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Abstract

The a priori boundedness principle is proved for the two-point right-focal boundary
value problems for strongly singular higher-order nonlinear functional-differential
equations. Several sufficient conditions of solvability of the two-point right-focal
problem under consideration are derived from the a priori boundedness principle.
The proof of the a priori boundedness principle is based on Agarwal-Kiguradze type
theorems, which guarantee the existence of the Fredholm property for strongly
singular higher-order linear differential equations with argument deviations under
the two-point right-focal boundary conditions.
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1 Statement of the main results
1.1 Statement of the problem and the literature survey

Consider the functional differential equation

u(t) = F(u)(¢) (L1)
with the two-point boundary conditions

W Day=0 (i=1,...,m), u Vb)) =0 (=m+1,...,n). 1.2)

Here n > 2, m is the integer part of n/2, —00 < a < b < +00, and the operator F acts from the
set of (m — 1)th time continuously differentiable on ]a, b] functions to the set Lioc(]a, b]).
By u'"Y(a) we denote the right limit of the function " at the point a.

The problem is singular in the sense that for an arbitrary u € C"'(]a, b]) the right-hand
side of equation (1.1) may have nonintegrable singularities at the point a. Throughout the

paper we use the following notations:
x+x],
2 )
Lioc(]a, b]) is the space of functions y :]a, b] — R, which are integrable on [a + ¢, ] for

R* = [0, +00[; [x], the positive part of number x, that is, [x], =

arbitrarily small ¢ > 0;
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L, (la, b)) (L2 (]a, b)) is the space of integrable (square integrable) with the weight (¢ —a)*
functions y : ]a, b] — R with the norm

b b 1/2
i, = [ 6= a5 s (IIJ/IIL5=< / (s—a)“ﬁ(s)ds) );

L([a, b)) = Lo(la, b)), L*([a, b)) = L§(1a, b));
M(]a, b)) is the set of measurable functions 7 :]a, b] —]a, b];
Zi(]a, b)) is the Banach space of y € Lj,.(]a, b]) functions with the norm

t t 2 1/2
nynzgzmax{[/ (s—a)“</ y(&)ds) ds} :astfb};

L,(]a, b)) is the Banach space of y € Ljoc(]a, b]) functions with the norm
t
Iy, = SUP{(S - ﬂ)’”’”zf (E-a)"|yE)|dea<s<t =< b} < +00;
S

61"0;1(]51, b)) is the space of functions y : ]a, b] — R, which are continuous (absolutely con-
tinuous) together with y/,y”, ...,y on [a + &, b] for arbitrarily small & > 0;

C"17(]a, b)) is the space of functions y € C-(]a, b]) such that

loc
b 2
/ |x(s)|” ds < +00; (1.3)

C"!(la, b)) is the Banach space of functions y € C["*(]a, b]) such that

, D@ .
llrflj;]pm <+oo (i=1,...,m) (1.4)

wiih the norm ||x||qn-1 =y sup{(t'_’i;ﬂil),(ii)ll/2 ca<t §~b};

C""!(]a, b)) is the Banach space of functions y € Cl’gc’l(]a, b]) such that conditions (1.3)
and (1.4) hold with the norm ||x||5{n_1 = ||x||CIm-1 + (fab | (5)|2 ds)M?;

D,(]a, b] x R*) is the set of such functions 8 : |a, b] x R* — L,(]a, b]) that §(¢,-) : Rt — R*
is nondecreasing for every t € ]a, b], and (-, p) € L,(]a, b]) for any p € R*.

A solution of problem (1.1), (1.2) is sought in the space 6”‘1'm(]a, b]).

The principles of the theory of singular boundary value problems were built by Kigu-
radze in his study [1]. This theory has been intensively developed and studied with suffi-
cient completeness both for the ordinary differential equations and the functional differ-
ential equations (see [2—-28]).

But equation (1.1), even under the boundary condition (1.2), is not studied in the case
when the operator F has the form F(x)(t) = Y., p,»(t)x(j‘l)(rj(t)) +q(x)(t), where the singu-
larities of the functions p; : Li,c(l4, b]) (j = 2,...,m) are such that the inequalities

b b
/ (s— a)”_l[(—l)”_”’pl (s)]+ ds < 400, / (s—a)™ |p}-(s)| ds < +00 (1.5)

are not fulfilled (in this case we say that the linear part of the operator F is strongly singu-
lar), the operator g continuously acts from CJ"~!(]a, b]) to Lz% o (la, b)), and the inclu-
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sion
SUP{Q(x)(t) : ”x”q"*l < /0} € Zgn_zm_z (]ﬂ: b])

holds. The first step in studying the differential equations with strong singularities was
made by Agarwal and Kiguradze in the article [29], where the linear ordinary differential
equations under conditions (1.2), in the case when the functions p; have strong singu-
larities at the points a and b, are studied. Also the ordinary differential equations with
strong singularities under two-point boundary conditions are studied in the articles [30,
31] by Kiguradze. In the papers [32—34] these results are generalized for a linear differ-
ential equation with deviating arguments, i.e., the Agarwal-Kiguradze type theorems are
proved, which guarantee the Fredholm property for the linear differential equation with
deviating arguments. In this paper, on the basis of articles [33, 34], we prove the a priori
boundedness principle for problem (1.1), (1.2) from which several sufficient conditions of
the solvability of this problem follow.

