁx,u) and B uG-G. Let B bey-open. ThenB is g-semi-
open in (X,u). By Proposition 4.1.6B is empty. ThereforeuG—-G has no nonempty-
open subset. 0

Proposition 4.2.16.Let {(X,,u,):a0J} be a collection of closure spaces. lefl afd

a’'“a

a’'“a

BO l_l X, . If B isy-open in l_l (X,,u,) and 7z, is a projection map, ther, (B) is y-open
all all

in (X,,u,).

Proof. Let a0 J and B be ay-open subset orl (Xa,ua) . Then there exists an open subset
all

G of ”(Xa,ua) such thatG 0 B and ﬂuana(G)z ”uana(B). It follows that 7z, (G) O
all al

all

m,(B) andu, 7, (G)= na(rl u, 1T, (G)j = na(rl uana(B)J = u,,(B). By Proposition 2.20,
al al

7

a

(G) is openin(X,,u,). Therefore,z,(B) isy-openin(X,,u,). 0

a’'“a a’'“a

Proposition 4.2.17.Let {(X,,u,):a0J} be a collection of closure spaces. L@f]1J and
B, U X,. ThenB, isy-open in(X ;,u,) if and only ifB, x [ X, is y-open in |_! (X,.u,).
all

a#
ald

Proof. Let @ JJ and 77, be a projection map. LeB, be ay-open subset o(Xﬁ,uﬁ). Then
there exists an open subggf of (Xﬁ,u/,) such thatG, U B, and u,G, = u,B,;. Hence,



a#
atld atld

a# az alld
aldd alld

Gyx[1X,0A;x[]X, and Huaﬂa Gﬁxr!;Xa =U,Gy X[ X, =uzB,x[] X,
a* a#
atld

[1Ue7%| By X[ X |- As 71, is continuous7;4(G, )= G, x [ X, is open in|_! (X,,u,).
all

ald a# a#
adJ alld

Therefore,B; x ['] X, isy-open.

a#
atld

The converse follows immediately from PropositioB. 6.
a

4.3. T, -spaces -spaces andl 4 -spaces

As applications of g-semi-open sets arapen sets, three new kinds of closure spaces
are introduced, namelly, -spacesTs, -spaces andiys -spaces.

Definition 4.3.1. A closure space(x,u) is said to be d,-spaceif every y-open subset of
(X,u) is open.

Definition 4.3.2. A closure spacéX,u) is said to be d-spaceif every semi-open subset of
(X,u) isy-open.

Definition 4.3.3. A closure spacséX,u) is said to be dysspaceif every g-semi-open subset
of (X,u) is semi-open.

Remark 4.3.4. The concepts of &,-space and ds-space are independent, as can be
seen from the following examples. By Example 4.:()6,u) is aT,-space but noa Tg-space

because{lz} is semi-open but ngtopen. By Example 4.2.E(x,u) is aTs-space but noa
T,-space becauéé,z} is y-open but not open.

Remark 4.3.5. The concepts of &,-space and dysSpace are also independent. By
Example 4.1.3(X,u) is aT,-space but noa Tysspace becausi,23} is g-semi-open but not

semi-open. By Example 4.2.(3>,(,u) is aTgsspace but nad T, —space.

Proposition 4.3.6.Let (X,u) be a closure space arlfl be a subset oK . If (X,u) is a Ty-
space andB is g-semi-open, theB isy-open

Proof. Let (X,u) be aTs-space andB be a g-semi-open subset(0f,u). Then there exists a
semi-open subsef of (X,u) such thatA B O uA. Since (X,u) is aTs-space,A is y-
open. Hence, there exists an open sulsetf (X,u) such thatG 0 A0 B 0 uA=uG. Thus,
B is semi-open. Bu(X,u) is aTg-space, thud isy-open. 0



Proposition 4.3.7.Let (X,u) be a closure space. (iX,u) is a T, —space, ther{X,u) is a
TysSpace.

Proof. Let (X,u) be aTs-space and leB be a g-semi-open subset (0f,u). Then B is -
open by Proposition 4.3.6. It follows th& is semi-open in(X,u). Therefore,(X,u) is a
TsSpace. 0

The converse of Proposition 4.3.7 need not be imugeneral. By Example 4.2.5,
(X,u) is aTgespace bu(X,u) is nota T-space becaudd,?} is semi-open but ngtopen.

Proposition 4.3.8.Let (X,u) be a closure space. (i,u) is a T-space, thefX,u) is a Tys
space.

Proof. Let (X,u) be aTs-space and leB be a g-semi-open subset(()(,u). By Proposition
4.3.7,B is open in(X,u). It follows that B is semi-open i{X,u). Therefore,(X,u) is aTys
-space. O

The converse of Proposition 4.3.8 need not be itmugeneral. By Example 4.2.3,
(X,u) is aTgsspace bu{X,u) is nota T-space becaugd,2} is semi-open but not open.

Proposition 4.3.9.Let (X,u) be a closure space. TheiX,u) is a T-space if and only if
(X,u) is both a T-space and aJ-space

Proof. Assume tha(X,u) is aTsspace. LetA be ay-open subset ofX,u). Then A is semi-
open in(X,u). But(X,u) is aTsspace, hencé\ is open. Thus(X,u) is aT,-space. LetB
be a semi-open subset b{u) Since(X,u) is aTsspace,B is open. Consequentl is y-
open. Therefore(X ,u) is aTs-space.

Conversely, suppose théx,u) is both aT,-space and &s-space. LetA be a semi-
open subset ofX,u). Since(X,u) is aTs-space,A is y-open. But(X,u) is aT,-space, thus
A is open in(X,u). Therefore,(X,u) is aTsspace. 0

Remark 4.3.10.Let (X,u) be a closure space.

(i) (X,u) need not be dsspace even ifX,u) is aT,-space. By Example 4.2.5,
(X,u) is aT,-space but not s-space.
(i) (X,u) need not be dsspace even if{X,u) is aTs-space. By Example 4.2.3,
(X,u) is aTs-space but not a-space.



Remark 4.3.11.The interrelation amongs-spacesTysspacesT,-spaces ands-spaces can

be shown

by the following diagram.

ﬁi
I
- / = \\

/ > Ty

>

Here, A—B meansA implies B and A-»B meansA does not necessarily imp§y.

Proposition 4.3.12 et {(X ,u, ):a 03} be a collection of closure spaces.

(i)
(ii)
(iii)
(iv)
Proof. Let

()

(if)
(iii)
(iv)

If |_l )is a T-space, the{ X, ,u, ) is a T-space for alla 0 J.

If l_l ,»U, )is a Tysspace, ther{X,u, ) is a Tysspace for alla O 1

If |_l )is a T,-space, the{X,,u, ) is a T-space for alla O J

If !:l ,,U, )is a Ty-space, thed X, ,u, ) is a T,-space for alla 0 J
BOJ and . |_l X, — X, be a projection map.

Assume thatrl (X,,u,) is aTsspace. LetA; be a semi-open subset(c)(ﬁ,uﬂ).
all
By Proposition 3.1.15A; x [ X, is semi-open. Butr! (X,.,u,) is aTsspace,

a# all
aldd

hence A, x[]X, Iis open. By Proposition 2.20A; is open in (Xﬁ,uﬁ).

a#
aldd

Therefore,(X ,,u,) is aTsspace.
The proof is similar to that of (i) by utilizing &positions 4.1.11 and 3.1.15.

The proof is similar to that of (i) by utiling Propositions 4.2.17 and 2.20.
The proof is similar to that of (i) by utilizing-®oositions 3.1.15 and 4.2.173

4.4 Generalized-semi-continuous and
y-continuous Maps

In this section, we introduce and study two newesypf maps called generalized-
semi-continuous maps ampgtontinuous maps.

Definition 4.4.1. Let (X,u) and(Y,v) be closure spaces. A map: (X,u) - (Y,v) is said to
be generalized-semi-continuousriefly g-semi-continuoysf f ‘1(G) is a g-semi-open subset
of (X,u) for every open subs& of (Y,v).



Proposition 4.4.2.A map f : (X,u) - (Y,v) is g-semi-continuous if and only if the inverse
image underf of every closed subset {f,v) is g-semi-closed ifiX,u).

Proposition 4.4.3.Let (X,u), (Y,v) and (Z,w) be closure spaces. Let: (X,u) - (Y,v)
and g:(Y,v) - (Z,w) be maps. If f is g-semi-continuous agds continuous, themo f is
g-semi-continuous.

Definition 4.4.4.Let (X,u) and(Y,v) be closure spaces. A map: (X,u) - (Y,v) is said to
bey-continuousif f ™(G) is ay-open subset ofX,u) for every open subs& of (Y,v).

Proposition 4.4.5.A map f : (X,u) - (Y,v) is y-continuous if and only if the inverse image
under f of every closed subset(¥fv) is y-closed in(X,u).

