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Abstract: A discrete planar system
X(k+ 1) = AX(k) + Bix(k—mg) 4+ Bax(k—my), k>0

is analysed, wherey, m, are constant integer delays,<0m; < mp, A,B1,B, are constant X 2
matrices,A = (a;j), B = (b!j), i,j=1,2,1=1,2andx: {-mp,—mp+1,...} — R%. We get new
results on conditional stability and asymptotic conditional stability.
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INTRODUCTION
We investigate discrete planar systems
X(k+1) =AX(K) + Bix(k—my) 4+ Box(k — mp) 1)

wheremy, m, are constant integer delays<0m < mp, k € Z3, A,B1, B> are constant 2 2 matrices,
A= (aj), B = (b}j), ,j=12,1=12,B #06,1 =1,2,0is 2x 2 zero matrix and: Z%,, — R2,
Zd:={s,s+1,...,q}. Consider initial problem

x(k) = (k) ()

for (1) wherek = —mp, —mp +1,...,0 with ¢ 2% — R It is well-known that the initial prob-
lem (1), (2) has a unique solution &% ,,,.

Define a norm of a & 2 matrixA = {g; }szl as
|All = max{laga| + [as2], [@21] +[@zz|}
and, for 2x 1 vectorsx = (Xq, xz)T, an vector norm
[IX]l = max{pal, [xa|}-

For a discrete vectap: ZEmZ — R? we define
Wy, = max{[[WEmp)[], [W(=ma+1)][,.... [W(O)[|}.

Definition 1 The zero solution(k) = 0, ke Z%, of (1) is said to be
a) Stable if, givere > 0and ly > 0, there exist® = (¢, kg) such thatp(k), k Zkkg_nb, [0, <O

implies||x(k, ko, )| < € for all k > ko, uniformly stable i® may be chosen independently gf k
unstable if it is not stable;
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b) Asymptotically stable it is stable andimy_.. ||x(K)|| = 0;

c) Conditionally stable (conditionally asymptotically stable) if it is stable (asymptotically stable)
under the condition that a subspace P of the space all initial data eittP satisfying

1<dimP<2(mp+1)

is fixed.

The equation
D:=det(A+A ™By+A ™By;—Al) =0 (3)

wherel is the unit 2< 2 matrix,\ € C is characteristic equation to (1) and characteristic equation to

x(k+1) = Ax(k) (4)

det(A—Al) =0. (5)
Definition 2 [1] The system (1) is called a weakly delayed system if the characteristic equations (3),
(5) corresponding to systems (1) and (4) are equal, i.e. if, for everyC\ {0}, D= det(A—Al).

We consider a linear transformatigfk) = Sy (k) with a nonsingular Z 2 matrix§. Then, the discrete
system fory is

y(k+1) =Asy(k) +Busy(k—my) +Baogy(k—mp) (6)
with Ag = S7IAS, Bis = S71B.S wherel = 1,2.

Lemma 1[1] If (1) is a weakly delayed system, then its arbitrary linear nonsingular transformation
x(k) = Sy(k) again leads to a weakly delayed systh

Following theorem is a criterion indicating whether a system is weakly delayed.

Theorem 1 [1] System (1) is a weakly delayed system if and only if the following conditions hold
simultaneously:

b, b a1 a b, b
by +b,=0, |11 12 =0, (A AP+ 12 =0 1=12, 7
P2 = b, by bhy| |21 @2 @
bi, bi,| , |bf, bE,
CA AR A @

For every matrixA there exists a nonsingular matStransforming it to the corresponding Jordan
matrix form A, i.e. A = S"IAS where the form ofA depends on the roots of the characteristic
equation (5), i.e. on the roots of

A2 — (2114 @)\ + (a11802 — a10821) = 0. 9)

It the following we will assume that (9) has two real distinct rabisA,. ThenA = A; where

A O
N = <O )\2> . (10)

The transformatiory(k) = S~x(k) transforms (1) into a system

y(k+1) =Ay(k) +Biy(k—m) +Bsy(k—mp), ke Zg (11)
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with B = S'B|S B/ = (bi*j'), | =1,2,i,j =1,2. The initial problem (2) transforms to

ke Z0,,, whered*(k) = S~1o (k). Defined (k) := (0,45 (k))T, ®2(k) := (¢3(k),0)T, ke 2%,

In the contribution we deal with what is called conditional stability and asymptotic conditional sta-
bility of linear weakly delayed discrete systems (1). We derive sufficient conditions for asymptotic
conditional stability if|]A1| < g < 1 and|Az| > 1 orif |A2| < q< 1and|A1| > 1, and sufficient condi-

tions for conditional stability ifA1| = 1 and|Az| > 1 or if |A2| = 1 and|A1| > 1. Obtained results on
conditional stability are new and are given in Theorems 2-5. To prove them we use explicit analytic
formulas, derived in [1].

CONDITIONAL STABILITY

Let A = A1. From the necessary and sufficient conditions (7)—(8) for (11) it follows that (1) is weakly
delayed if and only if either

1) by = b3, =h3; =0, bj, #0, 1 =1,2,

or
1) by =bs, =bi, =0, b #0, | =1,2.

