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The Schrédinger—Poisson system describes standing waves for the nonlinear
Schrodinger equation interacting with the electrostatic field. In this paper, we are
concerned with the existence of positive ground states to the planar
Schrédinger—Poisson system with a nonlinearity having either a subcritical or a
critical exponential growth in the sense of Trudinger—-Moser. A feature of this paper
is that neither the finite steep potential nor the reaction satisfies any symmetry or
periodicity hypotheses. The analysis developed in this paper seems to be the first
attempt in the study of planar Schréodinger—Poisson systems with lack of symmetry.
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1. Introduction

This paper deals with the qualitative analysis of solutions to Schrodinger—Poisson
systems of the type

A = [P, (2,8) €R? xR, 1)

{wt — AY+E(x)+vgp =0, (z,t) € R2 xR,
where 1 : R? x R — C is the wave function, F : R?> — R is an external potential
and v is a real parameter. The function ¢ represents an internal potential for a
nonlocal self-interaction of the wave function 1.

By the standing wave ansatz 1(x,t) = e~ u(z) (with A € R), problem (1.1)
reduces to the following stationary planar Schrodinger—Poisson system:

{Au +V(@)u+vou=0, z€R? (1)

Ag = u?, x € R?,

where V(z) = E(z) + A. In some recent works, local nonlinear terms of the form
f(u) have been added to the right-hand side of the first equation in (1.2). In this
case, the nonlinear term f(u) describes the interaction effect among particles; see
Benci and Fortunato [9]. We shall be concerned in this paper with the case where
f is a continuous function with exponential critical or subcritical growth in the
Trudinger—Moser sense.

The analysis developed in this paper is performed in the case where V(z) is a
finite steep potential well. This is a variation on the infinite potential well, in which
a particle is trapped in a ‘box’ with limited potential ‘walls’. Unlike the infinite
potential well, there is a probability that the particle will be detected outside the
box. The quantum mechanical interpretation contrasts from the classical interpre-
tation in that the particle cannot be detected outside the box if its total energy is
less than the potential energy barrier of the walls. Even when the particle’s energy
is less than the potential energy barrier of the walls, there is a non-zero probability
of the particle surviving outside the box according to the quantum interpretation.

During the last few decades, quantum modelling of semiconductors has become
a very active area of research. The (local or nonlocal) Schrédinger—Poisson system
explains the thermodynamical and electrostatic equilibrium of electrons trapped in
tiny quantum wells. In reality, the interaction of a charge particle with an elec-
tromagnetic field can be characterized by coupling the nonlinear Schrodinger’s
and Poisson’s equations, according to a classical model. Physicists proposed the
Schrédinger—Poisson system to quantify the precise energy levels of electrons in
semiconductor heterostructures; see Nier [39].

The first equation in system (1.2) is referred as the Schrédinger equation while
the second equation in (1.2) is known as the Poisson equation. The Schrodinger
equation plays the role of Newton’s laws and conservation of energy in classical
mechanics, that is, it predicts the future behaviour of a dynamic system. The linear
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Schrédinger equation is a central tool of quantum mechanics, which provides a
thorough description of a particle in a non-relativistic setting.

In recent decades, a considerable amount of research has been conducted on
the nature and behaviour of solutions to the Schrédinger—Poisson system. This
is due in part to the fact that this class of nonlinear problems contains a large
number of fundamental physical models including, for instance the interaction of a
charge particle with the electrostatic field in quantum mechanics. In this case, the
unknowns u and ¢ represent the wave functions associated with the particle and the
electric potential, respectively. Related applications include the study of obstacle
problem, the seepage surface problem or Elenbaas’s equation. In astrophysics, the
Schrodinger—Poisson system has been suggested to model certain theoretical con-
cepts; see Schunck and Mielke [45]. Self-gravitating boson stars, for example, may
be a source of exotic laser interferometer gravitational-wave observatory detections
in addition to the predicted gravitational wave merger signals of black hole and
neutron star binary systems; see Sennett et al. [46].

The structure of the nonlinear Schrédinger equation is much more complicated.
This equation is a prototypical dispersive nonlinear partial differential equation that
has been central for almost four decades now to a variety of areas in mathematical
physics. The relevant fields of application vary from Bose-Einstein condensates
and nonlinear optics (see Byeon and Wang [10]), propagation of the electric field
in optical fibers (see Malomed [36]) to the self-focusing and collapse of Langmuir
waves in plasma physics (see Zakharov [56]) and the behaviour of deep water waves
and freak waves (the so-called rogue waves) in the ocean (see Onorato et al. [41]).
The nonlinear Schrodinger equation also describes various phenomena arising in
the theory of Heisenberg ferromagnets and magnons, self-channelling of a high-
power ultra-short laser in matter, condensed matter theory, dissipative quantum
mechanics, electromagnetic fields (see Avron et al. [6]), plasma physics (e.g., the
Kurihara superfluid film equation). We refer to Sulem and Sulem [49] for a modern
overview, including applications.

Schrédinger also established the classical derivation of his equation, based upon
the analogy between mechanics and optics, and closer to de Broglie’s ideas.
Schrédinger developed a perturbation method, inspired by the work of Lord
Rayleigh in acoustics, and he proved the equivalence between his wave mechan-
ics and Heisenberg’s matrix. The importance of Schrédinger’s perturbation method
was pointed out by Einstein [27], who wrote: ‘The Schrédinger method, which has
in a certain sense the character of a field theory, does indeed deduce the existence
of only discrete states, in surprising agreement with empirical facts. It does so on
the basis of differential equations applying a kind of resonance argument.’

In the literature, in order to overcome the lack of compactness, such problems
have been investigated under periodicity assumptions or various symmetry hypothe-
ses, namely, either in radially symmetric spaces or in axially symmetry spaces. For
instance, Chen and Tang [22] proposed a new approach to recover the compactness
for Cerami sequences, while Tang [51] developed a direct method (the non-Nehari
manifold method) to find a minimizing Cerami sequence for the energy functional
outside the Nehari-Pankov manifold by using the diagonal method. We also refer
to Albuquerque et al. [3], Alves et al. [4], Chen and Tang [20, 21], Sun and Ma
[50], Wen et al. [55], etc. In a nonlocal setting, Tang and Cheng [52] introduced
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an original method to recover the compactness of Palais-Smale sequences. A key of
the present paper is that in our framework, the compactness is recovered by virtue
of the Trudinger—-Moser inequality, see Trudinger [53] and Moser [38].

The main novelty in the present paper is that we establish the existence of ground-
states under general hypotheses and without assuming any symmetry or periodicity
restrictions neither for the steep potential nor for the reaction.