Proposition 4.4.6.Let (X,u), (Y,v) and (Z,w) be closure spaces. Lt : (X,u) - (Y,v)
and g:(Y,v) - (Z,w) be maps. If f ig-continuous andg is continuous, thergo fis y-
continuous.

Remark 4.4.7.For a mapf : (X,u) - (Y,v), when(X,u) and(Y,v) are closure spaces, the

following implications hold:
f is continuous— f isy-continuous— f is semi-continuous- f is g-semi-continuous

Moreover, none of these implications is reversibke can be seen from the following
examples.

Example 4.4.8.Let Y ={123}. Define a closure operataron Y by vg = ¢, 3} = {3} and
i} =2} =12} = {13} ={23} = vy =Y. Let f:(X,u) = (Y,v) be the identity map
where (X,u) is the closure space from Example 4.2.3. It iy ¢@asee thatf is y-continuous
but not continuous becau§k?} is open in(Y,v) but f *({1,2}) is not open in(X,u).

Example 4.4.9.Let f:(X,u) - (Y,v) be the identity map wherfX,u) and (Y,v) are the
closure spaces from Example 4.2.5 and 4.4.8, rasphc It is easy to see that is semi-
continuous but not-continuous becausd,2} is open in(Y,v) but f *({1,2}) is noty-open in
(X,u).

Example 4.4.10.Let f:(X,u) - (Y,v) be a map wher¢X,u) and (Y,v) are the closure
spaces from Example 4.1.3 and 4.4.8, respectitely.f be defined byf (1) =1, f(2) =2,
f(3)=2 and f(4)=3. It is easy to see that is g-semi-continuous but not semi-continuous
becausd1,2} is open in(Y,v) but f *({12})={1,23} is not semi-open iffX,u).

Proposition 4.4.11.Let (X,u) and (Y,v) be closure spaces and :(X,u) ~ (Y,v) be a

map.
i If (X u) is a Tysspace and f is g-semi-continuous, then f is s@miiguous.
@iy If (X u) is a T-space and f ig-continuous, then f is continuous.

(iii) If (X,u) is a Tespace and f is g-semi-continuous, then f is cootis

(iv) If (X,u) is a T,-space and f is g-semi-continuous, then §-éentinuous.



Proof. (i) Let H be an open subset ()‘f’,v). Since f is g-semi-continuoysf ‘1(H) is g-
semi-open in(X,u). But (X,u) is aTysspace, thusf *(H) is semi-open. Thereforef is
semi-continuous.

(i) The proof is similar to that of (i).

(iif) Let H be an open subset (N,v). Since f is g-semi-continuoysf ‘1(H) is g-
semi-open in(X,u). But (X,u) is aTsspace, thusf *(H) is open by Proposition 4.1.9.
Therefore, f is continuous.

(iv) The proof is similar to that of (iii) by utilizingroposition 4.3.6. 0

Proposition 4.4.12.Let (X,u) and (Z,w) be closure spaces anf,v) be a T-space. Let
f:(X,u) = (Y,v) and g:(Y,v) - (z,w) be maps.

(i) If f and gare g-semi-continuous, theme i§ also g-semi-continuous.

(i) If f and garey-continuous, thergo fis alsoy-continuous.

Proof. (i) Since g is g-semi-continuous andY,v) is a Tsspace, g is continuous by
Proposition 4.4.11 (iii). Asf is g-semi-continuousgo f is also g-semi-continuous by
Proposition 4.4.3.

(i) Since (Y,v) is aTsspace,(Y,v) is aT,-space by Proposition 4.3.9. Ag is -
continuous,g is continuous by Proposition 4.4.11 (iii). Sinéeis y-continuous,go f is y-
continuous by Proposition 4.4.6. 0

4.5 Generalized-semi-irresolute and
y-irresolute Maps

In this section, we introduce and study two newesypf maps called generalized-
semi-irresolute maps anerresolute maps.

Definition 4.5.1. Let (X,u) and(Y,v) be closure spaces. A map: (X,u) - (Y,v) is said to
be generalized-semi-irresolutériefly g-semi-irresoluteif f ‘1(B) is a g-semi-open subset of
(X,u) for every g-semi-open subsBt of (Y,v).

Proposition 4.5.2.A map f :(X,u) - (Y,v) is g-semi-irresolute if and only if the inverse
image under f of every g-semi closed subs€Y of) is g-semi-closed ifX,u).

Proposition 4.5.3.Let (X,u), (Y,v) and (Z,w) be closure spaces. Lt : (X,u) - (Y,v)
and g:(Y,v) ~ (Z,w) be maps. If f andy are g-semi-irresolute, thego s also g-semi-
irresolute.

Remark 4.5.4. The concepts of semi-irresolute maps and g-seesgolute maps are
independent as shown by the following examples.



Example 4.5.5.Let Y ={1,234} and define a closure operatoron Y by vg=¢, i} =
{123, f2=v{4}={24, f3={23, “12}=v14={124, “13={123, V23=
W24} =34} = {234} ={234} and 123} =124} = {134} =vY =Y. Let a mapf :
(X,u) - (Y,v) be identity Where(X,u) is the closure space from Example 4.1.3. It iy ¢é@s
see thatf is semi-irresolute buf is not g-semi-irresolute becau{sb2,4} IS g-semi-open in
(Y,v) but f *({124}) is not g-semi-open ifX,u).

Example 4.5.6.Let f:(X,u) - (Y,v) be a map wherdX,u) and (Y,v) are the closure
spaces from Example 4.1.3 and Example 4.2.5, régphc Let f be defined byf (1):1,
f(2)=2, f(3)=2 and f(4)=3. It is easy to see that is g-semi-irresolute but not semi-
irresolute becaus¢12} is semi-open in(Y,v) but f*({12})={1,23} is not semi-open in
(X,u).

Remark 4.5.7.1f f:(X,u) - (Y,v) is a g-semi-irresolute map, thenis g-semi-continuous.
The converse is not true in general. By Example54 the mapf is g-semi-continuous but
not g-semi-irresolute.

Remark 4.5.8. The concepts of g-semi-irresolute maps amrdontinuous maps are
independent. By Example 4.4.1@, is g-semi-irresolute, butf is not y-continuous. By

Example 4.5.5, the mdp is y-continuous, but not g-semi-irresolute.

Definition 4.5.9. Let (X,u) and(Y,v) be closure spaces. A map: (X,u) - (Y,v) is said to
bey-irresoluteif f *(B) is ay-open subset ofX,u) for everyy-open subseB of (Y,v).

Proposition 4.5.10.A map f : (X,u) - (Y,v) is y-irresolute if and only if the inverse image
under f of every-closed subset di,v) isy-closed in(X,u).

Proposition 4.5.11.Let (X,u), (Y,v) and (Z,w) be closure spaces and lét: (X,u) -
(v,v) and g:(Y,v) - (Z,w) be maps. If f andg are jy-irresolute, thengo fis alsoy-
irresolute.

Remark 4.5.12. The concepts of g-semi-irresolute maps apdresolute maps are
independent of each other. By Example 4.5.5s y-irresolute but not g-semi-irresolute. By

Example 4.4.10f is g-semi-irresolute but ngtirresolute.

Remark 4.5.13.f f:(X,u) - (Y,v) is aj-irresolute map, therf is g-semi-continuous. The
converse is not true. By Example 4.4.10js g-semi-continuous but ngfrresolute.

Remark 4.5.14.1f f:(X,u) - (Y,v) is ay-irresolute map, thenf is y-continuous. The
converse is not true as can be seen from the foltpaxample.

Example 4.5.15.Let Y ={123} and define a closure operateron Y by vg¢ =¢, {2} =
3 =v{23 ={23 and {1} = {12} = {13 = vy =Y. Let f :(X,u) - (Y,v) be an identity
map Where(X,u) is the closure space in Example 4.2.5. It is easgee thatf is y-



continuous but not-irresolute becausfl3} is y-open in(Y,v) but f *({13}) is noty-open in
(X,u).

By Remarks 4.4.7, 4.5.7, 4.5.8, 4.5.12, 4.5.13 4Bdl4, the interrelation among g-
semi-continuous maps, g-semi-irresolute magsyntinuous maps andirresolute maps can
be shown by following diagram:

g-sem-irresolute

A
// g-sem-continuou \\

y-irresolute | < y-continuou

<

Y

Proposition 4.5.16.Let (X,u) be a closure spacdY,v) be a T-space. If f : (X,u) - (Y,v)
IS a g-semi-continuous map, thénis g-semi-irresolute.

Proof. Let B be a g-semi-open subset ff,v). Since (Y,v) is aTsspace,B is open in
(Y,v) by Proposition 4.1.9. Asf is g-semi-continuousf (B) is g-semi-open inX,u).
Therefore, f is g-semi-irresolute. 0

Proposition 4.5.17 Let (X,u) be a closure spacdY,v) be a T-space. If f : (X,u) - (Y,v)
is ay-continuous map, then f jsirresolute.