Now we introduce some results from the articles [33, 34] in this section, which we need
for this work. Consider the equation

u?(t) =Y pieuV(z(t)) +q(t) fora<t<b (1.6)

Jj=1

with g, p; € Lioc(la, b]).
By h; :]a, b] x la,b] — R, and f; : [a, b] x M(]a, b]) — Cioc(la, b]x ]a,b]) (j=1,...,m) we
denote the functions and the operator, respectively, defined by the equalities

In(t,s) = / (& - a2 [ ()], dt,
St (1.7)
(t,s) - / (& - a)">"p,(&) d|,
and
t zj(g) ) 1/2
FeT)(ts) - f (s—a)"-z’"\pj<s)|‘ / (& — 0?0 di, ds‘. (L8)
s 3

Let also k = 2k; +1 (k; € Z), then

for k <0,
1-3-5---k fork>1.

ki =

Now we can introduce the main theorem of the papers [33] and [34].

Theorem 1.1 Let there exist the numbers £; > 0, Z,r >0,and y;>0 (j=1,...,m) such that

along with
B m (2m _j)22m—j+1£j 22m—j—1(b_a)yjzj
BZZ(z M =2+ Dl @m— 2 - Dnem =) < (1.9)
P (2m - 1)!( j+ D! (2m -2 - 1)1(2m - 3)!1,/2y;
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the conditions
(t—a)"Thy(t,s) < ¢, (t —a)" " 2 f(a,7)(t,5) < ¢ (1.10)

hold for a <t < s < b. Then problem (1.6), (1.2) is uniquely solvable in the space
C(Ja, b)),

Remark 1.1 From Lemma 2.5 it is clear that any solution of problem (1.6), (1.2) from the
space Cn1m(1a, b)) belongs also to the space 6{”’1(]61, b)).

Theorem 1.2 Let all the conditions of Theorem 1.1 be satisfied. Then the unique solution
u of problem (1.6), (1.2) for every q € z%n_m_z(]a, b)) admits the estimate

[ 2 < rliglz (111)

)
2n-2m-2
with

2" 1(2m — 2m — 1) ) 2m +1
=, V: =1, V: = ’
(v, —B)2m—1)! 2 Ty

and thus constant r > 0 depends only on the numbers ¢}, {;, v; (j=1,...,m), and a, b, n.

Remark 1.2 Under the conditions of Theorem 1.2, for every g € L2, ,, ,(la,b]), the

unique solution u of problem (1.6), (1.2) admits the estimate

lullgmr <rallqllzz (112)

. _ m 2m=2j+1)"Y2\ 2m=1(2y_2m_1)
withr, = (1+ Zj:l (m—j)! ) (un—B)}(quyzll)!! :

1.2 Theorems on the solvability of problem (1.1), (1.2)
Define the operator P: C/"(]a, b]) x C!"*(]a,b]) — Lioc(Ja, b]) by the equality

P,y)(t)= Y pi@) ey () fora<t<b, (113)

Jj=1

where p; : C"Y(Ja, b)) = Lioc(la, b]) and 7; € M(la, b]). Also, for any y > 0, define the set
A, by the relation

A, ={xeCr(1a,b]) : Ixligpr < v ). (114)

Now, following the article [6] by Kiguradze and Piiza, we introduce the following defi-

nitions.

Definition 1.1 Let y, and y be positive numbers. We say that the continuous operator
P:C"Y(a, b)) x C"*(a, b)) — L,(la, b)) is yo, y consistent with boundary condition (1.2)
if:
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(i) foranyx € A, and almost all ¢ € ]a, b], the inequality

Y @@ (5) | < 8(8 Ixligp) Il (115)

j=1
holds, where § € D,(]a, b] x R*);

(ii) foranyxe A, andge 12 5.2(la, b)), the equation

P =Y pi@) 0y () + q(t) (116)

Jj=1

under boundary conditions (1.2) has the unique solution y in the space E’”’Lm(]a, b))
and

Iyllzmr < vlglz (1.17)

m-2m-2"

Definition 1.2 We say that the operator P is y consistent with boundary condition (1.2)
if the operator P is yy, y consistent with boundary condition (1.2) for any y, > 0.

In the sequel it will always be assumed that the operator F,, is defined by the equality

Ey(0)() = [F@)(0) = Y p@) @+ (5;(0) @),

j-1

continuously acting from C"~!(]a, b]) to ng s (la, b]), and

m-2
E,(t,0) = sup{ Ep(a)(0) : I8l s < ) € I3, 505 (1)) (118)
for each p € [0, +0o[. Then the following theorem is valid.

Theorem 1.3 Let the operator P be vy, y consistent with boundary condition (1.2), and let
there exist a positive number py < y, such that

[ (mintzo0 7o) [, , = (1.19)

-2
Let, moreover, for any A €10,1[, an arbitrary solution x € A, of the equation

x"(#) = (1 - MP(x, x)(8) + AF(x)(2) (1.20)
under conditions (1.2) admit the estimate

ll%llzp—1 < po. (1.21)
Then problem (1.1), (1.2) is solvable in the space 6”’1’”‘(]11, b)).

From Theorem 1.3 with py = yy, the corollary immediately follows.
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Corollary 1.1 Let the operator P be yy, y consistent with boundary condition (1.2), and

Fx)(@) - Zp;(x)(t)x(’"l)(fj(t))(t) < n(t lxllgm-1) (1.22)

j=1

forx e Ay, and almost all t €a, b], and
Yo
17 v0) 72 <=, (1.23)
2n-2m-2 Y

where 1 € Dy, g o(la,b] x R*). Then problem (1.1), (1.2) is solvable in the space
C"(la, b)).

