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SOME APPLICATIONS OF INFINITARY LOGICAL
LANGUAGES IN UNIVERSAL ALGEBRA

ALEKSANDR G. PINUS

Abstract. Some examples are given of applications of an infinite logical language
in universal algebra, in the algebraic geometry of universal algebras, in the theory
of implicit operations on algebras, in the Galois theory between automorphisms of
universal algebras and its subalgebras of fixed points, in the theory of Hamiltonian
closure of subalgebras and other areas.

1. INTRODUCTION

Historically, the first logical language is the first order language (language Li.,).
It has a well developed model theory, which is the basis for the application of
logical languages in other fields of mathematics (algebra, number theory, topology,
calculus, etc.). The first examples of effective applications of L, in algebra use
Malcev’s Compactness Theorem to obtain some local theorems in group theory:
if all finitely generated subgroups of a group G belong to a class of groups, then
the group itself belongs to this class. There are other well-known applications
of the language L, in algebra such as the ultraproduct technique and model
completeness in field theory (papers by I. Ax, S. Kochen and Ju. Ershov) and in
number theory such as ones implying the solution of problems by Artin and Leng.
Keisler-Shelah theorem on an isomorphism of some ultrapowers of elementary
equivalent models has many applications in algebra.

This set of examples of applications of the language L. in algebra can be
extended easily (see details, e.g., in [2, 5]). Henceforth, we consider algebraic
systems of not larger than countable signature.

At the same time with the development of the language L, some interest for
other (more strong in the sense of expressivity) logical languages appears. Such
languages are natural and not very natural generalizations of the language L,
e.g., languages with infinitely long formulas ( languages of the form Ly, for the
cardinals k, \ greater than w), languages with generalized quantifiers, second order
language and its fragments and so on (see [1] for details on these languages and
their model theories).

Because of the larger expressivity of these languages, their model theories are
poorer than those of the language L. One of the fundamental restrictions here
is the following Lindstrom theorem.
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Theorem 1.1 ([7]). Let the logical language L be closed for the logical connec-
tives A\, - and the quantifier 3. If the compactness and Skolem-Lowenheim theorem
hold for this language, then the expressive possibilities of the language L are exactly
the same as those of the language L.

Nevertheless, languages that are richer than L, have some effective algebraic
applications. The purpose of this paper is to attract attention to applications of the
language L, in universal algebra and give some examples of such applications.

2. THE LANGUAGE L, AND ITS MODEL THEORY

First, we recall the inductive (by the complexity of formulas) definition of the
formulas of the language Ly, with a signature o. Here k is some infinite cardinal:

(1) all atomic formulas of the first order language L, of this signature are
Ly,-formulas;

(2) if ® and ¥ are Ly, -formulas of signature o, then =&, V¥, AV, & — U
are also Ly, -formulas;

(3) if x is a free variable of an Ly,-formula ®(x), then J2®(x), VaP(x) are
also Lj-formulas;

(4) if ® is a set of Ly,-formulas such that their powers are strictly less than
k and the union of their free variables is finite, then V® and A® are also
Ly,-formulas.

An L, ,-formula is positive if its inductive construction does not require a transition
from ® to =® and from ®, ¥ to & — ¥ in step (2) of the inductive definition of
L. -formulas.

The verity of Ly,-formulas on the algebraic system 2f is defined by the standard
induction (as for the language L) and for formulas of the form A®, V®, it is
defined as follows: 2 = A® (A = AD) iff A = U for all (for some) formulas ¥
from ®.

Thus, any L,-formula is also an Ly, -formula and the language Lg, has all
expressive possibilities of the first order language L, .

It is easy to see that the following properties can be expressed in L, ,: for
the ordered fields being Archimedian, periodicity of groups and other important
properties of the classical and universal algebras that cannot be expressed in the
first order language. So, the language L, . has much stronger expressive pos-
sibilities than the language L. From the Lindstrom theorem for the language
L, ., we obtain Compactness Theorem (for any family of formulas T of the con-
sidered language, the satisfiability of any finite subfamily of the family 7" implies
the satisfiability of the family 7') and the Skolem-Lowenheim theorem (any satis-
fiable formula of the considered language has not greater than a countable model)
cannot hold simultaneously.