Proof. Let B be ay-open subset ofY,v). Since(Y,v) is aT,-space,B is open in(Y,v). As
f isy-continuous,f *(B) isy-open in(X,u). Therefore,f isy-irresolute. 0

Proposition 4.5.18.Let (X,u) be a T-space andY,v) be a T-space. Iff : (X,u) - (Y,V)
IS a g-semi-continuous map, then fy-isresolute.

Proof. Let B be ay-open subset ofY,v). Since(Y,v) is aT,-space,B is open in(Y,v). As
f is g-semi-continuousf *(B) is g-semi-open i{X,u). But (X,u) is aT-space, hence
f *(B) is y-open by Proposition 4.3.6Therefore, f is y-irresolute. m

Proposition 4.5.19Let (X,u) and (Y,v) be closure spaces anfi: (X,u) - (Y,v) be a map.
() If (X,u) is a Tg-space and f is g-semi-irresolute, then fy-isresolute.
(i) If (Y,v) is a Ty-space and f ig-irresolute, then f is g-semi-irresolute.

Proof. (i) Let B be ay-open subset o@Yv) ThenB is also g-semi-open i(}(,v). As f is
g-semi-irresolute,f *(B) is g-semi-open i{X,u). Since(X,u) is aTs-space, f *(B) is y-
open in(X,u) by Proposition 4.3.6. Thereford, is y-irresolute.

(ii) Let B be a g-sembpen subset ofY,v). Since(Y,v) is aTs-space,B isy-open in
(Y,v) by Proposition 4.3.6. Ad is y-irresolute, f *(B) is y-open in(X,u). Consequently,
f (B) is also g-semi-open ifX,u). Therefore, f is g-semi-irresolute.C]



Proposition 4.5.20.Let (X,u) and (Y,v) be closure spaces anfi: (X,u) - (Y,v) be a map.
() If (X,u) is a Ts,-space andf is g-semi-irresolute, then f jscontinuous.
(i) If (Y,v) is a Tespace andf isy-continuous, then f is g-semi-irresolute.

Proof. (i) Since f is g-semi-irresolute anc(x,u) is a Tg-space, f is y-irresolute by
Proposition 4.5.19 (i). It follows that is y-continuous.
(ii) Let B be a g-semi-open subset (,v). Since(Y,v) is aTsspace,B is open in
(Y,v) by Proposition 4.1.9. Ad is y-continuous, f *(B) is y-open in(X,u). It follows that
f *(B) is also g-semi-open ifX,u). Therefore,f is g-semi-irresolute.
d

Proposition 4.5.21.Let (X,u) and (Y,v) be closure spaces and : (X,u) - (Y,v) be a
semi-open, g-semi-irresolute and surjective magen(lY,v) is a Tespace if(X,u) is a T
space.

Proof. Let (X,u) be aT<space and leB be a g-semi-open subset (f,v). Since f is g-
semi-irresolute,f *(B) is g-semi-open if{X,u). As (X,u) is aTs<space, f *(B) is open in
(X,u) by Proposition 4.1.9. Sincé is semi-openf (f (B)) is semi-open ir{Y,v). But f
is a surjection, thug (f *(B)) = B.. Therefore,(¥,v) is aTysspace. 0

Proposition 4.5.22.Let (X,u) and (Y,v) be closure spaces anfl: (X,u) - (Y,v) be aj-
open, semi-irresolute and surjective map. T(¥yv) is a T,-space if(X,u) is a T-space.

Proof. The proof is similar to that of Proposition 4.5.21 0
Proposition 4.5.23.Let (X,u) and (Y,v) be closure spaces and Iét: (X,u) - (Y,v) be an

open,y-irresolute and surjective map. Thé¥,v) is a T-space if(X,u) is a T-space.
Proof. The proof is similar to that of Proposition 4.5.21 0

Proposition 4.5.24.Let (X,u), (Y,v) and (Z,w) be closure spaces and Idt:(X,u) -
(v,v) and g:(Y,v) - (Z,w) be maps. Then
(i) go f is g-semi-continuous if f is g-semi-irresolute agds g-semi-continuous,
(i) go f isy-continuous if f ig-irresolute andg isy-continuous.

Proposition 4.5.25. Let (X,u), (Y,v) and (Z,w) be closure spaces and let
f:(X,u) ~ (Y,v) and g:(Y,v) - (Z,w) be maps.
i If (X,u) is a Ty-space, f is g-semi-irresolute angd is y-irresolute, then
go f isy-irresolute
(i) If (zZ,w) is a Ty-space, f is g-semi-irresolute angd is y-irresolute, then
go f is g-semi-irresolute.
i) If (Y,v) is a Ty-space, f ig-irresolute andg is g-semi-irresolute, thego
IS both g-semi-irresolute andirresolute.



Proof. (i) Let B be ay-open subset o(Z,W). Since g is y-irresolute, g‘l(B) is y-open in
(Y,v). Consequently,g™(B) is also g-semi-open ir{Y,v). As f is g-semi-irresolute,
f*g™(B))= (g f)*(B) is g-semi-open in(X,u). But (X,u) is a Ty-space, hence
(go £)*(B) isy-open in(X,u) by Proposition 4.3.6. Thereforg,o f isy-irresolute.

(i) Let B be a g-semi-open subset (dl‘w) Since(Z,W) is aTg-space,B is y-open
by Proposition 4.3.6. Agis y-irresolute,g‘l(B) IS y-open in(Y,v). Consequentlyg‘l(B) is
also g-semi-open ifY,v). But f is g-semi-irresolute, hence™(g™(B))= (g~ f)*(B) is o-
semi-open ir(X,u). Therefore,go f is g-semi-irresolute.

(iif) Let B be a g-semi-open subset(tZ‘,W). Sinceg is g-semi-irresolute,g‘l(B) is
g-semi-open ir(Y,v). As (Y,v)is aTsv-space,g‘l(B) is y-open by Proposition 4.3.6. Bt is
y-irresolute, hencé *(g™(B))= (g~ f)™*(B) is y-open in(X,u). Consequently(g- f)™(B)
is g-semi-open ir(X,u). Thus,go f is g-semi-irresolute.

LetC be ay-open subset ofZ,w). It follows thatC is g-semi-open i{Z,w). As
g is g-semi-irresolute,g*(C) is g-semi-open iY,v). As (Y,v) is aTs-space,g*(C) isy-
open by Proposition 4.3.6. Since is y-irresolute, f *(g™(B))= (g f)*(B) is y-open in
(X,u). Thus, go f is y-irresolute. Therefore, go f is both g-semi-irresolute ang
irresolute. a

Theorem 4.5.26.Let{(X,,u,):a03} and{(Y,,v,):a 0J} be collections of closure
spaces. Len0J, f,:(X,,u,) - (Y,,v,) be a map and lef : l_l (X,.u,) - l_l (Y,,v,) be
all all

defined by ((x, ), )= (f, (% oy -
(i) If f is g-semi-irresolute, therf, is also g-semi-irresolute.

(i) If f isy-irresolute, thenf, is alsoy-irresolute.

Proof. (i) Let f00J and B, be a g-semi-open subset brfﬂ,vﬂ). By Proposition 4.1.11,

B, x[1Y.is g-semi-open inEl(Ya,va). As f is g-semi-irresolute,f 7| B, x[Y, |=

az az
alld alld

fﬂ‘l(Bﬁ)x X, is g-semi-open in|_l (X,.u,). By Proposition 4.1.11,1‘[;1(813) is g-semi-
(l

a# al
atld

open in(Xﬁ,uﬁ). Therefore,f, is g-semi-irresolute

(i) The proof is similar to that of (i) by utding Proposition 4.2.17. 0
Proposition 4.5.27Let{(X,,u,):a0J} be a collection of closure spaces afidl] . IfJ
T, l_l (Xa,ua) - (Xﬂ,uﬁ) is a projection map, then

ald

(i) 7, is g-semi-irresolute,
(ii) 71, isy-irresolute.



Proof. (i) Let S0J and A, be a g-semi-open subset @(ﬂ,uﬂ). Then ﬂ;;l(Aﬁ)=
A; %[l X, . By Proposition 4.1.11A; x['] X, is g-semi-open in|_l (Xa,ua). Therefore,

a az ald
alll alld

77, is g-semi-irresolute.
(i) The proof is similar to that of (i) by utilimg Proposition 4.2.17. 0



Chapter 5

Semi-Open Sets in Biclosure Spaces

5.1 Biclosure Spaces

In this section, we recall some basic definitionaaerning biclosure spaces and study some
of its fundamental properties.

A biclosure spacés a triple(X,ul,uz) where X is a set andl, u, are two closure

operators onX . A subsetA of a biclosure spacgX,u,,u,) is calledclosedif uu,A=A.
The complement of a closed set is cathpen

Let (X,u,,u,) be a biclosure space. A biclosure spftgs,,v, ) is called asubspace
of (X,u,,u,) if YO X andv,A=u AnY foralli0{1,2} and every subseA of Y.

Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and lefl{12}. Then a map
f:(X,u,u,) - (Y,v,v,) is called:

(i) i-open (respectively, i-closed if the map f {X,u)- (Y,v) is open
(respectively, closed).