1.1. Overview and historical comments

In the present paper, we are concerned with the following planar
Schrodinger—Poisson system

{Au + V(z)u+vou = f(u), xeR? (1.3)

Ag = u?, x € R?,

where v € R and f € C(R,R). We assume that V € C(R?,R) satisfies the following
hypotheses:

(V1) V is weakly differentiable and satisfies (VV (z),z) € L°°(R3) U L*(R?) for
k> 1 and

1
V(z) + i(VV(x),x) >0, forall zcR?
where (-, ) is the usual inner product in R?;
(V2) for all z € R?2, V(2) < lim V(y) = Vi < +0o and the inequality is strict

ly|—-+o0
in a subset of positive Lebesgue measure;

(V3) info(—A+V(-)) > 0, where o(—A 4 V(+)) denotes the spectrum of the self-
adjoint operator —A + V(-) : H(R?) — L?(R?), that is,

,(|V 24V 2 d
info(—A + V() = inf Je2(IVul® + V(2)u?) da o
u€H(R2)\{0} fR2 w2dr

Condition (V2) expresses that V is a finite steep potential well. Assumptions
of this type have been used in many recent papers for various types of elliptic
problems; we refer only to Rabinowitz [43] for the study of a nonlinear Schréodinger
equation with the nonlinear subcritical growth. The existence of a potential well
rather than simply a local minimum has advantages in several situations. It is, for
example, a crucial requirement when using a Lyapunov function to determine the
stability of a stationary solution of an infinite dimensional dynamical system; see
Ball and Marsden [8, § 4] and Marsden and Hughes [37, § 6.6] for a discussion of
this issue in the context of nonlinear elasticity.

As one of the typical examples of nonlinear Schrédinger equations with nonlocal
nonlinearities, there has been a large amount of literature to Schrodinger—Poisson
systems in dimension three, see [18, 28, 29, 33, 44, 50, 54] and the references
therein. This kind of systems arises in the physical literature as an approximation
of the Hartree—Fock model of a quantum many-body system of electrons under the
presence of the external potential V' (z); see [9, 30, 32] and the references therein.
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In the last decade, planar Schrodinger—Poisson systems have attracted a lot of
attention after Stubbe [48] introduced an analytic framework to a system of this
type. Indeed, the second equation in system (1.3) is called the Poisson equation,
which can be solved by

a) = T(@) #2(@) = [ T(@ =)o) dy,

where I' is the Newtonian kernel in dimension 2 and is expressed by

1
I(z) = o In|z|, z¢€R*{0}.
And so, formally, problem (1.3) has a variational structure with the associated

energy functional
1
I(u) = f/ (IVul]* + V(z)u?) d
2 o

+5 [ Tl =@l dedy - [ Fda,

where F(t) = fot f(7)dr. Note that the approaches dealing with higher-dimensional
cases seem difficult to be adapted to the planar case, since I'(z) = 5= In |z] is sign-
changing and presents singularities both at zero and infinity, and the corresponding
energy functional is not well-defined on H'(R?). Precisely, the energy functional [
involves a convolution term

/Rz / In(lz — y|)u?(@)u’(y) da dy

which is not well defined for all u € H'(R?). So the rigorous study of planar
Schrédinger—Newton systems had remained open for a long time. This is why much
less is known in the planar case.

In [48], Stubbe introduced a variational framework for (1.3) with V() =1 by
setting a weighted Sobolev space

X = {u € H'(R?): / In(1 + |2))|u(z))? dz < +oo} ,
R2
endowed with the norm
k= [ (Val? + Vi@luP)do+ [ 1+ laluto)] da.
R2 R2

which yields that the associated energy functional is well-defined and continuously
differentiable on the space X. Cingolani and Weth [23] further developed the above
variational framework to (1.3) with f(x,u) = |u|P~?u, p > 4 and gave a variational
characterization of ground state solutions when V(z) is positive and 1-periodic.
Later, Du and Weth [26] extended the above results to the case p € (2,4). Chen and
Tang [20] proved that there exists at least a ground state solution to (1.3) in an axi-
ally symmetric functions space, when f satisfies some subcritical polynomial growth
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conditions, see also [7, 14, 21, 55| and so on. Some results on the existence and
multiplicity of nontrivial solutions are obtained in [12, 21, 35] for the subcritical
exponential growth case. In particular, the authors in [35] developed an asymptotic
approximation procedure to set the problem (1.3) in the standard Sobolev space
H'(R?). It is worthy in [11, 17] that a different approach has been also developed
by establishing new weighted versions of the Trudinger—Moser inequality, for which
the problems are well defined in a log-weighted Sobolev space where variational
methods can be applied up to cover the maximal possible nonlinear growth. For
the critical exponential growth case, we also refer to [5, 19, 22], which is introduced
later.

In all of these works, we should point out that, what has been considered on
system (1.3) is the potential V is either autonomous or periodic, see [5, 14, 48], or
axially symmetric, see [19, 20, 22, 55]. So it is quite natural to ask if there exist
nontrivial solutions for planar Schrodinger—Poisson systems without any symmetry
or periodicity assumption on V. The main focus of the present paper is at the
existence of positive solutions to system (1.3) with V satisfying some suitable finite
potential well condition.

2. Main results

As is well known, the classical Sobolev embedding theorem asserts that
WyP(Q) c LYQ) for 1 < g <p*and p < N, (2.1)

where Q C RY is a bounded domain and p* = Np/(N — p) is the critical Sobolev
exponent. In the limiting case p = N, the critical Sobolev exponent becomes infinite
and WHN(Q) C L4(Q) for 1 < g < co. However, one cannot take the limit as ¢,/ N
n (2.1), that is, the embedding Wol’N(Q) C L>(Q) is no longer valid. To fill this
gap, Trudinger [53] discovered a borderline embedding result; see also Pohozaev
[42]. Roughly speaking, this is an exponential-type inequality which asserts that

uwe WM Q) = / e’ da < oo.
Q

This inequality was subsequently sharpened by Moser [38] as follows:

sup
HVUHLN(Q) <1

. 1/(N—-1
Q =400 if p > pn,

where N’ := N/(N — 1) and py—_1 is the measure of the unit sphere in RN

Since we consider planar Schrodinger—Poisson systems involving nonlineari-
ties of exponential growth in the sense of Trudinger—Moser, we first recall the
Trudinger—Moser inequality, in the sense established in [13]; see also [1, 15]. This
inequality plays a crucial role in estimating subcritical or critical nonlinearities of
Trudinger—Moser type.
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LEMMA 2.1. [13] If « > 0 and u € H'(R?), then

/ (eo‘“2 — 1) dz < .
R2

Moreover, if u € HY(R?),||Vul]3 < 1, ||ul3 < 0 < 0o and o < 4m, then there exists
a constant Cy o which depends only on 0, « such that

/]R2 (eo‘“z — 1) do < Cpq.

We also recall a notion of criticality which is totally different from the Sobolev
type.

(fo) There exists ag > 0 such that
f(t)

2
[t]—o0 eat

t
=0, Va > ap, lim 1)

2
[t]|—o0 eat

= 400, Va < ag,

which was introduced by Adimurthi and Yadava [2], see also de Figueiredo et al. [24]
to the planar nonlinear elliptic problems. At present, there have been a large number
of works in the literature to nonlinear elliptic problems involving critical growth
of Trudinger—Moser type. We refer the readers to [4, 16, 40] and the references
therein.

2.1. The subcritical case

For the subcritical exponential growth case, we make the following assumptions
on the nonlinearity f.

(f1) For every 6 > 0, there exists Cy > 0 such that |f(s)| < Cpmin{1, \s\}eeMQ,
Vs > 0.

(f2) f€CMR,R) and f(s) =o(s) as s — 0, f(s) =0 for s <0 and f(s) >0 for
s> 0.

(f3s) The function w : ¢ — R is nondecreasing in (0, +00).
(f4) There exist My > 0 and to > 0 such that
F(t) < Molf(8)],  VIt] = to.

Now we state our result about the existence of positive ground state solutions to
problem (1.3).