As the property of the finiteness of the model is expressed in the language Ly, .,
the compactness theorem is false for this language.

For the language L., the Skolem-Lowenheim theorem holds, namely if an
L, -formula @ is true on some infinite algebraic system £, then, for any infinite
cardinality not exceeding |2l|, there exists an algebraic system such that & is true
on it (see, e.g., [6]). However, the corresponding variant of the Tarsky theorem (for
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any L,-formula ® having an infinite model, there exists a ®-model of any infinite
cardinality) does not hold. Let us recall that Hanf number of any logical language
L is the least cardinal hjy satisfying the following condition. If an L-formula &
has a model of cardinality at least hr, then there exist ®-models of an arbitrarily
large cardinality. Thus, the Tarsky theorem states that hy = Ny. We also recall
the definition of the cardinal 3, for any ordinal a: Jy = R, Jay1 = 2=, and
Js = sup,,. 5 I, for any limit ordinal 3.
For L, the following theorem holds.

Theorem 2.1 ([9]). The Hanf number for Ly, is equal to 3, .

One of the most important theorems in the model theory of L, , is the following
Scott theorem.

Theorem 2.2 ([23]). For any algebraic system A of at most countable cardi-
nality there exists an Ly, -sentence @y (the Scott formula for ) such that, for
any algebraic system B of at most countable cardinality, the following conditions
are equivalent:

(1) B = Pa;
(2) B=A

We also have the following analogue of this theorem.

Theorem 2.3 ([12]). For any algebraic system A of at most countable cardi-
nality, there exists a positive Ly, ,-sentence @g such that for any algebraic system
B of at most countable cardinality the following conditions are equivalent:

(1) B y;
(2) B is some homomorphic image of the system 2.

One of the strongest restrictions on the expressive possibility of L, is the
following result by E.Lopec-Escobar [8]. The property of being a well-ordered
model is not expressible in L, (no set of L, ,-formulas of signature (<) exists
such that the models of this set of formulas are all well-ordered sets and only they).

Some other restrictions on the expressive possibility of L, are given in the
following theorems.

Theorem 2.4 ([4]). For any L., .-sentence ® such that ® has exactly k pair-
wisely nonisomorphic countable models (where ¥y < k < 2%0), it follows that ®
has an uncountable model.

Theorem 2.5 ([24]). (V = L) For any L,.-sentence ®, such that ® has
ezxactly k pairwisely nonisomorphic models of cardinality ¥, (where 1 < k < 28 ),
it follows that ® has a model of cardinality 2%

By analogy with L., L, .-formula is called unquantified (V-formula, 3-for-
mula, V3-formula, 3v-formula, respectively) if ® does not contain the quantifiers
¥, 3 (has the form Va1, ..., 2, Y (z1,...,2n), 321,.. ., 2,V (21, .., Zpn), VE1,..., Ty
Ty, U V(X1 e Ty Yty - Ym)s 31, T VYL, e Y P (T, - Ty Y1y -
Ym ), respectively, for some unquantified formula V).

For L, ., we have some analogue of Lindon theorem (on the characterization
of the positive Ly,,-formulas) and of Los theorem (on the characterization of first
order V-formulas).
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Theorem 2.6 ([8]). An L, ,-formula ® is preserved by homomorphisms iff ®
is equivalent to some positive L, -formula.

Theorem 2.7 ([10]). An Ly, -formula ® is preserved by transitions to subsys-
tems iff © is equivalent to some V-formula of Ly,

A V-formula of the language L, is called an oco-quasiidentity if it is of the

form
VIl,...,In </\(I)z*>\1/>,

il
where I is a finite or countable set, ®; (i € I) and ¥ are some atomic formulas. A
family of algebraic systems satisfying a given family of co-quasiidetities is called
an oo-quasivariety.

A direct spectrum {20, p;;|%,5 € (I;<)} of universal algebras is called an
embeddability spectrum if each homomorphism ¢; ; is an embedding of the algebra
2l; to the algebra 2; for any ¢ < j in updirected set (I;<). Let K be a family
of algebras. We denote by ZK (SK, PK) the family of the algebras isomorphic
to some K-algebra (the family of subalgebras of a K-algebras, the family of direct
products of K-algebras). Let us also denote by lim K(QxK) the family of all direct

limits of embedding spectrums of K-algebras (the least co-quasivariety containing
the class K).