(i) open (respectively,closed if f is i-open (respectively,i-closed) for all
i 0{12}.

(i) biopen (respectively, biclosed if the map f:(X,u,) - (Y,v,) is open
(respectively, closed).

(iv) i-continuousif the map f : (X,u,) — (Y,v,) is continuous.

(v) continuousf f is i -continuous for ali 0{12}.

Remark 5.1.1.Let A be a subset of a biclosure spg¥gu,,u, ).
(i) A isopenin(X,u,,u,) if and only if A is open in bot{X,u,) and(X,u,)
(i) If A is an open subset ¢K,u,,u,), thenuu,(X — A) = u,u,(X - A).

The converse of the statement (ii) in Remark 5nedd not be true as can be seen
from the following example.

Example 5.1.2.Let X ={123 and define a closure operatat on X by ug=g,
uw{l}={8, u{2}={2}, u{z ={3}, uf{13 ={13 andu,{12} = u,{23 =u,x = X . Define a
closure operatoru, on X by up=¢, uw{}={13, u{2={2}, u,{3={3 and



u,{12} = u,{13} = u,{23 = u,X = X . We can see thatu, (X - {1}) = u,u,(X -{1}) = X but
{1} is not open in(X,u,,u,).

Proposition 5.1.3.Let {A,}_., be a collection of open sets in a biclosure spg¢eu,,u,).
Then D A, is an open set.

Proof Let A, be an open subset (K,u,,u,). Then X — A, is closed for alla 0J. Since
n n(X-A,)0X-A, forall adJ, uu, n (x A,)Ouu,(X —A,) for eacha 0J. But
X-A, = uu,(X-A,) for all a0J. Thus uu, n (x A)OX-A, foral adJ.

Consequently, u,u, GQJ(X AL,) U GQJ(X AL,) U wu, GQJ(X —AL,), le. uu, GQJ(X —AL,)=
DJ(X A,). Thus, aerJ(X -A)= X - 0 A, is closed in(X,u,,u,). Therefore, 0 A, is

al

open in(X,u,,u,). 0

The intersection of two open sets in a biclosumcefX,u,,u,) need not be an open
set as can be seen from Example 5.1.2 w&g} and {13} are open in(X,u,,u,) but
{12} n {13} is not open.

Proposition 5.1.4.1f {A,}
Ut 7, A D 403 Utz A,

., is a collection of subsets in a biclosure spd¥eu,,u, ), then

By Example 5.1.2u,u,{1,2} n uu,{13} is not contained inuu, ({12} n {13}), i.e. the
inclusion in Proposition 5.1.4 cannot be replacgeduality in general.

Proposition 5.1.5. If {A}  is a collection of closed subsets in a biclosupace
(X,u,,u,), thenu,u, N A =0 UUA,.

Proof. Let A, be closed ir(X,ul,uz) forall a0J. Then X — A, is open andA, = uu, A,
for eacha 0J. By Proposition 5.1.3,D (X -A,) is open. But D (X -A)=X- n A,,

hence n A, is closed in(X,u,,u,), i.e. uu, nA=nA=n uluzA,, 0

atld atld

The converse of Proposition 5.1.5 is not true emegal as shown in the following
example.

Example 5.1.6.Let X ={],2,3} and define a closure operatoy on X by u,¢= g, ul{2} =
u{3=uf{23 ={23 and u{1} = u,{12} = u, {13 = u, X = X . Define a closure operatar,
on X by u,p=0, u,{l =u{2} =u,{12} ={12} andu{3} = u {13 =u,{23 =u,Xx = X . It
is easy to see thatu, ({12} n {13}) = uu,{12} n uu,{13} but neithed12} nor{13} is closed
in (X,u,,u,).

Proposition 5.1.7.Let (X,u,,u,) be a biclosure space. If G is a subset X%f, then
u,u,G -G has no nonempty open subse{Xfu,,u,).



Proof. Let G be a subset ofX and H be a nonempty open subset(m,ul,uz) such that
H O uu,G-G. SinceH is nonempty, there ixUH Ouu,G-G, i.e. xOX -H . Thus,
uu,G is not contained inX-H. Since H O uu,G-G, GO uu,G-HOX-H. It
follows that uu,G U uluz(x - H). But H is open in (X,ul,uz), hence uluz(x - H)=
X —H . Consequently,uu,G [0 X —H, which is a contradiction. Thereforeju,G -G
contains no nonempty open set(m,ul,uz). d

Remark 5.1.8.The following statement is equivalent to Propositb.1.7:
Let (X,u,,u,) be a biclosure space af@l be a subset oK . If H is an open subset of

(X,u,,u,) with H 0 uu,G -G, thenH is an empty set.

Moreover, if the subsetl is an open subset ifX,u,) but not in(X,u,), thenH need
not be empty. And if the subsét is an open subset ifX,u,) but not in(X,u,), then H
need not be empty. By Example 5.1{8} is a subset ofX such that{l} and {3} are
nonempty subsets af,u,{2} -{2}. We can see thdf} is open in(X,u,) but not in(X,u,),
and{3} is an open subset ifX,u,) but not in(X,u, ).

Proposition 5.1.9.If (Y,v,,v,) is a biclosure subspace ¢X,u,,u,), thenG n Y is an open
subset oflY,v,,v,) for every open subset G OX,u,,u,).

Proof. Let G be an open subset (6K,u1,u2). By Remark 5.1.1 (i)G is open in both
(X,u,) and (X,u,). Thus, v(Y-(GnY)=u(Y-(GnY))nYD u(X-G)nY-=
(X -G)nY= Y-(GnY) for eachi0{12} . ConsequentlyGnY is open in bothY,v,)
and (Y,v,). Therefore,G n'Y is open in(Y,v,,v,).

0

Remark 5.1.10.By Proposition 5.1.9, fEY and E=G nY for some open subs& of
(X,u,,u,), then E is an open subset q¥,v,,v,). The converse is not true as can be seen
from the following example.

Example 5.1.11.Let X ={],2,3} and define a closure operatoy on X by u@=g,
u{l={13, u{2}=uf{23={23, u{3={3 and u{12}=uf13 =u X = X. Define a
closure operator, on X by ug=g, u,{l={12}, u,{2} ={23, u,{3}={3} andu,{12} =
u,{13} =u,{23} = u,X = X . Thus, there are only three open subsetéXafl,,u,), namely
¢, {12} and X . Let Y ={1,2} and (Y,v,,v,) be a biclosure subspace ©f,u,,u,). Then
vwo=0, wit={}, {2} ={2 wr=Y, vp=0 v,{2}={2} andv,{} = w¥ =Y. We can
see thafl} is an open subset ¢¥,v,,v,) but there is no open s& in (X,u,,u,) such that
{=cnv.

Proposition 5.1.12.Let (X,u,,u,), (Y,v,,v,) and (Z,w,w,) be biclosure spaces, let
f:(X,u,u,) - (Y,v,v,) andg:(Y,v,,v,) - (Z,w,w,) be maps.

(i) If fis 1-open andgis biopen, thergo fs biopen.

(i) If fis biopen andgis 2-open, therge s biopen.



Proof. (i) Let G be an open subset {X,u,). Since f is 1-open,f(G) is open in(Y,v,).
As g is biopen,g(f(G)) =g~ f(G) is openin(z,w,). Thus,go f is biopen.

(i) Let G be an open subset (K,u,). Since f is biopen, f(G) is open in(Y,v,).
And sinceg is 2-open,g(f(G))=g- f(G) is openin(z,w,). Thus,go f is biopen. O

The composition of two biopen maps need not beopdn map as can be seen from
the following example.

Example 5.1.13.Let X =Y =Z ={],2} and define a closure operatar on X by u@= g,
u{2}={2}, and u,{1} =u,X = X. Define a closure operatan, on X by u,p=¢ and
u,{1} = u,{2} =u,X = X . Define a closure operator, on Y by v,¢=¢, v,{} ={1} and
v,{2} = wY =Y and define a closure operatey on Y by v,0=g, v,{1} = {1}, v,{2} ={2}
and v,Y =Y. Define a closure operatar, on Z by wg=¢ and w{l} =w{2}=wz=2
and define a closure operatar, on Z by w,p=¢, w,{} ={1} andw,{2}=w,Zz=7. Let
f:(X,u,u,) -~ (Y,v,v,) andg: (Y,v,,v,) = (Z,w,w,) be the identity maps. We can see
that f and g are biopen. Butgo f is not biopen becaus{é} is open in(X,ul) but
go f({1}) is not open iz, w,).

Proposition 5.1.14 Let (X,u,,u,), (Y,v,,v,) and (Z,w;,w,) be biclosure spaces and lét:
(X,u,u,) - (Y,v,,v,) and g: (Y,v,,v,) - (Z,w,,w,) be maps.

(i) If go fisbiopenand fis a 1-continuous surjection, thgers biopen.

