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ON REAL AND COMPLEX CONVEXITY

JAMEL ABIDI

Abstract. We show that the holomorphic differential equation k" (k +c) = (k)2 is
fundamental for the study of a special class of convex and strictly plurisubharmonic
functions (k : C — C be holomorphic and ~,¢ € C). We characterize all the 4
holomorphic non-constant functions Fi, F» : C — C and g1, 92 : C — C such that
the function u is convex on C™ x C, where u(z,w) = |Fi(w) — g1(2)|% + |F2(w) —
92(2)?, (2,w) € C™ x C.

1. INTRODUCTION

Let f : D — C be a function and ¢(z,w) = |w — f(z)|?, where D is a convex
domain of C", n € N\ {0} and s € R. The function 1 is convex on D x C if and
only if f is an affine function on D and s > 1.

Now using the paper [3], we can establish that v is a function of class C2, convex
and strictly plurisubharmonic (psh) on D x C if and only if f is an affine function
on D, n=1,5s =2 and %(z) # 0, for each z € D. Now we can observe that the
above two situations are different and the last case is important for studying the
complex function theory.

Let fi(z) =< z/a > +< z/b>+¢,a,b € C", c € C, z € C". Denote 91 (z,w) =
lw — f1(2)]?, (z,w) € C™ x C. Then 1, is convex on C"* x C and not strictly
plurisubharmonic on C" x C if and only if (n > 2), or (n = 1 and b = 0). Therefore,
for b = 0, the function 11 is convex and not strictly plurisubharmonic on C" x C.
In one complex variable, we consider the function 9(z) = 2% + 23 + 4129, for
z = (z1 +ix2) € C, 21,22 € R. Then, 15 is a function of class C* and strictly
subharmonic on C, but s is not convex at all points of C.

Now put ¥3(z,w) = |w — e(@ZH0) 12 4o 4 |y — elanZntbn)|2 for (2 w) =
(z1,- .., 2n,w) € C"xC, where aq,...,a, € C\{0} and by, ..., b, € C. 3 is strictly
plurisubharmonic on C™ x C, but it is not convex in any non-empty euclidean open
ball of C™ x C (for the proof, we can consider the function 3(Z, w)).

Moreover, if we consider ¥4(z, w) = x4, for z = (21,...,2,) and 21 = z1 + iy1,
where x1,y; € R, then 14 is convex on D x C, but v, is not strictly plurisubhar-
monic at any point of this domain.

Therefore, there is a great difference between the class of (convex functions) and
the class of (strictly plurisubharmonic functions) over any convex domain of C¥,
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for each N > 1. Therefore, it is clear to study the new special class consisting of
convex and strictly plurisubharmonic functions over convex domains of C*, n > 1.

Now denote by ¥5(z,w) = |w — bz|?, for (z,w) € C2. Then, 15 is C>°, convex
and strictly plurisubharmonic on C2, but 5 is not strictly convex at any point
of C2. Therefore we have a great difference between the special class (convex and
strictly plurisubharmonic functions) and the class (strictly convex functions) over
all convex domains of C", n > 1.

Observe that we can prove for each n > 1, for all convex domains G of C”
and every function h : G — C, that the function g is not strictly convex in
any non-empty euclidean open ball subset of G x C. 1g(z,w) = |w — h(2)|?, for
(z,w) €e G xC.

Problem 1.1. Find exactly all the holomorphic non-constant functions
Fl,FQ,F37F4 :C—>C

and all the holomorphic functions ¢1, @2, @3, @4 : C* — C, such that v; and vy are
convex on C” x C and v is strictly plurisubharmonic on C™ x C.

vi(z,w) = [Fi(w) = o1(2)* + [Fa(w) — p2(2) %,
va(2,w) = |F3(w) — p3(2)[* + |Fa(w) — pa(2)?
and v = (v1 + v2), where (z,w) € C" x C.
In this paper, we consider the case where we characterize F1i, @1, Fs, s such

that vy is convex and w is strictly plurisubharmonic on C" x C, u(z,w) = vy (2, W),
for (z,w) € C" x C.

Remark 1.2. We have the following result for holomorphic functions. Let
f:C" — C be a holomorphic function. Assume that there exist

(Ay,...,AN),(By,...,By) € CV\ {0}, (ai,...,an),(B1,...,Bn) € CN

such that o L
A1CT1+~-~+ANW#B1ﬁ1+"~+3NﬁN
(A1, ..., AN)|I? [(Bi,...,Bx)|?

Assume that

[Arf —aa? +--- +|ANf —an[?
and

|Bif = B1l” +---+ |Bnf — B
are convex functions on C". Using the holomorphic differential equation k" (k +
c) =v(k")?, (y,c € C and k : C — C be analytic) and the paper [2], we prove that
f is an affine function over C™. Observe that the complex structure is fundamental
in this situation. Because if we consider F(z) = 2} + 1 for z = (21,...,2,) € C",
21 = z1 +iy1, (z1,y1) € R%. F is real analytic on C", |F|? and |F + 1|? are convex
functions on C", but F' is not an affine function on C™.

Let U be a domain of R?, (d > 2). We denote by sh(U) the subharmonic func-
tions on U. my is the Lebesgue measure on R?. Let f : U — C be a function. |f| is
the modulus of f, Re(f) and Im(f) are respectively the real and imaginary parts
of f.
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Let ¢ : D — C be an analytic function, D a domain of C. We denote by
g = g, ¢ = ¢’ the holomorphic derivative of g over D. ¢® = ¢”, ¢ = ¢".
In general, g™ = g;’f is the holomorphic derivative of g of order m, for all
meN. Let z € C"z = (21,...,2n),n > 1. I &€ = (&,...,&,) € C", we denote
<z/E>= 216+ + 2,&, and B(€,r) = {¢ € C"/||¢ —&]|| < r} for 7 > 0, where
1€l = /< €/€ >

C(U)={¢:U — C/ypis continuous on U}.

CFU)={p:U = C/pisof class C*onU},k € NU{oo} and k > 1.

Let ¢ : U — C be a function of class C?. A(y) is the Laplacian of ¢.

Let D be a domain of C" (n > 1), psh(D) and prh(D) the class of plurisub-
harmonic and pluriharmonic functions on D, respectively. For all a € C, |a] is the
modulus of a. Re(a) is the real part of a. D(a,r) ={z € C/|z —a| < r}.

If p is an analytic polynomial over C, deg(p) is the degree of p.

For the study of the theory and extension problems of analytic and plurisub-
harmonic functions we cite the references [1,5-10, 12, 14,16-19, 22-24, 27-30, 32,
33,35-39]. The class of n-harmonic functions is first introduced by Rudin in [36].
There are several investigations of the plurisubharmonic functions announced in
[2,13,21,25,26,31,32,34] and [11].

Good references for the study of convex functions in complex convex domains
are [15,20,24].

2. THE REAL AND COMPLEX CONVEXITY
We begin this section by the following lemma.

Lemma 2.1. Consider the holomorphic functions k1, ko, ks and k4 defined by
ki(2) = 22, ko(2) = —22, k3(2) = Az°, ky(2) = —Az®, for z € C, where A € C\{0},
s € N\ {0,1}. Define

u(z,w) = |w — 222 + |w + 22> + |w — 2|?,

v(z,w) = |w— AZ°]? + |w+ Az°)? + |w — (az + b) %,

o(z,w) = |lw— Az*]> + |w + Az°|?,
o1(z,w) = |lw— AZ°P + |w + A2** + |lw — Az + 1)°* + |w + A(z + 1)*?,
pa(z,w) = [w — A2°]* + Jw + Az°* + |w — A+ 1)) + Jw + A(z +1)°,
o3(z,w) = |w— 2z — AZ*]? + |w — z + AZ*]?

+lw—A(z + 1?2+ jw+ Az + 1)%)?,

(z,w) € C%, a € C\ {0} and b € C. Then, we have the following 5 properties.

(1) w and v are strictly conver functions on C2, but k; is not an affine function
for all j € {1,2,3,4}.

(2) ¢ is convexr on C? but k; is not an affine holomorphic function for all
J € {3,4}. Moreover, ¢ is strictly convex on C\ {0} x C, but ¢ is not
strictly convex on C2.