Corollary 1.2 Letthe operator P be y consistent with boundary condition (1.2), let inequal-
ity (1.22) hold for x € E‘lm‘l(]a, b)) and almost all t € a, b], where n(-, p) € Z%nfszz(]a, b))
forany p € R*, and

1 1
lim sup — “ n(-, p) “ZZ < —. (1.24)
pP—>+00 1Y 2n-2m-2 V4

Then problem (1.1), (1.2) is solvable in the space C"1m(la, b)).

Now define the operators /; : C"Y(Ja, b)) x la,b] x la,b] — Lio(la,b]x la, b)), VK
C"'(Ja, b)) x [a,b] x M(la,b]) — Cioc(Ja,b]x ]a,b]) (j = 1,...,m) by the equalities

Iy, 5) = f (& — ay" 2 [ "y ()E)]  de |,
St (1.25)
(s, ,5) = / (s—a)"-zmp,»(x)(ads] G=2,....m),
t 7(€) . 172
fe ) (bs) - / (E—a)”‘zmlpj(x)(§)|‘ /E (81— " d, ds’ (1.26)

and the functions o : [a,b] — R, by the equality o;(¢) = (¢ — a)"7+!/2,

Theorem 1.4 Let the continuous operator P : C{”’l(]a, b)) x C{"’l(]a, b]) — L,(]a, b)) ad-
mit condition (1.15) where § € Dy, (1a, b] x R*), t; € M(la, bl), and let the numbers y, € la, b],
li>0, Z,« >0,y;>0(j=1,...,m) be such that the inequalities

(t- a)zm’jh,(x, t,s) <1 lim sup(¢ — a)”"%’”ﬁ(x, a,7)(t,5) < Zj (1.27)

t—a

fora<t<s<b, ||x||5¥1—1 < yo, and conditions (1.9) hold. Let, moreover, the operator F and
the function n € Dyy_om—2(la, b] x R*) be such that condition (1.22) and the inequality
Yo

[nCwlz | < - (1.28)

are fulfilled, where r, = (1+ 37" (ZMEZ’;?‘W ) imi%’f{i’fﬁl) Then problem (1.1), (1.2) is solv-

able in the space C""(]a, b)).
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Theorem 1.5 Let the operator F and the function n be such that conditions (1.22), (1.24)
hold, and let the continuous operator P : C{"'(la,b]) x CI"*(la,b]) — L,(la,b]) admit
condition (1.15), where 8 € D,(la, b] x R*). Let, moreover, the measurable functions v; €
M(]a, b)) and the numbers I; > 0, Zj >0,y>0(j=1,...,m) be such that the inequalities

(t- a)zm’jh,(x, t,s) <1 lim sup(¢ — a)m’%’y/ﬁ(x, a,7)(t,5) < Zj (1.29)

t—a

fora<t<s<bxe 6{”’1(]61, b)), and conditions (1.9) hold. Then problem (1.1), (1.2) is
solvable in the space Cn1m(1a, b)).

Remark1.3 Let y; > 0, let the operators a;p; (j = 1,...,m) continuously act from the space
C7"(la, b)) to the space L,(]a, b)), let there exist the function §; € D,(]a, b]) such that for
anyx €A,

|pj(x)(t)|oz,-(t) < Sj(t, IlelgifH) fora<t<b, (1.30)
and let there exist constants « > 0, € > 0 such that

’q(t)—t’gx(t—a) (j=1....mfora<t<a+e. (1.31)
Then the operator P defined by equality (1.13) continuously acts from 4,, to the space
L,(la, b]), and there exists the function § € D,(]a, b]) such that item (i) of Definition 1.1
holds.

Now consider the equation with deviating arguments

u" () =f(t, u(tl(t)),u/(fg(t)), s u(”‘_l)(rm(t))) fora<t<b, (1.32)

where —0o <a < b < +00,f :]a,b] x R” — R is a function satisfying the local Carathéodory

conditions and t; € M(]a, b]) (j = 0,...,n — 1) are measurable functions.

Corollary 1.3 Let the functions t; € M(la, b]) and the numbers k > 0, & >0, ;> 0, Zj >0,
¥i >0 (j=1,...,m) be such that conditions (1.9), (1.10), (1.31) and the inclusions

aip; € L,(Ja,b]) (j=1,...,m) (1.33)

are fulfilled. Let, moreover,

}/(t,x(rl(t)),x/(tz(t)),. L2 (3,,(2))) Zp (£ (1(8)) (8)

<n(t lIxligp-1)

forx e E’l’”‘l(]a, b)) and almost all t €la,b], where n(-,p) € Z%H_Zm_z(]a,b])for any p €
R*, and let condition (1.24) hold. Then problem (1.32), (1.2) is solvable in the space
C" (1, b)).
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Remark 1.4 Conditions (1.5) do not follow from conditions (1.33).

Now, to illustrate our results, consider on ]a, b] the second-order functional-differential

equations
k
u'(t) = _%M(T(ﬂ) +q(x)(8), (1.34)
" Al sinu* (¢)]
W'(t) = —(Stniib;)zu(t(t)) +q)(e), (1.35)

where 1,k € R* the function t € M(]a, b)), the operator g : C""'(la, b]) — L(]a, b)) is con-

tinuous and
n(t, p) = sup{|q@)(®)| : Ixllgp1 < p} € g (1a,b).
Then, from Theorems 1.4 and 1.5 with n = 2, the corollary follows.