THEOREM 2.2. Assume (V1)-(V3) and (f1)—(f4) hold. Then, for any v >0,
problem (1.3) has at least a positive ground state solution u € X satisfying

/11%2 /R2 In|z — ylu?(z)u?(y) de dy| < +oo. (2.2)
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REMARK 2.3. In the present paper, we can also endow X with the norm
(see [19, 20])

Jully = [ (9P + V@) do+ [ 2+ jo)jua) da.

from which we can easily see that
/ In(2 + |z|)|u(z)|* dz > / In 2|u(x)[? dz.
R2 R2

As a clear estimate on bound from below for the term [g, In(2 + |2[)|u(z)|? dz, it
is good for us to develop an energy estimate inequality in analysis. Thus, it seems
possible to improve condition (V3) by relaxing the lower bound of V.

REMARK 2.4. In order to obtain the compactness directly, the authors in
[19-22, 55] studied system (1.3) in an axially symmetric space E := X N H]}, with

Hl ={ue H'(R?) : u(z) := u(z1,22) = u(|z1], |z2]), V2 € R?}.

This is a natural constraint set, since critical points of the functional I restricted to
FE are also critical points of the functional I in X. More importantly, for any axially
symmetric function u € E, by decomposing the convolution term in functional I,
they can obtain an estimate

1
/ In(1+ |z — y|)u?(z)u’(y) de dy > ZHUH%/ In(1 + |z))u*dz, ue€E,
R4 R2

which is crucial in proving that I satisfies the Cerami condition at arbitrary energy
level in E. Moreover, compared with [21] where the authors studied the case of
subcritical polynomial growth, and used a monotonicity condition on V:

V € CY(R?,R), t — t*[2V (tz)
— VV(tx) - (tx)] is nondecreasing in (0,00) for all € R?

to prove the existence of ground state solutions of (1.3), this condition is removed in
theorem 2.2. However, we do not provide a minimax characterization of this ground
state energy.

In addition to the difficulties that the quadratic part of I is not coercive on X and
the norm of X is not translation invariant, the boundedness and compactness of
any Cerami sequence {u,, } associated with functional I are also the main obstacles
that we need to overcome in our arguments. In the autonomous or periodic case,
see [5], some strong compactness lemma can be established with the help of the
translation invariance of I. However, their approaches do not work any more for
the non-autonomous equation (1.3), since it seems difficult to construct a Cerami
sequence satisfying asymptotically some Pohozaev identity due to the lack of the
translation invariance of I.

In contrast to the symmetry or axial symmetry case (see [21]), where one can
establish a new inequality on Vj(u) to prove the boundedness of any Cerami
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sequence {u, } for functional I, as mentioned in remark 2.4, it becomes tougher to
prove the boundedness of {u, } in X for our case without any symmetry assumption
on V. To bypass this obstacle, a new nonlocal perturbation approach is introduced
to prove firstly that any Cerami sequence {u,,} is bounded in H!(R?). And then by
virtue of Lions’ vanishing lemma combined with estimates on the convolution term,
we can rule out the vanishing case for sequence {u,}. Finally, a delicate analysis
on the mountain-pass values corresponding to the functional I and the associated
limit functional I is given to exclude energy bubbling of sequence {u,, } at infinity.

2.2. The critical case

We now turn our attention to the critical case. In the literature, there have
been a few results on planar Schrodinger—Poisson systems with critical growth of
Trudinger—Moser type. Recently, Alves and Figueiredo [5] investigated the existence
of positive ground state solutions for (1.3) when V(z) =1 and f satisfies (fy),(f2)
and the following conditions:

(f’s) f( ) is increasing in (0,00);
(f5) there exists 6 > 2 such that 0 < 0F(t) < f(¢)t for all ¢t > 0;

(f6) there exist constants p > 4 and

. (p—2)/2
)\0 > max 1’ |:2(p?)0(00p:|
m(p—4)

such that f(t) > A\otP~! for ¢t > 0, where ¢, = inf, I, with
Np = {u e X\{0} : I(u)u =0}

and

L) = 3 [ (VuP + ) da

1
+f/ In(|z — y|)u?(z) 2(y)dcvdy—f/ ul? dz.
P Jr2

Observe from [5] that the monotonicity condition (f}) is often used to guarantee
the boundedness of the Palais-Smale sequence {u,} associated with I. With the
aid of (f), the authors established directly an estimate on the norm of sequence
{u,} in H*(R?). Then thanks to the Trudinger—Moser inequality, the compactness
was obtained. However, as a global condition, (fs) requires f(t) to be super-cubic
for all £ > 0, which seems a little bit strict especially for ¢ > 0 small.

Later, under weaker assumptions than (f) and (fs), Chen and Tang [22] stud-
ied the existence of nontrivial solutions to (1.3) when f(u) is replaced by f(x,u).
Motivated by [24], f(x,u) is required to satisfy the following conditions:

(F1) f(z,t)t > 0 for all (z,t) € R? x (R\{0}) and there exist My > 0 and tg > 0
such that

F(x,t) < Mo|f(z,t)], VY eR2 |t| > to;
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(F2) liminf,_ .o 5@ > 5 >

eapt?
< L

2p2 where p € (0,1/2) such that p? max, <, V()

P
g

Conditions (F1) and (F2) are devoted to giving a sharp estimate on the minimax
level to guarantee that any Cerami sequence or any minimizing sequence {u,} of
the associated functional does not vanish. Moreover, (F1) together with a weaker
monotonicity condition

f{t) = V(x)t

(f7) for all z € R?, the mapping (0,00) > t — 3

is non-decreasing,
than (f3) can be used to verify that the weak limit of any Cerami sequence {u,}
is a nontrivial solution of (1.3) in [22]. Tt is worth pointing out that the authors in
[22] need to introduce some sort of axially symmetric assumptions on V and f.

Another feature of the present paper is that we study the existence of nontrivial
solutions to system (1.3) without hypotheses (F1) and (F2). Let Sy be the best
constant of Sobolev embedding H{ (B1/4(0)) < L*(B1,4(0)), that is,

1/2 1/2
Sy (/ u? dx) < (/ |Vu|* + V (z)u? dx) , (2.3)
By4(0) By4(0)

which has been one well-known fact. Moreover, the compactness of the embed-
ding guarantees the achievement of Ss, since By /4(0) is a specific bounded domain.
Recently, one fine bound of constant Se has been also obtained in Du [25], which
makes possible to give one specific estimate of v from below in the following result.

THEOREM 2.5. Assume that conditions (V2)—(V3) and (fy), (f), (fz) hold. Then,
for

040831
dr1In?2’

equation (1.3) has at least a positive ground state solution u € X satisfying

/ / In|z — ylu?(z)u?(y) dz dy| < +oo. (2.4)
R2 JR2

Essentially, we adopt some ideas used in the subcritical exponential growth case
to prove theorem 2.5. However, instead of the nonlocal perturbation approach used
in theorem 2.2, the boundedness of any Cerami sequence {u,, } in H!(R?) is obtained
by a contradiction argument combining with Lions’ vanishing lemma.

In order to obtain the existence of weak solutions to the limiting problem and
further to exclude energy bubbling of sequence {u,} at infinity, a refined estimate
on the mountain pass value is given under an additional restriction on v.