Theorem 2.8. [[15]] (a) A class K of algebras of some fized signature is an
oo-quasivariety iff T C K, SK C K, PK C K, and lim K C K.

(b) Let K be a class of algebras of some fized signature. Then, the equation
QoK = 1im ISPK holds.

For details about L, and its model theory see, e.g, [3, 6, 13].
3. GEOMETRICALLY AND SYNTACTICALLY IMPLICITLY EQUIVALENT ALGEBRAS

In this section, we indicate a connection between geometrically and syntactically
implicit equivalences of universal algebras and the language L., (more precisely,
between these equivalences and oo-quasiidentities ).

Let us recall some concepts of algebraic geometry of universal algebras (for
details see, e.g, [13, 20]) and the theory of implicit operations on universal algebras
[15].

Let V be a fixed variety of universal algebras of signature ¢ and X be a set. By
Fv(X), denote the X-generated V-free algebra. For any algebra 20 = (A;0) and
Fv(X) (for some finite X), let us denote by V(F(X);®) the family of all homo-
morphisms from Fy (X) to 2. Identify the homomorphism p € V(F(X); Q) with
the n-tuple @ = (u(x1),. .., u(zn)) of the elements of A (here X = {zo,...,z,}).
So, V(Fy(X); ) = A™.

Let

T ={si(@:) = t:(y;) | i € I}
be a system of equations, where 7;,7;, C X and s;,t; are terms of the signature
o (T C Fy(X) x Fy(X)). The point p € A" (pn : Fy(X) — ) is a solution
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of the system T in 2 iff u(s;(z;)) = s*(u(@:)) = t*(u(y;)) = p(ti(y;)) for all
si(®;) =ti(y;) € T, ie. iff T C ker p.
For any B C V(Fy(X); ) = A™, let B’ be the binary relation on Fy (X) (i.e.,
B’ C Fy(X) x Fy(X)) such that B = ﬂ ker p.
€B

I

For any T C Fy (X) x Fy(X), let Ty = {p|p: Fv(X) - AT C ker u}.

Then, we have the Galois-correspondence between the family of binary relations
T on Fy(X) and the sets B of points of the space A" = V(Fy(X);2), where
n = |X|. The congruence T of the algebra Fy (X) is ™A-closed iff T = B’ for some
B C V(Fy(X);2). The set B C V(Fy(X);Q) is 2A-closed or an algebraic set of
the space A™ = V(Fy(X);2) if B =T} for some T' C Fy (n) x Fy(n).

This Galois-correspondence induces the following closure operations. B —
Bjy = (B')y and T' — T} = (Ty)' on the subsets of the space A" = V(Fy (n);2A)
and on the lattice Con Fy (n) of congruences of the algebra Fy (n).

V-algebras 2(; and 2, are geometrically equivalent (204 S ,) iff Ty = Ty,
for any binary relation T' on the algebra Fy (n) for any natural n. It means that

2y S 2, iff the following condition holds. Any two systems (finite or infinite) of

termal equations define the same algebraic sets on the algebra 2, if and only if

these two systems of equations define the same algebraic sets on the algebra 2.
We have the following theorem.

Theorem 3.1 ([13]). For any V-algebras 2y and Ay the following conditions
are equivalent:

(1) algebras Ay and A are geometrically equivalent;

(2) any finitely generated subalgebra of Ay (™Az) can be embedded isomorphi-
cally to a direct power of Ao (A4 );

(3) an oo-quasiidentity holds in 2y iff it holds in 2As.

Let us recall that an inner homomorphism (isomorphism) of a universal algebra
20 is any homomorphism (isomorphism) between some subalgebras of this algebra.
The function f(x1,...,2,) defined on the basic set of the algebra 2 is an implicit
(abstract) operation of the algebra 2 if all subalgebras of 2 are closed with respect
to f and f commutes with all inner homomorphisms (isomorphisms) of 2.