(3) 1 is strictly convex on C?, but f;, kj are not affine functions for all
J €{3,4}, where f3(z) = ks(z+ 1) and fa(z) = ka(z+ 1) for all z € C.



88 J. ABIDI

(4) o is strictly conver on C2. But ks, ky, f3 and f4 are not affine functions
over C.

(5) 3 is strictly conver on C?, but g; and f; are not affine functions for all
J € {3,4}, with g3(z) = z + Az? and g4(2) = 2 — Az? for z € C.

Proof. Let ¢ : D — R be a function of class C?, D is a convex domain of C",
n > 1. Recall that ¢ is convex on D if and only if

a%p " a%p .
’ Z 3zj82k jak‘ = Z 8zk 2)0; 0,

Jik=1 Jik=1

for each z = (21,...,2,) € D and a = (a1, ..., a,) € C". Now 9 is strictly convex
on D if and only if

n n 82¢ o
’ Z 8zjazk )ajak‘ < Z 8Zjaﬁ(Z)ajak’
7,k=1
for each z € D and a = (aq,...,a,) € C"\ {0}.
(1) We have u a function of class C°*° on C?.
u(z,w) = 2wl + 2[z|* + Jw — 2%,

for (z,w) € C2. Therefore,

0%u 5 0% o 0%u
5o (7 w)a? + 5 (. w) 8% + 25— (s, w)af|
2 2 2
22 u _ O%u 0u
=4[s2|af? < (s w)ad + 5 (zw) 88 + 2Re( 5 == (= w)aB)

=8 —2zal* + |3 + 2za]* + |8 — af?,

for each (z,w) € C? and (,8) € C%\ {0}. Consequently, u is strictly convex on
C2. Using the above 2 inequalities, we obtain the proof of the lemma. O

The above result suggests the following natural problem.

Question 2.2. Find all the holomorphic functions ki, ks : C — C such that ¢
is strictly convex on C?, p(z,w) = |w — k1(2)|*> + |w — ka(2)|?, for (z,w) € C%. Is
the number of holomorphic functions fundamental in this situation?

We have an answer to this question which is given by

Theorem 2.3. Let g1,g2 : C — C be 2 holomorphic functions. Given Ay, As €
C\ {0}, ¢1,c0 € C, put
u(z,w) = [Arw — g1 (2)* + [A2w — g2(2) ],
v(z,w) = |[Ayw — g1(2) + c1|* + |Asw — ga(2) + 2%,
(z,w) € C2. The following are equivalent

(I) w is strictly convex on CZ;
(I1) g1 and go are affine holomorphic functions, g1(z) = a1z + by, g2(2) =
ag + b, for z € C, where ay, by, a2,bs € C with (a1 Az # asAy);
(III) v is strictly convex on C2.
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Proof. (1) implies (II). Note that u is a function of class C*° on C2. Since u is
strictly convex on C2, we have

2,, 2
g 2(2 w)a? + g u(z w) > +2386‘ (z,w)aﬂ‘
(’92 2 2 .
<3 g (z,w)o@ + 8w<’f(z w)Bﬁ—i—QRe(a (T(z,w)aﬁ),

for all (z,w) € C? and for all (o, ) € C?\ {0}. Fix 2z € D. Then, we have
(1) (g7 (2)7r(2) — A1wg{ (2) + g5 (2)72(2) — A2wgy (2))o|
<A1 = gh(2)af® + A2 — gh(2)of?,

for all w € C and (o, B) fixed in C? with a # 0. Now if (4147 (2) + Aag5(2)) # 0,
then the subset C is bounded. We get a contradiction. Consequently, Al +
Asglhl = 0 over C. We have

191 (2)91(2) + 95 (2)G2(2)[|al* < [A18 — g1 (2)al* + A28 — ga(2)al?,
Vz € C,V(a,B) € C?\ {0}. Put A = % € C\ {0}. Thus, we have
97 (1 — Agz)[af?
< (|4 + 14218 + l9101? + [g2a]* — 2Re (91 A1 + gy A0 )
over C and for all (o, 8) € C?\ {0}. It follows that
(1AL + A28 + [l911* + |g5)* — 197 (77 — Agz)[]|af®
— 2Re ((g) 41 + goA3)af) > 0
over C, for all (o, 3) € C%\ {0}. By the below Lemma 2.7 we have
|91 A1 + go Ao ” < (JAL[* + [A2*) (19117 + 193]* — 197 (91 — Aga)|l.
over C. Thus,
A1 ?[gi[? + [ 42|52 + 2Re (g A1g5 Az )
< (A2 + A2 1 + 1951 = (1AL * + [ A2])g7 (91 — Aga),
over C. Then,
|Aa|?1g1 7 + | A [*[ga]?
—2Re (g1 A2g A1) — (A1 + | A2[2) g7 (91 — Aga)| > 0,

over C. Therefore, |A2g] — A1g5]% — (JA1]? + | A2|?)|g} (91 — Aga)| > 0, on C. Then,
we have

| Ag|?
(2) |9{(g1 — Ag2)| < m@i — Agh)?,
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over C. Replace now g{ by A2 g5 = Zl g4. Tt follows that |g5 (g1 — g2)| <

m\gQ Ag'1|2, over C, and then
|A1|2‘%|2 /|2

Agh - A ———Aa g —
|Agy (g1 92)| < |A1‘2+\A2|2|gl P

\AI2
over C. Then,

' A ]?
(3) | —Agy(g1 — Ag2)| < A1||2-i||Az|2|gi - A9/2|2,

over C. The sum of (2) and (3) implies that

[As] ] i
AP+ A2

over C. By the triangle inequality, we have then |(g} —Agy)(g1—Aga)| < |95 —Agh|?,
over C.

Now put k& = g1 — Ago. Observe that the function & is holomorphic on C, k is
not constant and k satisfies the holomorphic differential inequality |k"k| < |k'|?
over C. Therefore, k" (2)k(z) = v(k'(2))?, Vz € C, where v € C and |y| < 1 (the
above strict inequality is very important in this situation). By [2, Théoreme 21]
it follows that |k|? is convex on C and v € {#=1,1/s € N\ {0}}. Indeed, we have
k(z) = (az + b)*, for each z € C, where a,b € C and s € N, or k(z) = ele*t9),
for each z € C, where ¢,d € C. Put ky(z) = (T4 for 2 € C. We see that
ki is analytic on C, and |kY(2)k1(2)| = |k|(2)|?, for each z € C. Consequently,
k(z) = (az + b)*®, where a,b € C and s € N. Observe that s # 0 because k is not
constant on C. g1(z) — Aga(z) = (az+b)?, for all z € C. Suppose that s > 2. Then
g’l(fg) — Agh(—2) = 0. But we have

a
n( b n( b b b
0 (ot (-3) 405 (-3))) (on (=3) — 42:(=7))

b by |2
(-2) s (=) =0
This is a contradiction. It follows that s = 1. Therefore, g1(z) — Aga(z) = az + b,
for all z € C. In this case, we have ¢g{ — Ag5 = 0 on C. Thus, g7 — ﬂgé’ =0 and
then Asg) — A1g4 =0 on C.

Now recall that we have A;g7 + Azg4 = 0 on C. Finally, we have the system of
holomorphic differential equations over C

{ Aggl — Avgy =
Avgl + Asgl = 0

l97 (91 — Aga)| + | — Ags (91 — Aga)| < — Agh|?,

Now since (|A41]? + |A4z2]?) > 0, we have g] = g4 = 0 over C. It follows that g; and
g2 are holomorphic affine functions on C. g1(2) = a1z + b1, g2(2) = azz + by for all
z € C, where ay,as, by, by € C. Since now the function u is strictly convex on C2,
0 < |A18 — a1 + |A28 — azal?, V(a, B) € C2\ {0}. Therefore, the system

Alb’—aloz:0
A —asa =0



ON REAL AND COMPLEX CONVEXITY 91

for (o, 3) € C? has only one solution (a,3) = (0,0). It follows that (—Ajas +
a1A3) # 0 and, consequently, Ajas # a1 As.