REMARK 2.6. Different from [19, 22], the potential V' and the nonlinearity f are
only required to satisfy some weaker assumptions as in theorem 2.5, and are neither
axially symmetric nor satisfy condition (F1) or (F2). Moreover, the conditions of
theorem 2.5 do not involve (f4), (fs) and (fs) in [5] where the authors studied
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system (1.3) in the radially symmetric setting. Indeed, (f7) is weaker than (f3).
Since nonlinearity f in theorem 2.5 is very general, the restriction on v has to be
stated to ensure that the associated mountain pass value is less than alo, so that
the compactness is recovered by virtue of the Trudinger—Moser inequality.

Throughout the paper, we need the following notations. Denote by L*(R?), s €
[1, 0] the usual Lebesgue space with the norm || - ||s. For any r > 0 and any z € R?,
B,.(z) stands for the ball of radius r centred at z. X* denotes the dual space of X.
At last, C,C1,Cs, ... denote various positive generic constants.

3. Preliminary results

Consider the Hilbert space H'(R?) with the norm

lu|| :== (/ |Vul? + V(z)u? dx) ,
R2

which is equivalent to the standard norm in H*(R?) with (V2)-(V3). For any u € X,
we also define
1
3
lulls :== (/ In(1 4+ |z|)u? dw)
R2

1
lullx = (lull® + lull2)* -

In what follows, we recall a few basic properties about the Newton kernel to problem
(1.3). Define the symmetric bilinear forms

and

(1,) > By(u,v) = o / (1 + |z — yl)u(z)u(y) de dy,

(1, 0) 1 Bo(u,v) — % /R n (1 + ) w(@)uly) da dy,

|z -y

™

(u,v) — Bo(u,v) = By(u,v) — Ba(u,v) = 2i /R4 In(|z — y))u(z)u(y) dz dy,

where u, v : R? — R are measurable functions in the Lebesgue sense. We define on
X the associated functionals

Vitw) = Bi(u? ?) = 5 / (1 + |z — gl (@) (y) dr dy,

™

o z_g/ 1N e
Volw) = Bl ) = g | (14 o R aeR() ddy,

we Valu) = Vi) = Va(w) = 5 [ e = yul(@) ) dady,

Observe that

In(1+ |z —y|) <In(1+ |z +|y]) <In(l + |z|) +In(1+ |y|) for z,y € R?,
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then we have the estimate for u,v,w,z € X

Bi(uv, wz) < ;/ (1 + |2]) + In(1 + |yP)]|u(z)v(2)][w(y)z(y)| dz dy
]R4

™

1

< g Ul llwlizlizllz + ullzlivllllwlll=)- 3.1

Due to the Hardy—Littlewood—Sobolev inequality, we deduce that

L[ @)
B < dedy < C . uvE X, 3.2
Ba(wo)] < 3= [ P aady < Clulaliollgs, v (32

which implies that

Va(u)| < Cllulls/s, weX. (3.3)

LEMMA 3.1. [23] Let {u,} be a sequence in L*(R?) such that u,, — u € L*(R?)\{0}
pointwise almost everywhere on R%. Moreover, let {v,} be a bounded sequence in
L?(R?) such that sup,,cy B1(u2,v2) < co. Then there exist ng € N and C > 0 such

n - 'n
that ||vn ||« < C for n = ng. If, moreover,

Bi(u?,v2) =0 and |v.]| —0 asn— oo,

then ||vp|lx — 0 as n — oo.

LEMMA 3.2. [23] Let {un}, {vn}, {wn} be bounded sequences in X such that u, — u
weakly in X. Then, for every z € X, we have By(v,wy, z(u, —u)) — 0 as n — oo.

LEMMA 3.3. [23] The following conclusions hold true.

(i) The space X is compactly embedded into L*(R?) for all s € [2,+00).

(ii) The functionals Vo, V1,Va are of C' class on X. Moreover, V/(u)v =
4B;(u?, uv) for u,v € X andi=0,1,2.

(i) Vh is continuously differentiable on L5 (R2).

(iv) Vi is weakly lower semicontinuous on H'(R?).

We now recall a version of the Mountain Pass Theorem which plays a crucial role
in proving the existence of nontrivial solutions.

THEOREM 3.4. [47] Let X be a real Banach space and let I € C*(X,R). Let S be a
closed subset of X which disconnects (arcwise) X in distinct connected components

X1 and X5. Suppose further that I(0) =0 and

(i) 0 € X1 and there is o > 0 such that Ig > «,

(i) there is e € Xy such that I(e) < 0.
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Then I possesses a sequence {u,} C X (called as (Ce). sequence) satisfying
I(un) = ¢, I (un)[x+(1+ [[un]x) — 0

ith ¢ > a > 0 given by ¢ = inf I(~v(t)), wh
with ¢ > « given by ¢ ilell“tren[gﬁ] (y(t)), where

I = {y € C(10,1], X) : 4(0) = 0, /(1) = e}.

4. The subcritical case

Without loss of generality, we assume v =1 in this section. We now give more
details to describe the nonlocal perturbation approach mentioned in §2. Since we
do not impose the well-known Ambrosetti-Rabinowitz condition, the boundedness
of the Palais—-Smale sequence cannot be obtained easily. In order to overcome this
difficulty, we introduce a perturbation technique developed in [33, 34] to equation
(1.3). Set

A€ (0,1], r € (max{p,4},+o0).
Consider the following modified problem:

1
—Au+ V(z)u+ du+ X (fgs u? dx)z u=f(u) + Aul"?u, xR (471)
Ag = u?, x € R2,

whose associated functional is given by

5

1 1 2A 5
Ii(u) = Sl + */ In(|z — y)u®(@)u’(y) da dy + = |lull;
2 8 R4 5

-
- / Fu)da — 2 fulf.
R2 '

Now we provide a Pohozaev type identity for the modified equation (4.1).

LEMMA 4.1. Suppose that uw € X is a weak solution of (4.1). Then we have the
following identity:

1 1
Puwi= [ Veudot g [ (TV(@)aa® da+ Vo) + Mul} + Jlull

R2 R2
22

_ 2/ Flu)da — 2 = 0.
R2 T

In the following, we verify the geometry assumption of theorem 3.4 so that we can
get the associated (Ce)., sequence {u, »} (still denoted by {w,}) with ¢y > a >0
and

— inf I . 4.2
ex = inf max A((t)) (4.2)

From the following lemma, we can observe that ¢y has an uniform bound inde-
pendently of A. That is, there exist a,b > 0 such that ¢y € [a, ], where a,b do not
depend on A.
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LEMMA 4.2. Assume (V1)-(V3) and (f1)—(f3) hold, then assumption (i) and (i)
of theorem 3.4 hold true.