Let 2 = (A;0) be a universal algebra and @ = (aq,...a,) any n-tuple of its
elements. Denote by DI (%) the positive diagram of the algebra (a)y (i.e. of the
subalgebra of 2 generated by the set {ay,...,a,}) such that 2 = DI (@). Let Ty
be the set of all types of isomorphisms for algebras of the form <<a>91, ai,... ,an>
(the algebras (@)y enriched by the constants ay,...,a, for any ay,...,a, € 2. Let
also Tr, be the set of all n-ary terms of the signature . Finally, let ¢ : T3y — Tr
be a map such that for any @ = (ay,...a,),b = (by,...b,) € A", we have

A= DE (b1, ba) = (@2, @)) (b1, -+ ba) = @(((B)at, b)) (br, - -, by). (3.1)

An oo-positive conditional term t,(x1,...,z,) of the algebra 2 is the following
schema
tolxr, .. an) =\ (Di(ar,....20) = o({(@a, @) (21, .. 7))

{(@u.a)eTy
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for any map ¢ : Tf — Tr such that (3.1) holds.
Every oo-positive conditional term ¢, defines an oo-positive conditional termal
function t% on the basic set of 2 as follows.

t%(al, ceyQp) = <p(<<6)g(,6>)(a1, c )
for any ai,...,a, € 2. Every implicit operation on 2l is a co-positive conditional
termal function for 2 and vice versa.
Algebras 2 = (A;0) and B = (B; o) are syntactically implicitly equivalent if
the following conditions are satisfied:
(1) every oco-positive conditional term of 2 is an co-positive conditional term
of B and vice versa;
(2) every two oo-positive conditional terms of 2 define the same implicit op-
erations on 2 iff these two terms define the same operations on ‘5.

The connection between syntactically implicit equivalence and the language
Ly, is given in the following theorem:

Theorem 3.2 ([14]). For any algebras A and B, the following conditions are
equivalent:

(1) the algebras A and B are syntactically implicitly equivalent;
(2) if an co-quasyidentity is true on the algebra 2 (B ), then it is also true on
B (2A).

Theorems 2.8 and 3.1 imply an equality of the geometrically and syntactically
implicit equivalences of algebras.
From this theorems we also obtain

Corollary 3.3 ([13, 14)). For any infinite algebra 2 and each cardinal k such
that 2% < k < || there ewists a subalgebra B of the algebra A such that the
cardinality of B is k and this subalgebra is geometricaly (syntactically implicitly)
equivalent to the algebra 2.

The restriction 2%° < k in this corollary is essential.

By analogy with the concept of rational equivalence of algebras, let us say that
the algebras 20 = (A;01) and B = (B;09) of signatures o1 and oy respectively,
are implicitly (abstractly) equivalent if there exists a bijection ¢ of A onto B such
that ¢-conjugates of basic operations of B are implicit (abstract)operations of 2
and ¢~ !-conjugates of basic operations of 2 are implicit (abstract) operations of
%B. In other words, the algebras 20 and 98 are implicitly (abstractly) equivalent
if 7O (B)p =10 (A) (¢ A0 (B)p = AO (2A)), where 10 (2) (AO (1)) is the
family of all implicit (abstract) operations of the algebra 2.

Let 7 be a permutation of symbols of signature ¢ such that for f € o the arities
of f and 7(f) coincide. For any algebra 2 = (4; o), denote by 2A™ the algebra of
signature o with the same basic set and such that fiW = ffl(i).

The algebra 20 = (A; o) is called implicitly (abstractly ) categorical if for, any
algebra B = (B; o), the implicit (abstract) equivalence of 2 and B (via bijection
¢ : A — B) implies that there exists 7 such that ¢ is an isomorphism of 2[™ onto
B.

So, we have
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Theorem 3.4 ([18]). The classes of all implicitly (abstractly) categorical alge-
bras of any fized signatures are axiomatizable by some ¥Y3- (IV-) formulas of the
language Ly, ..

Corollary 3.5 ([18]). a) The classes of implicitly (abstractly) categorical alge-
bras of some fized signatures are closed with respect to increasing chains.
b) For any implicitly (abstractly) categorical algebra 2 there exists its finite or
countable subalgebra A" such that all subalgebras A" between A’ and A are implic-
itly (abstractly) categorical.

4. THE LANGUAGE L, AND AUTOMORPHISMS OF ALGEBRAS

In this section, we give some examples of applications of the language L, ., in the
theory of automorphisms of universal algebras.