Corollary 1.4 Let the function © € M(la, b)), the continuous operator q : C/**(la,b]) —
Z%(]a, b)), and the numbers yy > 0, A > 0, k > 0 be such that

|T(t)—t| <(t-a)*? fora<t<b, (1.36)
In(, vo) ||Zg <= i +2[4(b -l Yor (1.37)
and
1

s -] (1.38)

Then problem (1.34), (1.2) is solvable.

Corollary 1.5 Let the function t € M(la, b)), the continuous operator q : C/"*(la, b[) —
Z(z,,o(]a, b)), and the number A > 0 be such that inequalities (1.24), (1.36) and

1

PG o)y (1:39)

hold. Then problem (1.35), (1.2) is solvable.

2 Auxiliary propositions
2.1 Lemmas on some properties of the equation x" (t) = A(t)

First, we introduce two lemmas without proofs. The first lemma is proved in [29].

Lemma 2.1 Letic{1,2},x¢ C™Y(lto, t1]) and

loc

. fa
V(@) =0 (=1,...,m), / |x"(s)|” ds < +o0. 2.1)
to
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Then

t (k0D (s))2 172 om=j+1 1/2

} _ 2.2
L G-tz | = om0 22)

t
/ % (s)|* ds
ti

fO}" to <t<Hh.
This second lemma is a particular case of Lemma 4.1 in [35].

Lemma 2.2 Ifx € C"X(la,a,)), then for any s,t € |a, a] the equality

loc

S f (& —a)" 2" (E)x() dE = wn(%)(2) = wa(%)(s) + Vi / |« (&)|* dg

is valid, where vy, = 1, Vi1 = 222, wo (%) (£) = Y1 (1) 712D ()x(2),
i . , , . t—
Wamn @)(0) = Y2 (1" [( - a1 (e) = 52D ()] 1) - S o)

j-1

Lemma 2.3 Let the numbers ay € a,b|, tox €la, a1, and €;x, &, fr, B ERY, ke N, i=m+
1,...,n, be such that

lim fo =a, lim B =g, lim & =¢;. (2.3)
k—+00 k—+00

k—+00

Let, moreover,
re Z%n—Zm—Z (] a, 611]) (24)
be a nonnegative function, xj € C" " (1a, a1]) be a solution of the problem

xU(8) = (), (2.5)

fDto)=0 (=1...,m), 2 Da)=¢gx (=m+1,...,n), (2.6)

and x € E’”‘L’”(]a, a1]) be a solution of the problem

() = BA), (2.7)

$Va@)y=0 (=1,...,m), S DVa)=¢ (=m+1,...,n). (2.8)
Then

klim x,((j_l)(t) =xUD(z) (j=1,...,n) uniformly in la, a;]. (2.9)

Proof First, let us prove our lemma under the assumption that there exists the number
71 > 0 such that the estimates

ai
/ () ds<r, keN (2.10)

20,k
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hold. Now, suppose that #,...,¢, are such numbers that fox < t; < --- < £, <ay (k € N),
and g; are the polynomials of (n — 1)th degree satisfying the conditions g;(¢;) = 1, gi(t;) = 0
(i #j;6,j=1,...,n). Then if x; is a solution of problem (2.5), (2.6), and x is a solution of
problem (2.7), (2.8), for the solution x — x; of the equation (xdf;x" (B — Br)A(t), the
representation

n

x(t)—xk(t)=Z((x(t»—xk(m) e / (-9 1k(s)ds>g/(t)
j=1

N B - Bk
(m—-1)

t
/ (t—s)"A(s)ds keNfortyy <t<a (2.11)
5]
is valid. On the other hand, in view of inequality (2.10), the identities

ROE

t
, / (t—s)"x"(s)ds (i=1,2,keN)

(I’I’l - l) tok

by Schwarz’s inequality yield

VO] < ot —a)" V2 fortox <t <ai (i=1,2,k€N), (2.12)
where ry = ut By virtue of the Arzela-Ascoli lemma and (2.12), the sequence

(m—i)'v/2m-2i+1"
{xx};5] contains a subsequence {xy,};5’ which is uniformly convergent in ]a, a1]. Suppose

limy_, ;o0 %, (£) = %0 (2). Thus from (2.11) by (2.3) the existence of such r3 > 0 that
|x,((il_1)(t)| <r3+ |x(j_1)(t)| (G=1...,n)fortoy, <t <am
follows, and then, without loss of generality, we can assume that

lim x(’ l)(t) % 1)(t) (j=1,...,n) uniformly in ]a, a;]. (2.13)

I—+00

Then, by virtue of (2.3), (2.11) and (2.13), we have

n

x(t) —x0(0) = Y _((#(5) = %0(8))))g(t) fora<t<a.

j=1

From the last two relations by (2.10) it is clear that x" = xo ) and Xo € cn- Lm(1g, a1]), ie.,
the function xo € C"%"(]a, a;]) is a solution of problem (2.7), (2.8). In view of (2.4) all the
conditions of Theorem 1.1 are fulfilled, thus problem (2.7), (2.8) is uniquely solvable in the
space C"1"(1a,a;]) and x = x,. Therefore from (2.13) it follows that

lim x(’ 1)(t) 2D () (j=1,...,n) uniformly in ]a, a;]. (2.14)

I—+00

Now suppose that relations (2.9) are not fulfilled. Then there exist § €]0, “>*[, £ > 0, and

the increasing sequence of natural numbers {k;};5° such that

max{ > [al(6) -2V (1) a+8<t<a1] >e (leN). (2.15)
j=1
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By virtue of the Arzela-Ascoli lemma and condition (2.10), the sequence {xg("l_l)};'zof (=

1,...,m), without loss of generality, can be assumed to be uniformly converging in ]a + 3,
a1]. Then, in view of what we have shown above, equality (2.14) holds. But this contradicts
condition (2.15). Thus (2.9) holds if conditions (2.10) are fulfilled.