(IT) implies (I) and (II) implies (III) are in fact classical cases. (III) implies
(IT). In this situation we consider the above proof and replace g1 by (91 — ¢1) and
g2 by (g2 — ¢2), we conclude this proof. d

Remark 2.4. Let g1,...,95 : C — C be N holomorphic functions, N > 2.

Put
u(z,w) = lw— g1 (2)]> + -+ |w—gn(2)[?, for (z,w)e C%

We prove that if the number N of the holomorphic functions satisfies N > 3,
the above theorem is false. Define g1(z) = 22, g2(2) = —22, g3(2) = 2,...,
gn(z) = z, for z € C. g1 and g9 are not affine functions over C. But w is strictly
convex on C? because, if N > 4, the function u; is strictly convex on C2?, where
uy(z,w) = |w — 2212 + |w + 2%|% + |w — 2|?, for (z,w) € C2. The function us is
convex on C2, where uz(z,w) = (N —3)|w— z|?. Therefore, u = (uj +us) is strictly
convex on C2. If N = 3, u = u; is strictly convex on C2.

We have

Lemma 2.5. Let n > 2. For (z,w) = (21,...,2n,w) € C" x C, we define

v(z,w) = lw=(z14- 2P |wt (14 F2) P o=z 4w =z
Then, v is strictly convexr on C™ x C.

Proof. Note that v is the sum of (n + 2) functions, v = v1 + -+ - + vy 42, where
vi(z,w) = [w— (214 +20)°? = [w—g1(2)°, v2(2,w) = Jw+ (21 4+ +2,)?° =

[w = g2(2) %, v3(z,w) = |w— 21" = |w—g3(2)% ..., vnr2(z,0) = |w— 2> =
(W= gn2(2)*. 91(2) = (21 4+ 20)%, 92(2) = = (21 4+ 2)%, g3(2) = 21,
gn(2) = zn, for each z = (21,...,2,) € C". g1 and g2 are not affine functions over

C™. But v is strictly convex on C", because, if we put w = 2,41 € C, we have
1 1
o 92, P, ) ’ - ”i 92w U -
2,z ;o Z,z o
82 Oz n1/%i %k &zjaz STk

for each (al, cey Oy ang) = (g, ... ,an,ﬁ) € C™*1\ {0}. Thus, we have

4z + 204+ 2Pl + g+ F anl?
<2BP 4+ 421+ 2o+ 2P log Fag o+ g
+1B—aaP+ 18—+ + 8 — ol
Therefore,
plar, az, . an, B) = 2187 +[B— a1’ + 18 — s + -+ + B — an[* > 0.

In fact, if 8 = 0, then ¢(ay, ag, ..., an, B) = |ai|? +|az|?+- - -+ |a, |2 > 0. Now, if
B # 0, then (a1, as, ..., a,, ) > 0. Consequently, v is strictly convex on C™ x C.
The number of functions in this case is (n + 2). O

Proposition 2.6. Over C? x C, there exist 8 functions g,g2,93 : C> — C
such that g; is holomorphic not affine over C, for all j € {1,2,3} and the function
w is conver on C? x C; u(z,w) = |w — g1(2)|* + |w — g2(2)|* + |w — g3(2)|?, for
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(z,w) € C? x C. But u is not strictly convex at any point of C* (then u is not
strictly conver in any not empty Euclidean open ball subset of C3).

Proof. For z = (21,22) € C2, we define g1(2) = (21 + 22)?, 92(2) = (21 + 22)?
and g3(2) = —2(21 + 22)2. Then, g1, g2 and g3 satisfy the condition of the above
proposition 1. Observe that, in this case, the number of functions is 3. O

The following lemma is fundamental in this paper:

Lemma 2.7. Let a,b,c € C. Then
(1) aa@ + bBB + 2Re(caB) > 0 for each (o, B) € C?\ {(0,0)} if and only if
a>0,b>0and |c* < ab.
(2) aaa + bBB + 2Re(caB) > 0 for all (o, ) € C? if and only if a > 0,b >
0 and |c|? < ab.

Proof. A proof of this lemma can be found in [2]. O

Remark 2.8. Let D = D(2,1) = {z € C/|z — 2| < 1}. Define g(z) = 2% +1,
z € D. g is a holomorphic function on C. Put g; = g and g = —g. Let u(z,w) =
lw—g(2)]* + |w + g(2)|?, (z,w) € D x C. We can verify that u is strictly convex
on D x C, but g; and g» are not affine functions over D. This proves that, in
Theorem 2.3, it is fundamental to consider the subset C globally. On the other
hand, we also conclude that the above Theorem 2.3 is false on all convex domains
in the form G x C, where G is a non-empty bounded convex domain of C.

For future analysis, we have the following question.

Question 2.9. Characterize exactly all the analytic functions g1,g9» : C —
C such that the function w is convex on C? (u(z,w) = |w — g1(2)]* + |w —
(22, (2, w) € C2).

Characterize exactly all the analytic functions g1,¢g> : C — C such that the
function u is strictly psh and convex on C2.

Characterize exactly all the analytic functions g1,g2 : C — C such that the
function w is strictly psh and not convex on C2.

Characterize exactly all the analytic functions g1,g92 : € — C such that the
function u is convex and not strictly psh on C? (or convex and not strictly psh
on all not empty euclidean open ball subsets of C2, convex strictly psh and not
strictly convex on all not empty euclidean open ball subsets of C?, convex and not
strictly convex on all not empty euclidean open ball subsets of C?).

Using the holomorphic differential equation k”(k + ¢) = ~v(k')? (k: C — C is
a holomorphic function and (v, ¢) € C?), we have the following characterization in
complex analysis.

Theorem 2.10. Given two holomorphic functions g1,ge : C — C, let v(z,w) =
lw — g1(2)]* + |w — g2(2)|?, for (z,w) € C2. Then, the following assertions are
equivalent

(I) v is convex on C?;

(D) g1(2) = az+ b+ (cz + )™ and g2(2) = az + b — (cz + d)™ for each
z € C, with (a,b,c and d € C), or g1(z) = a1z + by + elc*+d1) gng
g2(2) = a1z + b1 — elerztd) for eqch =z € C, where (a1,b1,c1 and dy € C).
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Proof. (1) implies (II). Note that u is a function of class C*° on C2. Since u is
convex on C?, we have

32
82

0?u 0?u
2 2
(z,w)a” + —(z,w)B" + 28z8w

ow
2, 2,
< 7
A
for all (z,w) € C? and for all (o, B8) € C2.
Fix z € D. Then, we have
(1) (97 (2)g1(2) — w97 (2) + g5 (2)72(2) — W3 (2))a?|
<18 -gi(2)al* + 18 - gy (2)al?,

for all w € C and (a, 3) fixed in C? with a # 0. Now if (g7 (2) + g5 (2)) # 0, then
the subset C is bounded. We get a contradiction. Consequently, gi + g5 = 0 over
C. We have

191 (2)71(2) + g3 (2)G2(2)lo]* < B — gi(2)al® + |8 — gy (2)al?,
Vz € C, ¥(a, B) € C%. Thus, we have
l97(G1 — g)llal* < 2|81 + |giof* + |g50]” — 2Re (g1 + ghaB)
over C and for all (o, 8) € C2. It follows that
2081 + 1951 + 1951 — 197 (37 — Z2)llla]* — 2Re ((g1 + gh)aB) = 0 over C,
for all (o, 8) € C2. By the above Lemma 2.7, we have

(z,w)apf

2

———(z,w)BB + 2Re (888 (z,w)a5> )

g + g51” < 2[lg11* + |g51* — |97 (91 — g2)I], over C.
Thus,

1911 + |95|* + 2Rel9195] < 2[1911* + |95/*] — 2197 (91 — g2)|, over C.
Then,
9117 + 192]* — 2Re[g195] — 2|97 (91 — g2)| 2 0, over C.
Therefore, |g5 — g4|? — 2|gY (91 — g2)| > 0, on C. Then, we have

(2) 97(g1 —92)| < 2|gl — g5]?, over C.