Proof. Choosing 6 € (0,47) and p > 2, it follows from (f1)—(f2) that, for any € > 0,
there exists C; > 0 such that

IF(s)| < e(e —1) + C.|s]P, seR (4.3)

By Moser—Trudinger’s inequality (lemma 2.1), we claim that there exists C' > 0
(independent of u and €) such that, for any u € H'(R?) with |Jul|?> < 1, there holds
that

/ Fu) de < eCllull? + C.|Jul. (4.4)
R2

In fact, due to e* — 1 —a < z(e® — 1) for any = > 0,

/ @ —1)dz =6 [ w?dz +/ (1 — 1 — gluf?) da
R2 R2 R2

<O | vwdx+6 uz(eem\? —1)da.
R? R2

By lemma 2.1 and Holder’s inequality, for some ¢ > 0 (independent of u), one has

/ w2 Z 1) dz < efjul.
R2

So (4.4) follows from (4.3) and Sobolev’s embedding,.
Then, we have by (3.3)
1 1 O\ .3 Ao
In(u) = S llul® + 5 [Vi(u) = Va(u)] + = lull3 */ Fu)da — —|lull;
2 4 5 R2 r

1—2eC
>
2
which implies that there exist & > 0 and p > 0 small such that

lull* = Cllull* = Cellul” = Cslul", (4.5)

I(u) > a, YueS={ueX:|ul=np} (4.6)

On the other hand, take e € C§°(R?) such that e(z) = 0 for z € R*\B1(0), e(z) = 1
for z € B1(0), and |[Ve(z)] < C. Then we have the following estimate:

2)\35 /2

Ix(se) = *II I” + [ 1(e) = Va(e)] + lell3 -

R2
Z 277 2
el = N R T

S ln2 2 9g8/2 s
< Sletr - S22 ([ @wac) + el (4.7)

Hence, we can choose ty > 0 large enough such that I (tge) < 0. O
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LEMMA 4.3. Assume (V1)-(V3) and (f1)—(f41) hold, then any (Ce)., sequence {u,}
is bounded in H'(R?).

Proof. Assume {u,} is a (Ce)., sequence. Then the following holds:

1 3\ 5 1
= Lol + 35l + [ (f(un)un - F(un>) de
4 20 2 AnURA AL} \4

5 1
>l 4 gl = [ () = G o+ T
(4.8)
where A, := {z| % f(uy)us, — F(u,) < 0}. Using (fs), the definition of A, implies

that there exists T'> 0 such that |u,| < T for € A,. So, by (f2) there exists
C7 > 0 such that

/An(F(un) - if(un)un)dx < CT/ u? dz < Cpllu,|)3. (4.9)

n

5
Observe that for any large By >0, there exists By >0 such that = |u,|3 >
Bi||un||3 — B2. So combining (4.8) and (4.9) we have

1 —4
C 4+ ABs > Sjun? +/ (ABy — Co)unl? + =" [ dz. (410
8 R2 4r
Let B; be large enough, then for fixed A, the following holds:
(AB; — Op)t* + At’“ 0

for t > 0. Thus, it follows from (4.10) that |lu,| < C for some C' (independent
of n). O

LEMMA 4.4. Assume (V1)~(V3) and (f1), (f2) and (fa) hold true, if I} (u) =0

and u € X\{0}, then I o (u) = g)lax )IA’oo(ut), where uy := t?u(tx). Here,
te (0,400

1 1 1
Bty [ IVl ot 3 [ Vit dot v + 2 ul}?

- / Fw)dz — 2 ul.
R2 T
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Proof. By I}  (u) =0, we have

mvm@+/)%w”m+xwﬁm+vaw
]RZ

1

= llellz =2 /Rz(f(“)“ _ F(u)ds - 2T =X

lull; =0, (4.11)
which comes from 21} (u)u — Px o0(u) = 0. Here,
P — 2 5/2 Lo 2\ o
Noo(w) = [ Voou dz + Allully™ + Vo(u) + Zllullz =2 | F(u)da — —=lull;.
R2 R2 r

Let us define a function x(¢):=Ixco(u;) on [0,+00). Obviously, x(0)=0
and x(t) >0 for ¢>0 small and x(¢t) <0 for ¢ sufficiently large. Thus,
MaXye(0,400) In,00(ut) is achieved at some t, > 0. So x'(t,) =0 and u,, satisfies
(4.11). Observe that

F(t?u)\'
X' (t) = 2t3||Vul|2 —l—t/ Voou? da + )\t3/2||u|\3/2 + Vo (u) — / < ( u)) dx
R2 R2 t

1 2(r — M3
-6 (e ) g - 2O gy

1 A 1
= ¢3 [2||Vu||§ + ;/ Veu?dz + ||u||g/2 + Volu) — <lnt + ) ]|
]RQ

3/2 4
f(t2w)tPu — F(t?u 2(r — Ar=¢

From (4.11) we infer that x’(1) = 0 and x/(¢) > 0 for t < 1 and x/(t) < 0 for ¢t > 1.
Thus, t, = 1. The proof is complete. O

Motivated by the strategy of proposition 3.1 in [23], we have

LEMMA 4.5. Assume (V1)-(V3) and (f1)—(f1) hold, for A € (0,1] fized, there exists
up € X\{0} such that I (ug) = 0 with I\(up) = cx.

Proof. By using lemmas 4.2 and 4.3, we observe that there exists a (Ce)., sequence
{un} € X with |luy,|| < C uniformly for n. The remaining proof will be divided into
three steps.

Step 1. We claim that

liminf sup / u? () dz > 0. (4.12)
Ba(y)

"0 yeR?

If (4.12) does not occur, then by Lions’ vanishing lemma (see [31]), we have u,, — 0
in L*(R?) for all s > 2. From (f;)—(f2), take 6 small enough, we deduce that, for
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any € > 0, there exists C; > 0 such that for p > 2

[f ()] < (@ 4 1) un| + Celun P, (4.13)

from which we have [po f(un)u, dz = o(1) for large n. Thus, it follows from (4.4)
and (3.3) that

| + Vi (un) + Munl3’® = I (un)un + Va(uy,)

+ / F(ttntn Az + A7+ 0(1) = o(1),
Rz

which yields that u,, — 0 in H'(R?) and V; (u,,) — 0 as n — oo. Thus, by (4.4) one
has

1 2\ 1 Ao
i) = P a3 (Vi ) = Vi) = [ Fl) o = 2 =0

as n — 00, which contradicts ¢y > a. So the claim is true. Going if necessary to a
subsequence, there exists a sequence {y,} C R? such that v,, = u, (- + y,) is still
bounded in H'(R?) and v, — vy for some non-zero function vy € H'(R?), and
v, — Vg a.e. in R2.

Step 2. We claim that {y,} is bounded. Assume by contradiction that |y,| — +oo.

Since {uy} is a (Ce)., sequence for Iy, the following holds:

Vi(un) = Vi(un) = o(1) + Va(un) +/ F(un)un dz + N|unlly = llun|* = Mlun]3,
R2

which yields that Vi (vy,) is bounded uniformly for n due to the boundedness of {u,, }
in H'(R?). Recalling lemma 3.1, we obtain that ||v,||s are also bounded uniformly
for n, and thus {v,} is bounded in X. Up to subsequence, we may assume that
vp, — vo in X. So, vy € X. It then follows by lemma 3.3 (i) that v,, — v in L*(R?)
for s > 2 as n — oo. Observe that for small r > 0, due to y,, — +00, one has

fonll = [ 05 bt de > [t et el de

1

> 7/ (1 + [y )v2 (x) dz > Co In(1 + |y )
2 /B, (0

with some C > 0, and
(=)l = [ 101 + o + i )ed) do

<[ e + 1+ Dled o) do
B,.(0)

< CsIn(1 + [yal)
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for some C3 > 0. In view of the above inequalities, we deduce from the Fatou lemma
that there exists C' > 0 such that

% < lvoll® + [lvo (- —ya)II3
< Cllunll + oo (- =ya)lI3)
<

Cllunl%- (4.14)

[[vo(-=ya)