Now assume that conditions (2.10) are not fulfilled. Then there exists the subsequence

{to,k,);57 of the sequence {£o4};2] such that

/ ! W) ds=1 (LeN). (2.16)

Lo,k

Suppose that B; = (ft?k |x§<’l") (s)]?ds)™! and v(¢) = xkl(t)/gl. Thus in view of (2.16) and our

notations,
al -~
ft V)| ds=1 (leN), [lim B =0, (2.17)
0.k
Vgn)(t) = ﬂk[/’é})"(t)r (2.18)

v tox)=0 (=1 m),
: ~ (2.19)
v @) =¢xp (=m+l,..,mleN).

From the first part of our lemma by (2.17) it follows that there exists limit lim;_, , v;(¢) =
vo(t), and vy is a solution of the corresponding homogeneous problem (2.18), (2.19). Thus
Vo = 0. On the other hand, from (2.17) it is clear that /Z,lk, |Vf)”‘) (s)|? ds = 1, which contradicts
with vy = 0. Thus our assumption is invalid and (2.10) holds. (|

Lemma 2.4 Leta<ay <b, g € R" and ) € 12 . ,(a,a)) be a nonnegative function.
Then, for the solution x € 6”‘1’”’(]61,&1]) of problem (2.7), (2.8) with B =1, the estimate

ai
/ |x"(s)|* ds < ©1(x,a1,4) (k€ N) (2.20)
a
is valid, where

m— 2
w) 2.21)

O, a1, 1) = 2|wy(x)(ar)| + ( @m— 1)1

2
112,

In-2m-2(aa])’

Proof Suppose that x; is a solution of problem (2.5), (2.6) with B =1, &;x = ¢;. Then, in
view of Lemma 2.3, relations (2.9) hold. On the other hand, by Lemma 2.2 we get

o [ O ds <) + [ 5= a0 ) s, (222)
t o,k

0,k

Now, on the basis of Lemma 2.1, Schwarz’s and Young’s inequalities, we get

/ﬂl (s — a)" 2" p(s)xx (s) ds

/ 1 [(n = 2m)xi(s) + (s — @) " ()] (/ l A(&) dé) ds

to,k
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al x2 (S) 172 al x/2 (S) 172
-2 k d P Allz
= [(n m)<fto,k (s — ) S> i (/to,k (s — a)¥m-2 S> ]” V22200

2" 2m+1) (M oy, 12 172
= emonn /m 7O ds ) W aman

1 (@ 1/2"2m+1)\?
(m) ;1|2 2
= 5/ |x/< (s)| ds + 5( 2m -1 > ”)anzn-m-z(]a,al])'

to,k

Thus from (2.22) by the definition of numbers v,, it immediately follows that the estimate

@ 2
/ " 5)] ds < 2{wa (o) )| + (M_m’) 1M, 0 s0a)  kEN):

L0,k

(2m—1(2m +1

By means of (2.9), from the last inequality, (2.20) and (2.21) follow. O

2.2 Lemmas on the Banach space Ef’“ (1a, b])
Definition 2.1 Let p € R* and the function n € Lj,.(]a, b]) be nonnegative. Then S(p, ) is
aset of such y € C*-!(]a, b]) that

loc

ly“"” (#) ‘ <p (i=1...,n), (2.23)

() -y P(s)| < / t n()ds fora<s<t<b, (2.24)
and

Y @=0 (i=L...,m), YW PB)=0 (=m+1,...,n). (2.25)

Lemma 2.5 Let, for the functiony € C"v"(1a, b)), conditions (2.25) be satisfied. Theny €
6{"‘1(]% b)) and the estimates

- (t _ a)m—i+1/2 t ) 1/2
(i-1) (m)
AR e T (/ﬂ 1y"(s)] ds) : (2.26)

a<t<b,i=1,...,m.

Proof First note that in view of inclusion y € C" (], b)), the equality

l

=3 %‘fﬁfﬂ‘%) +
j=i '

1
({-0)

ft(t - s)l_iy(l) (s)ds (2.27)

on[a,bl,fori=1,...,1,1=1,...,n, holds, where: (1) c € [a,b] if | <m; (2) c €la,b] if | > m;
and there exists r > 0 such that

b
/ " (s)|* ds <. (2.28)

Equality (2.27), with [ = m, ¢ = a, by conditions (2.25), (2.28) and Schwarz’s inequality
yields (2.26). From (2.26) and (2.28) it is clear that y € 6{"(]&, b)). (I
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Lemma2.6 Letp € R*,andletn € Z%nfszz(]a, b)) be a nonnegative function. Then S(p,n)
is a compact subset of the space 6‘{”‘1(]% b)).