Now we replace g{ by (—g4), we have |g5 (g1 — g2)| < 1|g{ — g4|?, over C. Then,

(3) [-g5(01 —g2)l < §Igi —g5|*, over C.

The sum of (2) and (3) implics that |of (91 ~92)|+ | ~ 64 (61 — 92)| < | — g4, over
C. By the triangle inequality, we have |(¢} —g5)(g91 — g2)| < |g} — g4|?, over C. Now
put k = g1 — g2. Observe that the functlon k is holomorphic on C and satisfies the
holomorphic differential inequality |k”k| < |k’|> over C. Therefore, k”(2)k(z) =
v(k'(2))?, for each z € C, where v € C and || < 1. By [2, Théoreme 21], we have
k(z) = (cz 4 d)*, for every z € C, where ¢,d € C and s € N, or k(z) = e(¢**t9)_ for
each z € C, where ¢,d € C.
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Case 1. k(z) = (cz + d)*, for each z € C. Then, g1(z) — g2(2) = (cz + d)*, for
all z € C. Now recall that we have g} + g5 = 0 on C. Thus, g1(2) 4+ g2(z) = az +1b,
for all z € C, where a,b € C. Now we have

91(2) = g2(2) = (cz + d)*
q1(2) +g2(2) =az+b
for each z € C. Then,
g1(z) =a1z2+ b1+ (c12+ dy)*
g2(2) =a1z2+ by — (12 + dv)®
for each z € C, with a1,b1,¢; and d; € C.

Case 2. k(z) = e(®**9 for all z € C. Then, g;(2) — ga(2) = e(***9 for z € C.
Now recall that we have ¢ + g5 = 0 on C. It follows that g1(z) + g2(2) = az + b
for all z € C where a,b € C. We have

{ 91(2) — g2(z) = el=TD)
61() + 92(2) = az + b
Thus,
g1(2) = agz + by + elc22+d2)
92(2) = agz + by — el©27T2)
for each z € C, with ag, bs,c2 and dy € C.
(IT) implies (I) is evident. O

Now a number of fundamental properties can be deduced from the above The-
orem 2.10. We have

Corollary 2.11. Given Ay, Ay € C\{0} and two holomorphic functions g1, gs :
C — C, letv(z,w) = |Ayw—g1(2)|? +|Asw—ga(2)|?, for (z,w) € C2. The following
assertions are equivalent
(I) v is convex on C?;

(1) g1(2) = Ay (a2 + b) + Az(cz + )™ and ga(2) = Az(az +b) — Ar(cz + )™,
for each z € C, with a,b,c,d € C and m € N, or g1(z) = A1(a1z +b1) +
Agele=td) and go(2) = Ag(a124by) — Arel* ) | for every z € C, where
ay,by,c1,dq € C.

Proof. This is a consequence of the proof of Theorem 2.3 and the proof of
Theorem 2.10. O

Proposition 2.12. Let g1,g2 : C* — C be two analytic functions, n > 1. Put
u(z,w) = |w—g1(2)]? + |w— g2(2)|?, for (z,w) € C" x C. Suppose that u is convexr
on C" xC. Let ay,...,a, € N, a1 + -+ a,, = m. Then, v is convex on C™ x C,

o"g1 : 9" g2
B () N ()

for (z,w) € C™ x C. A(u) is convex on C™ x C, for all s € N\ {0}.

o2 o2
A= <6z18,2'1 ot 8zn3zn)

is the Laplace operator acting on C™.

v(z,w) = ‘w ,

Jr‘w
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Remark 2.13. For 3 functions, the above Theorem 2.3 does not hold. In fact,
we have the following fundamental 3 examples. Define 9 holomorphic functions
over C by g1(2) = 2422, g2(2) = (2—22), g3(2) = 4(2+1), k1 (2) = 22, kao(2) = 22,
k3(z) = =222, f1(2) = 2 — €*, fa(2) = —(2 + €*), f3(2) = 2¢7, for z € C. Put
wr(2,w) = [w = g1 () + | — g2 (2) 2+ 1 — g3 ()2, (2, w0) = | — k()2 + oo —
ka(2)]? + lw — k3(2)[* and ug(z,w) = |w — f1(2)|* + Jw — f2(2)* + |w — f3(2)?,
(2,w) € C2. We have the following 2 properties.

(I) g1, g2, k; and f; are not affine functions on C, for all j € {1,2,3}.

(II) wy and ug are strictly convex on C2. uy is convex on C? and strictly convex

on C%\ {0} x C but uy is not strictly convex on C2.

Theorem 2.14. Given two numbers Ay, Az € C\ {0} and two holomorphic
functions g1,g2 : C* — C, n > 2, IG aet v(z,w) = |[Ajw—g1(2)|* + |Agw — g2 (2) |?,
for (z,w) € C™ x C. The followmg assertions are equivalent

(I) v is convex on C" x C;

(I) g1(2) = A1(< z/a > +b) + Ax(< z/c > +d)™ and g2(2) = Ax(< z/a >
+b) — A1 (< z/c > +d)™, (for each z € C", with a,c € C" and b,d € C),
or g1(2) = Ai(< z/ay > +by) + Aze(<2/>F ) and go(2) = Ay(< z/ar >
+by) — Aje(<2/er>+d0) for epery z € C*, where ay,c; € C* and by, d; € C.

Proof. v is a function of class C* on C" x C. Put w = z,,41. We have

n+1 n+1

‘Z 8zjazk %ak’ Z [“)zjazk 2)a;

for each (2,w) € C"* x C and (o .. .,an,anﬂ) = (a1,...,n, ) € C"L. There-
fore,

g1 — = 9%gs __
(E) Z 020z, (2)aseugn(z) + Z 020z, (2)oegal(z)
9?2 g1 < 8292
B w(Al Z 3z]62 ZJajor = Az Z azjﬁzk( )ajak)

< o S+ 32

for each (z,w) € C* x C and (ay,...,a,,8) € C*""L Now fix z € C" and
(a1,...,an,B) € C*L. Tt follows that, for each w € C, we obtain inequality

(B). If

_ 92
(473 5, g Gl + e Z azjaz (Dayon) #0,

then the subset C is bounded. We get a contradlctlon. Consequently,

T > g
Al Z_ m( )ajak +A2 Z

7,k=1

82g
0z; 6zk

(2)ajoq =0,
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for each 2z = (21,...2,) € C", and (ay,...,q,) € C*. Thus, (A;g; + Azgo) is an
affine function on C™. Now we have

Y s - 8292 o
‘jz aZJaZk ajakgl(2)+ Z_ 920 (z)ajakgz(z)‘

)

for each (z,w) € C* x C and (ay,...,a,,3) € C"". Now fix (y1,...,7,) € C*
and define (aq,...,a,) =0(v1,...,7), where § € C. Then,

’Z azj az 2)7; g1 (2 Z azj 2)7; g2z (Iél

fus- (8 zgl<>aj>a\2+\A26—< 0 )

2

)

for each (3,6) € C2. This condition implies that the holomorphic function ¢ =
(A2g1 — A1g2) that satisfies |p|? is convex on C™. Therefore, we have the following
2 possible cases.

Case 1. |¢| > 0 on C". Therefore, ¢ = X, where K : C" — C is a holomorphic
function. Now we use the following result proved in [3, Theorem 9]: If g : C* — C
is an analytic function, n > 1, such that |g| is convex and satisfying |g] > 0 on
C", then g(z) = ), for all z € C"*, where F : C* — C is analytic and affine
on C™. We conclude that K is an affine function on C". Consequently, for each
z € C", we have (A191(2) + A2g2(2)) =< z/a > +b, where (a,b) € C" x C and
Agg1(2) — A1g2(2) = eK). Since (|A1|? +|A2]?) > 0, we calculate the expressions
of g1 and gy (thus having two representations of the functions g; and gs).