Define

~ 1 1
I p(vp) = 3 /2 |Vu,|? dz + 5 /2 Vix+ yn)vi dx
R R

1 2)\ 5/2 )‘ r
) + 2 el - / F(on) dz — 2o,
4 5 R2 T

Therefore, we have for every n,

I} (0n) (Un = v0)| = 1\ (un) (tn = vo(-=yn))]
< () = (lunllx + llvo(-=yn )1 x), (4.15)
which, together with (4.14), implies that
|15 . (vn) (v — v0)| = 0, asn — oo. (4.16)

Based on the fact that v,, — vg in L¥(R?) for s > 2 as n — oo, by assumption (V2)
one has

/ V(x + yn)vn(vy, — v9) da — 0, (4.17)
R2

as n — oo, and by (4.13) and (3.2) one has

Fn) (0 — v0) dz — 0, Hunné/?/ vn (0 — 1) dz — 0,
R R (4.18)

1
IZVzl(vn)(vn —vo)| < |Ba(vh, vn(vn = v0))| < [lonll§)sllvn = volls/s — 0,
as n — 00. By the definition of I:A,n(vn), we have
Bl(U72NU7L(Un - UO))

= I&,n(vn)(vn — ) — ) V(2 + Yn)vn(vn —vo) do — ||V (v, — UO)H%
R
+ Bo (v, vy (vn, — v0)) — )\||vn||;/2/ U (v, — vg) d + f(vn) (v — vo)da
R2 R2
+ )\/ [Un|" 205 (v, — vg) d + o(1). (4.19)
]RQ

Combining (4.16)—(4.19), we infer that |[V(v, —v0)||3 =0 and Bi(v2,
v (v, —v0)) — 0 as n — oo, and then v, — vy in H'(R?). Recalling lemmas 3.1
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and 3.2, we have ||v, — vg||« — 0 as n — oo. We therefore deduce that v,, — vg in
X.
Note that, for any ¢ € C5°(R?), we have, after passing to a subsequence,

/ V(x+yn)vn<pdx—>/ Vaevopdzr as n — oo.
R2 R2

Thus, from (4.14) and (4.15) we deduce that for any ¢ € C§°(R?)
14 oo (v0) o] = [T}, (vn)ep] + 0(1) = | I} (tn)(-—yn)| + 0(1)
<A (un) lLx < [l (-=wn) L x + o(1)
< OIS (un) [ x+ lpll x 4 o(1),

which implies that I} _ (vo) = 0. That is, v is a nontrivial critical point of func-
tional Iy o with Iy o (vg) = cx. Recalling the definition of ¢y and lemma 4.4, we
have

ex < max I(ve) < max Iy eo(vor) = Inco(vo) =, vor = t2vo(tx),
te(0,400) t€(0,+00)

which is a contradiction. Therefore, {y,} is a bounded sequence.

Step 3. We show that u, — u in X. Since we have known from step 2 that {y,} is
a bounded sequence, there exists ug € H'(R?)\{0} such that u, — ug in H'(R?)
and u,, — ug a.e. in R?. Arguing as in step 2, we deduce that u,, — ug in X. We
conclude that ug is critical point of Iy with I(uy) = cx. O

4.1. Proof of theorem 2.2

In view of lemma 4.5, for fixed A € (0,1], we have I}(uy) =0 for some uy €
X\{0}. Choosing a sequence {\,} C (0,1] satisfying A\, — 0T, there exists a
sequence of nontrivial critical points {uy, }(still denoted by {w,}) of I, with
Iy, (u,) = ¢y, . We now show that {u,} is bounded in H'(R?). In fact, according
to the definition of I} (u,)u, =0, we have

Vi) = =1Vl + [ Vi)l do) = Ml + Aulbualls + [ Flun)us da

(4.20)
Substituting Vo (u,,) into Py(u,) = 0 gives
1 1
IVl + 5 [ (V@) +
R2
—2
[ flun)un — 2F (up) dz + %Anuunng = 0. (4.21)
R2
We use the same fashion to get
1 1
I () = 319 unlf + 5 [ Vi)l da
4 4 Jgo
]. 3)\71 5/2 )\n(’f' — 4) r
+ |, g/ ) = Fun) da  Zet a3+ 25— a7 (4:22)
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Putting (4.22) into (4.21), we get

4
— [41n, (un) 7/ V(I)ui do + <r — 1> Ao llwn I
RZ

3\
b [ AP ) = Flun)n do = 22 3
R2 5
1 9 1 4 r—2 .
+5 | (VV(@),2)uy + S llunlla + [ flun)un —2F (un) doz + ——Anf|un |y = 0,
2 R2 4 R2 T
(4.23)
which can be rewritten as
1 4 2 6 r
Nunllz + [ Vi@)updz+ (2= = ) Anllunllr
4 R2 T
1 3\,
g [ V@0 ot 2 a3
2 ]R2 5
+ / 2f (un )y, — 6F (up)dz = 41y, (uy). (4.24)
R2

From condition (f3), we can conclude that f(u,)u, > 3F(u,), see lemma 4.2 in [21].
Thus, (4.24) implies that {u,} is bounded in L?(R?) uniformly for n. Moreover,
observe from (4.24) that

/ V(x)u? dz + ! VV(z)-zu?dax < C,
R2 2 R2

6 3\,
(2= D nll <0 el <. (1.25)

/ 2f (un )y, — 6F (up)da < C.
R2

In view of lemma 4.1, we have

21;% (un)un — Py, (un) = 2HVUTL||%
1
+ [ (V@) = 5OV@) o da A+ Vo)
RQ

1

=l =2 [ (), = P d -

2(r — 1A, ”
THUTLHT =0. (4.26)
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For ¢ > 0, from (4.26) we deduce that

Iy, (un) — Iy, (unt) =

V(a2 x4 2 2 2

4nt F(t?un, 1 — 2=y, N
Vo(un) + 221 n||2+/ [7( X )fF(un)] dp— LT A
R2 t r

4

+

1—¢*

1
= [QIﬁ\n(un)un — Py, (un)] + t—2F(t2un)} dx

1—t4

+ i /]R2 {(1 +tHYV(x) — 22V (T 1z) + VV(x) - x} u2 dzx

1—t*+4t*Int 11—t t*—3
+——————unll3 + / Fun)un + F(un)
16 Jr2 2 2

3 t4 2¢5/2 5/2
2ot Al
+ <20 + 4 5 e ”

where i (x) = t?u, (tz). Now we show that {||Vu,||2} is bounded uniformly for
n. Suppose by contradiction that |[Vuy,||2 — co. Take t, = (VM /||Vu,l|2)*/? for
some M > 0 large, then t,, — 0. Obviously, 2 Int,, — 0. Letting t = t,, in (4.27),
since {u,} is bounded in L?(R?) uniformly for n, by (V2) and (f;) and (4.4), we
have for large t,

Anllunllp. (4.27)

2r

r-nHa-tH @ —t?“”)}

Iy, (un) — In, (2,
:i/Rz [v( )+ VV( ) }u dz
+ gl + [ [;ﬂun)un - 3P| da,

5/2
—A unll5/ +

(1). (4.28)