The problem of a connection between automorphisms of algebraic systems and
the sets of their fixed points is one of the classical algebraic problems and the first
result obtained in this area is Galois theory of the fields. Results concerning this
connection in more general case (namely, for universal algebras) can be found in
a monograph by B.I. Plotkin [21].

By Sub2l (Aut?() denote the lattice of subalgebras (the group of automor-
phisms) of the universal algebra 2. Let f € Aut2(. By fixf denote a subalgebra
{a € A|f(a) = a} of A. Finally, if B € Sub® then by Stab(B) denote the
subgroup {f € Aut2A| f(b) = b for any b € B} of AutA. We have the following
Galois correspondence [22]:

Sub : Sub®2l — Sub Aut %,
Fix : Sub Aut 2l — Sub%(,

where Fix € = (), fix(f) for € € SubAut?. The maps Sub and Fix define the

closure operation B — B on the lattice Sub A. By f | €, we denote the restriction
of the automorphism f onto a to the subalgebra €. So, for any f,g € Aut2l and
any B € Sub2A, we have f [ B = g | B is equivalent to f [ B = g | B. Let
B be an arbitrary subset of the basic set A of an algebra 2. By 20 we denote
the constant enrichment of 2 to the signature op = 0 U (¢, | b € B) such that the
interpretation of the constant ¢, in /g is b.

By the Scott theorem, we obtain the following description of B for any B €
Sub 2.

Theorem 4.1 ([16]). Let A = (A;0) be a finite or countable algebra and let
B = (B; ) be its subalgebra. The element d in A belongs to B iff there exists some
Ly w-formula ®4(x) of signature op such that Ap = Nax®y(z) and Ap E P4(d)
(if A is finite, then the formula ®4(x) exists in the language Ly, ).

Here Ap = Jlz®(x) means that there exists a unique = such that ®(z) holds.

We say that a subalgebra 9B of the algebra 2 is Galois-closed, if B = B. We
also say that a subalgebra B = (B;0) of the algebra 2 a 3L, ,-subalgebra of 2 if
for any L, -formula ®(z) of signature op and any element d € 2, the conditions
Ap = Nzd(z) and Ap = ®(d) imply d € B.

Thus, we have
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Corollary 4.2 ([16]). For a subalgebra B of an algebra A the following condi-
tions are equivalent:
(1) B is Galois-closed;
(2) B a I Ly, ,-subalgebra of A.

Let us recall, that the algebra 2 is rigid (epirigid) if all authomorphisms (en-
domorphisms of 2 on itself ) of 2 are trivial. The algebra 2 is n-transitive if,
for any a1,...,a,,b1,...,b, € A such that a; = a; iff b; = b; (1,7 < n), there
exists an automorphism ¢ of the algebra 2 such that ¢(a;) = b; (i < n). From
the Scott theorem (Theorem 2.2) and Theorem 2.3, we obtain that the property
of countable algebras being rigid (epirigid, n-transitive) can be expressed in the
language Ly, .-

A function f(z1,...,z,) on the basic set A of some universal algebra 2l is called
Ly, ~definable (Lf -definable) if there exists an Ly, ,-formula (L7 -formula)
D(x1,...,2n,y) of signature o such that, for any aq,...,a,,b € A, the following
conditions are equivalent:

(1) A = P(ay,...an,b);
(2) b= f(a1,...,an).
We have

Theorem 4.3 ([12]). For any finite or countable universal algebra A = (A; o)
and any function f(x1,...,2,) on A, the following conditions are equivalent:
(1) f(x1,...,2n) is Luy,w-definable (L ,-definable );
(2) f(z1,...,2,) commutes with all automorphisms of the algebra A (with all
endomorphisms of the algebra 21 on itself).

Algebras 2 = (A;01) and B = (B;oy) are called Ly, ,-equivalent (LJ -
equivalent) if there exists a bijection 7 from A on B such that this bijection conju-
gates the sets of Ly, ,-definable (L} -definable) functions of the algebras 2 and B.
In other words, 2 and 9B are equivalent if, for any basic operations f(x1,...,z,)
of A, the function nf(n='(x1),...,n 1 (x,)) is Ly, ,-definable (correspondingly
L{ ,-definable) for B and vice versa: for any basic operations g(z1,...,2,) in B

the function n~'g(n(x1),...,n(xn)) is Ly, .-definable (L] -definable) for 2A.
From Theorem 4.3 we have

Corollary 4.4 ([12]). For finite or countable algebras A = (A;o01) and B =
(B;01), the following conditions are equivalent:
(1) A and B are Ly, -equivalent (L7 -equivalent);
(2) there exists a bijection n from A on B such that n conjugates the families
of all automorphisms of A and B (all endomorphisms of these algebras
onto themselves).