Case 2. There exists zg € C", such that ¢(z9) = 0. It was proved in [4,
Theorem 10] that, if g : C™ — C is a holomorphic function, n > 1, such that |g| is
convex on C™ and g(2°) = 0, where 2% € C", then g(z) = (< z/A > +u)™, for all
z € C", where A € C", u € C and m € N. Therefore, we have ¢(z) = (< z/A >
+u)™, for each z € C", where (A, 1) € C™ x C. Thus, (A191(2) + A292(2)) =<
z/a > +b and Asg1(2) — A192(2) = p(2) = (< z/A > +pu)™, for each z € C™.
Since (|A1]? +|A2|?) > 0, we can calculate the two representations of g; and g on
cn. O

Theorem 2.15. Let g1,g2 : C* — C be two analytic functions, n > 1 and
Ay, Az € C\ {0}. Put u(z,w) = |Ajw — g1(2)]? + |A2w — g2(2)|?, (2, w) € C" x C.
The following are equivalent

(I) u is convex and strictly psh on C™ x C;
(I) n=1 and

{ g1(z) = A1(az +b) + E(cz +d)
g2(2) = As(az +b) — A1(cz + d)



ON REAL AND COMPLEX CONVEXITY 97

for each z € C, where a,b,c,d € C, ¢ #0), or

gl(z) =4 (alz + b1) + Tze(clz+d1)
g2(Z) = Ag(alz —+ bl) — A716(612+d1)

for every z € C, with a1,b1,c1,d1 € C, ¢1 #0).
Proof. (I) implies (II). We have

{ g1(2) = A1(< z/a > +Db) +§(< z/e > +d)™
g2(2) = Aa(< z/a > +b) — A1(< z/c > +d)™

for each z € C", with (a,c € C" and b,d € C,m € N), or

91(2) :A1(< z/a1 > +bl) +I26(<z/c1>+d1)
g2(2) = Ag(< z/ay > +by) — Ajel<z/ar>+d)

for every z € C", where (a1,c¢; € C™ and by,d; € C).
Case 1. o
g1(2) = A1(< z/a > +b) + As(< z/e > +d)™
g2(2) = As(< z/a > +b) — A1 (< z/c > +d)™

for each z € C". For (z,w) € C" x C, u(z,w) = (|41]* + |42|H)[|lw— < z/a >
—b]? + | < z/c > +d|*™]. Define v(z,w) = |lw— < z/a > —b]*> + | < z/c > +d|*™.
u and v are C* functions on C" x C. For z € C", we denote z = (21,...,25).
Note that u is strictly psh on C™ x C if and only if v is strictly psh on C™ x C.
Now define T by T(z,w) = (z,w+ < z/a >) € C" x C, for all (z,w) € C" x C.
T is a C linear bijective transformation over C" x C. Let v1(z,w) = voT(z,w) =
lw— b2 +| < z/c > +d|*™, (z,w) € C" x C. v; is a function of class C> on
C™ x C. v is strictly psh on C™ x C if and only if vy is strictly psh on C™ x C.
Let (a1,...,a,,8) € C""1\ {0}; @ = (a1,...,a,). The Hermitian Levi form of
vy is L(v1)(z,w)(aa,. .., an, B) = |8 + m?| < afe > |*| < z/c > +d[*™"2 > 0,
V(a,B) € (C™ x C) \ {0}. But the above strict inequality is true if and only if
va(a) = m?| < afe > |?| < z/c > +d]*™7? > 0, Va € C"\ {0}, Vz € C". Thus,
m=1,n=1and ce C\ {0}.
Case 2.

—~

g1(2) = A1(< z/a1 > +by) + Age(<z/er>+d)
92(2) = A2(< Z/(l1 > —|—b1) _ A716(<Z/01>+d1)
for all z € C™.

u(z,w) _ (|A1|2 + |A2|2) [|w_ < z/a1 > —b1‘2 4 ‘6(<Z/Cl>+d1)|2:|,

(z,w) € C* x C. Let o(z,w) = |w— < z/a; > —by|? + [e{</aa>FTd)|2 | (5 w) €
C™ x C. ¢ and u are C* functions on C" x C. Now wu is strictly psh on C* x C
if and only if ¢ is strictly psh on C"* x C. For (z,w) € C" x C, let T'(z,w) =
(z,w+ < z/a; >) € C" x C. T is a C linear bijective transformation over C" x C.
Let ¢1(2,w) = poT(z,w) = |w — by |? + |e(<*/c1>Fd) |2 for (2,w) € C" x C. ¢y is
a function of class C*° on C™ x C, so that ¢ is strictly psh on C" x C if and only
if ¢q is strictly psh on C* x C. Let (a1, ..., apn, 3) € C*T1\ {0}, a = (a1,...,ap)
and (z,w) € C" x C. The Hermitian Levi form of ¢ is L(p1)(z,w)(, B) = |B]* +
| < a/cp > |Ple(<z/er>+d1)|12 5 0. But this last strict inequality is true for any
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(o, B) € C*F1\ {0} if and only if po(a) = | < /ey > |2 > 0, for each a € C™\ {0}.
But now ¢o(ar) > 0, for every o € C™ \ {0} if and only if n =1 and ¢; € C\ {0}.
(IT) implies (I) is a classical case and the proof is finished. O

An original question in complex analysis is
Question 2.16. Let n > 1 and N > 2. Find all the analytic functions
91,92,---,9N - Cc"—=C

such that the function v is psh on C™ x C™ (or strictly psh on C™* x C", psh and
not strictly psh on C™ x C”, psh and not strictly psh on any not empty open ball
subset of C" x C"), where v(z,w) = |g1(w—2)|? + |ga(w —2)|> +- -+ |gn (w —Z) |2
for (z,w) € C™ x C™.

For example the case of one holomorphic function was studied by Abidi in the
earlier paper [2]. In this case we find all the real numbers o > 0 and all the
families of holomorphic functions f : C — C such that u is psh (or strictly psh) on
C™ x C™; u(z,w) = |f(w —2)|*, for (z,w) € C™ x C™. In this situation, we have
proved that u is psh over C™ x C™ if and only if f(2) = (< z/a > +b)™ for each
z € C", with (m € Nyma >1,a € C*, and b € C); or f(z) = e(<*/¢>+d) for every
z € C", where (c € C" and d € C).

On the other hand, we can study the above problem for g1,...,gn : C* — C are
N pluriharmonic (prh) functions. We can also study the case of Re(¢g1), ..., Re(gn)
or (Im(g1),...,Im(gy)). The same question for the case of g1,...,gn being n-
harmonic functions.

On the other hand, fix T1,7,...,Tn,7n : C* — C™ are (2N)— complex linear
bijective transformations. Find all the subharmonic functions w1, ...,uyx € sh(C™)
(or sh(C™) N C(C™)) such that v is psh (or strictly psh) over C™ x C", where
v(z,w) = ui (T (w) —71(2)) + -+ + un(Tn(w) — T (2)), for (z,w) € C* x C,
n,N > 1.

Proposition 2.17. Let p be an analytic polynomial over C with deg(p) < 3.
Then, it has the following 2 properties.

(1) Assume that deg(p) < 2. Then, there exists an analytic polynomial q over
C, deg(q) <1 and u = (|p|* + |q|?) is strictly convex on C.

(2) Suppose that deg(p) = 3. Then, there exists a polynomial g over C, deg(q) =
3 and u = (|p|* + |q|?) is convex on C.

Proof. (1) If deg(p) € {0,1}, we choose ¢(z) = z, for all z € C. Suppose
that deg(p) = 2. Write p(z) = a2 + bz + ¢, a € C\ {0}, b,c € C. We prove
that there exists an analytic polynomial ¢, deg(q) = 1 and (|p|® + |¢|?) = u is
strictly convex on C. Let B € Ry \ {0}. We study the strict convexity of wu,
u(z) = |az? + bz + ¢|? + B|z|?, for z € C. u is strictly convex on C if

b2 b? —4
202 ((s+ 51) = ()| < ooz 0 4

for each z € C. Take zg = ;—ab. We choose B satisfying the condition
2B > |b* — 4ac|.

In this situation, we observe that, by the triangle inequality,
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G55 = Pt 2 H?a [(”ifﬂ%ﬁﬂ”
< a2 (= + )|+ 20ap | ae]
‘4(1 (z—i— ) ‘-&- |a|? ‘4 2‘—|2az+b|2+B—aa;;;(z),

for each z € C. Therefore, u is strictly convex on C.