(i) If gof is biopen andgis a 2-continuous injection, then f is biopen.

Proof. (i) Let H be an open subset ¢¥,v,). Since f is 1-continuous,f *(H) is open in
(X,u,). But go f is biopen, hencayo f(f *(H)) is open in(Z,w,). As f is a surjection,
go f(f*(H))= g(H). Therefore,qg is biopen.

(i) LetG be an open subset téi(,ul). Since go f is biopen,go f(G) is open in
(z,w,). But g is 2-continuous, hencg*(g- f(G)) is open in(Y,v,). As g is an injection,
g*(go f(G)) = f(G). Therefore,f is biopen. 0

Proposition 5.1.15. Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and lef :
(X,u,,u,) - (Y,v,,v,) be amap. If fisopen, theh(G) is open in(Y,v,,v,) for every open
subset G ofX,u,,u,).

Proof. Let G be an open subset ¢i,u,,u,). By Remark 5.1.1(i,G is open in both
(X,u,) and(X,u,). Since f is open, f is both 1-open and 2-open. It follows th&{G) is
open in both(Y,v,) and (Y,v,). Consequently,f(G) is open in(Y,v,,v,) by Remark
5.1.1(i). 0

Remark 5.1.16.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and lét (X;u,,u,) -
(Y,v,,v,) be a map. Iff(G) is open in(Y,v,,v,) for every open subse of (X,u,,u,),
then f need not be open as can be seen from the follo@xagple.



Example 5.1.17.Let X ={12}=Y and define a closure operatof on X by ug=g,
u{2}={2}, and u,{1} =u,X = X. Define a closure operatan, on X by u,p=¢ and
u,{} = u,{2} =u,X = X . Define a closure operator, on Y by v,p=g, v,{I}=v{2} =
VY =Y and define a closure operatey onY by v,p=g, v,{1} = {1} andv,{2} = vy =Y.
Let f:(X,u,u,) - (Y,v,,v,) be the identity map. It is easy to see tH4E) is open in
(Y,v,,v,) for every open subse& of (X,u,,u,). But f is not 1-open becaus&({1}) is not
open in(Y,v,) while {1} is open in(X,u,). Consequentlyf is not open.

Proposition 5.1.18. Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and lef :
(X,u,,u,) ~ (Y,v,,v,) be a map. If fis continuous, theii*(H) is open in(X,u,,u,) for
every open subséd of (Y,v,,v,).

Proof. Let H be an open subset ()f,vl,vz). By Remark 5.1.1 (i)H is open in bott(Y,vl)
and (Y,v,). Since f is continuous,f is both 1-continuous and 2-continuous. It follathat
f(H) is open in both(X,u,) and (X,u,). Therefore, f *(H) is open in(X,u,,u,) by
Remark 5.1.1 (i). 0

Remark 5.1.19.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and lét (X;u,,u,) -
(Y,v,,v,) be a map. Iff }(H) is open in(X,u,,u,) for every open subsét of (Y,v,,v,),
then f need not be continuous as can be seen from tloaviof example.

Example 5.1.20.In Example 5.1.17 f ‘1(H) is open in(X,ul,uz) for every open subséi
of (Y,v,,v,). But the mapf is not 2-continuous because™({2}) is not open in(X,u,)
while {2} is open in(Y,v,). Consequentlyf is not continuous.

Definition 5.1.21. A map f :(X,u,,u,) - (Y,v,,v,), where (X,u,,u,) and (Y,v,,v,) are
biclosure spaces, is callechameomorphisnt f is bijective, continuous and open.

Proposition 5.1.22.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces anfl: (X,u,,u,) -
(Y,v,,v,) be a map. If f is a bijective continuous map, tktem following statements are

equivalent:
(i) f isahomeomorphism,

(i) f is aclosed map,
(i) f is an open map.

Proof. (i) - (ii) Since f is a homeomorphismf is open and bijective. It follows thdt is
both 1-open and 2-open. Lét1{12} and let F be a closed subset dfX,u ). Then
f(X-F)= Y-1f(F) is openin(Y,v,). Hence, f (F,) is closed in(Y,v,). Thus, f is both
1-closed and 2-closed. Therefork,is closed.

(i) — (iii) Let i 0{12} and letG, be an open subset {X,u,). Then X -G, is closed
in (X,u,). By the assumptionf is both closed and bijective. It follows thét is both 1-
closed and 2-closed. Consequentf{X -G,)=Y - f(G, ) is closed in(Y,v, ). Hence, f (G,)
is open in(Y,v,). Thus, f is both 1-open and 2-open. Therefofejs open.



(i) - (i) By the assumptionf is a homeomorphism. 0

5.2 Semi-open Sets

In this section, we introduce a new type of opets & biclosure spaces and study
some of their properties.

Definition 5.2.1. A subsetA of a biclosure spacéX,u,,u,) is calledsemi-openif there
exists an open subsé&t of (X,ul) such thatG O AU u,G. The complement of a semi-open
subset ofX is calledsemi-closed

Clearly, if (X,ul,uz) is a biclosure space aml is open (respectively, closed) in
(X,u,), then A is semi-open (respectively, semi-closed{¥u,,u,). The converse is not
true as can be seen from the following example.

Example 5.2.2. Let X ={],2,3} and define a closure operatay, on X by ug@=g,
u{l =u {3 =uf{13 ={13, u{2 ={23 andu,{12} = u {23 =u,X = X . Define a closure
operatoru, on X by u,p=@, u{3={3 and u,{1} =u,{2} =u,{12} = u,{13} =u,{23} =
u,X = X . It follows that{23} is semi-open if(X,u,,u,) but{23} is open in neithefX,u,)
nor (X,u,). Moreover,{1} is semi-closed if{X,u,,u,) but {1} is closed in neithefX,u,)
nor (X,uz).

Proposition 5.2.3.Let (X,u,,u,) be a biclosure space and lef]l .XhenA is semi-closed
in (X,u,,u,) if and only if there exists a closed subsét of (X,u,) such that
X-u,(X-F)O AOF.

Proof. Let A be a semi-closed subset (0f,u,,u, ). Then there exists an open subGebf
(X,u,) such thatG O X - ADu,G. Thus, there exists a closed subBetof (X,u,) such
thatG=X-F and X -F O X -AOu,(X - F). Therefore,X —u,(X ~-F)OAOF .
Conversely, by the assumption, there is a closdibet F of (X,ul) such that
X -u,(X-F)OADOF. Thus, there exists an open subsgt of (X,u,) such that
F=X-G and X-u,GOAUOX-G. It follows thatG 00 X - AO u,G. Therefore, A is
semi-closed if(X,u,,u,). 0

Proposition 5.2.4.Let {A,},, be a collection of semi-open sets in a biclosupace
(X,u,,u,). Then 0 A, is a semi-open subset OX,u,,u,).

Proof. Let A, be semi-open ifX,u,,u,) for all @ 0J. Hence, for eaclr 0J, we have an
open setG, in (X,u,) such thatG, 0 A, 0u,G, . Thus, 0G, 0 0A, O 0u,G,. Since

G, U %Ga for eacha0J, u,G, Ju, %Ga for all aJJ. Thus, %UZGH O u, 0G,.

atld

Consequently, 0 G, 0 0 A, Du, 1G,. As G, is open in (X,u,) for all aOJ,



u, erJ(x -G,)0u, (X -G,)= X -G, for eacha 0J. Thus,u, anJ(x -G,)O anJ(x -G, ).
It follows that aerJ(X -G,) is closed in(X,u,), i.e. 0.G, is open in(X,u,). Therefore,

% A, is semi-open ir(X,ul,uz). a

If {Aa}alj.] is a collection of semi-open sets in a biclosysace (X,u,,u,), then
n, A, need not be a semi-open subseffu,,u,) as shown in the following example.
Example 5.2.5. In the biclosure spacgX,u,,u,) from Example 5.1.2, we can see tfz2}
and{1,3} are semi-open byt,2} n {13} is not semi-open.

Proposition 5.2.6.Let {A,} , be a collection of semi-closed sets in a biclosspace
(X,u,,u,). Then n A, is semi-closed.

Proof. Clearly, the complement ofrD\JAL, is %(X—Aa). Since A,is semi-closed in
(X,u,,u,) for eachaDJ, X - A, is semi-open for ale 0J. But O (X - A,) is a semi-

open set by Proposition 5.2.4. Thereforﬁ%,Aa is semi-closed ir(X,ul,uz). a

If {A,}.., is a collection of semi-closed sets in a biclosspace(X,u,,u,), then
% A, need not be a semi-closed set as shown in thenioly example.
Example 5.2.7.In the biclosure spacgX,u,,u,) from Example 5.1.2, we can see tfa}
and{3} are semi-closed b2} 1{3} is not semi-closed.

Proposition 5.2.8.Let (X,u,,u,) be a biclosure space and, be idempotent. IfA is semi-
open in(X,u,,u,) andA O B O u,A, thenB is semi-open.