Therefore, it follows from (3.3), (4.4), (4.25), (4.28) and (V1), (f1), the
Gagliardo—Nirenberg inequality that

ex, = In, (un) = In, (t5tng,) + o(1)

th td t4Int,
= 2 IVuall3 + 2 Vo(un) = 2 a1 /FtQun

1 2tn o
+3 / 2Vt )i do -+ 22 3 - o)
2 Jre2
4
||V B = V() = 2200 [ 4 o(1)
M tC _ -
> = 2 w31V unll2 = £V Cllun 3] Vun |5 *+o(1)
M cCM 3 CMP-1)/2 9
> — — ———|uyl|ls — —=———||unl|3 + o(1), 4.29
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which, together with the fact that ||V, [l — +o00, implies a contradiction by letting
M > 0 large enough. Hence, {u,} is bounded in H!(R?). Arguing similarly as in
lemma 4.5, we obtain that u, — ug in X. Moreover, by letting n — 400, one has
ey, — ¢ >a>0and Iy, (u,) = c* + o(1). Here, a is positive number given in (4.2)
below. For any ¢ € C§°(R?), we have

1
ngn (un)p = I,(UH)QO + )‘n”unHQz /2 Uppdr + Ay /2 |un|r72un<pdx =o(1)[lellx-
R R

Thus, {u,} is a Palais—Smale sequence of I with level ¢*. Therefore, arguing as that
in lemma 4.5, there exists a nontrivial uy € X such that I'(ug) = 0 and I(ug) = c*.
Now let us define the set of solutions

S:={ue X\{0}: I'(u) =0}.

It is clear that S # @ and S is bounded away from zero. To be precise, a short
estimate yields that for any u € S, the following holds:

lu]| = C  for some C' > 0. (4.30)

We claim that

ce = inf I(u) > 0.
ueS
For a contradiction, we assume ¢, = 0. Then there exists {u,} C S such that
I(uy) — 0asn — oco. In view of (4.24), I(u) > {-||ul|3 for all u € S. So, [|u,||3 — 0.
Arguing as above, we have u, is bounded in H'(R?) uniformly for n. Using the

Gagliardo—Nirenberg inequality:
—2
[unllh < Cpllunll31Vunlls

we infer that w, —0 in LP(R?) for pe€[2,+00). By (4.13), we have
Jg2 f(un)upda = o(1) for large n, and furthermore u, — 0 in H'(R?) which con-
tradicts (4.30). The claim is true. Take finally a minimizing sequence {u,} C S so
that I(u,) — cs. Similarly to lemma 4.5, there exists u, € X so that w, — u, in
X and I'(us) = 0. It follows that u, is a positive ground state solution of problem
(1.3).

5. The critical case

In this section, we are devoted to the proof of theorem 2.5. Differently from the sub-
critical case, we prove the existence of critical point of functional I directly by using
the Mountain-Pass Theorem (see theorem 3.4). It is not hard to check the mountain
pass geometry of I as similar arguments to the subcritical case. Therefore, recalling
theorem 3.4, we can also get the associated (Ce).,,, sequence {uy,} with ¢, > a >

0 and ¢y, = inf max I(y(¢)), where I' = {y € C([0,1],X) : v(0) =0, v(1) =e}.
yel' t€[0,1]

Now let us verify the (Ce)
HY(R?).

sequence {u,} contains a bounded subsequence in

Cmyp
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LEMMA 5.1. Assume the conditions of theorem 2.5 hold, then if v > 1n22’ we have

Comp < aio (5.1)

where o has been given by assumption (fo).

Proof. Recalling (2.3), there exists é € H}(B1(0)) such that

1
1

e =1 and ||é]s =S5 (5.2)

Then, similarly to lemma 4.2, for any s > 0 we have

I(se) = *II I + 7[‘/1( e) —Va(e)] — | F(se)dx
4 R2
s? sty
<Sler-32 [ / & (1) (x) dy da
2 87 Jiei<d Jwi< \33 —
s2 stvin2
<= - S4, 5.3
And so,
s2 stvin?2
- -~ - Syt
Cmp < se?(}a«kxoo) { 8 2 }
A direct computation shows that
s2 styln2 __, 7S5
SEI(I(}E'-XOO){ 8w S2 }21n2-y'
Thus, the conclusion follows from v > aosg. O

2In2

LEMMA 5.2. Assume the conditions of theorem 2.5 hold, then any (Ce).,,, sequence
{un} is bounded in H*(R?).

Proof. From (f7) we can deduce that (see also lemma 2.3 in [20])

! _484f(t)t + F(st) — F(t) + %V@c)t"’

_ / [f(ft) —V(z)rt  f(t) - V(x)t
1 (Tt

- )3 o 13

} Sttdr >0, Yt#0,5 > 0. (5.4)
Then by the definition of I, we have
L,
C > 1I(uy) — 11 (un)un,

— {17l [ (iﬂun)un ~ Flun) + iV(x)ui) G (55)
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which implies that {||Vuy,|/2} is bounded uniformly for n. In view of lemma 5.1,
there exists £g > 0 small such that
™ s
Cmp < ;0<1 — 550) =:c< ;O (56)
We now prove the boundedness of {u,} in H'(R?). Suppose by contradiction
that ||un|| — co. Set v, = V4éu, /|||, then [|v,[|? =4¢ and ||Vu,| = o(1). So,
we have v, — v in H'(R?) and v, — v a.e. in R? after passing to a subsequence.
Furthermore, we have either {v,} is vanishing, i.e.,

lim sup / v2(z)dx =0 (5.7)
B2 (y)

n—00 y cR2

or non-vanishing, i.e., there exist § > 0 and a sequence {y,,} C R? such that

lim v2(z)dx > 4. (5.8)
nmee B> (yn)
If (5.7) occurs, then it follows from Lions’ vanishing lemma (see [31]) that v, — 0
in L*(R?) for all s > 2.
Moreover, a straightforward computation shows by assumption (f7) and (5.4)
that

1—¢*

I(u) = I(tu) + I'(uw)u, Yue X,t>0. (5.9)

It then follows from (3.3) and (f7) that

1— 1652\\un\|_41,(u o

4
> %anll2 + ZVo(vn) — [ F(v,)da +o(1)
1 1
> S llvnll® - /R 7 (Fwn)un + V(@)or) da +o(1). (5.10)

Since | Vv, || = o(1), by (fo) and Trudinger—-Moser’s inequality, for any & > 0 there
exists C. > 0 such that

f(op)v, da < z—:/ u? dx + C. (eaovi — v, dz

R2 R? R2

1
< €C||UnH2 + C. [/ (e%aovi — 1) dz] an||4
RQ
= eCljv,||* + Coo(1),

which implies by the arbitrariness of ¢ that

lim fwp)v, dx =0,

n—oo [po

which, together with (5.10), implies a contradiction due to (5.6) because if
[Vun3 — 0, then [, V(x)v2 da — 4¢. Thus non-vanishing must hold, namely rela-
tion (5.8) holds true. Since ||[Vu,| = o(1) and ||v,||*> = 4¢, in view of (5.10), the
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Trudinger-Moser inequality implies that there exists C' > 0 such that
Vi(vn) < C. (5.11)
Therefore, from (f1), (f7), (3.3), (5.8), (5.10) and (5.11) we infer that for n large

I (un)uy,

o(1) = =vVi(vn) — vVa(v,) — | == da + o(1)
[[unll* Rz flunll?
4~ n n 4
coo [ AW E e
Rz VA¢un P03
4~ n n 4
<CO-— / f(\/»f”“ 190 )% 420 4 (1) = —o0. (5.12)
Bay)  VAe|un[Po}
This is a contradiction and the conclusion follows. O

LEMMA 5.3. Assume the conditions of theorem 2.5 hold, there exists ug € X\{0}
such that I'(ug) = 0 with I(ug) = Cmp-

Proof. Assume that {u,} is a (Ce).,,, sequence of functional I, then we have from
lemma 5.2 that there exists M > 0 such that ||u,| < M uniformly for n. Similarly
to lemma 4.5, the proof of this lemma will be also divided into three steps.