Proof Condition (2.24) yields the inequality [y (¢)| < n(¢). Thus there exists such function
M € L3, 5 2(1a,b]) that

y(&) =m(t), fora<t<b, (2.29)
where
|n1(t)| <n(t) fora<t<bh. (2.30)

From Theorem 1.1 it follows that problem (2.29), (2.25) has the unique solution y €
C""(]a, b)), i.e., there exists r > 0 such that inequality (2.28) holds.
For any y € S(p, n), from equality (2.27) with [/ = , by (2.23), (2.29) and (2.30), we get

’y(i’l)(t)| <y(t) fora<t<b(i=1,...,n), (2.31)

where y;(t) = p; + (# | fct(t—s)”’in(s) ds|(i=1,...,n),and p; € R*. Letnow yx € S(p,n) (k €

n—i)!
N). By virtue of the Arzela-Ascolilemma and conditions (2.24), (2.31), the sequence {y;};%
contains a subsequence {y, };& such that {y,((’zl) +20 (i=1,..., n) are uniformly convergent
on ]a, b]. Thus, without loss of generality, we can assume that {y;f_l)},tj’ (i=1,...,n) are

uniformly convergent on ]a, b]. Let limy_, , yx(¢) = yo(£), then y, € C"(a, b)) and

loc

klim y}(H)(t) = ygfl)(t) (i=1,...,n) uniformly on ]a, b]. (2.32)

From (2.32), in view of the inclusions yx € S(p, n), it immediately follows that

, b
ygn(zz;r )‘ <p (i=1,...,n), (2.33)
(i-1) _ . (-1) _ P
Y @=0 (=L...m), y, (B)=0 (j=m+1,...,n), (2.34)
and
t
() - 30 s)| < / nE)dé fora<s<t<b. (2.35)

From (2.33)-(2.35) it is clear that yy € S(p, ). To finish the proof, we must show that

Jim [[5(6) = y0(0) g1 =0 (2.36)
and
S(p,n) € " (1, b). (2.37)

Let xx = yo — yx and a3 € ]a, b]. Then it is clear that x; € S(p’, '), where p’ =2p, n' = 2n.
Thus, for any xy, there exists ny € Z%n—2m—2(]d’ b)) such that

£ (8) = mi(e), (2.38)
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£ a)=0 (i=1,...,m), &B)=0 (=m+1,...,n), (2.39)
where
|nk(t)| <2n(t) fora<t<b(keN). (2.40)

On the other hand, from (2.26) with y = x, in view of (2.39) we get

¢ 12
’x,((l_l)(t)‘ < (f ’xg(m)(s) ’2 ds) (t—a)" ™2 fora<t<a, (2.41)
a

fori=1,...,m.
Let now w, be the operator defined in Lemma 2.2 and ®; be a function defined by (2.21)
with A = 1. Then conditions (2.32) yield

klim wu(xx)(a1) =0 (k€ N), (2.42)

and from the definition of the norm || - |12, (2.40) and (2.42) it follows that for any ¢ > 0,
we can choose a; € |a, min{a + 1, b}[ and ko € N such that

2

@)l(xk’ ai, 2”) =

< (kzk). (2.43)

By using Lemma 2.4 for xy, in view of (2.43) and (2.41), we get respectively

al (m) 9 82
[THror s kzk) (2.44)

and

(i-1)
t
% = fortclaml Q=i<mk=k). (2.45)

Also, in view of (2.32), without loss of generality, we can assume that

G ‘
(t _I;)m—i—llz =m fora <t<b(=<i<mkz=k) (2.46)
and
b 2 2
() A2 &e*(4m* -1)
/ﬂl |xk (s)| ds < SRTT (k> ko). (2.47)

From (2.44)-(2.47), equality (2.36) immediately follows.

Let now y € S(p,n) and yx = &xy, where limy_, o 8¢ = 0. Then by (2.32) it is clear that
y0 =0, and then from (2.36) it follows that y € E'{”‘l(]a, b)), i.e., the inclusion (2.37)
holds. O

Now we introduce one lemma which is proved in [33].
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Lemma 2.7 Let T € M(la, b)), o, B, k1 > 0, and let there exist 5 €10,b — a[ such that
|t@®) -t| <k(t-a)f fora<t<a+s. (2.48)
Then

k[l + k8Pt —a)*?  for B >1,
k[P + k¥t —a)*P?  for0<p<1,

<

7(t)
/ (s—a)*ds
t

fora<t<a+s.

2.3 Lemmas on the solutions of auxiliary problems
Throughout this section we assume that the operator P : C/""}(]a,b]) x C/""'(]a,b]) —
L,(Ja,b)) is yo, y consistent with boundary condition (1.2), and the operator g : C;"}(]a,
b)) — L2, ,,._5(1a,b]) is continuous.
Consider, for any x € 61””1(]01, b)) € C"*(]a, b)), the nonhomogeneous equation
i .
Y0 = 3 i@y (x(0) + 4@ (2.49)
i=1
and the corresponding homogeneous equation
i .
Y6 = pi) 0y (nild)), (2.50)

i=1

and let E” be a set of the solutions of problem (2.49), (2.25).

From inequality (1.17) of item (ii) of Definition 1.1, it follows that for any x € A,,, bound-
ary problem (2.49), (2.25) has the unique solution y in the space C™1"(]a, b)) such that
y € Cy"'(Ja,b]). Thus E" N C7"Y(Ja,b]) # @, and there exists the operator U : A, —
E"N E{”‘l(]a, b)) defined by the equality

U(x)(2) = ().
Lemma2.8 UU:A,, — E"N 61’”‘1(]41, b)) is a continuous operator.