Proof. Let A be a semi-open subset {X,u,,u,). Then there exists an open Bt in
(X,u,) such thatG O A u,G, henceu,A O u,u,G. Sinceu, is idempotentu, A u,G.
Thus,GO AD BO u,A0 u,G. Therefore,B is semi-open i{X,u,,u,). 0

Proposition 5.2.9.Let (Y,v,,v,) be a biclosure subspace (X,u,,u,) and AD Y. If A is
semi-open i{X,u,,u,), then A is semi-open ifY,v,,v,).

Proof. Let A be a semi-open subset (X,u,,u,). Then there exists an open subgetof
(X,u,) such thatG O AOu,G. It follows that AnY O u,GnY. But AnY=A, hence
GOA=AnYDuGnY=v,G. SinceG is open in(X,u,), v(Y-G)=u(Y-G)nYO
u(X-G)nY=(X-G)nY=Y-G. Thus, Y-G is closed in(Y,v,), i.e. G is open in
(Y,v,). Therefore,A is a semi-open subset ff,v,,V, ). 0

The converse of Proposition 5.2.9 need not beasuean be seen from the following
example.



Example 5.2.10.In the biclosure spacd$,u,,u,) and (Y,v,,v,) from Example 5.1.11, we
can see thaf2} 0 Y and {2} is semi-open in(Y,v,,v,) but {2} is not semi-open in
(X.u;,u,).

Definition 5.2.11. Let (X,u,u,) and (Y,v,,v,) be biclosure spaces. Then a map
f:(X,u,u,) - (Y,v,v,) is calledsemi-open(respectivelysemi-closejlif f(A) is semi-
open (respectively, semi-closed)("mvl,vz) for every open (respectively, closed) subsget
of (X,u,,u,).

Clearly, if f is open (respectively, closed), thénis semi-open (respectively, semi-
closed). The converse need not be true as carebereen the following example.

Example 5.2.12.Let X ={l2}=Y and define a closure operatay on X by u@=g,
u{l}= {1} and uf{2}=uX = X. Define a closure operaton, on X by u,p=g,
uw{l={1, u{2}={2} and u,X = X . Define a closure operator, on Y by v,p=g,
vit={8 v{2}=vY=Y and define a closure operator, on Y by v,p=¢ and
v{=v,{2}= vy =Y. Let f :(X,u,u,) - (Y,v,,v,) be the identity map. It is easy to see
that f is semi-open but not open becausg2}) is not open in(Y,v,,v,) while {2} is open in
(X,u,,u,). Moreover, we can see thdt is semi-closed but not closed becaudf}) is not
closed in(Y,v,,v,) while {1} is closed in(X,u,,u,).

Proposition 5.2.13Let (X,u,,u,), (Y,v,,v,) and (Z,w;,w,) be biclosure spaces and lét:
(X,u,,u,) » (Y,v,,v,) and g: (Y,v,,v,) - (Z,w,,w,) be maps. Thego fs semi-open if
f is open andgis semi-open.

Proof. Let G be an open subset céﬁ(,ul,uz) and let f be open. By Proposition 5.1.15,
f(G) is open in(Y,v,v,). As g is semi-open,g(f(G))=g- f(G) is semi-open in
(z,w,,w,). Therefore,go f is semi-open. 0

Proposition 5.2.14Let (X,u,,u,), (Y,v,,v,) and (Z,w;,w,) be biclosure spaces and lét:
(X,u;,u,) - (Y,v,v,) and g: (Y,v,,v,) — (Z,w,,w,) be maps. Ifgo fs semi-open and
f is a continuous surjection, them is semi-open.

Proof. Let H be an open subset §f,v,,v,) and let f be continuous. By Proposition 5.1.18,
f*(H) is open in(X,u,,u,). Since go f is semi-open,ge f(f *(H)) is semi-open in
(Z,w,,w,). But f is a surjection, hencgo f(f *(H))=g(H). Thus, g(H) is semi-open in
(z,w,,w,). Therefore,g is semi-open. 0

5.3 Semi-continuous Maps



In this section, we study the concept of semi-ctdus maps obtained by using semi-
open sets.

Definition 5.3.1. Let (X,u,,u,) and(Y,v,,v,) be biclosure spaces. A map: (X,u,,u,) -
(Y,v,,v,) is calledsemi-continuousf f *(G) is a semi-open subset {X,u,,u,) for every
open subseG of (Y,v,,v, ).

Clearly, if f is continuous, therf is semi-continuous. The converse need not be true
as can be seen from the following example.

Example 5.3.2.Let X ={12} = Y and define a closure operatgron X by u,g=@, u{l} =
{## and u{2} =u,X = X. Define a closure operatar, on X by u,p=¢ and u,{l}
u,{2} =u,X = X . Define a closure operator, on Y by v,o=g, v{1} ={1}, v{2} ={2},
VY =Y and define a closure operatey on Y by v,¢=@, v,{I} ={} andv,{2} = vy =Y.
Let f:(X,u,u,)~ (Y,v,,v,) be the identity map. It is easy to see that is semi-
continuous but not continuous becausé({2}) is not open in(X,u,,u,) while {2} is open in
(Yov,vs).

Proposition 5.3.3. Let (X,u,,u,) and (Y,v,,v,) be biclosure space. Then a map
f:(X,u,u,) ~ (Y,v,,v,) is semi-continuous if and only i™*(F) is a semi-closed subset
of (X,u,,u,) for every closed subsét of (Y,v,,v,).

Proposition 5.3.4.Let (X,u,,u,), (Y,v,v,) and (Z,w,,w,) be biclosure spass and let
f:(X,u,u,) - (Y,v,v,) and g: (Y,v,,v,) = (Z,w,,w,) be maps. Ifg is continuous and
f is semi-continuous, thego 6 semi-continuous.

Proof Let H be an open subset ¢Z,w,,w,) and letg be continuous. By Proposition
5.1.18, g™(H) is openin(Y,v,,v,). As f is semi-continuousf *(g™*(H))= (g~ f)™(H)
is semi-open i{X,u,,u,). Therefore,go f is semi-continuous. 0

Definition 5.3.5.A biclosure spaccéx,ul,uz) is said to be & -spaceif every semi-open set
in (X,u,,u,) is open in(X,u,,u,). Clearly, the closure spadX,u,,u,) in Example 5.2.12
is aTg-space.

Proposition 5.3.6.Let (X,u,,u,) and (Z,w,,w,) be biclosure spaces af{{,v,,v,) be aT; -
space and letf : (X,u,,u,) ~ (Y,v,,v,) and g: (Y,v,v,) - (Z,w,,w,) be maps. If fand
g are semi-continuous, thege i semi-continuous.

Proof. Let H be an open subset {Z,w,,w,). Sinceg is semi-continuousg™(H ) is semi-
open in(Y,v,,v,). But (Y,v,,v,) is aTs-space, hencg™(H) is open in(Y,v,,v,). As f is

semi-continuous,f *(g™(H))=(go f)™*(H) is semi-open i(X,u,,u,). Therefore,ge f is
semi-continuous. 0

Proposition 5.3.7.Let (X,u,,u,), (Y,v,,v,) and (Z,w,,w,) be biclosure spaces, and let
f:(X,u,u,) - (Y,v,v,) and g: (Y,v,v,) - (Z,w;,w,) be maps.



(i) If f is asemi-open surjection argle  i§ continuous, thery is semi- continuous.
(i) If g is a semi-continuous injection argk  i$ open, then f is semi-open.
(ii)If g is an open injection andg- fs semi-continuous, then f is semi-continuous.

Proof. (i) Let H be an open subset (it,wl,wz) and letgo f be continuous. By Proposition
5.1.18, (gof)™(H) is open in (X,u,u,). Since f is a semi-open map,
f((go f)*(H ))= t(f*(g™(H))) is semi-open in(Y,v,,v,). But f is a surjection, thus
f(f*(g™(H))= g*(H). Therefore,g is semi-continuous.

(i) Let G be an open subset @(,ul,uz) and letgo f be open. By Proposition
5.1.15, g0 f(G) is open in(Z,w,,w, ). Since g is semi-continuousg (g - f(G)) is semi-
open in(Y,v,,v,). But g is an injection, hencg (g~ f(G)) = f(G). Therefore,f is semi-
open.

g (i) Let H be an open subset f,v,,v,) and letg be open. By Proposition 5.1.15,
g(H) is open in(z,w;,w,). Sincego f is semi-continuous(g - f)™(g(H)) is semi-open in
(X,u,,u,). But g is an injection, thus(ge f)™(g(H))= f*(g™*(g(H))=f*(H).
Therefore, f is semi-continuous. 0

5.4 Semi-irresolute Maps

In this section, we introduce semi-irresolute miagsiclosure spaces obtained by
using semi-open sets. We then study some of tlasiclproperties.
Definition 5.4.1. Let (X,u,,u,) and(Y,v,,v,) be biclosure spaces. A map: (X,u,,u,) -
(Y,v,,v,) is calledsemi-irresoluteif f *(G) is semi-open if(X,u,,u,) for every semi-open
setG in (Y,v,,v,).