5. THE LANGUAGE Lwlw AND THE CONGRUENCES OF UNIVERSAL ALGEBRAS

In this section, we consider the properties of universal algebras that are connected
with their congruences and are expressible in the language L, ,, for instance: sim-
plicity, p-pseudosimplicity, subdirect irreducibility, being Hamiltonian and some
corollaries of this expressibility.
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The base of this expressivity is the well-known Malcev lemma: for any uni-
versal algebra 2 = (A;0) and for any a,b,c,d € A, the following conditions are
equivalent:

(1) {a,b) € 6*, (the principal congruence of the algebra 2 generated by the
pair (c, d)j;
(2) for some natural n, there exist terms po(z,7;), .- .,pn(x,7,,) of signature
o and n-tuples €; of the elements in A such that a = py(c,e1), pi(d,&;) =
pit1(c,€41) for i < n and p,(d,e,) = 0.
Thus, for any signature o, there exists an J-formula ®con(z,y, z,u) of the lan-
guage L, such that, for any algebra 2 = (A;0) and any a, b, ¢, d, the following
conditions are equivalent:
(1) {a,b) € 02y
(2) A E Pcon(a, b, c,d).

From this statement we obtain that the followng properties for algebras can be
expressed by L, ,,-formulas: simplicity, subdirect irreducibility, p-pseudosimplicity
for at most countable algebras.

By this and by Theorems 2.4 and 2.5 we obtain

Corollary 5.1 ([17]). (a) Let V be a variety of universal algebras such that V
has exactly k pairwisely nonisomorphic countable simple (subdirectly irreducible)
algebras (for Ry < k < 2%0). Then V contains an uncountable simple (subdirectly
irreducible) algebra.

(b) (V = L) Let V be a variety of universal algebras such that V' has exactly
k pairwisely nonisomorphic simple (subdirectly irreducible) algebras of cardinality
Ny (for 1 <k < 2%). Then V contains a simple (subdirectly irreducible) algebra
of cardinality 2%

In [11] (with an assumption of GCH), it is proved that the spectrum of any
simple algebra (the family of infinite powers of simple algebras) of any variety is
@, or {Rg}, or {Ng, 2%} or [Rg, 00).

From this assertion and from Corollary 5.1 (b) we obtain:

Corollary 5.2 (V = L). Let V be a variety of universal algebras. If V has
a simple algebra of continuum pover and the number of pairwisely nonisomorphic
such simple algebras in V is less than 281, then V has simple algebras of any
infinite cardinality.

Let us recall that a universal algebra 2[ = (A;0) is Hamiltonian if any of its
subalgebras is a congruence class (the class of equivalence for some congruence of
the algebra ).

This concept implies some natural certainty of Hamiltonian closure operation
(for details see [21]) on the lattice of subalgebras Sub 2l of the algebra 2[. Namely,

for any B = (B;o) € Sub®2l, the Hamiltonian closure B" of B is the smallest

subalgebra of 2 including 8 and such that @h is a congruence class of . An
algebra 2( is Hamiltonian simple if, for every its subalgebra % with more than one
element, we have B =L

We can state the following theorem
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Theorem 5.3 ([19]). The classes of all Hamiltonian and Hamiltonian simple
algebras of any fized signature are aziomatizable by some L, -formulas in the
class of all algebras of this signature.

Corollary 5.4 ([19]). Let K be a class of algebras axiomatizable in the language
Ly,w- If there exists Hamiltonian (Hamiltonian simple) K-algebra of some infinite
power k then there exists a Hamiltonian (Hamiltonian simple) K-algebra of any
infinite cardinality less than k. In the case k > 3,,, there exist Hamiltonian
(Hamiltonian simple) K-algebras for any infinite cardinality.
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