(2) Write p(z) = az® + b22 +cz +d, a € C\ {0}, b,c,d € C. In this case,
p(z) = a(z + £)3 + (vz2 + ), where 7,6 € C. Let q(2) = a(z + £)% — (yz +6),
for z € C. Then, u(z) = 2[al?|z + £ % + 2|vz + §|*. Consequently, u is convex on
C. O

Lemma 2.18. (A) There does not exist ann > 1, a convex domain D of C™ and
a holomorphic function g : D — C such that u (orv) is strictly convex on D x C,
where u(z,w) = |w — g(2)* + |w = G(2)|* and v(z,w) = |w — g(2)|* + |w +7(2) |,
for (z,w) € D x C. But u is convex on D x C if and only if v is convexr on D x C
(if and only if g is an affine function).

(B) There does not exist ann > 2, a convex domain G of C" and a holomorphic
function k : G — C such that v is strictly psh (or strictly psh and convex) on GxC,
where v(z,w) = |w — k(2)|> + |w — k(2)|2, for (z,w) € G x C.

Proof. (A) Suppose that u is strictly convex on D x C, where D is a non-empty
convex domain of C", n > 1 and g : D — C be an holomorphic function. Note that
u is a function of class C*° over D x C. By the problem of fibration, we assume
that n = 1. Then, we have

32
82

9*u
0z0w

2
(o + 58 (2, w)8? 2 w)a|

82u 2 2

0%u 0“u —
<%( w)aw +8 o (z,w)BB + 2Re (6 P (z,w)aﬂ),

V(z,w) € D x C, V(a, B) € C?\ {0}. Let (z,w) € D x C. Then, we have
0%u 0%u

C(nw) =0, S(zw) = ¢ (2)g(2) — (w+ W)y (2)
and 52
U
328w<z’w) =—9'(2).
0?u 0%u 9 0?u ,
) =2 (mw) =2 ()P and S (s w) =~ (2)

Fix z € D and (a,3) € C?\ {O}, with the condition a # 0. It follows that
9" (2)g(2)0? — (w + W)g"(2)a® — 2¢'(z)af| < |B — g'(2)al* + |8 + |g'(2)al?,
Vw € C. Therefore, |g”(2)g(2)a? — ng "(2)a? —2¢'(2)aB| < |B—d'(2)al® +|6)* +
|’ (2)a|?, Yw € R. Suppose that g”(z) # 0. Then, the subset R is bounded. We
get a contradiction.

Consequently, ¢”(z) = 0, for all z € D. Thus, | — 2¢'(2)af| < |8 — ¢'(2)a|* +
1812 + 19/ (2)a|?, for each z € D and any (o, 3) € C?\ {0}. Then, we have

18 =g (z)al* + (18] = lg'(x)a)* > 0 forall (a,p) € C*\{0}.
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Now take 8 = ¢'(z)a, where a € C\{0}. We conclude that the last strict inequality
above is not possible. O

Now,

Corollary 2.19. For each n > 1, for each D, a convex domain of C", and for
each holomorphic function g : D — C, we have the following 2 properties.
(a) ¢ is not strictly convex on D x C, where p(z,w) = |w—g(2)|*>+|w+7(2)|?,
for (z,w) € D x C.
(b) 1 is not strictly convex on D x C, p1(z,w) = |w — g(2)|?, for (z,w) €
D x C. But there exist several possible cases for n =1 where 1 is strictly
psh and convex on D x C.

Proof. Let v: D — R be a function of class C2?, D is a convex domain of C".
Recall that v is convex on D if and only if

n 82’0 n
"Z—:l 8zjazk ]ak‘ ; 2)o;ak
for each z = (21,...,2,) € D and all a« = (a1,...,q,) € C".

v is strictly convex on D if and only if

S o0 < 35 o
for each z € D and every a = (o, ...,a,) € C™\ {0}. O

Question 2.20. Let g1,...,g9y : C* — C be N analytic functions, n, N > 1.
Put

wew) = [ (=gt OF oo o= g+ O man ),
B(0,1)

for (z,w) € C" xC. Find the condition satisfied by g1, ..., gx such that u is convex
on C* x C.

3. SOME EXTENSIONS

Now the following theorems plays a classical role in many problems of complex
analysis.

Theorem 3.1. Let A, Ay € C\ {0}. Put k(w) = @+ for w € C, where
acC\{0},beC andn>1.
Let g1, g2 : C" — C be two analytic functions. Define
u(z,w) = [Aik(w) = g1(2)* + [Azk(w) — g2(2)[%,
for (z,w) € C™ x C. The following are equivalent

(A) u is convex on C™ x C;
(B) We have 2 representations

{( )= 21
92(2) = —A1(< z/A > +p)®
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for each z € C*, where A€ C™*, p € C and s € N or

91(2’) _ A726(<Z/A1 >4p1)
92(2) — _Tle(<z/A1>+/L1)

for each z € C", where \; € C™ and pu, € C.

Proof. (A) implies (B). After effectuating a holomorphic C linear change of vari-
able, we assume that a = 1. Since convex functions are invariant by a translation,
we assume that b = 0. Therefore, k(w) = e, for each w € C. Now u is a function
of class C*° on C™ x C. Observe that, if n = 1, we have

2,, 2
O g + 28 ) 42 ()
02 02 0?u
< 8z8u (2, w)aa—l—aw(g (2, )552Re<8 5 (z, w)aﬂ)

V(z,w) € C?, ¥(«, 8) € C%. Tt follows that
(97 (2)31(2) + g5 (2)72(2))a” — e (A1g] () + Azg5 ()
+ ([ A7+ [A2)[e 262 — (A1g1(2) + A2g2(2))e” 57|
<A1 — gi(2)al® + |A2Be” — gy(2)al*.
If g =0 and By = 1, then
(AL + [A2)e* — (Aigi(2) + A2g2(2))e™ | < (|A1]? + [A2]?)e*™,  Va, € R.
Then,
(1AL +]A2[*)e™ — (A1g1(2) + A2ga(2))] < (|A1]* + | A2[*)e”
for each xy € R. Therefore,
0 <[Aigi(2) + Aoga(2)| = lim_ [(|A1]* + [Aaf*)e™ — (A177(2) + A2 (2))]
< (JAL]? 4 |42?) lim €™ =0.
r1—>—00
Thus, A191(2) + A292(2) = 0 for each z € C. The case with n > 2, is identical to
the one above. Now since go = —%gh
w 2 w Ail 2
u(z,w) = |A1e” — g1(2)|* + |Aze®” + A:gl(z)’
2

w |Ay|?
= (sl APl P+ (14 s )l ()P,
for each (z,w) € C" x C. u(.,0) is convex on C", thus |g;|? is convex on C".
Therefore, g1(z) :E(< z/A > +p)°, for each z € C", where A € C", ;x € C and
s €N, or gi(z) = Agel<#/M>+m) for each z € C*, with A\; € C" and u; € C.
Consequently, we get the 2 representations. O

Theorem 3.2. Let Ay, As € C\ {0} andn > 1. Put k(w) = (aw+b)™, forw €
C, where a € C\ {0}, b € C and m € N, m > 2. Given two holomorphic functions
91,921 C" — C, define u(z,w) = | Ay (aw+b)™ — g1(2)[? + | Az{aw + b)™ — go ()2,
for (z,w) € C™ x C. The following conditions are equivalent
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(A) u is convex on C™ x C;
(B) We have the 2 representations.

{ 91(2) = Aa(< 2/A > +p)°
92(2) = —A1(< 2/A > +p)°
for each z € C™, where A € C™*, u € C and s € N, or
g (z) = Age(<z/Aa>+u)
{ 92(2) _ _E€(<z/A1>+u1)

for every z € C", where Ay € C" and p; € C).
Proof. This is similar to the proof of Theorem 4.3. g
The following is true:

Theorem 3.3. Let k : C — C be analytic non-constant, A;,A; € C\ {0}
and n > 1. Suppose that |k| is conver on C. Given g1,92 : C* — C are two
analytic functions. Define u(z,w) = |A1k(w) — g1(2)]? + |Ask(w) — g2(2)|?, for
(z,w) € C™ x C. Then the following conditions are equivalent

(A) u is convex and strictly psh on C" x C;

(B) n =1 and we have one of the following cases:

(I) k(w) =aw+b forw € C, a € C\ {0},b € C (the representation for
g1, g2 is given in Theorem 2.15).
(I1) k(w) = e+ for each w € C, with (a € C\ {0},b € C), in which
case there are the following two representations:
T
92(2) = —A1(Az + )
for each z € C with A € C\ {0} and p € C, or
g1 (Z) — A726()\12+P«1)
{ ga(z) = —AjeMztm)

for each z € C with Ay € C\ {0} and uy € C.