It is easy to show that the composition of two sErasolute maps of biclosure
spaces is again a semi-irresolute map.

Remark 5.4.2.If a map f (X,u,u,) - (Y,v,v,) is semi-irresolute, thenf is semi-
continuous. The converse need not be true as shothie following example.

Example 5.4.3.Let X :{12} =Y and define a closure operatoy on X by u,¢=¢ and
u{l} =u,{2} =u,X = X. Define a closure operaton, on X by u,p=¢ and u,{l} =
u,{2} =u,X = X. Define a closure operatov, on Y by vio=g, v{i}={1}, v{2}=
VY =Y and define a closure operatey onY by v,p=@ andv,{l} = v,{2} = wY =Y. Let
f: (X,ul,uz) - (Y,vl,vz) be the identity map. It is easy to see that tlageconly two open
sets in(Y,v,,v,), namely¢ andY, and their inverse images are semi-opef{Xnu,,u,).
Thus, f is semi-continuous. Buf is not semi-irresolute becauge*({2}) is not semi-open
in (X,u,,u,) while {2} is semi-open ifY,v,,v,).



Proposition 5.4.4.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces anfl: (X,u,,u,) -
(Y,v,,v,) be a map. Thenf is semi-irresolute if and only iff *(B) is semi-closed in
(X,u,,u,) wheneverB is semi-closed ifY,v,,v,).

Proposition 5.4.5.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces ané: (X,u,,u,) -
(Y,v,,v,) be an open, semi-irresolute and surjective magnT(Y,v,,v,) is a T5-space if
(X,u,,u,) is aT,-space .

Proof. Let (X,u,,u,) be aTs-space and leB be a semi-open subset ¢f,v,,v, ). Since f

is semi-irresolute,f **(B) is semi-open if(X,u,,u,). As (X,u,,u,) is aT,-space,f *(B) is
open in(X,u,,u,). Since f is open, f (f *(B)) is open(Y,v,,v,) by Proposition 5.1.15. But
f is a surjection, hencé(f *(B))= B. Thus, B is open in(Y,v,,v,). Therefore, (Y,v,,v,)
is aTg-space 0

Proposition 5.4.6.Let (X,u,,u,), (Y,v,,v,) and (Z,w;,w,) be biclosure spaces and lét:
(X,u,,u,) - (Y, v,v,) and g: (Y,v,,v,) - (Z,w,w,) be maps. If f is semi-irresolute and
g is semi-continuous, thego i§ semi-continuous.

Proposition 5.4.7. Let (X,u,,u,) and (Y,v,v,) be biclosure spaces and lef :
(X,u,,u,) - (Y,v,,v,) be a bijective map.

(i) If f is 1-continuous and ™ is 2-continuous, then f is semi-irresolute.

(i) If fis 2-continuous and s 1-continuous, therf ™ is semi-irresolute.
Proof. (i) Let B be semi-open ifY,v,,v,). Then there exists an open s¢tof (Y,v,) such
that H OB O v,H . Since f * is 2-continuous,f * (Y,v,) - (X,u,) is continuous. Thus,
f(v,H)Ou,f*(H), ie. £3H)Of2(B)Ou,f*(H). As f is 1-continuous, f
(X,u,) = (Y,v,) is continuous, hencd *(H) is open in(X,u,). Consequently,f *(B) is
semi-open in(X,u,,u,). Therefore,f is semi-irresolute.

(i) Let A be semi-open ifX,u,,u,). Then there exists an open subGebf (X,u,)
such that G 0 ADu,G. Since f is 2-continuous,f (X,u,) - (Y,v,) is continuous. Thus,
f(u,G)Ov,f(G), ie. f(G)Of(A)Ov,f(G). But f™ is 1-continuous, hencef ™
(Y,v;) - (X,u,) is continuous. Sincef (G) is the inverse image o& under f*, f(G) is
open in (Y,v,). Consequently,f(A) is semi-open in(Y,v,,v,). But f(A) is the inverse
image of A under f ', thusf is semi-irresolute. 0

5.5 Pre-semi-open Maps

In this section, we introduce pre-semi-open mapained by using semi-open sets.
We then study some of their properties.



Definiton 5.5.1. Let (X,u,u,) and (Y,v,v,) be biclosure spaces. A maf :
(X,u,,u,) ~ (Y,v,,v,) is calledpre-semi-operif f(A) is a semi-open subset ¢f,v,,v,)
for every semi-open subsét of (X,u,,u,). Amap f :(X,u,,u,) -~ (Y,v,,v,) is calledpre-
semi-closedf f(B) is a semi-closed subset ff,v,,v,) for every semi-closed subsgt of
(X,uy,u,).

It is easy to show that the composition of two peeii-open maps in biclosure spaces
is again a pre-semi-open map.

Clearly, if a map f (X,ul,uz) - (Y,vl,vz) is pre-semi-open, theri is semi-open.
The converse need not be true as shown in theafimigpexample.

Example 5.5.2 In Example 5.1.17, the map is semi-open butf is not pre-semi-open
becausd1} is semi-open i(X,u,,u,) but f({1}) is not semi-open ifyY,v,,v,).

Proposition 5.5.3.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces. Let: (X,u,,u,) -
(Y,v,,v,) be a map. Then the following statements are etgria
(i) fis pre-semi-open
(i) If BOY andC is a semi-closed subset(0f,u,,u,) such thatf *(B) 0 C, then
BOE andf*(E)OC for some semi-closed subgewof (Y,v,,v,).

Proof. (i)—(ii) Let B be a subset of and letC be a semi-closed subset (0, u,,u,) such
that f *(B) 0 C. Then f(X —C) is a semi-open subset f,v,,v,). PutE = Y - f(X -C).
Then E is semi-closed in(Y,v,,v,) and X-COX-f7?B)=f*(Y-B). Hence,
f(x-c)o f(f*(v-B))OY-B. Thus, Y-(Y-B)OY-f(X-C), ie. BOE and
fHE)=f*(y-f(x-C)=Xx-f?*f(X-C))O X-(X-C)=C. Therefore, E is a
semi-closed subset ¢¥,v,,v,) such thatB 0 E and f *(E) O C.

(i)—(i) Let A be a semi-open subset b‘i(,ul,uz). Then X — A is semi-closed in
(X,u,,u,) and f (Y- f(A)=X-f(f(A)DO X -A whereY - f(A) is a subset of .
By the assumption, there is a semi-closed subsef (Y,v,,v,) such thaty - f(A) O E and
f1(E)O X -A. Hence, Y-EO f(A) and AOX - f*(E). It follows that Y-E [
f(A)O f(x-t2(E)=f(f *(Y-E))OY-E, ie. f(A)=Y-E. Thus, f(A) is semi-
open in(Y,vl,vz). Thereforef is pre-semi-open. 0

Proposition 5.5.4. Let (X,u,,u,) and (Y,v,v,) be biclosure spaces and lef :
(X,u,,u,) -~ (Y,v,,v,) be a pre-semi-open map. Y and C is a semi-closed subset of
(X,u,,u,) such that f *({y}) O C, then there exists a semi-closed sut&eof (Y,v,,v,)
such thaty D E and f *(E)O C.

Proof. Let yLIY and letC be a semi-closed subset Of,u,,u,) such thatf *({y})0 C.
Since {y} OY, there exists a semi-closed subgetof (Y,v,,v,) such thatyllE and
f *(E) O C by Proposition 5.5.3. 0



The converse of the previous statement is notitrigeneral as can be seen from the
following example.

Example 5.5.5.Let X :{12,3}:Y and define a closure operatay on X by uw@=¢,
ul{]} = u1{2} = ul{lZ} ={12} and u1{3} = ul{lS} = ul{ 2,3} =u X =X . Define a closure
operatoru, on X by u,p=¢, u{3 ={3 and u,{} = u,{2} = u,{12} = u,{13 = u {23 =
u,X = X. Define a closure operator, on Y by vp=¢, v{}={1}, v{2}={2},
v1{3} = vl{lZ} = vl{lS} = vl{ 2,3} = VY =Y and define a closure operateyonY by v,¢= ¢
and vz{]} = v2{2} = v2{3} = v2{12} = v2{13} = v2{2,3} =Y =Y. Let
f:(X,u,u,) - (Y,v,,v,) be the identity map. Then there are only threei-stwsed subset
of (X,u,,u,), namely¢, {12} and X . Moreover, there are only four semi-closed subset
(Y,v,,v,), namelyg, {1}, {2} andY. Then for everyy I Y and every semi-closed subsat
of (X,u,,u,) such thatf *({y}) O C, there exists a semi-closed sub&eof (Y,v,,v,) such
that yOE and f™(E)OC. But f is not pre-semi-open becau$g is semi-open in
(X,u,,u,) but f({{3}) is not semi-open ifY,v,,v,).