Theorem 2If the case I) occursA;| < g < 1, |Az| > 1and$3(0) =0, then the zero solution @) is
conditionally asymptotically stable.

Proof: In this case$*(0) = (¢5(0),0)" and®,(0) = (93(0),0)" = (0,0). As it follows from [1] the
solution of the initial problem (1), (2) i&(k) = Syk), k € Z*,,, where

y(k)=o¢*(k) if kez®,

( —|- Zb)\k 1-r [b* CDZ r— ml) +b12¢2(r - m2):| if ke Z]r-n1+l’
k—1—r 1 < k—1—r
y(K) 0)+ S A} |:b ¢2r—m1}+b’{2[ AT T Do(r —mp)
5 2
k—1
+®2(0) S AE“A;“] it keZgpls,
r=mp+1

m k—1
y(k) = Af¢"(0) +bi3 [ Z)A‘iflfr Pa(r —my) +P(0) H ’\iilrhrzml]

r= r=mp+1
m, k-1
+bﬁ[zj7\lfl_r¢2(l’—mz)+¢2(0) > A';—l—fxg”b] it keZp, o
r= r=mp+1

Forke Z* ., we get

My-+27

()| < IAf¢" (0)]] +

my k—1
bﬁ[%)\‘ilrdbz(r—ml)erJz(O) > )\‘Ilr)\;‘"‘l}H
r=

r=m+1

k—1

m
oo v 5 ]
r=

r=mp+1
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}\Ii 0 ¢i(0) x1 < k—1-r P k—1—r r—m
<o 0 +[b12 r;j|7\1| [@2(r —mu)[[+[|P2(0)]] 5 [Ax[TT Az

r=m+1

my k—1
Hbﬁ[%)\ﬂklr||¢’2(r—m2)H+H¢2(o)\ 5 |A1\k“|xz”“2}
r= r=mp+1

< Maf¥193(0)] + b [;W 1y — ) \]+b [;w 1y >|@

< 6" Im, + b3 [;q“fucb*nmz} + 1032 [%qk“w*\mz]
r= r=
< k b*l - k—1—r b*2 & k—1—r *
< 10"+ b3 Z)q +|b13| qu [0 m,
r=| r=

. L 1— m+1 i} L 1— mp+1 .
< [qk+|b1%r(qk : mlq)ﬂbl%\ (qk ! mzq)]ucb e

1-q 1-q
k a, gm™t-1 L gm™t-1]
e B e L
Now, it is easy to see that
lim [ly(k)|| = .

Similarly can be proved the following theorem.

Theorem 3If the case Il) occursjhz| < q< 1, |A1| > 1and;(0) =0, then the zero solution dfl)
is conditionally asymptotically stable.

Theorem 41f the case I) occursiA1| = 1, |A2| > 1 and ¢5(0) =0, then the zero solution dft) is
conditionally stable.

Proof: We, perform the proof similarly to that of Theorem 2. We hap&,0) = (¢5(0),0)" and
®(0) = (¢5(0),0)" = (0,0). Forke Z, ., we get

my k—1
()| < IS¢ (0)]| + bﬁ{%ﬂi“%(f—mlHq’z(O) > )\'ilwzml}H

r= r=m+1

k—1

117]
bT%[Z)AIIlr¢2(f—Wb)+¢2(O)
=

k—1-ryr—mp
)\1 )‘2 }
r=mp+1

<[5 8 (BN i[5 et —m |+ 020 kf Al A
= 0 A 0 12 Zﬁ ' ’ ’ ’ r=mi+1 ' i

mp k—1
+|bi%[;A1|k-1-'||¢z<r—mz>|r+u¢z<0>| 5 |A1|k—l-f|xzf-m2}
r= r=mp+1

< M0 (0)] + b3 [;M @yt — )| ]+b [;Mk 1T g — )ﬂ

< M]N103(0)]] + b3 [zbw Ty (r — my)| ]+b [;Mk 1y >||}
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m m
<o) +|b*1[ +\b*2[ 10°] }
1173 12 r;) 12 r;) mp
< [1+|bﬁ (my+1) + b33 <m2+1>] -
We set
M =1+ |b3|(my 4+ 1)+ |bi3|(mp+ 1), &:=¢/3.
This equality implies
ly®)I <M[¢*[Im, < &,KE Zny10

if |*[lm, <.

Theorem 51f the case Il) occurs|h,| = 1, |A1| > 1 and ¢3(0) =0, then the zero solution dfL) is
conditionally stable.

The proof can be performed similarly to that of Theorem 4.

3 CONCLUSION

In the paper are derived sufficient conditions for conditional stability and asymptotic conditional
stability of linear weakly delayed discrete systems (1) when the Jordan form of the madriep-
resented by the matri&; defined by (10). For further results related to weakly delayed systems and
representations of solutions of discrete systems we refer to [1]-[6] and to the references therein. Some
stability results can be found, e.g. in [7].
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