Proof. We will prove that (A) implies (B). The proof of the opposite implication
is a standard exercise. From the assumptions of the theorem, it follows that k is
of one of the following two forms: k(w) = e(@*?) (a € C\ {0},b € C), or
k(w) = (aw +b)™, m € N, a € C\ {0},b € C. First we consider the former case
k(w) = e(@*) Since u is convex on C" x C,

{ 91(2) = Aa(< 2/A > +p)°
g2(2) = A1 (< z/\ > +p)®
for each z € C"™ where A € C", p € C and s € N, or

91(2’) — A726(<z/A1>+m)
92(2) — _Tle(<z/A1>+#1)

for each z € C™, where A\; € C"™ and pu; € C).

Case 1. L
{ g1(2) = Ax(< z/X > +p)®

92(2) = —A1(< z/A > +p)°
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for each z € C". Therefore, u(z,w) = (|A1|>4|A2|?)[|e @+ |2 +| < 2/X > +pu|?*],
for (z,w) € C" x C. Put uy = m. Note that u and u; are functions of
class C"° on C" x C and, therefore, u is strictly psh on C" x C if and only if u;
is strictly psh on C™ x C. The Levi Hermitian form of uy is L(u1)(z,w)(a, B) =
lal?|8]2|e(ew+?) |2 £ 52| < a/X > | < /A > +u|>72 > 0, for each (z,w) € C* x C
and any (a, ) € C" x C\ {0}. Now observe that

L(ui(z,w)(e, ) >0, VY(z,w)eC"xC, V(a, B) € C" x C\ {0}
if and only if
o(z,a) = 8% <a/A> P <z/A>+u/**2 >0, VzeC", YaecC"\{0}.

Therefore, s =1,n=1and A € C\ {0}.
Case 2.
91(2’) — A726(<z/>\1>+u1)
{ 92(2) _ —Ee<<z/h>+m)

for each z € C™. Then,
u(z,w) = (\A1|2 + |A2|2) {le(aw—&-b)‘Z + \e(<z/+)‘1>+“1)\2 7

for (z,w) € C™ x C. Define v; = W. Note that u and v; are functions of
class C*° on C" x C. u is strictly psh on C™ x C if and only if vy is strictly psh on
C™ x C. The Hermitian Levi form of vy is

L(v)(z,w)(e, ) = [aP|B2e ™D 4 | < a/dy > PlelS=/A=Fm) > q,
for each (z,w) € C™ x C, for every (a, 3) € C™ x C\ {0}. Therefore,
| < a/A; > [Plel<z/M>tm))2 5

for each z € C" and every a € C" \ {0}. Then, n =1 and A\; € C\ {0}.
Now we assume that k(w) = (aw + b)™. This case is, in fact, treated in
Theorem 2.15 and its proof. Note that, in particular, we get m = 1. 0

4. A COMPLETE CHARACTERIZATION

We have the following theorem

Theorem 4.1. Let k : C — C be an analytic non-constant function, Ay, Ay €
C\ {0} and n > 1. Suppose that |k| is convex on C. Given two analytic functions
91,92 : C" — C, define U(Z’ w) = ‘Alk(w) _gl(z)|2 + |A2k(w) - 92(Z)|27 U(sz) =
u(z,w) + [A1k(w) — g1(2)|? + |A2k(w) — g2(2)|?, for (z,w) € C* x C. Then, the
following are equivalent

(A) w is convex on C™ x C and v is strictly psh on C™ x C;

(B) n € {1,2} and we have the following 2 cases.

(I) k(w) = aw + b, for each w € C, where a € C\ {0} and b € C. Then, we
have the 2 representations.

{ 91(2) = AL(< 2/A > +p) + Ax(< 2/ M > )™,
92(2) = A2<< Z/)\ > +/J) — A1(< Z/)\l > Ml)m.
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For each z € C™ withn = 2,m = 1,A\,\; € C? and (\, \1) is a basis of the
complez vector space C2, orn=1,m =1, \,A\; € C and A\\; # 0, or

91(2) = A1(< 2/X2 > +pg) + Age(<2/ra>Fna),
92(2) = Aa(< z/XAa > +p2) — Aje(<z/As>+na)

For each z € C with n = 2,X2,A\3 € C? and (X2, \3) is a basis of the
complex vector space C2), or n =1, 3, A3 € C,\y # 0 or A3 # 0.

(1) k(w) = el@w+b) | for each w € C, with a € C\ {0} and b € C.
Then, n =1 and

{ 91(2) = Ax(A\z + p),

g2(2) = —A1(\z + ).
For each z € C with A € C\ {0} and p € C or

91(2) — A726(>\12+I11)’
ga(z) = —AjePaztin),

For each z € C with \y € C\ {0} and p; € C.

For the proof of this theorem we use the following lemma which is fundamental
in the theory of psh and strictly psh functions.

Lemma 4.2. Let f,g: D - CN n,N>1. f=(f1,...,f~), 9= (91,---,9n)
Suppose that f and g are holomorphic on D. Then, ||f+3l||* and ||f||*+ ||g]|*> have
the same Hermitian Levi form on D. Moreover, let uw : D — R be a function of
class C? on D. Denote uy = u+ ||f +g||* and ug = u + (||f||* + ||lgl|?). Then, u1
is strictly psh on D if and only if us is strictly psh on D.

Proof. We have

If+9llP =i+ + - +I|fv +9n* =
AP+ gl + -+ ) + lgn]?
+ (figi + figr + -+ fvgn + fngn)

on D. Since (fig1 + fig1 + -+ fngn + fngn) is pluriharmonic (prh) and real
valued, the functions || f + g||?> and

1P+ g+ -+ 1N+ lgn P = I1FIP + Nlgll?

have the same Hermitian Levi form on D. O

This lemma is fundamental in complex analysis and plays a classical role in
many problems in several questions of pluripotential theory.

Proof of Theorem 4.1. (A) implies (B). We study the case where k(w) = e(@w+?)
for each w € C, where a € C\ {0} and b € C. Define

v1(z,w) = [A1k(w) — G1(2)]* + |A2k(w) — ga2(2) 7,

for (z,w) € C" x C. u, v and vy are functions of class C* on C™ x C. v is strictly
psh on C™ x C if and only if vy is strictly psh on C" x C by Lemma 4.2. Since u



ON REAL AND COMPLEX CONVEXITY 105

is convex on C™ x C, then g = f%gl on C". We have
2

2
o) = (0P + AP + (1 325 )l P + oz, 0),
for each (z,w) € C™ x C, where v is a pluriharmonic (prh) function on C* x C. By
Lemma 4.2, v is strictly psh on C™ x C if and only if vy is strictly psh on C™ x C.
Let va(z,w) = |k(w)]? +|g1(2)|?, for (z,w) € C" x C. vy is a function of class C>°
on C" x C. vy is strictly psh on C™ x C if and only if vs is strictly psh on C"™ x C.
The Levi Hermitian form of vy is

L)z, w)(e ) = ¥ (w)B + ]Z %91

for each (z,w) = (z1,...,2n,w) € C"™ x C, for every (a,8) € C" x C, a =
(1, san). K (w)B]? = |a?|8?lel®*D|2 > 0, for each 3 € C\ {0}. There-
fore, vy is strictly psh on C" x C if and only if |g;|? is strictly psh on C". Since g;
is holomorphic on C", n = 1 (observe that |g;|? is not strictly psh at any point of
C" for each n > 2). It follows that |g7| > 0 on C. In fact

{ 91(2) = Ay(A\z + p)
g2(z) = —A1(A\z + p)
For each z € C with A € C\ {0} and p € C, or
91(z) = Agei=tim)
92(2;) = —A716(>‘12+H1)
For each z € C, with \; € C\ {0} and u; € C. O

Theorem 4.3. Let A1, Ay € C\ {0}. Put p(w) = w3+ w? and k(w) = e’ for
w € C (|p|? and |k|? are not convex functions on C). We have the following

(A) There does not exist n > 1 and 2 holomorphic functions g1,g2 : C* — C
such that u is convexr on C" x C;

u(z,w) = [Aip(w) — g1(2)|? + [A2p(w) — g2(2) %,
(z,w) € C" x C.
(B) There does not exist n > 1 and 2 holomorphic functions fi, fo : C* — C
such that v is convex on C" x C;

v(z,w) = [Aik(w) = f1(2)]* + |Azk(w) = fo(2)]?,
for (z,w) € C* x C.
Proof. (A) Suppose that there exists n > 1 and 2 holomorphic functions g1, gs :

C™ — C such that u is convex on C™ x C. u is a function of class C"*° on C" x C.
Then, for all fixed z € C", the function u(z,.) is convex on C. Therefore,

0?u 2u
5 5 ( < awai(z,w) for each w € C.