Proof Let xx € Ay, and yi(t) = U(xe)(t) (k =1,2), ¥ = y2 — y1, and let the operator P be
defined by (1.13). Then

Y(E) = Ploa, y)(£) + qo(x1,%2)(8),

where go (%1, %2)(£) = P(x3, y1)(£) — P(x1, 1) (£) + q(x2)(£) — g(x1)(¢). Hence, by item (ii) of Def-
inition 1.1 we have

|tz (xs) - U(xl)”g{m <y g0, %2) ||z%n72m72~

Since the operators P and g are continuous, this estimate implies the continuity of the
operator U. |
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3 Proofs
Proof of Remark 1.2 Letx be a solution of problem (1.6), (1.2), then from inequalities (2.26)

(with y = x), by the definition of the norm in the space 6{"‘1(]a,b]) and estimate (1.11),
estimate (1.12) immediately follows. O

Proofof Theorem 1.3 Let § and A be the functions and numbers appearing in Definition 1.1.

We set
n(t) = 8(t, v0)yo + E» (£, min{2p0, %0}), (31)
1 for 0 < s < po,
x(s)=12-s/py for py<s<2po, (3.2)
0 for s > 2po,
a(@)(€) = x (1%l gm1) Fp(0)(2). (3.3)

From (1.18) it is clear that the nonnegative functions I~’p, n admit the inclusion
fp(-, min{2p0, y0}),n € L2 oo (la, b)), (3.4)
and for everyx € A, C E{”’l(]a, b]) and almost all £ € ]a, b], the inequality
lg@)(t)| < E,(t, min{2p0, o)) fora<t<b (3.5)

holds.

LetU:A,, — E"N 6{"‘1(]61, b)) be the operator in Lemma 2.8, from which it follows that
U is a continuous operator. On the other hand, from items (i) and (ii) of Definition 1.1,
(1.19) and (3.5), it is clear that for each x € A,,, the conditions

t
Wlegs <y 056 < [ n@)de fora<e<t
s

hold. Thus, in view of Definition 2.1, the operator I/ maps the ball A,, into its own subset
S(p1,1). From Lemma 2.2 it follows that S(p;,7) is a compact subset of the ball 4,, C
E'{"’l(]a, b)), i.e., the operator u maps the ball A, into its own compact subset. Therefore,
owing to Schauder’s principle, there exists x € S(p1,77) C A,, such that

x(t) =U(x)(t) fora<t<b.

Thus by (2.49) and notation (3.3), the function x (x € A,,) is a solution of problem (1.20),
(1.2), where

A=x (||x||&{n—1)- (3.6)
If 5 = po, then in view of the condition x € A,,,, by (3.2) we have that A =1, and then, in

view of (2.49) and (3.3), the function x is a solution of problem (1.1), (1.2) which admits
estimate (1.21).
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Let us show now that x admits estimate (1.21) in the case when pg < Y. Assume the
contrary. Then either

Po < II%llzm-1 <2p0, (3.7)
or
I%llgm-1 = 2p0. (3.8)

If condition (3.7) holds, then by virtue of (3.2) and (3.6) we have that A €]0, 1[, which by the
conditions of our theorem guarantees the validity of estimate (1.21). But this contradicts
(3.7).

Assume now that (3.8) is fulfilled. Then, by virtue of (3.2) and (3.6), we have that A = 0.
Therefore x € A, is a solution of problem (2.50), (1.2). Thus from item (ii) of Definition 1.1
it is obvious that x = 0, because problem (2.50), (1.2) has only a trivial solution. But this
contradicts condition (3.8), i.e., estimate (1.21) is valid. From estimates (1.21) and (3.2) we
have that A = 1, and then in view of (2.49) and (3.3) the function x is a solution of problem
(1.1), (1.2) which admits estimate (1.21). a

Proof of Corollary 1.2 First note that in view of condition (1.24) there exists such y, > 209
that condition (1.19) holds, and in view of Definition 1.2 the operator P is ¥y, y consistent.
On the other hand, from (1.24) it follows the existence of the number py such that

y ||,7(.,,0) ||Z%Hm72 <p forp>po. (3.9)

Let x be a solution of problem (1.20), (1.2) for some A €]0,1[. Then y = x is also a solution
of problem (1.16), (1.2) where g(¢t) = L(F(x)(£) — P(x, x)(£)). Let now p = ||x|| oL and assume
that

£ > Po (3.10)

holds. Then in view of the y -consistency of the operator p with boundary conditions (1.2),
inequality (1.17) holds and thus by condition (1.22) we have

p=lxlgm <7 |a@ |z

2n-2m-

=rntols

But the last inequality contradicts (3.9). Thus assumption (3.10) is not valid and p < po.
Therefore, for any A €]0,1[, an arbitrary solution of problem (1.20), (1.2) admits estimate
(1.21). Therefore all the conditions of Theorem 1.3 are fulfilled, from which the solvability
of problem (1.1), (1.2) follows. O