Theorem 5.5.6.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and lét: (X,u,,u,) -
(Y,vl,vz) be a map. Then the following statements are etpnta
(i) f is pre-semi-closed.
(i) If DO Yand A is a semi-open subset (X,u,,u,) such thatf *(D) 0 A, then
DOM and f*(M)O A for some semi-open subsét of (Y,v,,v,).
(ii)lf yLU'Yand A is a semi-open subset OX,u,,u,) such thatf *({y}) 0 A, then
yUM and f *(M)O A for some semi-open subsét of (Y,v,,v,).

Proof. (i)—(ii) The proof is a modification of the proof {§(ii) of Proposition 5.5.3.

(ii)—(iii) Let yLIY and A be a semi-open subset Of,u,,u,) such thatf *{y}) O
A. PutD ={y}. Then there exists a semi-open subdewf (Y,v,,v,) such thaty 1M and
f(M)O A.

(i) —(i) Let C be a semi-closed subset b(,ul,uz). Then X —C is semi-open in
(X,u,,u,) and fHy-f(C))=x-f*(f(C)OX-C. Let yuY-f(C)OY and put
A= X-C. Then f*({y})0 X -C = A. By (iii), there exists a semi-open subsdt, of
(Y,v,,v,) such thatyOM, and f‘l(My)D A=X-C, ie. COX- f‘l(My). Hence,
fc)o f(x-f2m,))=f(f*v-m,))OY-M,. Thus, yum, OY-£(C) for al

yOY - £(C). It follows that Y- f(C)= yjY_Df(C)My. By Proposition 5.2.4,y]Y_Df(C)My IS
semi-open in(Y,v,,v,). Consequently,f(C) is semi-closed in(Y,v,,v,). Therefore, f is
pre-semi-closed. 0

Proposition 5.5.7.Let (X,u,,u,), (Y,v,v,) and (Z,w;,w,) be biclosure spaces and let
f:(X,u,u,) - (Y,v,v,)andg:(Y,v,v,) -~ (Z,w,w,) be maps.
(i) If fis a semi-irresolute surjection ango fs pre-semi-open, themyis pre-
semi-open.



(i) If g is a semi-irresolute injection and- f is pre-semi-open, then f is pre-

semi-open.

(i) If f is a pre-semi-open surjection argle i§ semi-irresolute, thergis semi-
irresolute.

(iv) If g is a pre-semi-open injection angle i§ semi-irresolute, then f is semi-
irresolute.

Proof. (i) Let B be a semi-open subset ff,v,,v,). Since f is semi-irresolute,f *(B) is
semi-open in (X,u,,u,). But gof is pre-semi-open andf is surjective, hence
go f(f*(B))= g(B) is semi-open i{Z,w,,w,). Therefore,gis pre-semi-open.

The proofs of (ii)-(iv) are just modificationsahof (i).
d

Proposition 5.5.8.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces anfl: (X,u,,u,) -
(Y,v,,v,) be a continuous, pre-semi-open and injective ritagn(X,u,,u,) is a Ts-space if
(Y,v,,v,) is a T4 -space.

Proof. Let (Y,vl,vz) be aT;-space and leA be a semi-open subset b(,ul,uz). Since f
is pre-semi-openf (A) is semi-open inY,v,,v,). But (Y,v,,v,) is a T-space, hencef (A)
is open in(Y,v,,v,). As f is continuous,f *(f(A)) is open in(X,u,,u,) by Proposition
5.1.18. Sincef is injective, f *(f(A))= A. Thus, A is open in(X,u,,u,).Therefore,
(X,u,,u,) is aTs-space. 0
Proposition 5.5.9.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces and: (X,u,,u,) -
(Y,vl,vz) be a 1-open and 2-continuous map. Then f is pma-spen

Proof. Let A be a semi-open subset (X,u,,u,). Then there exists an open subgetof

(X,u,) such thatG O AOu,G. Consequently,f(G)O f(A)O f(u,G). Since f is 2-

continuous, f : (X,u,) - (Y,v,) is continuous. Hence, f(u,G)Ov,f(G), i.e.

f(G)O f(A)Ov,f(G). But fis 1-open, thusf (X,u,) - (Y,v,) is open. It follows that
f(G) is open in(Y,v,). Thus, f(A) is a semi-open subset ff,v,,v,). Therefore,f is pre-

semi-open. 0

Definition 5.5.10. A map f :(X,u,,u,) - (Y,v,,v,), where (X,u,,u,) and (Y,v,,v,) are
biclosure spaces, is calledsami-homeomorphismh f is bijective, semi-irresolute and pre-
semi-open.

It is easy to show that the composition of two sémeomorphisms of biclosure
spaces is again a semi-homeomorphism.

Remark 5.5.11. The concepts of a homeomorphism andsemi-homeomorphism are
independent as can be seen from two following exasnp

Example 5.5.12.In Example 5.2.12, the map is a semi-homeomorphism bt is not
open. Consequentlyf is not a homeomorphism.



Example 5.5.13.Let X ={123} =Y and define a closure operatof on X by up=¢,
u{2t=u{3=uf{23={23 and uft=uf12}=uf{13 =u X =X. Define a closure
operator u, on X by u,p=g¢, uz{]} :{13} and u2{2} = u2{3} = uz{lZ} = uz{lB} =
u2{2,3} =u,X = X. Define a closure operatat onY by v,¢=¢, v1{2} = v1{3} = v1{2,3} =
{23} and v,{1} = v,{12} = v,{13} = vY = Y. Define a closure operatar, on Y by v,p=¢
and v,{=v{2d=v{3=v,{12=v,{13=v,{23 = wy=Y. Let f:(X,u,u,)-
(Y,vl,vz) be the identity map. Therd is a homeomorphism buf is not semi-irresolute

becausef {12} is not semi-open ifX,u,,u,) while {12} is semi-open ir{Y,v,,v,), i.e. f
is not semi-homeomorphism.

Proposition 5.5.14.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces anfl: (X,u,,u,) -
(Y,v,,v,) be a bijective map. Then f is pre-semi-opendf anly if f is pre-semi-closed.

As a direct consequence of Proposition 5.5.14have:

Proposition 5.5.15.Let (X,u,,u,) and (Y,v,,v,) be biclosure spaces. If : (X,u,,u,) -
(Y,vl,vz) is a bijective semi-irresolute map, then the folloy statements are equivalent:
(i) f is asemi-homeomorphism,
(i) f is a pre-semi-closed map,
(i) f is a pre-semi-open map.



6 Conclusion

The outcomes of the Ph.D. Thesis are as follows:

1. Semi-open sets and semi-closed sets in clofuaees were introduced. Their
fundamental properties and behaviour of uniongrgsctions and subspaces were described.
We also showed that the openness and semi-opeanegsreserved under the projection
maps. Semi-open sets were used to define semi-opeos, semi-closed maps, semi-
continuous maps, contra-semi-continuous maps amdi-ig@solute maps which were
investigated. We proved that the class of all sep@n (respectively, semi-closed) maps
properly contains the class of all open (respeltjivdosed) maps and the class of all semi-
continuous maps properly contains the class dfeatli-irresolute maps. Semi-open sets were
also used to introduce s-connectedness and s-ctimegacof closure spaces. Further, we
proved that s-connectedness and s-compactness raseryed under semi-irresolute
surjections.

2. Two new kinds of sets called generalized sereropets ang-open sets were
introduced. Their basic properties were studied. Veved that the generalized semi-
openness ang-openness are preserved by projection maps. Theee kinds of spaces,
namely T,sspaces,T,-spaces andTs-spaces were introduced and studied. Further, the
interrelation among them was investigated. We th&oduced generalized semi-continuous
maps and generalized semi-irresolute maps by uengralized semi-open sets and studied
some of their properties. Moreover, we introdudeel ¢concepts of-continuous maps and
irresolute maps by usingopen sets and investigated their behaviour. Therrgiations
among generalized-semi-continuous maps, generakeedi-irresolute maps;-continuous
maps ang-irresolute maps in closure spaces were also studie

3. We studied some fundamental properties of bictospaces. We then defined a
notion of semi-open sets in biclosure spaces andstigated their behaviour. We also
introduced the concepts of semi-open maps, sersedlonaps, semi-continuous maps, semi-
irresolute maps, pre-semi-open maps and pre-sased! maps of biclosure spaces and
investigate some their properties. We proved that dlass of all semi-irresolute maps is
properly contained in the class of all semi-corimsimaps and the class of all pre-semi-open
maps is properly contained in the class of all sep@n maps.

In our further research, we will introduce the patiof p-open sets and-closed sets.
If (X,u) is a closure space ardl] X , then A is g-openif there exists an open subget of
(X,u) such thatAOGOuA. A subsetAl X is calledp-closedif its complement isp-
open. We will study some basic propertiespadpen andp-closed sets. We will introduce
and studyp-open mapsgp-closed mapsg-continuous maps, contiaeontinuous mapsy-

irresolute maps, pre-open and prg-closed mapdy usinge-open sets ang-closed sets.
We will also study the interrelation among theseoapts.
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