Step 1. We show that

lim inf sup / u? () dz > 0. (5.13)
Ba(y)

n—00 ycR2

Otherwise, it follows from Lions’ vanishing lemma (see [31]) that u,, — 0 in L*(R?)
for all s > 2. By recalling (5.5) and lemma 5.1, there exists g > 0 small such that

4
IVt |2 < demp < aiu — 5e). (5.14)
0
In view of (fy), for s € (1,2) and some M; > 0, we have
[F@)]* < Cle® @0 1], fu] > M. (5.15)
By choosing s € (1,2) such that

(I1+e20)(1 —beg)s < 1,

we infer from lemma 2.1, (5.14) and (5.15), Holder’s inequality that

1/s
/’ fwwwﬂm<</ umeMJ ]l
|wn | =M |wn | =My

1/s
<o [ oot <aar)  uls
R2

< Cllunlls = o(1). (5.16)
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Here, s’ = 27 € (2,+00). So, for any € > 0, by (f2), there exist M, > 0 small and

C. > 0 such that

f(un)undxg/ ) suid:ch/? fun)uy, do
R2 [ | <M. M un | <My

—|—/ fup)up, dz < eC + C. |un|Pda + &
ln =M M un | <M.

<eC+Coo(l)+e, pe(2,00). (5.17)
Thus,

lim fup)u, dz = 0. (5.18)

n—oo [p2

Thus, it follows from (5.18) and (3.3) that
lunl® + vVi(un) = I (un)un + vVa(uy) + [ flun)u, dz +o(1) = o(1), (5.19)
R2

which implies that u,, — 0 in H'(R?), V;(u,) — 0. Moreover,

1 Up ) U SU'LLz Xr =0
[ Pade <5 [ (lu + Vi) de=o,  (5:20)

and then

lim I(up) =0=cmp
which contradicts ¢, > 0. So (5.13) holds true. After passing to a subsequence,
there exists a sequence {y,} C R? such that v, = u,(- +y,) is still bounded in
H'(R?) and v,, — vo € H}(R?)\{0} and v,, — vg a.e. in R%.

Step 2. We claim that {y,} is bounded. Assume by contradiction that y,, — +o0.
In view of (5.17), we can easily see that [;, f(un)u, dz < C uniformly for n. So,
by the definition of I, we have

v 1
= I(un) + 7 Valun) + | F(un)dz = 2 [|un|*
R2

< Tun) + 5Val0) + [ 3 (Pl + V(@) da = 5l

which implies that Vi (v,,) is bounded uniformly for n, due to the boundedness of
{u,} in HY(R?). It follows from lemma 3.1 that ||v,| is also bounded in n, and so
{v,} is bounded in X. Up to subsequence, there exists vg € X such that v, — vg in
X and v,, — vg in L? (RQ) for s > 2 as n — oo. Arguing as in lemma 4.5, we obtain
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that
[T (v) (v, — v0)| — 0, asn — oo. (5.21)

where
- 1 1
I(v,) == f/ Vo, |*dz + f/ V(2 +yn)v2 do + ZVo(vn) - / F(vy,)dz.
2 R2 2 R2 4 R2

Based on the fact that v,, — vg in L¥(R?) for s > 2 as n — oo, by assumption (V2)
and (3.2) one has

1
V(z + yn)vn (v, —vg)da — 0, ‘4V2'(vn)(vn —wvg)| — 0, asn — oo. (5.22)

R2

Arguing similarly as (5.16) and (5.17), we have
fon)(vy —vg)dx — 0, asn — oo. (5.23)
R2

By the definition of I(v,), we have

Bi(vp, va(vn = 0)) + [V (v = v0) 13

= f/(vn)(vn - UO) - - V(Jf + yn)vn(vn - UO) dz

+ Ba(v2, v (vn — 1)) + /R Fn)(wn — v0) dz + o(1). (5.24)

Combining (5.21)-(5.24), we infer that ||V(v, —vg)||3 — 0 and Bi(vZ, v, (v, —
vg)) — 0 as n — oo, and then v, — v in H*(R?). Recalling lemma 3.1, we have
lvn, — voll« — 0 as n — co. We therefore deduce that v, — v in X.

Furthermore, similarly to the proof of lemma 4.5, we obtain that vg is a nontrivial
critical point of functional I, and

Io(vg) = nango I(vy,) = Cmp,

where

1 9 1 9 v

Io(vg) := = Vvl da + = Voovg da + = Vo (vo) — F(vg)de.

2 R2 2 R2 4 R2

Using the conditions of theorem 2.5, like (5.9) we can also estimate
1—t*

To(u) = Ioo(tu) + 1 I (w)u, YueX,t>0,

which yields
Ioo(vg) = I%l;g([oo(t’l}o). (5.25)

Recalling the definition of ¢,,,, we have

< I(tvg) < I (tvy) < I = Conps
Cmp S AX (tvo) x| oo (tvo) < 1o (Vo) = Cmp

which is a contradiction. Therefore, {y,} is a bounded sequence.
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Step 3. We show that u,, — u in X and then u is critical point of I with I(u) = ¢p.
The proof is the same as that in lemma 4.5, and we omit it. O

5.1. Proof of theorem 2.5

Similarly to theorem 2.2, let us define the set of solutions
S :={u e X\{0} : I'(u) = 0}.
By lemma 5.3, S # (). For u € S by (fo), for any € > 0 there exists C. > 0 such that
ul® < fJull? + v Vi (w)

< E/ u?da + C’E/ (ea"“2 — D dw + vVa(u)
R? R2

1
9 2
<ellull? + C. (/ —1>) el + vClu?
R2
< el + CeCllul® + vCllull®,

which implies that there exists C' > 0 such that ||u|| > C for any u € S.
We claim that
¢y = inf I(u) > 0. (5.26)
ueS

Assume by contradiction that &, =0 and {u,} C S satisfies I(u,) — 0 as n —
oo. Recalling lemma 5.2, we deduce that {u,} is bounded in H'(R?) uni-
formly for n, and then by (5.5), I(u,) = 1|[Vu,|3. Obviously, [[Vu,[3 — 0.
By the Gagliardo-Nirenberg inequality, we have wu, — 0 in LP(R?) for p > 2.
The Trudinger-Moser inequality implies [p. f(un)updz = o(1) as n — co. And so
using I’(u,) = 0 and (3.3), we have Vj(u,) — 0 and u,, — 0 in H*(R?) which is
impossible. (5.26) holds true. It is easy to obtain from lemma 5.1 that ¢, < alo

Finally, let {u,} C S be a minimizing sequence, hence I(u,) — &, € (0 l) By

oo
lemma 5.2, we know that {u,} is bounded in H*(R?). Similar to the proof of lemma
5.3, there exists @, € X such that u,, — @, in X and I'(4.) =0 and I(d,) = é..
Thus, . is a positive ground state solution of problem (1.3). The proof is now
complete.
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