Proof of Theorem 1.4 Let r, be the constant defined in Remark 1.2. First prove that the
operator P is yy, r, consistent with boundary conditions (1.2). From the conditions of our
theorem it is obvious that item (i) of Definition 1.1 is satisfied. Let now x be an arbitrary
fixed function from the set A,,, and let p;(¢) = p;(x)(¢). Thus, in view of (1.27) and (1.9), all
the assumptions of Theorem 1.1 are satisfied, and then for any g € L3, ,,, (14, b]) problem
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(1.16), (1.2) has the unique solution y. Also in view of Remark 1.2 there exists the constant
r, > 0 (which depends only on the numbers /;, 7}-, vi (=1,...,m), and a, b, n) such that
estimate (1.17) holds with y = r,, i.e., the operator P is yy, r,, consistent with boundary
conditions (1.2). Therefore all the assumptions of Corollary 1.1 are fulfilled, from which
the solvability of problem (1.1), (1.2) follows. O

Proof of Theorem 1.5 Let r, be the constant defined in Remark 1.2. First prove that the
operator P is r, consistent with boundary conditions (1.2). From the conditions of our
theorem it is obvious that item (i) of Definition 1.1 is satisfied. Let now yy be an arbi-
trary nonnegative number, x be an arbitrary fixed function from the space A, and let
pj(t) = p;(x)(2). Then in view of (1.29) and (1.9) all the assumptions of Theorem 1.1 are
satisfied, and then for any g € Z%n—Zm—Z(]a’ b]) problem (1.16), (1.2) has the unique solution
y. Also in view of Remark 1.2 there exists the constant r,, > 0 (which depends only on the
numbers [, Zj, Yi (=1,...,m), and a, b, n) such that estimate (1.17) holds with y =r,, i.e,
the operator P is yy, r,, consistent with boundary conditions (1.2) for arbitrary yy > 0. Thus
by Definition 1.1, the operator P is r, consistent with boundary conditions (1.2). There-
fore all the assumptions of Corollary 1.2 are fulfilled, from which the solvability of problem
(1.1), (1.2) follows. O

Proof of Remark 1.3 By Schwarz’s inequality, the definition of the norm || yllglm_l and in-
equalities (2.2) for any x,y € A,, and z = y — x, we have

) @)z (50) |

, 50
= @2 @) + 5@ ’/ z(’)(w)dw’

< Vellzms | )(0) (t)(l 2 ( f " —apria )m) (3.10)
= llzligp1|p; Q; +(xj(t) ) v —a v .

for a < t < b. On the other hand, from conditions (1.31) by Lemma 2.7 it is clear that

7i(s) 1/2
aj_l(s) (f ' (€ —a)>m Y d?;‘) <Jk1+k)" forsela,a+el,

7(s) ] 172 . b ) 1/2
o [ -aprrag) <emn( [T - o)

b— m—j+1/2
= (b-a forsela+e¢,b].

2m — 2j + 1gm-i+1/2

Then if we put

(3.12)

1<j<m

(b _ a)m—j+1/2 }

V2m —2j + 1gm+1/2

from (3.11) by the last estimates and (1.30), we get the inequality

Ko = max {ﬁ(l +1)",

B2 (1(0)] < lIzllgp1 (L + 0) | 0)(®)] e (0)

< llzllgp1 (1 + x0)8 (& Iy ) (3.13)
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for a < t < b. Analogously, we get that

| (2;)(2) —Pj(x)(f))x(jfl) (t()| < llelizgn-1 (1 + ko) |y ()(8) = pj() (B)] s ()

for a <t < b. From (3.13) and the last inequality it is obvious that the operator P defined
by equality (1.13) continuously acts from A, to the space L,(]a, b]), and item (ii) of Defi-
nition 1.1 holds with 8(¢, p) = (1 + x¢) Z;Zl 8i(t, p). O

Proof of Corollary 1.3 From conditions (1.33) and (1.31), by Remark 1.3, we obtain that
the operator P defined by equality (1.13) with p;(x)(f) = p;(t) continuously acts from A,
to the space L,(]a, b]) for any y, > 0, i.e., continuously acts from 61’”’1(]61, b)) to the space
Ly(]a, b]).

Therefore it is clear that all the conditions of Theorem 1.5 would be satisfied with

F@)(8) =f(t2(n(0), & (220), ..., a" D (zu(®)),  8(tp) = A +x0) D |py(8)

j=1

’

where the constant g is defined by equality (3.12). Thus problem (1.32), (1.2) is solvable.
O

Proof of Corollary 1.4 Let the operators F, p; : C" (], b]) — Lioc(]a, b]), and the function
n:la,b] x R* — R* be defined by the equalities

k k
F@)(6) = _%x(m) Lq®,  p@ = —%
and
_ 2k _
5(t,p) = A%, h=yih L=y,
) 1 (3.14)
o B=ayf(1+[ab-a]"),  n=-

T 1 anyf+ (A - o)) 4

Then it is easy to verify that, in view of (1.36)-(1.38), conditions (1.9), (1.15), (1.22), (1.27),
(1.28) are satisfied and § € D,,(Ja, b] x R*).

Thus all the condition of Theorem 1.4 are satisfied, from which the solvability of problem
(1.34), (1.2) follows. a

Proof of Corollary 1.5 Let the operators F,p; : C"(]a, b]) — Li,c(]a, b]) and the function
n:]a,b] x R* — R* be defined by the equalities

Al sinak(2)]

1 k
(—ap O +a0O,  p&)0)= _Msina ()]

F@(0) - o

Then it is easy to verify that, in view of (1.24), (1.36) and (1.39), all the conditions of The-
orem 1.5 follow, where 8, 1, I3, 15, B, y are defined by (3.14) with p =1, ¥y = 1, from which
the solvability of problem (1.34), (1.2) follows. a
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