Then,
[A1p" (w)(Arp(w) — g1(2)) + Azp” (w) (Azp(w) — g2(2))| < (|A1]? + [A2[*)|p' (w) [,
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for each (w,z) € C x C™. Since p'(0) = 0, | — 241G1(2) — 242G2(2)| < 0. Thus,
A1G1(2) + A2g2(z) = 0, for each z € C™. Therefore,

2

u(z,w) = |Ayp(w) — g1 ()] + | Aap(w) + j;gmz)

A 2
= (s + WP + (14 5 s )P

for (z,w) € C" x C. Since u(0,.) is convex on C, |p|* is convex on C and,

consequently, |p”(w)p(w)| < [p/(w)|?, for each w € C. Let wy = —3. We have
p"(—%)p(—2) # 0, but p’(—%) = 0. This is a contradiction.

(B) Suppose that there exists n > 1 and 2 holomorphic functions fi, fo : C* —
C such that v is convex on C" x C. v is a functzion of class C’zo on C" x C. Let
z € C™. Then, v(z,.) is convex on C. Thus, |%(z,w)| < 8‘2)78%(2,111)7 for each
w € C. Then,

(S)  [A1(2+4w?)(Ark(w) — f1(2)) + A2(2 + 4w®) (A2k(w) — fo(2))]
< A AL+ A2 wl?,
for every w € C. Put wg = 0. Then, we have
2141 + 242 — 241 fi(2) - 242fa(2)] <0,

for every z € C". Then Ay f1(2)+Aafa(2) = ¢ = |A1|?+|Az|?, for each z € C". Note
that ¢ > 0. Therefore, the inequality (S) implies that |ck” (w)(k(w)—1)| < [k (w)]|?,
for each w € C. Then, c|k” (w)(k(w)—1)| < |k (w)|?, for every w € C. Put ky = k—
1. k4 is an analytic function on C. k; satisfies the holomorphic differential inequality
|k7k1] < L[k{|* on C. Consequently, k{(w)ki(w) = ~(k{(w))?, for each w € C,
where v € C. By [2], |k1]?> = |k — 1]? is convex on C. We get a contradiction. O

Note that the function k& defined by the above theorem has the following prop-
erty. For every holomorphic functions ¢1, 9 : C* — C, for every By, Bs € C\ {0}
and m € N\ {0}, if we define 1 (z, w) = | B1 k™) (w)—p1(2)|?+| B2k (w) —p2(2)|?,
for (z,w) € C"*xC, we get that the function 1 is not convex on C™ x C. But p satis-
fies for every C, Cy € C\ {0}, there exist p1, ps : C" — C 2 holomorphic functions
such that 17 is convex on C" x C; ¢y (z,w) = |C1p(w) —p1(2)|? +|Cop(w) —p2(2)|?,
for (z,w) € C" x C.

5. THE CONVEXITY AND THE COMPLEX STRUCTURE

In this section we study some fundamental properties concerning plurisubhar-
monic, convex, strictly plurisubharmonic (or convex and strictly psh) and strictly
convex functions. For analytic functions ¢1, k1, g2, k2 : C* — C (n > 1), put
e1(z,w) = ([w— g1(2) = k1 () + [w = ga(2) — ks (2)?), a(z,w) = (jw— g1 ()| +
|k1(2)]% + |w — ga(2)|? + |k2(2)[?), (2,w) € C" x C. Recall that ¢ is strictly psh
on C" x C if and only if ¢ is strictly psh on C™ x C. This is not true for strictly
convex functions. Indeed, we have

Theorem 5.1. Let g1(2) = k1(z) = 2, g2(2) = ka(2) = 2z, for z € C. Define
u(z,w) = |w—g1(2) = k1 (2)* + [w — g2(2) — ka(2)]7,
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v(z,w) = [w = g1(2)|* + k1 (2)* + [w — g2(2)” + [ka(2) |

for (z,w) € C%. Then, we get that u and v are C*° and strictly psh functions over
C2. v is strictly convex on C2. But u is not strictly convez at all points of C? (then,
u is not strictly convex on all not empty euclidean open ball subsets of C?).

Proof. u(z,w) = |w — 2x1|? + |w — 421|?, 2 = (21 + ix2), w = (23 + iz4) € C,
(1,72,73,74 € R). u is a function of class C* on C2. u is independent of the
variable x5. It follows that u is not strictly convex at all points of C2. But u is
convex and strictly psh on C2. O

Claim 5.2. Let v(z,w) = |w—g1(2)|> +|w — g2(2)|* + |g1(2)|? + |g2(2)|?, where
g1(2) = 2 — 22, g2(2) = z + 22, for (z,w) € C% Then, v is strictly convex on C?,
but g1 and go are not affine functions.

Remark 5.3. Put g1(2) = g2(2) = z, k1(2) = k2(2) = 22, for z € C.
u(z,w) = [w = g1(2) = kL(2)* + [w = g2(2) = k2(2) [,
v(z,w) = [w — g1 ()] + [k () + [w = g2(2)* + ko (2)],

(z,w) € C2. Then, v is convex on C?, but u is not convex on any non-empty
euclidean open ball subset of C2. Put fi(2) = —1, fa(2) = 1, k1(2) = —kao(2) =
22+ 1, for z € C. For (z,w) € C?, let

ui(z,w) = lw — f1(2) = k1 (2)* + [0 — fa(2) = k2(2)]* = 2|w]? + 2|22
Therefore, u; is convex on C2. Let
vi(z,w) = w— fi(2)? + [ki(2)[* + [0 = fo(2)* + [ka(2) >

vy is not convex on C2. Consequently, we cannot compare the convexity of ¢; and
w2 (p1 and @9 as defined above).

Theorem 5.4. Let g1(z) = a(2? — 1), ga(2) = 2az, z € C, a € C\ {0}. For
(z,w) € C?, define

vi(z,w) = [gr(w = 2)|* + |ga(w — 2) P,
va(z,w) = [g1(w = Z)|* + |g2(w — D),
vs(z,w) = [g1(w — 2)|* + |g2(w — D),
vz, w) = |g1(w = Z)] + |g2(w — 2) %,

Then, we have the following 5 properties.

(1) |g1|?® + |g2|? is strictly convex on C.
(2) vy is conver on C%, but vy is not strictly psh at all point of C2.
(3) wo is convex and strictly psh on C2, but vy is not strictly convex on any
non-empty open ball of C2.
(4) w3 is strictly psh on C2, vs is not convex on C2, but v3 is not strictly convex
at any point of C2.
vy 18 strictly psh on C*, vy is not convex on C*, but vy is not strictly convex
5 is strictly psh on C2, vy is not C?, but vy is not strictl
on any non-empty open ball of C2.

Proof. Obvious. d
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Observe that there is a great differences between the 2 families of functions
(convex and strictly psh) and (strictly convex) in C2. However, there is also a great
difference between the classes of convex function and strictly psh functions in
general in convex domains of C*, n > 1.
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